LMS South FEast Mathematical Physics lecture series
POISSON STRUCTURES AND DISCRETE INTEGRABILITY

Theodoros Kouloukas

SCHOOL OF MATHEMATICS, STATISTICS & ACTUARIAL SCIENCE
UNIVERSITY OF KENT

October 6, 13 and 20, 2020

LMS lecture series Theodoros Kouloukas



MOTIVATION - GENERAL FRAMEWORK

Nonlinear dynamical Systems

e Continuous (differential Equations)

e Discrete (difference equations)

Integrability

e Exact solutions, organised behaviour, conserved quantities, Lax
representations, symmetries, vanishing algebraic entropy...

e Various definitions of integrability

Liouwille integrable maps

e Suitable Poisson structures

e Liouville’s theorem
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Outline

1. Introduction

i Poisson manifolds and Hamiltonian vector fields
ii Liouville integrability-Integrable maps

2. A Discretisation preserving the Poisson structure

i An integrable Lotka-Volterra system
ii Integrable Kahan discretisation

3. Refactorization problems and r-matrix Poisson structures

i Refactorization systems and transfer maps
ii The Slyanin bracket on polynomial Lax matrices
iii The Adler-Yamilov map

4. Poisson structures for integrable quadrilateral equations

i 3D consistent equations
ii Poisson structures from three-leg form
iii The cross-ratio equation

5. Poisson structures for cluster maps

i Recurrences from cluster-mutation periodic quivers
ii Invariant presymplectic forms and U-systems
iii Discrete Hirota reductions and the lattice KdV equation
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1. INTRODUCTION
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Poisson manifolds and Hamiltonian vector fields

Let M be a smooth manifold. A Poisson bracket on M is an alternating
bilinear map { , }: C*°(M) x C*(M) — C*°(M), such that:

1) {{figrh}+{{h, f}.9} +{{g,h}, f} =0  (Jacobi identity)
(ii) {f,gh} ={f.g}h+{f h}g (Leibniz rule)
for any f,g,h € C*(M).

The pair (M, {, }) is called a Poisson manifold.

For any H € C°°(M) the unique vector field Xz on M, with
Xulf] =A{f, H} for any f € C=(M),

is called the Hamiltonian vector field of the Hamiltonian function H.

The map H — Xy is a Lie algebra antihomomorphism, i.e.,

Xim oy = _[XHUXHz} = [XH27XH1] .
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Example 1. On any manifold M the bracket {f, g} = 0 is a Poisson
bracket.

Example 2. On M = R*", with coordinates (q1, ..., ¢n, P1, ..., Pn), the

bracket
{fgr=> (8qi dp;  Op; 3%‘) ’

i=1

is a Poisson bracket and it is called canonical Poisson bracket. The
Hamiltonian vector field of a Hamiltonian function H is

“~0H 0 O0H 9
XH o Z((r“)pl qu h qu 8]71' ’

i=1

Canonical Hamiltonian equations:

dg; OH  dp; oH .
= =— fori=1,..,n.
dt api ’ dt 8qi ore e
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Poisson bivector field

On a local coordinate system {x1, ..., Zn}

{f1, f2}( Z{x“x]} 3f1($) 8f2(:v).

i1 8921 830]-
>

By setting Ji;(z) = {xs,z;}(z), 4,5 = 1,...,n, we have

8f1 3f2 9
{fl, f?}($ Z]z:l Jl] O = ( Z Jl] 81‘]' )(dxfladfo)

So, for any x € M, there is a 2-tensor
T Z Ji ® i €T.M® T, M,
T is 89@ ox;

i,7=1

called Poisson bivector or Poisson tensor such that

{f1, fo}(x) = 7x(ds f1,d f2).

Example The Poisson bivector of the canonical Poisson bracket on R?"

: : : d d B o
with coordinates (qi,...,qn,P1,...,Pn) is T = 3 Napr T g N o -
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Proposition
Any

= Jij /\— A2TM.
= ; J@xl Oacje

defines a Poisson bracket on M by {f1,f2} = w(df1,df2), iff

- aJ; ki aJi;
Z(Jiz ajlk + Jj Moy J =Y

:0 ) 1 kzl “es
al'l 8ZCZ) ) % Js yeeey TV

=1

The Hamiltonian vector field of a smooth function H is
Xy =" (dH), where

7 TiM — TuM, < Eo, 7 (02) >= 70 (€xy M), Y Exyne € T M.

e Rank of the Poisson structure at z: rank(r¥) = rank[J;;(z))]
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Symplectic manifolds

Let(M, ) be a Poisson manifold. If for any x € M, the linear map
wf TXM — T, M is an isomorphism, then M is called symplectic
manifold.

The isomorphism w# = (7#)~" : T, M — T M, defines a closed 2-form w
(symplectic form) on M by

we(X,Y) =< w¥(X),Y >= 7, (wF(X),0w? (Y)), VX, Y €T, M

e Any symplectic manifold is a Poisson manifold with Poisson bracket

{f: 9} = w(Xy, X).
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Integrals, Casimir functions, Poisson maps, Poisson submanifolds

e A function F' which is in involution with the Hamiltonian H of a
Hamiltonian vector field Xg, i.e. {F,H} =0, is called (first) integral of
Xu. If ¢ is the flow of the vector field Xy then F o ¢, = F.

Poisson Theorem If {f,h} =0 and {g,h} = 0 then {{f,g},h} =0.

e The functions which are in involution with any functions on M are
called Casimir functions.

e We consider two Poisson manifolds (M, {, }a)), (N,{, }~). A map
@: M — N is called a Poisson map if

{fov,gootu ={f.g}nop, forall f,g e C™(N).

