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The use of Noether's theorem to nd onservation laws requires the appli ation of symmetry analysis to di erential
equations and their asso iated Lagrangians. The omputation of symmetries and onservation laws is now a standard
part of omputer algebra[9℄, requiring the use of hara teristi set algorithms to simplify the overdetermined systems
of di erential equations that arise en route ( f. [10, 15, 18℄.
More re ently, software pa kages whi h utilise related omputations su h as equivalen e lasses for on-line symboli
integrators of nonlinear ordinary di erential equations, are
being developed[3, 4, 19℄.
The ultimate aim of the line of investigation of the present
arti le is to have a set of software tools whi h answer questions su h as, \what possible numeri al integration s hemes
exist, for the system of di erential equations at hand, whi h
possess analogues of given geometri properties?" Further,
we would want to know in some detail how good they are,
and how they an best be used. This is learly a major
undertaking. We begin by asking whether dis retisations
an be found by algorithmi methods, suited to symboli
omputation, whi h preserve a rst integral of an ordinary
di erential equation obtained as a onservation law of a Lagrangian. This is an important rst step in the development
of an algorithm to nd dis retisations whi h preserve onserved quantities of higher dimensional equations.
Suppose a given ODE is invariant under a nite dimensional
Lie group G. The method of moving frames [6, 7℄ as it applies in the so- alled multispa e for urves , de ned re ently
by Olver [17℄, yields a nite di eren e approximation whi h
inherits the group G as its symmetry group. If the ODE is
an Euler-Lagrange equation and if the rst integral arises via Noether's theorem from a variational symmetry, then one
might hope to use a moving frame on a multipoint spa e to
obtain an approximation whi h inherits the variational symmetry. Using methods similar to those re ently announ ed
in [12℄, there will then be a onservation law of the dis retisation whi h relates in a natural way to the integral of the
original. Here we show how this programme might work and
dis uss the issues that arise.
We take for our main example the Emden-Fowler ODE
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1.

INTRODUCTION

It has been observed that numeri al integrators whi h preserve energy, potential vorti ity, symple ti ity, integrability, and so forth, exhibit good long term approximation of
physi ally important qualitative features. Hen e substantial
resear h e ort is underway to obtain and analyse dis rete
approximations whi h inherit onservation laws or other geometri properties. We refer the reader to the ex ellent survey arti les [1, 13℄ for a guide to the literature, examples
and results. Approximations obtained by dis retising the
variational prin iples underlying the ontinuous models are
of great interest [20, 8℄. Indeed, many physi ally important
onserved quantities an be obtained by applying Noether's
theorem to a variational prin iple.
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whi h is the Euler-Lagrange equation for the Lagrangian
2 02
2 6
L = x (y ) =2 + x y =6
(2)
The group a tion

2


x = xe ;
y = ye
(3)
generates a variational symmetry; Ldx is an invariant oneform. The onservation law or rst integral obtained from
a straightforward appli ation of Noether's theorem is
3 02 2 0 3 6
1 = x (y ) + x yy + x y =3:
(4)

are elements of o -diagonal Cartesian produ ts of jet bundles.
Co-ordinates
on M (n) are de ned re ursively. A typi al ele(
n
)
ment of M is the equivalen e lass of (z0 ;    zn ; C ) where
z = (x; f (x)) is the urve C . De ne [zj ℄C = f (xj ), and
[z0    zk 2 z℄C [z0    zk 1 ℄C (5)
[z0 z1    zk ℄C = zlim
!zk
x
xk 1
where z = (x; f (x)) 2 C tends to (xk ; f (xk )) along the
urve. If zk 6= zk 1 we an repla e z by zk dire tly in the
di eren e quotient and ignore the limit. If all (k +1) points
oin ide, then [z0    z0 ℄C = f (k) (x0 )=k!. The independent
variables and k![z0 z1    zk ℄C , k  0 form a lo al o-ordinate
system on M (n) .
We wish to onsider onservation laws whi h arise from a
variational symmetry, so we onsider group a tions on the
multispa e of urves. If the Lie group
G a ts smoothly on
(n) ; one simply takes the
M , there is an indu ed a tion on M
indu (edn) a tion on the urves and the points that lie on it.
On J (M ), the a tion is the standard prolongation of the
group a tion, obtainable using the hain rule of di erentiation, while on M }(n+1) the a tion amounts to the produ t
a tion.

