Finite Fields, Root Systems and Orbit Numbers of Chevalley groups

Peter Fleischmann Institut für Experimentelle Mathematik Universität Essen 45326 Essen Deutschland

Abstract

We describe combinatorial techniques to determine the numbers of semisimple conjugacy classes and adjoint orbits with fixed class of centralizers for simply connected finite groups of Lie type.

1 Introduction

For any finite group H let Irr_K(H) denote the set of irreducible characters of H, defined over the field K. If G is a finite group of Lie type one has an explicit parametrization of the characters in Irr_{Q ℓ} (G^∗), due to fundamental work of G. Lusztig ([20]). Here Q_ℓ, is the algebraic closure of the ℓ - adic rationals and ℓ is a prime different from the defining characteristic of G. If (G, G^∗) is a pair of dual groups such that the center of the ambient algebraic group G^∗ is connected (e.g. (SL_n(q), P GL_n(q))), then this parametrization can be described as follows:

Irr_{Q ℓ} (G^∗) = ⊎ [s] E(G_s, [1]), (∗)

where E(G_s, [1]) denotes the set of irreducible ’unipotent characters’ of the centralizer G_s and [s] runs through the different semisimple conjugacy classes of G. Whenever two centralizers G_{s1} and G_{s2} of semisimple elements are conjugate in G, the sets E(G_{si} , [1]) are conjugate as well. Hence it is important to describe those semisimple classes [s] of G that have G - conjugate centralizers G_s.

We will view G as fixed - point group G_F of a Frobenius endomorphism F on a connected reductive algebraic group G, defined over F_q. Notice that the Lie algebra LieG is defined over F_q as well. Its corresponding Frobenius endomorphism will also be denoted by F . The restriction of the adjoint action of G on LieG yields an action of G on LieG := (LieG)_F . Hence we can also look at semisimple G - orbits δ^G in LieG. We are interested in those semisimple conjugacy classes x^G of G or G - orbits on LieG, which have G - conjugate ’connected algebraic stabilizers’ G^0_x. Following Carter [3], such classes are said to be of the same genus. The number of classes of given genus will be called a genus number.

Notice that in the situation of (∗), centralizers of semisimple elements are connected reductive subgroups of G (see [4]). This implies that for semisimple elements s_1, s_2 ∈ G the centers of centralizers satisfy Z(G_{si} ) = Z(G_{si} )_F , hence the G_{si} are conjugate in G if and only if [s_1] and [s_2] are of the same genus.

We are especially interested in ’generic genus numbers’, i.e. formulae depending on q, which give these numbers uniformly for a whole series of groups with the same Dynkin type (e.g. [24],[23] for groups of type F_4, [11], [12] for E_n, n = 6, 7, 8 and [8] for general linear and unitary groups).

Since stabilizers of semisimple elements are subgroups of G of maximal Lie rank, they can be described by ’closed subsystems’ of the root system Φ of G. This yields combinatorial interpretations of genus numbers in terms of lattices of ’stable subsystems’ of Φ. In this article we will give a survey on these connections and show, how elementary combinatorics, including polynomials over finite fields, can be used to obtain the Möbius functions of stable subsystems and eventually compute genus numbers.

2 Semisimple classes and root systems

Combinatorial methods to describe semisimple genera and genus numbers in the group case have been applied by different authors (e.g. see [24], [23] and [5]). Our presentation here will also cover the case of Lie algebras.

The group G contains, up to G conjugacy, a unique F - stable maximal torus T = F (T), which is quasisplit, i.e. contained in an F - stable Borel subgroup B. Let X := Hom(T, F_q^∗) ∼= Z^n with n = dim T be the group of rational characters of T, Φ ⊆ X the root system of G with respect to T, Φ^+ the positive system with respect to B and W := N_G(T)/T the Weyl group of G. Then F = ρ ∘ F_0 = F_0 ∘ ρ with a rational automorphism ρ of G of finite order such that F_0(t) = t^q for each t ∈ T and F (w) = ρwρ^{−1} ∈ Aut(T) for any w ∈ W . Let W̃ be the group ⟨W, ρ⟩ ≤ Aut(T). Then W̃ acts on X by (ax)(t) := x(a^{−1}(t)), i.e. the comorphism a^∗ (as defined in [25]) of a ∈ Aut(T) coincides with the action of a^{−1} on X. Moreover F (X_α) = X_{ρ(α)} for all root subgoups X_α ≤ G.

