
How to use Lie symmetries to �nddiscrete symmetriesPeter E. HydonDepartment of Mathematics and Statistics,University of Surrey, Guildford GU2 5XH, UKP.Hydon@surrey.ac.ukAbstractThis paper describes a new method for calculating alldiscrete point symmetries of a given di�erential equa-tion, using the equation's Lie point symmetries.1. IntroductionTo analyse bifurcations of a given nonlinear dynamical system,it is vital to know the discrete and continuous symmetries of thesystem, [5]. Commonly, the Lie point symmetries of the sys-tem are known, having been found using Lie's method, [1,8,10].Some discrete symmetries (such as reections) may be found byinspection or by using an ansatz, [4]. However, it is not generallypossible to calculate all discrete point symmetries, which are de-termined by a system of nonlinear partial di�erential equations.In some instances, it is possible to use computer algebra to re-duce this system to a di�erential Gr�obner basis, which may besolved more easily than the original system, [9].Discrete symmetries are useful for increasing the e�ciency ofnumerical methods for solving di�erential equations, by reducingeither the computational domain or (for spectral methods) thespace of trial functions. They also arise as hidden symmetriesof some boundary value problems [3]. Therefore it is importantto be able to �nd discrete symmetries in a systematic manner.This paper describes a new method that can be used to calcu-late all discrete point symmetries of a given di�erential equation,1



2 Hydon, P.E.provided that its Lie point symmetries are known. The methodalso extends readily to other types of symmetry whose in�nites-imal generators form a Lie algebra, such as contact symmetries.2. Determining equations for discretesymmetriesFor simplicity, we �rst consider the problem of determining alldiscrete point symmetries of the ODEy(n) = !(x; y; y0; : : : ; y(n�1)); n � 2: (2.1)Suppose that the Lie algebra, L, of all in�nitesimal generatorsof one-parameter (local) Lie groups of point symmetries of theODE has a basis fXigNi=1. We use the notation�i(�) : (x; y) 7! �e�Xix; e�Xiy� (2.2)to denote the one-parameter Lie group generated byXi = �i(x; y)@x + �i(x; y)@y: (2.3)If a point transformation� : (x; y) 7! (x̂(x; y); ŷ(x; y)) (2.4)is a symmetry of the ODE, then the point transformation�̂i(�) = ��i(�)��1 (2.5)is also a symmetry, for each � in some neighbourhood of zero.Note that �̂i(�) : (x̂; ŷ) 7! �e�X̂ix̂; e�X̂i ŷ� ; (2.6)where X̂i = �i(x̂; ŷ)@x̂ + �i(x̂; ŷ)@ŷ: (2.7)Hence, for each i, the symmetries �̂i(�) constitute a one-parameterlocal Lie group, whose in�nitesimal generator is X̂i. ThereforeX̂i 2 L; i = 1 : : :N: (2.8)



How to �nd discrete symmetries 3The generators fX̂igNi=1 are simply the basis generators fXigNi=1with (x; y) replaced by (x̂; ŷ). Thus they are linearly independ-ent and form a basis for L, and so each Xi can be written asa linear combination of the X̂i's. Furthermore, the structureconstants are preserved by the transformation Xi ! X̂i. If[Xi; Xj] = ckijXk; (2.9)then [X̂i; X̂j] = ckijX̂k: (2.10)These results generalize to partial di�erential equations, and aresummarized as follows.Lemma 1 Every point symmetry � of a di�erential equationinduces an automorphism of the Lie algebra, L, of generatorsof one-parameter local Lie groups of point symmetries of thedi�erential equation. For each such �, there exists a constantnon-singular N �N matrix (bli) such thatXi = bliX̂l: (2.11)This automorphism preserves all structure constants.This lemma implies that every point symmetry � of an ODEsatis�es the set of partial di�erential equations (PDEs)Xix̂ = bliX̂lx̂ = bli�l(x̂; ŷ); i = 1; : : : ; N (2.12)Xiŷ = bliX̂lŷ = bli�l(x̂; ŷ); i = 1; : : : ; N: (2.13)These can be solved by the method of characteristics to ob-tain (x̂; ŷ) in terms of x; y; bli and some unknown constants (orfunctions) of integration. The lemma provides a necessary, butnot su�cient, condition for � to be a symmetry. However, itis simple to di�erentiate the functions x̂(x; y); ŷ(x; y) obtainedabove, and to determine which of these yield point symmetries.A simple illustration of the method is provided by the ODEy00 = y0x + 4y2x3 ; (2.14)