First we dis uss the multipoint spa e onstru tion, and then
give the moving frame for the given group a tion. Next we
dis uss an analogue, for dis rete systems, of the variational methods whi h form the ontext for Noether's theorem.
This is the theorem whi h yields onservation laws from
variational symmetries. We obtain a dis retisation of (1)
whi h inherits the variational symmetry. Hen e we derive
a di erential-di eren e onservation law for the di eren e
equation, with the mesh spa ing as a new independent variable. We show this onservation law has, for its ontinuum
limit, the integral (4).
2.

MULTISPACE AND MOVING FRAMES

One major appli ation of multispa e is that it allows differential equations and their approximations to be onsidered as aspe ts of a single mathemati al onstru tion. We
give here an outline of the onstru tion of the multispa e of
urves, and refer the reader to [17℄ for the details and proofs.
We then dis uss and show an example of a moving frame.
The group invariants obtained from the frame will be used
in the next se tion.

De nition 4. If G  K ! K is a smooth a tion of G,
then a right moving frame on K is a right
G-equivariant
map  : K ! G, that is, (g  z) = (z)g 1.

Moving frames exist if and only if the a tion is regular and
free. In pra ti e frames are de ned, and used, only lo ally.
We refer the reader to [6, 7℄ for details, dis ussion, proofs
and examples.
In pra ti e a right moving frame is obtained by solving a
set of equations of the form (g  z) = 0 for g as a fun tion
of z 2 K ; that is, the frame satis es ((z)  z) = 0. One
requires  to satisfy the onditions of the impli it fun tion
theorem so that the solution is unique. The system  = 0
is known as the set of normalisation equations .
Theorem 1. The omponents of I (z ) = (z )  z are invariants.
Proof. I (g  z ) = (g  z )g  z = (z )g 1 g  z = (z )  z = I (z ).
Thus, on e the frame is known, the invariants are straightforward to obtain; one simply evaluates the omponents of g  z on the frame! Further, a simple repla ement
rule enables any invariant fun tion to be written in terms of
these invariants.

De nition 1. Let M be a manifold. An (n + 1)-pointed
urve C = (z0 ;    zn ; C ) lying in M onsists of a smooth
urve C  M and (n + 1) not ne essarily distin t points
lying on the urve.
De nition 2. Let #i = #fj j zj = zi g. Two
equivalent , (z0 ;    zn ; C )  (~z0 ;    z~n ; C~ ) if and

urves are
only if for
all i, zi = z~i and setting k = #i 1, then the kth jet of C
at zi equals the kth jet of C~ at zi .
Equivalen e is a generalisation of the notion of nth order
onta t. If the (n + 1) points zj oin ide, then the pointed
urves are equivalent pre isely when they have nth order
onta t. If the (n + 1) points are distin t, then equivalen e
means simply that z~i = zi for all i.

(Fels-Olver-Thomas). Let y1 , : : : yN be
lo al o-ordinates of a point in z 2 K and suppose (z )  z =
(Y1 ;    YN ). If F (z) = F (g  z) is an invariant fun tion, then
F (y1 ; : : : yN ) = F (Y1 ; : : : YN ).
Theorem 2

multispa e of urves M (n)

De nition 3. The
on a manifold M onsists of the equivalen e lasses of the set of all
(n + 1)-pointed urves.