The flow ¢+ : M — M of any Hamiltonian vector field is a Poisson map.

e A submanifold N of a Poisson manifold M is called Poisson
submanifold if there is a Poisson bracket on N such as the inclusion
map ¢ : N — M is a Poisson map.

N C M is a Poisson submanifold, iff every Hamiltonian vector field on
M is tangent to N at the points of V.

Minimal Poisson submanifolds: symplectic leaves
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Symplectic leaves

We consider on (M, ) the relation: x ~ y if there is a piecewise-smooth
curve that joints x and y, such that each piece is an integral curve of a
Hamiltonian vector field.

e The relation ~ on M is an equivalence relation. The equivalence

classes are called symplectic leaves

e The symplectic leaves of a Poisson manifold are symplectic manifolds,
with dim O, = rank 7,

e The symplectic leaves are included on the level sets of the Casimir
functions.

e Let f1,..., fr be Casimir functions, S; = {x € M / fi(z) = ¢;} and
S=51N..NSk If dimS = rank(r(z)) for every « € S, then the
connected components of S are symplectic leaves.
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Examples of Poisson structures

i) Linear Poisson structures (Lie-Poisson bracket)

{f,9}r—p(z) =<z,[def,deg] >, z€g", f,g€ C7(g"),

where g is a Lie algebra. For z = (z1,...2,) € g* and cfj the structure
constants of g with respect to the basis {v1,...,vn}
( ['Ui,'Uj} = 22:1 C?jvka 7’5] = 17 ey )

n
k ..
Jij(x) = E Cii%r, 1, =1,...,n.
k=1
ii) Log-canonical Poisson structures

For any skew symmetric matrix B = [b;;], we consider
{ZCZ',ZC]‘} = bijxixj, i,j = 17 e, N
iii) Cartesian product of Poisson manifolds

Let (Mi,m1) and (M2, m2) be two Poisson manifolds, then My x Ms is a
Poisson manifold with Poisson tensor m = w1 @ ma.
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Liouville integrability of Hamiltonian systems

e A
Definition
A Hamiltonian system on a 2n-dimensional symplectic manifold M is

called (Liouville) integrable if it admits n functionally independent
integrals fi,..., fn, (dfi Adf2 A--- Adfn # 0) in involution, i.e.

{fi,£i}=0,4,5=1,...,n.

N J
e M)
Theorem (Liouville-Arnold)
If a Hamiltonian system is Liouville integrable then the Hamilton’s
equations can be solved by quadratures and each connected component
of a compact level set of fi,..., fn:
L={zeM: fi(z)=c, 1<i<n}
J‘S diffemorphic to an n-dimensional torus T™. )
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Integrable Maps

r

Definition

Let M be a 2n-dimensional symplectic manifold. A symplectic map
D : M — M is called Liouville integrable if there are n functionally
independent integrals in involution, i.e. there are n functionally
independent functions fi,..., fn on M such that

fioq):fi, and {fi,fj}:(), ’i,j:1,...,7’b.

Liouwville’s theorem for integrable maps=
| Tnt1 = ®(z,), Tn € M (solutions by quadratures, Liouville tori)

r

Poisson case

Let (P, ) be an n = (2r + s)-dimensional Poisson manifold with
rankm = 2r and s funct. independent Casimir functions. A Poisson
map ® : P — P is called Liouville integrable if there are r + s
kfunctionally independent integrals in involution.

*Maeda S (1987), Veselov A P (1991),
Bruschi M, Ragnisco O, Santini P M, Gui-Zhang T (1991)
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2.

A DISCRETISATION PRESERVING THE POISSON STRUCTURE
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A generalized Lotka-Volterra system

We consider on R™ the generalized Lotka-Volterra system

n
T =Ty E Aijzy, fori=1,...,n, for

Jj=1
0 az as ... an
—ay 0 as ... an
—a —a 0 L.
A= 1 2 n
—a1 —az —asz ... 0

and (a1,...,a,) € R", ie.,

Zbi = {El(z a;xTj — Zajxj).

J>i j<i
This is a Hamiltonian system with respect to

{zi, 2} = @iz, for 1 <i<j<m,

and H = ail1ri + a2x2 + e + AnTn.

O. I. Bogoyavlenskij (1987)
van der Kamp P., K.T., Quispel G. R. W., Tran D.T, Vanhaecke P. (2014)
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Liouville integrability

For k=1,..., [%] we consider the functions
Vg1 2EHIT2ES 2 In - if y §g odd
T TpT2k42-Tn—1 T2
1Z3...Tn
Fy = ,C =

Tok42T2k44 - Tn To2T4 ... Tp—1

To2k4+1T2k+43Tn—1

Vok if n is even

for vo:=0,vi:=a1x1+ -+ aixi, i =1,...,n (Fjnt1)/2) = vn = H).

e M

Proposition
{Fr, i} ={Fs,H} =0, fork,l € {1,..., ["T“}} Moreover, when n
is odd C = Fi/ay is a Casimir function of the Poisson bracket.