Definition 2.1 A subset x ⊂ Φ is called closed if ⟨x⟩_Z ∩ Φ = x. Let a ∈ Aut(X), then we define S_a to be the (inclusion ordered) poset of all closed subsystems x of Φ such that a(x) = x. We also will write S_{Φ,a} and S_Φ for S_a and S_{id} respectively.

For any Φ_1 ∈ S_Φ let G_{Φ1} be the (connected reductive) subgroup ⟨T, X_α|α ∈ Φ_1⟩ of G, generated by T and the root subgroups X_α with α ∈ Φ_1.

Any semisimple element s ∈ G is contained in some F - stable maximal torus T̃ of G (see [3]). Similarly any semisimple element δ ∈ LieG is contained in LieT̃ ≤ LieG with some T̃ as above (see [Bo] 11.8, pg. 150). Moreover since all maximal tori in a connected linear algebraic group are conjugate, there is g ∈ G with t =^gs ∈ T̃ =^gT or δ =^gγ ∈ LieT̃ =^g(LieT). It is well known that for x = s or γ the ’connected stabilizers’ (= the 1 - components of the stabilizers) are reductive groups of the form:

G^o_x = ⟨T, X_α | α ∈ Φ_x⟩

where Φ_s := {α ∈ Φ | α(s) = 1}, Φ_γ := {α ∈ Φ | dα(γ) = 0} are the root systems of the stabilizer ( notice that for any root α ∈ Φ the differential dα is an element in the dual space (LieT)^∗).

Clearly Φ_x is a closed subsystem of Φ. Moreover for h =^gk ∈^gG_{Φx} we have: F (^gk) =^{gLF (g)}F (k) with L_F (g) := g^{−1}F (g) →w ∈ W . ( Recall that L_F : G → G, g →g^{−1}F (g) is surjective by a theorem of Lang [25]). Hence for y = t or δ and y =^gx:

(G^0_y)_F = (^g(G_{Φx} ))_F =^g((G_{Φx} )_{LF (g)F} );

in particular Φ_x = wρ(Φ_x) is wρ - stable. On the other hand, if Φ_1 ∈ S_Φ with wρ(Φ_1) = Φ_1, we can find h ∈ G such that L_F (h) → w and F (^hX_α) = hL_F (h)F (X α) =^h(X_{wρα}). So^hG_{Φ1} is F - stable.

Let Φ_1 ∈ S_{wρ} for some w ∈ W . Then Φ^+_1 := Φ_1 ∩ Φ^+ and wρ(Φ^+_1 ) are two ’positive systems’ of Φ_1 and hence are conjugate in W_{Φ1} := N_{GΦ1} (T)/T. In particular we always find w_1 ∈ W with w_1ρΦ^+_1 = Φ^+_1 . Then, by a result in

[2], the set of F - stable elements in the G - orbit (G_{Φ1} )^G splits into G_F - classes which are parametrized by pairs

(Φ_1, [ww_1ρ]) with [ww_1ρ] ∈ N_W (Φ^+_1 )w_1ρ\N_W (Φ^+_1 ).

Here N_W (Φ^+_1 )w_1ρ is a coset in W̃ and N_W (Φ^+_1 )w_1ρ\N_W (Φ^+_1 ) denotes the set of N_W (Φ^+_1 ) - conjugacy classes on this coset. A representative of the G - class attached to (Φ_1, [ww_1ρ]) is given by^gG_{Φ1} , where L_F (g) maps to ww_1 ∈ W .

Definition 2.2 We define O(Φ_1, [ww_1ρ]) to be the genus number corresponding to the parameter (Φ_1, [ww_1ρ]) and will write O_G and O_{LieG} to distinguish the group case and the Lie algebra case.

For T = T or LieT, a ∈ W̃ and Φ^′ ∈ S_Φ with a(Φ^′) = Φ^′ we define

T (Φ^′, a) := { t ∈ T | a ∘ F_0(t) = t, Φ_t = Φ^′ };

Z(Φ^′, a) := { t ∈ T | a ∘ F_0(t) = t, Φ_t ⊇ Φ^′ }.