Thus, to nd the expression of F in terms of the invariants, simply repla e ea h yi with the orresponding omponent of I .
Example Consider the group a tion (3). The prolongation to the derivatives of y is obtained by the hain rule;
dn y = e 2n 1 dn y :
dx n
dxn

) (M ), the nth jet
By onstru tion, M (n) ontains both }J((nn+1)
bundle over M , as well as the set M
, the Cartesian
produ t of (n + 1) opies of M minus the set of points at
whi h any two omponents are equal. The intermediate ases, where some but not all the points on the urve oin ide,
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To obtain the a tion on the oordinates of M (n) , let wk = zk
for all k. Then
[w0 ℄ = e  [z0 ℄

[w0 w1 ℄ = (x;y)!lim(x0;y0 ) ee2 ((xy xy11)) = e 3 [z0 z1 ℄
[w0    wn ℄ =

e

obtain a di eren e equation for whi h there is a variational
prin iple in the next se tion.
We remark that the \standard mesh" xn = nh is ompatible with the s aling group we onsider here, in the sense
that s aling and dis retisation using a standard mesh ommute. Indeed, it has been shown that s aling groups are
the only groups whi h ommute with the usual dis retisation pro ess [2℄. However, the multispa e method yields an
approximation for any group a tion. Further, just as any
non-trivial group a tion an be transformed (in prin iple)
to a translation group, in the so- alled anoni al variables,
so an it be transformed to a s aling group (in the exponentiated anoni al variables). Of ourse, the mesh ompatible
with the group in the original variables may be highly nonlinear. The derivation and the study of the pra ti ality and
appli ation of ompatible meshes is a topi for further study.

(2n+1) [z0    zn ℄

(6)
If we take the normalisation
equation to be [w0 ℄ = 1, then
the frame is given by e = [z0 ℄. The invariants are obtained
by evaluating the [w0    wk ℄ on the frame, when e the invariants are
2
2k+1 :
J0 = x[z0 ℄ ;
Mk = [z0    zk ℄=[z0 ℄
The orresponding di erential invariants are
2
2k 1 dk y
J0;di = xy ; Mk;di = y
dxk
while the rst two nite di eren e invariants are
1 y1 y0 ;
M1; =
y03 x1
x0
1
(
x1
x0 )y2 + (x0
x2 )y1 + (x2
x1 )y0
M2; =
y05
(x2 x0 )(x1 x0 )(x2 x1 )
where we have used the subs ripts `di ' and `' to denote the di erential and di eren e versions of the multispa e
quantities.
Looking at the Emden-Fowler equation (1), by dividing
by y5 we obtain the ODE in terms of di erential invariants.
Using the repla ement rule, we an immediately write down
a multispa e approximation to the ODE whi h inherits the
symmetry, namely
M2 + 2M1 =J0 + 1 = 0:
(7)
We want to somehow translate these quantities to be in
terms of the dis retisation variables yn , and n, to obtain a
dis rete equation with the orre t symmetry. Consider the
standard mesh, xn = nh. (This mesh is a natural hoi e
as it is ompatible with the s aling group, a point dis ussed
below.) Sin e n annot vary in a ontinuous way, n must be
an2 invariant, and the group a tion indu ed on h is then h =
e h. The idea of using a moving mesh was suggested by
Dorodnitsyn [5℄. If we translate the multi-spa e invariants
to `typi al' dis retisation o-ordinates, namely yj ! yn+j ,
xj ! (n + j )h, to obtain dis rete invariants, we obtain
yn+1
yn
2
J0;t = nhyn ;
M1;t =
3 ;
hyn
(8)
yn+2
2yn+1 + yn
M2;t =
2h2 yn5
where the subs ript t denotes `typi al' (for want of a better
term). The invariants for other mesh spa ings are derived
similarly.
Using the standard mesh approximation in this naive
way, we obtain an ordinary di eren e equation approximation to the Emden-Fowler equation (1). Unfortunately the
resulting equation does not have an underlying dis rete variational prin iple; it is not a dis rete Euler-Lagrange equation (in the sense of [12℄). Hen e a onservation law annot
be obtained via Noether's theorem. We investigate how to

3. DISCRETE VARIATIONAL METHODS
AND CONSERVATION LAWS

A rigorous analogue of the variational omplex for di eren e
equations was re ently developed [12℄, and all proofs of our
assertions appear there. We onsider equations de ned on
one-dimensional latti es, and show the relevant al ulations
for our main example.
The shift operator a ting on fun tions of n,
and (a nite number of) iterates of un , is de ned by
S (Pn ) = S (P (n; un ; : : : ; un+m ))
= P (n + 1; un+1 ; : : : ; un+m+1 )
= Pn+1 :
Theorem 3. The adjoint of the shift operator with respe t
1

un

De nition 5.

to the `2 inner produ t, is S .
Proof.