. J

( N

e For any n, the Hamiltonian system

& =wi()_ajz; — ) a;z;)

Jj>i j<i

is Liouville integrable.
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Kahan discretisation of quadratic vector fields

We consider systems with quadratic vector fields

d:vi

dt = Z AijkTj Tk -+ Zbi]-x]- =+ c;.
J)k J

The Kahan discretisation is given by

h 2

J.k J

o b= gl Kot T g (TEE) Ly -

Kahan 98, Kahan, Li ’97, Hirota, Kimura 00
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The Kahan map of the system

The Kahan discretisation of the system
n i—1
$1=CCZ<Z aj:rj—Zajxj)7 i:1,...7n,
j=it1 j=1
is the rational map K : (z1,...,%n) — (T1,...,Zn), given by

P (17hH0)(1+hH0)
* T (1 = hHo 4 2hvi—1)(1 — hHo + 2hv;)

where v; = a1x1 + -+ + a;jz; and Ho = v,.
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The Kahan map of the system

The Kahan discretisation of the system
n i—1
IZ:CCZ(Z aj:Ej—Zajxj)7 i:1,...7n7
j=it1 j=1
is the rational map K : (z1,...,2n) — (Z1,...,Zn), given by

P (1 — hHo)(1 + hHo)
T (1 = hHo 4 2hvi—1)(1 — hHo + 2hv;)

Where V; = ai1xi + -+ a;Tj and Ho = Un.

Theorem

The Kahan map K is a Poisson map with respect to the Poisson
bracket {x;,x;} = xix;, for 1 <i < j <mn. Furthermore, K preserves
all the integrals of the continues system.

o K is Liouville integrable.

K.T., Quispel G. R. W., Vanhaecke P. (2016)
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Remarks - Perspectives for future work

e Determination of Kahan discretisations preserving the Poisson
structure of the continuous system
e Investigation of Lotka—Volterra systems with different community

matrices, or integrable deformations of them, and their Kahan
discretisation

n
T; = E Aij:vixj +rix; +c;
=1
P. A. Damianou, C. A. Evripidou, P. Kassotakis, P. Vanhaecke ’17,
H. Christodoulidi, A.N.W. Hone, T.K. ’19

o Integrability aspects of Kahan discretisation
E. Celledoni, R.I. McLachlan, D.I. McLaren, B. Owren, G.R.W. Quispel '13, '14, 17
A.N.W. Hone, M. Petrera 09, A. N. W. Hone, G. R. W. Quispel 19
M. Petrera, A. Pfadler, Y.B. Suris '09, '11, M. Petrera, J. Smirin, Y.B. Suris 19
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3.

REFACTORIZATION PROBLEMS AND 7-MATRIX
POISSON STRUCTURES
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Refactorization systems

A parametric refactorization system (Sa g, L1, L2) consists of a map
Sag: A XX =X XX,

Sap(@,y) = (u, ) = (Ua,(2,Y), Vo, (2, Y))
and two matrices L1(z,a, (), L2(y, 8,¢) (Lax pair), such that

Ll(u7a7C)L2(v757<) = LQ(y757<)L1(‘T7a7C)7 for every x,y € X.

Reshetikhin, Semenov-Tian-Shansky '88, Moser, Veselov 91, Adler 93,
Adler, Yamilov 93, Veselov 02, Suris, Veselov 03, KT, Papageorgiou '09, ’11
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The standard periodic staircase initial value problem

(Sa,8, L1, L2), Sa,p: (z,y) = (2',y') a refactorization system.

! / / / / /
Transfer map T, : (mla <oy Tny Y1, ,yn) = (1:17 "'7xn7y27y3"'7yn7y1)

The k-transfer map: T,]f =T,0..0T,.
————

k

(TR(@1y ey Ty Y1y oy Yn) = (a:gn), e x;n), y§n), e y;n)))

Papageorgiou V G, Nighoff F W, Capel H W 1990
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For any n-periodic initial value problem we define the monodromy

matrix :
)

Mn(l’l, "'7xnay17 ---,yn) = HL2(y17,B)L1(-'L’7,,CY)

=1

Proposition
The transfer map preserves the spectrum of the monodromy matrix.

M (T (21, .oy Ty Y1, - Yn)) L2 (915 8) = Lo (Y15 B)Mn (21, oy Try Y15 o0y Yn)-
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Ezxzample B ~
The equation L(u1,usz;&)L(vi,ve; 8) = L(y1, ye; B)L(x1, z2; @), for

axo QAT1T2
_ alCJri, - - _
Honwa) = (TSR R ) 6= o)
Q1T]—QaTy 2 a1T]—asTy

admits the unique solution

ur = F(y1, 1,2, @, B), uz = y2,v1 = 21,02 = F(22, 31,92, & B),

Bagza(arzy —asz)zatafiz (B1z—PBaz2) )

where F(m T1, T2, @, ’8) Bai(arzr —azz)+afz(Bra—PB2x2)

So, (Sa,g,L,L), with Sayg(xl,mg,yl,yz) — (u1,u2,v1,v2) is a (strong)
refactorization system.

Ti = Sa3, Mi(z1,22,91,92) = L(y1,y2; B)L(21, 22, @).

Two integrals from trM; : [ = (alszza;lz);(?l;fi)&yz),I ...too big!
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Poisson structure on polynomial Lax matrices

We denote by L7, the set of m x m, n—degree polynomial matrices
L) =Xo+¢X1+4+...+(" X, X; € Matmxm(K), (€K
The Sklyanin bracket:
{LO) 9L} =
For L(¢) = [ai;(¢)]
A1 oo A {ai;(€), a11(m}-.{ai; (), arm (n)}
{LEOSL={ :: LA = : :

At o A {ai5(C), azm ()} {15 (), Amm ()}

T

<'_

o LHO@Lm), reey) =ye.

a1 (QL®m) ... aim(Q)L(n)
L(Q ® L(n) = ( : : ) . dimL? =m?(n+1)

a1 (OLM) - @mm(C)L(n)

E.K. Sklyanin 1983
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o= OO
=k ==]