4 Hydon, P.E.which Reid and co-workers used to demonstrate an algorithmfor computing a di�erential Gr�obner basis, [9]. The Lie pointsymmetries of this ODE are scalings, generated byX1 = x@x + y@y: (2.15)It is convenient to use canonical coordinatesr = yx; s = ln jxj; (2.16)in terms of which X1 = @s and (2.14) is equivalent tod2rds2 = 4r2 + r: (2.17)Then the PDEs (2.12), (2.13) are equivalent tor̂s = 0; ŝs = b11 6= 0; (2.18)whose general solution isr̂ = f(r); ŝ = b11s+ g(r): (2.19)Here f; g are arbitrary functions of r, subject to the conditiondfdr 6= 0: Thus the lemma has enabled us to construct an appro-priate ansatz; all point symmetries are necessarily of the aboveform. Now we use the symmetry condition,d2r̂dŝ2 = 4r̂2 + r̂ when (2:17) holds; (2.20)to determine b11 and the functions f and g. This is achieved by�rst equating powers of r0 to split the symmetry condition intoan over-determined system of ODEs, and then solving this sys-tem. The procedure is much the same as that of determining theLie point symmetries of the ODE (2.17). The general solutionis (r̂; ŝ) 2 �(r; s+ c); (r;�(s+ c)); (�r � 14 ; i(s+ c));(�r � 14 ;�i(s+ c))�; (2.21)where c is an arbitrary constant. The one-parameter Lie groupgenerated by X consists of translations in s. These symmetries



How to �nd discrete symmetries 5can be factored out by taking c = 0 in (2.21), leaving a discretegroup of symmetries that are inequivalent under the action ofthe one-parameter group. The discrete group is isomorphic tothe cyclic group of order four, Z4, and is generated by�1 : (r; s) 7! (�r � 14 ; is): (2.22)Reverting to the original (x; y) co-ordinates, the discrete sym-metries are generated by�1 : (x; y) 7!  xi;�xi�1y � xi4 ! : (2.23)The above example demonstrates that discrete point symmet-ries can be found systematically provided that the Lie algebra ofLie point symmetry generators can be calculated. The proced-ure is straightforward, and does not require computer algebra.However, the method cannot be used if a given ODE has no Liesymmetries. Then the best hope of solving the symmetry con-dition is to construct a di�erential Gr�obner basis, [9]. Furtherexamples of the basic technique are given in [6].3. The simpli�ed methodIf L is not abelian, some of the structure constants ckij are non-zero. By combining the commutation relations (2.9) and (2.10)with the result (2.11), the following constraint is obtained:cnlmblibmj = ckijbnk : (3.1)Furthermore, the adjoint action of one-parameter Lie groupscan be used to factor out some equivalent symmetries beforethe appropriate ansatz is applied to the symmetry conditionfor a particular ODE. For each in�nitesimal generator Xj, weconstruct the adjoint actionAd(exp(�jXj))Xi = Xi � �j[Xj; Xi] + �2j2! [Xj; [Xj; Xi]] : : := api (�j; j)Xp: (3.2)Then the system (2.11) is equivalent toXi = ~bliX̂l (3.3)



6 Hydon, P.E.under the group generated by Xj, where~bli = api (�j; j)blp: (3.4)By combining this result with (3.1), which is invariant underthe equivalence transformation, we can simplify the matrix (bli)considerably.For example, consider the Lie algebra a(1), which commonlyoccurs in autonomous ODEs with scaling symmetries. Choosea basis fX1; X2g such that[X1; X2] = X1: (3.5)Then the only non-zero structure constants arec112 = �c121 = 1; (3.6)and therefore (3.1) yieldsb11b22 � b21b12 = b11; 0 = b21: (3.7)Hence (bli) = � b11 0b12 1 � ; where b11 6= 0: (3.8)Now use the adjoint action of X1 to set b12 = 0; then apply theadjoint action of X2 to rescale b11 by a positive factor. Thusthere are only two possibilities to consider:(bli) = ��1 00 1 � : (3.9)The simpli�cation described above is carried out without refer-ence to any particular ODE, so the results apply to all ODEshaving this Lie algebra. Further applications to particular ODEsare to be found in [6]. For example, it is proved that every ODEwhose Lie algebra is sl(2) admits at least four inequivalent dis-crete point symmetries. Such ODEs include the much-studiedChazy equation, [2].4. Discrete symmetries of some PDEsThe methods described above apply equally to PDEs and ODEs.Some physically-important examples are listed below. Details of



How to �nd discrete symmetries 7the calculations are omitted, for brevity; they can be found in[7].The group of inequivalent discrete symmetries of the heat equa-tion, ut = uxx; (4.1)is isomorphic to Z4, and is generated by�1 : (x; t; u) 7!  x2t ; �14t ;p2it exp(x24t)u! : (4.2)These symmetries can be combined with complex scalings of uto yield real-valued symmetries.The Harry-Dym equation,ut = u3uxxx; (4.3)has inequivalent discrete symmetries isomorphic to Z2�Z2�Z3.They are generated by�1 : (x; t; u) 7! (x;�t;�u); (4.4)�2 : (x; t; u) 7! ��1x ; t; ux2� ; (4.5)�3 : (x; t; u) 7! �x; t; exp�2�i3 � u� : (4.6)The inequivalent discrete symmetries of the Euler-Poisson-Darbouxequation, utt � uxx = p(p+ 1)t2 u; (4.7)are generated by the reections�1 : (x; t; u) 7! (�x; t; u); (4.8)�2 : (x; t; u) 7! (x;�t; u); (4.9)�3 : (x; t; u) 7! (x; t;�u); (4.10)and the generalized inversion�4 : (x; t; u) 7! � xt2 � x2 ; tt2 � x2 ; u� : (4.11)
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