P

P
(
)
=
Pn+1 Qn
= P Pn Qn 1 = P Pn S 1 (Qn )
S Pn Qn

(9)

by a hange of dummy variable.

If a dis rete Lagrangian Ln is given, then the asso iated
dis rete Euler-Lagrange equation is
X
m Ln = 0:
E (Ln ) =
S
(10)
un+m
m

De nition 6. If Pn = 0 is a di eren e equation, de ne its
linearisation to be
DP (Q) = dd =0 P (n; un + Qn ; : : : ; un+m + Qn+m ):
Theorem 4. A di eren e equation Pn = 0 is an Euler-

Lagrange equation if and only if the linearisation DP is self
adjoint with respe t to the `2 inner produ t. That is, if
X

( )n  Rn =

DP Q

X



( )n :

Qn DP R

The self-adjointness of the linearisation is the riterion
whi h guarantees that the dis retisation has a dis rete variational prin iple.
3

Returning to our example, rst note that the ontinuous
Euler-Lagrange operator a ting on (2) yields P = x2 . The
linearisation has the self-adjoint (Sturm-Liouville) form
d ( x2 ) d Q + 5x2 y4 Q
DP (Q) =
dx
dx
and thus we an translate this to a self-adjoint di eren e
form quite simply, it is
(S 1 id)fn (S id)Qn + gn yn4 Qn = 0
where id is the identity operator and fn = f (n; h), gn =
g (n; h) are to be determined. We do not at this point translate x2 to a dis rete quantity, as we need the freedom to ensure the ne essary onditions of symmetry are met. Hen e
we onsider the di eren e equation
Pn :
(S 1 id)fn (S id)yn + gn yn5
= fn yn+1 + (fn + fn 1 )yn fn 1 yn 1 + gn yn5
= 0:
(11)

In this ase we have

 = fn ;

 = e4 gn

(15)
by inspe tion. More generally, one would obtain a set of
overdetermined equations to solve.
Next, the ondition that the ontinuum limit of Pn is
2
x  must hold. Setting yn = y (x), and
0
2 00
3
yn1 = y (x  h) = y (x)  hy (x) + 12 h y (x) + O (h )
we have
0
1 2 00
Pn =
2 h y (fn + fn 1 ) + hy (fn 1 fn )
+gn y5 + O(h3 )
 x2 y00 + 2xy0 + x2 y5
= n2 h2 y00 + 2nhy0 + n2 h2 y5
using x = nh. Equating oeÆ ients we obtain
2
2 2
fn + fn 1 = 2n ; fn
fn 1 = 2n; gn = n h :
Thus
2 2
fn = n(n + 1);
gn = n h :
These satisfy the group a tion equations (15).
Theorem 5. The equation
Pn = n(n + 1)yn+1
2n2 yn + n(n 1)yn 1 + h2 n2 yn5 = 0
(16)
has P = x2  for its ontinuum limit, is a dis rete Eulerfn

Remark Re all we have taken xn = nh, with h a parameter. In general, if we regard yn , xn as two dependent
variables, then we need two equations, as there will be an
Euler-Lagrange equation derived from a Lagrangian for ea h
dependent variable.
The homotopy operator ( f. [12℄) whi h yields the Lagrangian Ln for an equation Pn = 0 whose linearisation DP
is self-adjoint is
Z 1
Pn (y )yn d:
Ln =
0
The notation Pn (y) means that in the expression for Pn ,
yn+k is repla ed by yn+k for all k . The Lagrangian obtained from (11) is
(fn + fn 1 )yn2 + fn 1 yn yn 1 )
Ln = 12 (fn yn+1 yn
+ 61 gn yn6 :
(12)

gn

Lagrange equation with Lagrangian
Ln

= 12 (n(n + 1)yn yn+1 2n2 yn2 + n(n 1)yn yn 1 )+
1 h2 n2 yn6
6

(17)

and has the group a tion (13) as a variational symmetry.