) ) with

X = <x1 $2>, A= (Zl a2> the Poisson structure matrix is
3

oo
=Nl N}

For L(¢) = X — CA € L3, (here r= (

T3 T4 aq
0 —z2a1 +w102 X301 —T103  T3A2 — T20a3
* r4a1 — 104 xr4a2 — I20a4
Ja(X) =
A( ) * * 0 —x4a3 + T304
* * *

where Ja(X)i; = {z; — Cas,x; —naj} fori,j =1,...,4.
Six Casimir functions on £3: a; for i =1,...,4 and
fo(X;A) =det X, f1(X;A) = asx1 — asxe — a2xs + a14,
i.e. the coefficients of the polynomial
det L(¢) = f2(X; A)C* = f1(X; A)C + fo(X; 4)

(f2(X;A) = det A)
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Poisson refactorization systems

Let (Sa,5, L1, L2), Sa,p: (x,y) — (u,v) a ref. system, such that

() § Latm} = [
{L2(0) @ La(m)} = |
{L1(€) § L2(n)}

{Li(QL; ()% Li(n)L;(n)} = [ﬁ,Li(C)Lj(C) ® Li(n)L;(n)]-

oy e L),

¢

A L
=t 2(€) ® La2(n)]
0. Then fori=1,2

e Poisson transfer maps with respect to the Sklyanin bracket

e The integrals are in involution {TrM,(Z,7,¢), TrMn(Z,5,17)} =0
(Babelon, Viallet ’90)
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Ezample

B a1 —az2 _ __amzy
L(x,¢) := L(z1,22,@) = ( ¢ a1e1 — oy R ilmfg%afz ,
a1T]—aoTy @2 a1T]—Q2T2

satisfies {L(x,¢) © L(x,h)} = [th,L(x7 ¢) ® L(x,h)], iff

(alxl — QQIQ)Q

{w1, 22} = - 5
T = S, 5 is Poisson map with respect to
2 2
Q1T1 — Qa2 Bryr — B2y2
{:El,xz} = 7%7 {y17y2} = 7%7 {wi,yj} =0.

Furthermore, {11, I2} = 0. So, S ;5 is Liouville integrable map.

e Similarly, for any n, T}, is Poisson and {I;, I;} = 0.
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The Adler—Yamilov map

We consider L(¢) = X — CA, with X = (’”1 “’”) A= (é 8>
0
e Poisson structure matrix: J4(X) = 8
0

* ¥ ¥ O
o
8
Sy

e Casimir functions: fo(X) = 124 — zow3, f1(X) = 24.

We set fo(X) = a, f1(X) =1 and solve with respect to x4 and x;.

roxs +a—( X2

e Symplectic leaves: { ( s 1

):xg,xgeR}

(reduced Poisson bracket: {z2,z3} =1).

LMS lecture series Theodoros Kouloukas



The Adler—Yamilov map

The equation L(u1,us2, &) L(vi,ve, 8) = L(y1, y2, B)L(z1, z2, @), for

L1, 72, 0) = ( T1T2 ;a*C x11 )

admits the unique solution

a— Bz a—
7( 5) 1, U2 = Y2, V1 = T1, U2:$2+7( Bye .
1+ 7192

=n- 14+ 21y2

e The map Sa g : (1, T2,y1,y2) — (u1,u2,v1,v2) is symplectic with
respect to
{zr,2z2b =1, {y1,92} =1, {zi,y;} =0.
Two integrals from trL(y1, y2; 8)L(z1, 22, a):
I = v172 + y1y2, L2 = ayry2 + Brize + 21y2 + T2y1 + T122Y1Y2
with {11,12} =0.
e The map S, g is Liouville integrable.
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Remarks

o Refactorization systems with Li; = Ly <— Yang-Baxter maps

( S23 0 S13 0 S12 = S12 0 S13 0 Sa3, with Si2(x,y, 2) = (u(z,y),v(z,v), 2),
S1s3(z,y, 2) = (u(z, 2), y,v(z, 2)), S23(x,y,2) = (z,u(y, 2),v(y,2)) )

Lax matrices of YB maps as symplectic leaves of the Sklyanin bracket
and integrability

e Yang-Baxter maps <— Integrable equations on quad-graphs
(3D consistency)

Yang ’67, Bazter 72, Sklyanin ’83,’88, Drinfeld ’92, Weinstein, Xu, '92, Bukhshtaber 98,
Etingof, Schedler, Soloviev 99, Adler, Bobenko, Suris 08, Papageorgiou, Tongas '07,’08,
Shibukawa ’07, Kouloukas, Papageorgiou '09,’11,’12, Papageorgiou, Suris, Tongas, Veselov 10,
Konstantinou-Rizos, Mikhailov ’13, Kassotakis '19, Dimakis, Muiller-Hoissen ’19, ’20
Konstantinou-Rizos, Papamikos 19, ...
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4. POISSON STRUCTURES FOR INTEGRABLE
QUADRILATERAL EQUATIONS
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3-Dimensional consistent equations

We consider equations of the type Q(f, f1, f2, fi2; @, 8) = 0, that can be
uniquely solved for any one of f, f1, f2, fi2 € C.

3

o
f fi2 A .
B B fiy
f o fl f f

The value fi23 can be determined by three different ways. If all the three
values coincide then we call the equation Q 3D consistent.