Notice that in the group case Z(Φ^′, a) = Z((G_Φ′ )_{ȧ∘F0} ) = Z(G_Φ′ )_{a∘F0} is the center of (G_Φ′ )_{ȧ∘F0} where ȧ is a rational automorphism whose restriction to T coincides with a. It is well known that the cardinality g_T(Φ^′, a) := |Z(Φ^′, a)| is given by cp((ww_1ρ)^∗|_{(X/⟨Φ}′_{⟩)⊗R} )(q) · | O_p′ (T or(X/⟨Φ^′⟩))_{q(ww1 ρ)}∗ |. Here cp((ww_1ρ)^∗|_{(X/⟨Φ}′_{⟩)⊗R} )(q) denotes the characteristic of the induced operator of ww_1ρ on X/⟨Φ^′⟩) ⊗ R, evaluated at q and O_p′ (T or(X/⟨Φ^′⟩))_{q(ww1 ρ)}∗ denotes the maximal subgroup of order prime to p in the group of q(ww_1ρ)^∗ - fixed points of the torsion group T or(X/⟨Φ^′⟩) (see [5]). In the Lie algebra case we have Z(Φ^′, a) = (⟨dα | α ∈ Φ^′⟩^⊥)_{ȧF} ⊆ LieT. Here the endomorphism ȧF is the Frobenius endomorphism of an F_q - structure on the F_q - vector space d(Φ^′)^⊥ ≤ LieT. For such an F_q - space V with

Fq - structure one always has |VF | = q^{dimV} . So in the Lie algebra case we get: g_{LieT}(Φ^′, a) = |Z(Φ^′, a)| = q^{n−dim}F^{q ⟨dα | α∈Φ′⟩}F^q . where n = dim LieT is the Lie rank of G.

Now we make the following technical assumptions for the rest of the paper: In case of conjugacy classes we assume that the center of the dual group G^∗ (in the sense of [3]) is connected.

In case of orbits in the Lie algebra we assume that p = char F_q is not a torsion prime (in the sense of [26]).

For example GL_n is self - dual and P GL_n is the dual of SL_n, hence GL_n and SL_n satisfy this assumption in case of conjugacy classes. Torsion primes are all primes dividing either |X^∗/⟨Φ^∗⟩| or |T or(⟨Φ^∗⟩/⟨Φ^∗_1⟩)| for some Φ_1 ∈ S_Φ. Here Φ^∗ ⊆ X^∗ denote root system and character group of G^∗ and^∗ : Φ → Φ^∗ the duality bijection of root systems (see [4]).

In particular GL_n and SL_n do not have any torsion primes. For quasi simple groups of Dynkin type other than type A the torsion primes are ≤ 5 (see [26]).

As a consequence of these assumptions all centralizers of semisimple elements in G and LieG are connected reductive algebraic subgroups of the form G_{Φ1} for Φ_1 ∈ S_Φ (see [26]).

We fix^gG_{Φ1} such that L_F (g) → ww_1 ∈ W and w_1ρ(Φ^+_1 ) = Φ^+_1 . Then we get N_G(^gG_{Φ1} ) =^g(G_{Φ1} · N_NG_{(T)}(Φ_1)) and hence

N_{GF} (^gG_{Φ1} )/(^gG_{Φ1})_F ∼=^g(N_W (Φ_1)/W_{Φ1} )_F ∼= N_W (Φ^+_1 )_{ww1ρ}.

Since {y ∈^gT | F (y) = y, G_y =^gG_{Φ1} } =^g{x ∈ T | ww_1ρF_0(x) = x, G_x = G_{Φ1} } we get:

|O(Φ_1, [ww_1ρ])| = 1 | N_W (Φ^+_1 )_{ww1ρ} | · |T (Φ_1, ww_1ρ)|. From the definitions we get:

Z(Φ_1, ww_1ρ) = ⊎ Φ^′∈Sww1ρ, Φ1⊆Φ^′ T (Φ^′, ww_1ρ)

and therefore by Möbius inversion

f_T (Φ_1, ww_1ρ) := |T (Φ_1, ww_1ρ)| = ∑ Φ^′∈Sww1ρ μ_{ww1ρ}(Φ_1, Φ^′)g_T (Φ^′, ww_1ρ). (1)

Here μ_{ww1ρ} is the Möbius function of the inclusion ordered poset S_{ww1ρ} of ww_1ρ - stable closed subsystems in S_Φ.