Although the homotopy operator provides a systemati
te hnique for onstru ting a Lagrangian Ln , this Lagrangian
is not unique. Any other fun tion L^ n that di ers from Ln
by a total di eren e, (S id)H , is also a Lagrangian for the
di eren e equation. This freedom enables us to repla e the
Lagrangian (17) with the equivalent Lagrangian
^ n = Ln + (S id)( 21 n(n 1)yn (yn 1 yn ))
L
(18)
= 21 n(n + 1)(yn+1 yn )2 + 16 h2 n2 yn6 :
Clearly, this Lagrangian tends to the ontinuous Lagrangian
in the limit as h ! 0 with x = nh xed.
Finally, we onstru t the onservation law guaranteed by
Noether's theorem. For onvenien e, we shall use L^ n rather
than Ln ; the onservation laws of the two Lagrangians are
equivalent. Taking d(L^ n (n; h ; yn ) e 2 L^ n )=d at  = 0
yields
^
^n
(yn + 2hyn0 ) yLnn + S (yn + 2hyn0 ) y Ln+1
(19)
+2h hL^ n + 2L^ n = 0;

De nition 7. A group a tion is a variational symmetry
of a dis rete Euler-Lagrange equation with Lagragian Ln =
Ln (n; h; yn ) if Ln dh dn is an invariant form.

(In [12℄, the notation  is used for dn.)
The dis retisation (11) needs to have P = x2  (where
 is given in (1)) for its ontinuum limit, while having the
group a tion

 2


n = n;
h = e h;
yn = e yn
(13)
as a variational symmetry. This yields onditions on fn and
gn , the fun tions to be determined.
The ondition L dhdn = Ldhdn yields
1 (fn fn )yn+1 yn + (fn fn + fn 1 fn 1 )yn2
2
+ (fn 1 fn 1 )yn yn 1 ℄ + 16 (gN e 4 gn )yn6 = 0
(14)
4

where yn0 = yn =h. We now mimi the use of integration
by parts to obtain the onservation law ( f. [16℄, page 272).
For the dis rete part of (19), \integration by parts" takes
the form
1
S (f )g
f S g = (S
id)(f S 1 g):
Equation (19) an then be written in the form,
(yn + 2hyn0 )E (L^ n )
+(S id) [n(n 1)(yn + 2hyn0 )(yn yn 1 )℄

invariants. These mesh invariants are the building blo ks
for the asso iated dis rete Lagrangian. The linearised equation is written in self-adjoint form and translated to a disretised self-adjoint equation. A Lagrangian is obtained by
the homotopy operator [12℄, requiring symboli integration.
The undetermined oeÆ ient fun tions are al ulated by the
need for the group a tion to leave invariant the Lagrangian
form and to obtain the orre t ontinuum limit, onditions
whi h generate overdetermined systems to be solved. Finally the onservation law is obtained by the di erentialdi eren e version of Noether's theorem. This last requires
\integration by parts", ode to do this for PDE systems is
now well-established, along with other methods for al ulating onservation laws for general PDE systems[21, 22℄.
We remark that rst integrals an be obtained dire tly
from general ordinary di eren e equations [11℄ even if there
is no underlying Lagrangian stru ture.
The al ulations outlined above are arried out in this arti le for the simple example, equation (1). Its su ess hints
that the method should work for more general examples, but
also raises many questions. If we want a robust algorithm
to obtain a dis retisation whi h inherits a onservation law,
then we need to understand in more detail: (i) the method
whereby a mesh whi h is ompatible with the group a tion
is obtained, (ii) the method whereby an operator whi h
is self-adjoint with respe t to the inner produ t on L2 an
be \translated" to an operator whi h is self-adjoint with
respe t to the inner produ t on `2 , su h that the dis rete
operator has the ontinuous operator as a ontinuum limit. Our example shows that for se ond order Lagrangians,
putting the linearised equation into Sturm-Liouville form,
and using entral di eren e o-ordinates on the multispa e,
are the key.
Even if these questions an be resolved in prin iple for
wide lasses of equations, the possibility of implementing
our algorithm in a symboli omputing environment raises
further problems. An implementation of a number of the
al ulations asso iated with moving frames for di erential
systems, su h as the re urren e formulae for invariantised
di erentiation, has been implemented in Maple[14℄. However, an e e tive implemention of the moving frame method
for nding the invariants with whi h to write down the approximation, would require the veri ation of the onditions
of the impli it fun tion theorem with only algebrai tools;
this is one main diÆ ulty of the \solve and ba k-substitute"
problem mentioned above. For parti ular lasses of normalisation equations used to de ne the frame, su h as polynomial equations forming a prime ideal, e e tive algebrai tools
should exist.
Nevertheless, in pra ti al appli ations, we would hope
that many of the steps ould be arried out symboli ally.
Finally, the pra ti ality of the \geometri " dis retisations obtained needs to be investigated. Can they be implemented to yield an eÆ ient numeri al integrator, and do
the numeri al al ulations that result give insight into physially important problems? This question is part of the wider
debate on whether geometri integrators are better integrators, or not; time will tell.