Nighoff, Walker 01, Nijhoff 02, Bobenko, Suris ‘02, Adler,“Bobenko, Suris 03
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Lax Matrices for 3D consistent equations

The 3D consistency of a quadrilateral equation gives rise to Lax
representations, i.e. an equation

L(f27f127a)L(f7f27ﬂ) :L(f17f12vﬁ)L(f7fl7o‘)
for some matrix L, equivalent to Q(f, f1, f2, fi2; &, 8) = 0. The matrix L is

called a Laxz matriz of the equation.

o Ezample The KdV quad-graph equation®,
(fz=f)fr = fo) =a =5,
is a 3D consistent equation with Lax matrix

L(Ilyl’Q;a):( fll a+l;1§22_< )

! Nijhoff, Capel ’95
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Periodic reductions of quad-graph equations

T4 X2 T4

Figure: S 8 : (x1,x2,x3,24) — (@], 5, x4, x))

e Monodromy matrix: M = L(x2,z1,8)L(z3, 22, a)L(x4,x3, 8)L(x1, x4, )

Papageorgiou, Nihoff, Capel '90, Quispel, Capel, Papageorgiou, Nijhoff '91
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Three-leg forms of quad-graph equations

A three-leg form of a quad-graph equation
Q(f: f17f27f12;a7/3) = 07
centered at f, is an equivalent equation

1/J(f7f1704) _¢(f7f2>ﬂ) = ¢(f7f12aa7ﬂ)7

for some functions ¥ and ¢. All equations in the ABS list (after some
transformations) have a three leg-form.

fi a fi2
B B
f a f2

Adler, Bobenko, Suris 03
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Poisson brackets for (2,2) periodic reductions from three-leg forms

We consider a quad-graph equation Q(f, f1, f2, fi2; a, 8) = 0 with three-leg
form ¢(f»f1»04) - w(faf%ﬂ) = ¢(.f7f127aaﬁ)'

( N

Proposition
The (2,2) per. reduction Sa, : (71, %2, T3, T4) — (T, T, T5, T4) is a
Poisson map with respect to

1 0 0 1 0 0

where ) ,
(0, 1,0) = S - SR,
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T4 X2 T4

a¢(Ii,Zj, «, :B) _ 8¢($],QJ“ «, B)
Ox; ox;

s(z1,z2, B)dz1 A dxo + s(z3, x4, B)dzs A dzg = s(z1, z;, a)dzi A dz/2 + s(zs, zil, a)dzs A dzy

’ ’ ’ ’ ’ ’ ’ ’ ’ ’ !
s(x1, g, @)dxy A dey + s(x3, 24, a)drz Ndey = s(xy, 2y, f)dr) Adry + s(x3, 2y, B)drg A dy
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For equations in the ABS list, the function s is given as follows:

o Hi: s(f fr,0) =1

* Hy: s(fmfha) = ﬁ
Hg:O: s(fy fi,0) = ﬁv 2 s(fy fi,0) = ff1+a

=0 s(f, fro0) = ﬁ, QY s(f fr0) = m - ﬁ
Qis(w,w10) = Gy vt

(f7f1 Oé) W(_flafl)a . (fvfh ) N/D7

N=2(r(Df +£2=1) (rUD L+ N2 = 1) (P47 (F1 + () (o = a)
D = (ar(fr(f) +ar(fOf +a fir(f) + a fif = 1) (ar(f) = r(f1) + a f = f1)

(r(fO)r(f) +r(f)f + fir(H) + f1f =) (r(f) —ar(f1) —a fi + ) r(f)r(f1) and
r(f) = V% -1

1 /
Q4: S(fa fl)a) = 042f2f12+2aff1+042*f2*f12’ a = Oé4 +5a2 + 1
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The cross-ratio equation (Q1, 6 = 0)

We consider the 3D consistent quad-graph equation
Ql : a(:v—l'g)(l’l —1'12) —5(m—w1)(:v2 —ZE12) =0

with Lax matrix

<+ azy _azjxy
_ z1—x z1—2
L(x17$2,06) - < al 2 104:0% ) .

xT1—x2 C - xT1—x2

Q1 is equivalent to z2 = F (1, z, z12, o, 3), where

azt(z — z2) + fra(z1 — 2)

F(z,21,20,0,8) = oz — z2) + B(w1 — @)
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The cross-ratio equation (2,2) periodic reduction

In this terms, the map obtained by the (2,2) periodic reduction is
Sa,ﬁ : ('Th x2,T3, 15’4) = (mlv T2, T3, 15’4),

where
’ ’
Ty = F(x2,23,21,,8), x4 = F(z4,21,23,,0),
’ ! ! ’ 7 ’
$3:F($3,$4,x2,a,ﬂ), x1 :F($1,1’2,:1747a,,3),
for F(x, 21,2, 0, ) = 235 =320m2mss),
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The cross-ratio equation three-leg form and Poisson structure

e Three-leg form:

1/’(957371’04) - 7/’(37,53275) = ¢(x,m12,a,[3),

for
lawra) = 2 and (e, 12,0, 8) = 2D
T — X1 T — T12
[ ]
81/J(£E,I17Ot) _ 8¢($11$705) _ a
sl 21,0) = Ox1 N Ox T (x—x1)?
( 7
Proposition
The (2,2) per. reduction Sa.p : (T1,%2, T3, T4) = (T1,Th, 5, 74) is a
Poisson map with respect to
g 6 9 X & 6 8
o s(x1,x2,B) 0r1~ Ox2  s(x3,x4,B) Oxz  Oza
_@m-w)® 9 9  (w-z) 9 9
,3 89:1 (91‘2 B (9:63 8334
L J
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The cross-ratio equation integrals and Liouville integrability

Integrals are derived from the trace of the monodromy matrix:
M(z1, 22,23, 24) = L(22, 21, B)L(23, T2, ) L(74, T3, B) L(T1, T4, ).
Here we get

(w1 — @2) (x5 — T4)

I - I — oz Bxo + azs Bxa
| = =
(2 — x3)(x1 — 24)’ T4—T1 T1—T2 T2—T3 T3 —Ta

which are in involution with respect to .