3 Genus numbers and Coxeter Arrangements

There are close connections between the posets S_Φ and Coxeter arrangements of hyperplanes as studied e.g. in [21]. In special characteristics the results there give valuable information on semisimple genus numbers. In case of regular semisimple classes and orbits (i.e. those with abelian stabilizers) these connections are discussed in [FJ1] as well as in [L2].

Let us consider the poset, H := H_Φ := { ∩_{α∈s}α^⊥| s ⊆ Φ } of intersections of reflection hyperplanes in the n - dimensional complex space V = X ⊗ C, ordered by reversed inclusion. The action of the Weyl group W on the complement M := V −∪_{α∈Φ}(⟨α⟩_C)^⊥ induces an action on cohomology H^∗(M, C).

It has been shown in [21] that:

P_Φ(w, x) := ∞∑ i=0 trace(w, H^i(M, C)) · x^i = ∑ y∈Hw μ_{Hw} (0, y) (−x)^{n−dim y}. The polynomial P_Φ(w, x) is called the Poincaré polynomial of H_w := {y ∈ H_Φ | w(y) = y }. Similarly we define

P_Φ(a, x) := ∑ y∈Ha μ_{Ha} (0, y) (−x)^{n−dim y} for a ∈ W̃ and Möbius function μ_{Ha} of H_a.

The map θ : S_Φ −→ H_Φ, Φ_1 → (⟨Φ_1⟩_C)^⊥ is an isotone epimorphism of W̃ - posets. The map θ̌ : H_Φ −→ S_Φ, x → x^⊥ ∩Φ is isotone and satisfies θ ∘θ̌ = id as well as Φ_1 ≤ θ̌ ∘ θ(Φ_1) =: Φ_1. Hence θ̌ ∘ θ is a ’closure operator’ in the sense of combinatorics and θ_| : θ̌ ∘ θ(S_a) → H_a is an isomorphism of posets. Now the lemma of Rota ([22]) tells us: ∑ s^′∈Sa,θ(s^′)=x μ_{Sa} (s, s^′) = μ_{Ha} (θ(s), x) if s = θ̌ ∘ θ(s) 0 otherwise

. (2)

Lemma 3.1 If the characteristic p of F_q does neither divide any |⟨Φ_1⟩/⟨Φ_2⟩| for Φ_2 ≤ Φ_1 ∈ S nor |T or(X/⟨Φ⟩)|, then dim_{F q} ⟨dα | α ∈ Φ_1⟩ = rank⟨Φ_1⟩. These primes are called very good for G.

Proof: Let B := {x_1, ..., x_n} be a Z - basis of X. Then the differential d maps each x := ∑ i z_ix_i onto ∑ i z_i(mod p) ⊗_Z x_i ∈ F_q ⊗ X ∼= (LieT)^∗.

Since p neither divides |T or(⟨Φ⟩/⟨Φ_1⟩)| nor |T or(X/⟨Φ⟩)| it does not divide |T or(X/⟨Φ_1⟩)| either. Hence from this we immediately get the claim. ∘

If Φ is indecomposable, very good primes are never torsion primes. Now we conclude:

Theorem 3.2 Let R be the least common multiple of all primes which are not very good and let i be the order of ww_1ρ.

In case T = T suppose gcd(q^i − 1, R) = 1. In case T = LieT suppose that p = char F_q is a very good prime.

Then the cardinality f_T (Φ_1, ww_1ρ) is zero if Φ_1 ≠ Φ_1. If Φ_1 = Φ_1 then:

f_T(Φ_1, ww_1ρ) = ∑ y∈(HΦ)ww1ρ μ_{(HΦ)ww1ρ} (θ(Φ_1), y) cp|_y((ww_1ρ)^∗)(q);

f_{LieT}(Φ_1, ww_1ρ) = ∑ y∈(HΦ)ww1ρ μ_{(HΦ)ww1ρ} (θ(Φ_1), y) q^{dim y}. In particular we get for Φ_1 = ∅: f_{LieT}(∅, wρ) = x^n · P_Φ(wρ, −1/x)|_{x=q}. Proof: In case T = T the condition gcd(q^i − 1, R) = 1 implies that gcd(q^i − 1, | ⟨Φ^′⟩/⟨Φ^′⟩ |) = 1, hence |O_p′ (T or(X/⟨Φ^′⟩))_{q(ww1ρ)}∗ | = 1. The characteristic polynomials appearing in (1) only depend on θ(Φ^′). Now the statement follows from (2). For T = Lie T the proof is similar. Since p is a very good prime we have dim_C y = n − rank (Φ^′) = n − dim⟨Φ^′⟩_{Fq} for y = θ(Φ^′) and again the result follows from (2). ∘