+ h  13 n2 h3 yn6 n(n + 1)h(yn+1 yn )2  = 0:
The onservation law for solutions of E (L^ n ) = 0 is then
(S id)[n(n 1)(yn + 2hyn0 )(yn yn 1 )℄
(20)
+ h  13 n2 h3 yn6 n(n + 1)h(yn+1 yn )2  = 0:
Theorem 6. The ontinuum limit of (20) is (4).
Proof. Multiplying and dividing the rst summand by h2
and the se ond by n, setting x = nh and noting (1=n)d=dh =
d=dx, yields that the ontinuum limit of (20) is indeed the
rst integral (4) of (1).
Thus the onservation law (20) is the desired dis rete
approximation of the integral for the dis retisation (16) of
the Emden-Fowler ODE (1).
In fa t, Pn is the \ entral di eren e" dis retisation of ,
and the reader might well remark that we have worked very
hard to nd a well-known approximation. However, along
the way we have obtained the dis rete variational prin iple
and the onservation law, so that we have, in fa t, proved
that the entral di eren e dis retisation is a \geometri integrator" for the equation.
Finally we relate the dis retisation found to the multispa e invariants of x2. In fa t, if we had made a entral
di eren e translation of the multi-spa e invariants rather
than the obvious `typi al' one used earlier, we would have
obtained the orre t answer in one go (but without realising why!) We on lude this se tion by onje turing that the
most important part of a se ond order Euler-Lagrange equation, for the purposes of nding a dis rete approximation to
a onservation law, will be its asso iated Sturm-Liouville
operator, and that the requirements for the dis retisation to
have a self-adjoint linearisation ensure that a entral di eren e approximation of some kind will be obtained.
4.

DISCUSSION

Our method assumes that the ordinary di erential equation being studied has a onservation law whi h arises via
a variational symmetry. In other words, the equation is an
Euler-Lagrange equation and its Lagrangian form L dx is
invariant under a spe i ed group a tion.
The method we propose, to nd a dis retisation whi h
inherits the onservation law, is as follows. First the invariants of the group a tion on the relevant multispa e are
al ulated [17℄. This is a \solve and ba k-substitute" problem. A mesh whi h is ompatible with the group a tion is
obtained (an open problem in general, requiring anoni al
o-ordinates for the group a tion) and the group invariants
in terms of the mesh variables obtained from the multispa e
5

Despite the signi ant questions that remain, we feel our
method is a potentially useful addition to the known methods for this extremely important problem, deserving of further investigation.

[14℄ E.L. Mans eld, Indiff: a maple pa kage for over
determined di erential systems with Lie symmetry,
University of Kent preprint, UKC/IMS/99/37,
1999. http://www.uk .a .uk/ims/maths/people/

5.