Proposition

The (2,2)-periodic reduction Sq,p of the cross-ratio equation is
Liouwville integrable.
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Concluding Remarks

( R

o All the (2,2)-periodic reductions of the equations in the ABS list
are Liouville integrable with respect to

1 0 0 1 0 0

" s(@r,22,8) 9o " 9wz s(ws, w4, B) s Dwa

e There is a connection between Poisson structures for 3D
consistent equations from three-leg forms and r-matrix Poisson
structures for particular refactorisation problems associated with
them (lift of 3D cons. equations as Yang-baxter maps).

T.K, D T Tran ’15

(n.n) periodic reductions

Presymplectic structure that involves all the short legs *
s(z1,x2, B)dz1 A dxos + s(x2, 23, )dxz Adzy ... $(T2n, 21, )dsy, Adry.

This form is degenerate in some cases (e.g. Hy and Q3~°).

YV.E. Adler, A.I. Bobenko, Yu.B. Suris '03

LMS lecture series Theodoros Kouloukas



5.

POISSON STRUCTURES FOR CLUSTER MAPS
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Cluster mutations

We consider a seed (B, x) consisting of a skew-symmetric exchange matriz
B = (bij) € Matny(Z) and an N-tuple of cluster variables x = (z1,...,2nN).

For each integer k € [1, N] we define a mutation p, which produces a new
seed (B',x') = p, (B, x), where B’ = (b};) with

b, o 7bi]' ifi:korj:k,
N bij + sgn(bik)[birbr;]+ otherwise,
where [a]+ = max(a,0), and x’ = () with

Y - {wlk(Hf-V_l AT 2 for =k
J .
Zj for j # k.

The matrix B can be associated with a quiver Q without 1- or 2-cycles with

b — #i— 7, fOrbijZO,
7] =#j — 4, otherwise.

S. Fomin, A. Zelevinsky ’02,°03,’07

LMS lecture series Theodoros Kouloukas



Example

0 1 0 1
—1 0 1 0
For N =4 and B = 0 1 0 1
-1 0 -1 0
@ @© )
1 3
Z by
@ ©) @
0 1 0 1 0o -1 0 -1 0o -1 0 -1
—1 0 1 0 1 0 1 0 1 0 —1 1
0 -1 0 1 0o -1 0 1 0 1 0 1
1 3
-1 0 -1 0 li> 1 0 -1 0 lL) 1 -1 -1 0
(1"171:271:371,4) ($/17I27$3,J34) (xll’x27x/371"4)
where
, Toxy + 1 , T4+ X2
7= ———and x3 = —=
1 T3

Quiver mutation at vertex k:
i If there are p arrows ¢ — k and ¢ arrows k — j add pq arrows ¢ — j
ii reverse all arrows in @ that go in/out of vertex k

iii delete any 2-cycles created in the first step.
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Example

0 1 0 1
-1 0 1 0
N=4, B= 0 —1 0 1
—1 0 -1 0
0 1 0 1 0o -1 0 —
—1 0 1 0 1 0 1 0
0 —1 0 1 I 0 -1 0 1
—1 0 -1 0 — 1 0 —1 0
($1,$2,$3,1’4) ($/1,$27333,$4)
0 1 0o -1 0 1 0 1
—1 0 1 0 —1 0 1 0
0 -1 0 -1 0 —1 0 1
3 4 1
’ 1 0 1 0 PN 21 0 —1 0 ) 18
! ! ! ! / ’ /
(231,.232,373,374) ($1,$2,m3,$4)
Toxs + 1 zhxs +1 zhas +1 zhah +1
WS USRI L R TRt R
T o xs3 T4
or by setting z{ = x5, 2, = x¢, x4 =7, z) = 2xs,...
Towy + 1 375 + 1 TaT6 + 1 . Tm+1Tm+3 + 1
T5 = , T = T = ———— ., e T = ————————
1 2 xr3 Tm
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Cluster-mutation periodic quivers

Definition

An exchange matrix B is said to be cluster mutation-periodic with period m
if (for a suitable labelling of indices) fimtim—1 ... u1(B) = p™(B), where p is
the cyclic permutation p : (1,2,3,..., N) — (N,1,2,..., N —1).

Proposition
The exchange matriz B = (bij) € Matn(Z) defines a cluster-mutation
periodic quiver with period 1, iff
bj.N = b1 1 and bjy1 k1 = bk + by jra[=br kil — brra[—b1 4],
for1<j k< N-1.

o If B is a a cluster-mutation periodic quiver with period 1, then the

sequence of mutations g1, (2, ..., N, (b1, 42, - - - etc. applied on the
initial data (z1,...,xn) is equivalent to the iterations of the recurrence

N-1 N-—1

(b1, 541+ [=b1,54+1]+

menem = [[en™ "+ I 2y
j=1

j=1

A.P. Fordy, R.J. Marsh 2011
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Recurrences from cluster-mutation periodic quivers

We consider recurrences of the form

N-1

b1, 41l —b1j+1l4
Tm+NTm = H L+ + H xm+3 )
j=1

where [b]4 = max(b,0) and B = [b; ;] is an N X N skew-symmetric integer
matrix with

bj.n = b1 1 and bjp1 k1 = bjk + b ja[—bresa]+ — brpga[—b1 1],
for 1 <j,k<N-—1.
B is a cluster mutation-periodic quiver with period 1.

Let (a1,...,an—1) an (N — 1)-tuple of integers that is palindromic, i.e.
aj = an—j. Then the skew-symmetric matriz B with entries specified by

bij+1 = a; and bit1j11 = bij + ai[—a;ly — aj[—ail+,

for alli,j € [1, N — 1], is cluster mutation-periodic with period 1.

LMS lecture series Theodoros Kouloukas



Recurrences from cluster-mutation periodic quivers

I N
Theorem
The map ¢ : (x1,T2,...,ZN-1,ZN) — (T2,23,..., TN, TN+1), With
N—-1 _[b1 j+1]+ —b1 j+1l+
| +HJ 1 x]+1
TN+1 =
T1

preserves the two form

w:Z bis dz; Ndzxj, e ¢'w=w.

TiTj

e If B is non-degenerate (rankB = N) then w is a symplectic form and ¢
is a symplectic map.

M. Gekhtman, M. Shapiro, A. Vainshtein 05, A.P. Fordy,~A.N.W.Hone 1}
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Example

For N = 4, we consider (a1, as2,a3) =(1,0,1) (a; = an—;) and the
skew-symmetric matrix B with entries specified by

bij+1 = a; and biy1,541 = bij + ai[—as]+ — aj[—ail+,

for all 4,5 € [1, 3],

0 1 0 1
b= o1 f)l (1) ?
-1 0 -1 0
The corresponding recurrence
N-1
Tmintm = || 721+JJ+1 + 4 H xmfjﬁl +

j=1
becomes
Tm4+4Tm = Tm+1Tm+3 + 1
and the cluster map

Toxg + 1)

¢ : (w1, 72,23, 74) — (T2, T3, T4, =
1
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Example

O = O =

DetB # 0, so the two-form

wzz bi; dz; Ndxr; = dx1 ANdee + dry Adrs + daa Ades + des A dxg

2%

is a symplectic form.

e The map ¢ : (1, x2,x3,x4) — (T2, X3, T4, %‘i“) is symplectic
with respect to w (¢"w = w).
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U-systems

Let w = (w;) € KerB and vi,va,...,vax be an integer basis of imB
e Scaling symmetries: x — X = AV - z, (l.e. &; = A% x;),
e Invariant Laurent monomials: u; = x¥%, i=1,...,2K
(where x* =[], z;*, for any integer vector a = (a;)).

Theorem

For rankB = 2K < N, there is a rational map 7 : CN — C2K

(7 :x— u=(u)) and a symplectic birational map ¢ : C*< — C2K
with respect to a symplectic form &, such that (;AS om=mo ¢ and

T = w.

cN cN
ﬂl [ﬂ
CH —— 2K

The recurrence associated with q; is called U-system.

A.P. Fordy, A.N.W.Hone’1}
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Discrete Hirota reductions

The discrete Hirota equation is the bilinear partial difference equation
T =TT o+ T3T-3,

where T' = T'(m1,m2, m3) and T4; = T'|m;—m,+1, for i = 1,2, 3.
Plane wave reduction:

L2
T(m1,m2,m3) = aj my? ay’? ag“ Tm, M =mo+ 61m1 + dama + dzms ,
then 7, satisfies the ordinary difference equation
Tm+61 Tm—61 = QTm+85Tm—85 T ﬁTm+537—m—63,

with a = and 8 =

»—lpm‘t\?m
»-Am‘m ©
g

Tm4+NTm = OTm+KTm+N—K + BTm+LTm+N-L,

fOI‘N:251, K =061+ 62 and L = 671 + 3.

e The discrete Hirota reductions are cluster mutation-periodic quiver
recurrences.

R. Hirota ’81, T. Miwa 82, A.V. Zabrodin 97
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A class of discrete Hirota reductions

We consider discrete Hirota reductions of the form,

Tm4+2N+MTm = QTm4+2NTm+M + BmTm+N+MTm+nN, for N > M, M #0. (1)
Exchange matrix B = [b; ;] € Maton4a(Z), with

bivM+1 =biont1 = -1, biNym+1 =bi,nvy1 =1

and b1 ; =0, for j #M+1,N+1,2N+1,N+ M + 1.

big
i<j ma; dz; N\dx;.

e Invariant presymplectic structure w =3

N+ M-—1, for N+ M odd,
e rankB =
N+ M -2, for N+ M even .
Proposition

For N + M odd, T, satisfies (1) iff um = % satisfies the U-system
m m
UmnUm+1 - - - Um+ N4+M—1 = b+ QUm4+ MUm+4M+1 - - - Um+N—1,
For N + M even, T satisfies (1) iff um = % satisfies the U-system

UmnUm+2 -« - Ut N4+ M—2 = b+ QUm4+ MUm+M+2 -« - Um4+N—2,

A. N.W. Hone, T.K, C. Ward ’17
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The lattice KAV equation

The discrete or lattice KAV equation (Hirota, 1977) :

1 1
Vi1, — Vi :a<——7>.
* i Veo o Vit

Lax Representation

L(Viei41, Vietr1,041)M(Viet) = M(Vier1,0)L(Vie,i, Viet1,1), where
Lvwy=( VT M) M= (Y2
1 0 1 ¢
and A is a spectral parameter.
Periodic reductions
The (N, M) periodic reduction is derived by considering

Vianiam = Vg = Vit = v, m =kM —IN.