[15℄ E.L. Mans eld and P.A. Clarkson, Appli ations of the
di erential algebra pa kage diffgrob2 to lassi al
symmetries of PDEs, J. Symb. Comp. 23 (1997)
517{533.
[16℄ P.J. Olver, Appli ations of Lie groups to di erential
equations, Se ond Ed., Graduate Texts in
Mathemati s, Vol 107, Springer Verlag, New York,
1993.
[17℄ P.J. Olver, Geometri Foundations of Numeri al
Algorithms and Symmetry, University of Minnesota,
2000. http://www.math.umn.edu/ olver
[18℄ G.J. Reid, A.D. Wittkopf and A. Boulton, Redu tion
of systems of nonlinear partial di erential equations to
simpli ed involutive forms, Eur. J. Appl. Math., 7
(1996) 604{635.
[19℄ F. S hwarz, Solving third order di erential equations
with maximal symmetry group Computing 65 (2000)
155{167.
[20℄ J.M. Wendlandt and J.E. Marsden, Me hani al
Integrators derived from a dis rete variational
prin iple, Physi a D106 (1997), 223{246.
[21℄ T. Wolf, A omparison of four approa hes to the
al ulation of onservation laws, Euro. J. of Appl.
Math. (to appear) (1998).

E.L.Mansfield.html

REFERENCES

[1℄ C.J. Budd and A. Iserles, Geometri integration:
numeri al solution of di erential equations on
manifolds, Phil. Trans. Royal So . London A 357
(1999) 945{956.
[2℄ C.J. Budd, B. Leimkuhler and M.D. Piggot, S aling
invarian e and adaptivity. University of Bath preprint,
99/18, 1999.
http://www.maths.bath.a .uk/MATHEMATICS/
preprints.html

[3℄ E.S. Cheb-Terrab and A.D. Ro he, Abel ODEs:
Equivalen e and Integrable Classes, Computer Physi s
Communi ations, 130 (2000) 197.
[4℄ E.S. Cheb-Terrab and A.D. Ro he, Integrating Fa tors
for Se ond Order ODEs, J. of Symboli Computation
27 (1999) 501{519.
[5℄ V.A. Dorodnitsyn, Symmetry of nite-di eren e
equations. In CRC handbook of Lie group analysis of
di erential equations, Vol. I. pp. 365{403. Ed. N. H.
Ibragimov. CRC Press, Bo a Raton. 1994.
[6℄ M. Fels and P.J. Olver, Moving Coframes I, A ta
Appl. Math. 51 (1998) 161{213.
[7℄ M. Fels and P.J. Olver, Moving Coframes II, A ta
Appl. Math. 55 (1999) 127{208.
[8℄ D.
Furihata, Finite di eren e s hemes for
u =   ÆG that inherit energy onservation or
t
x Æu
dissipation
property, J. Comp. Phys., 156 (1999)
181{205.
[9℄ W. Hereman, Symboli software for Lie symmetry
analysis. In CRC Handbook of Lie Group Analysis of

http://www.maths.qmw.a .uk/tw/

[22℄ T. Wolf, A. Brand and M. Mohammadzadeh,
Computer algebra algorithms and routines for the
omputation of onservation laws and xing of gauge
in di erential expressions, J. Symb. Comp. 27 (1999)
221{238.

Di erential equations, Vol III, New Trends in
Theoreti al Developments an Computational Methods

Chapter XII. Ed. N.H. Ibragimov. CRC Press, Bo a
Raton. 1996.
[10℄ E. Hubert, Fa torization-free de omposition
algorithms in di erential algebra J. Symb. Comp., 29
(2000) 641{662.
[11℄ P.E. Hydon Symmetries and rst integrals of ordinary
di eren e equations. Pro . R. So . Lond. A 456,
(2000) 2835{28.
[12℄ P.E. Hydon and E.L. Mans eld, A variational omplex
for di eren e equations, preprint UKC/IMS/00/32,
University of Kent, U.K., 2000.
http://www.uk .a .uk/ims/maths/people/
E.L.Mansfield.html

[13℄ R. M La hlan and G.R.W. Quispel, Six Le tures in
Geometri Integration (1998).
http://www.massey.a .nz/ RM La hl/

6