Thus, we obtain the following ordinary difference equation:

1 1
Um+N+M — Um = & - .
Um+N Um+M
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Monodromy matrix and integrals

The iteration of the recurrence

1 1
'Um+N+M7vm:05( - )
Um+N Um+M
is equivalent to iteration of the birational map

1 1

¢(U01U11 cee 7UN+M*1) = (U17U27 <.+, 00 +Oé(7 - 7))
UN VM

¢ preserves the spectrum of the monodromy matrix:

M-1
M= [ M(r4 M) L(ri 4821, Vr 0LV, 4 N —201, VN -0
1=0

oo L(vn'+1 ) UTi+1+M)7

where 7, = kNmodM .
e Integrals are derived from the trace of the monodromy matrix
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From KdV to discrete Hirota reductions

Proposition
TmTm+N+M
Uy = ——————
Tm+MTm+N
. . . _ 1 _ 1
is a solution of the dKdV reduction, vm+N+M — Um = @ (Um+N Ty ),

if and only if T satisfies the bilinear equation (discrete Hirota reduction)

Tm+2N+MTm = Bme+N+MTm+N — ATm+4+2NTm+M ,
with periodic coefficients Bm+nm = Bm.-
g . — TmTmiNt1
U-systems for N + M odd: wum TN
UmUm41 - - Um+N+M—1 = /Bm — AUMm4+MUm+M+1 - - Um+N—1-

U-system to dKAV : Um = UmUm+1 -+ Um+M—1-

e Invariant presymplectic forms for discrete Hirota reductions

1

o Invariant symplectic forms for the U-systems

!

e Invariant Poisson structures for the KdV reductions
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Example: (3,2) KdV periodic reductions

For N = 37M = 2, (b1,4 = bl,@; = 1,51,3 = b1,7 = —]., rankB = 4)
Discrete Hirota reduction

Tm+8Tm + QTm1+6Tm+2 = BmTm+3Tm+5, Pm+2 = Bm

Invariant two-form: w = EKJ o Y dr; AdTj.
U-system
U Um+1Um+2Um+43Um+4 = Bm — Qlm+2
7:C® = C* 7 (r0,71,...,77) — (uo,u1, us, us), where u; = ﬁ
o= — dug A dus + —dul A dus + —dul Adus, ™0 =w.
ouU2

~ 50 — QU2

@ : (uo,u1,uz,us) — (ui,uz,us, ————) is a symplectic map.
uoU1U2U3
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Example: (3,2) KdV periodic reductions

dKdV reduction
1 1 .
Um45 — Um = — , with
Um+3 Um+2
TmTm+5
Um = —————— = UnUm+1 aNd UmnUm+1Um+2Um+3Um+4 = Dm — QUm2.
Tm+2Tm+3
Bo — U2 ﬂl — QU3
Vo = UQU1, V1 = UL1U2, V2 = U2U3, V3 = y V4 =
UoU1U2 Uiu2us3
Poisson bracket associated with @:
{u07u2} = —Uouz, {U07U3} = UuUousz, {U17u3} = —uius,

{uo,u1} = {ur,u2} = {uz,uz} = 0.

Poisson bracket in v-variables: {v;,v;} = ¢j_iv;v; +ad;j—;, 0 <i<j <4,

with ¢ = —1,co = —1,cs =1,ca = 1,ds = 1 and dy, = 0 for k # 3.

1
@v : (Vo, ey V4) = (V1,...,v0 + a(— — —)) is a Poisson map.
V3 V2
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Liouville Integrability of the (3,2) KdV periodic reductions

Integrals are derived from the trace of the monodromy matrix:

M = M(vs)L(v1,v3)M(va)L(v2, v4)L(vo, v2),

WhereL(vhvz):(vl_l% 5)71\/[(’0):(11) é)

v

1
L = v—(oz—vovg)(a—vlvg)(a—vzm),
2
o
I = wo+wvi+ve+wvs+ve——,

V2
va(a + vous)(a + vivs) (Casimir)

I3

{Iivlj} =0, 4,j=123.

{ The birational map ¢, : C° — C® is Liouville integrable.

LThe birational map ¢ : C* — C?* is Liouville integrable (Is = Bof1).-

J
J
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Plot of a solution of (3,2) KdV periodic reduction

Vok_31, @ = 1, with

Figure: A solution of dKdV periodic reduction V ;

):

1

Um+2

1

Um+3

(

2 and V45 — Um

vy = Lug =

)

2

=12,v9 =

1,v1

vo

Theodoros Kouloukas
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A Liouville torus of (3,2) KdV periodic reduction

LMS lecture series

Figure: A projection on R of V11 = ¢ (V) with vo = (1,1.2,2,1,2), a = 1.
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Concluding Remarks

Discrete Hirota reductions associated with integrable lattice equations

o Integrable aspects from the underlying cluster algebra structure

e Periodic reductions of the lattice KAV
- Two discrete Hirota reductions associated with the dKdV
Tm4+2N+MTm = ﬂme+N+J\/I7—m+N — ATm 42N Tm+M > 6m+M = 6m
TmA2M+ANTm = Brn Tmt N+ M Tm4+ M + QTmi2MTm 4N, BN = B
- Bi-hamiltonian formalism
- Refactorization of the monodromy matrices
- Liouville integrability of U-systems and the KdV periodic reductions
A.N.W. Hone, T.K. ’20
e Similar approach for various integrable lattice equations
(e.g. discrete Toda, Boussinesq lattice equation)

N
e Somos/Gale-Robinson recurrences (z.m4+n&m = ZJle ATt N—jTmtj)

Cluster algebras and discrete integrable systems

Laurent property, algebraic entropy, singularity confinement, tropical
dynamics, Poisson-Lie groups, QRT maps, Y-systems, discrete Painlevé
equations, pentagram maps, dimer models and many more!
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