Remark 3.3 (i) If one considers the rank function rk : H → N, h → codim h, then f_{LieT}(Φ_1, a) = ∑ y∈(HΦ)a μ_{(HΦ)a} (θ(Φ_1), y) q^{dim y}

is the characteristic polynomial of the interval [θ(Φ_1), 1]_a ⊆ H_a as defined in combinatorics.

(ii) If char F_q is very good, then, as a result of 3.2, the root systems Φ_1 of stabilizers of semisimple elements in LieG satisfy Φ_1 = Φ_1, hence the corresponding algebraic stabilizers G_{Φ1} are Levi subgroups of G.

In ([OS2]), Orlik and Solomon proved the identity P_Φ(id, x) = rank Φ ∏ i=1 (1 + (d_i − 1) · x)

where the d_i’s are the ’fundamental degrees’ of the Coxeter group W_Φ (see [16]). Using this we obtain the following closed formulae for the number of regular elements in ’split tori’ and their Lie algebras:

Corollary 3.4 Let F be a split Frobenius endomorphism, i.e. F^∗ = q · Id|_X. In case T = T let gcd(q − 1, R) = 1. In case T = LieT let p = char F_q be a very good prime. Then f_T ([∅], [id]) = x^n · P_Φ(id, −1/x)|_{x=q−1} = (q − 1)^{n−rank Φ} rank Φ ∏ i=1 (q − d_i);

f_{LieT}([∅], [id]) = x^n · P_Φ(id, −1/x)|_{x=q} = q^{n−rank Φ} rank Φ ∏ i=1 (q − d_i + 1).

The polynomials P_Φ(w, x) have been determined by Lehrer and Solomon [LS] for Φ = A_n and by Lehrer [L1] for Φ = B_n, C_n. In [FJ1] one can find a unified computation, valid for all classical root systems including D_n. For exceptional groups the Poincaré polynomials have been computed in [FJ3] using the computer.

4 Möbius functions of stable subsystems

In general the hypotheses of 3.2 are not satisfied. To evaluate (1), one has to determine the Möbius functions μ_a of (S_Φ)_a for a ∈ W̃ . This can be done, using the connection between irreducible polynomials over F_q and stable partition lattices, given by decomposition patterns of characteristic polynomials of matrices in Mat_n(F_q). This section will give a brief outline of these arguments.

For a group H acting on the finite set M and h ∈ H, let M_h denote the set of h - fixed points in M. For a ring R let R^n denote the set of functions from n := {1, 2, . . . n} to R and let Π(n) denote the set of all partitions of n. Then Σ_n acts naturally on Π(n) and R^n and for each w ∈ Σ_n we call an element of Π(n)_w a w - stable partition. We consider Π(n) as a lattice with ”refinement” ordering on Π(n):

In this ordering λ ≤ λ^′, if each block m ∈ λ is contained in a block m^′ ∈ λ^′; moreover λ∧λ^′ := {m∩m^′ | m ∈ λ, m^′ ∈ λ^′}. Notice that any subposet Π(n)_w has a unique minimal element 0_n := {{x} | x ∈ n} and a unique maximal one 1_n := {n}.

Now let us recall the usual description of indecomposable classical root systems as subsets of Z^n:

Definition 4.1 If {e_i | i ∈ n} denotes the canonical basis of Z^n, then:

Φ_{Dn} := { ±(e_i ± e_j) | i < j ∈ n } Φ_{Bn} := { ±(e_i ± e_j) , ±e_i| i < j ∈ n } Φ_{Cn} := { ±(e_i ± e_j) , ±2e_i| i < j ∈ n } Φ^c_{An−1} := { v ∈ Φ_{Dn} | [v, ∑ i∈n c_i · e_i] = 0 } where [, ] denotes the bilinear form on Z^n given by [e_i, e_j] := δ_{ij} and c = (c_1, c_2, ..., c_n) is a vector in Z^n with c_k = ±1 for all k.

For the rest of this section Φ is always one of these root systems. The corresponding Weyl groups are subgroups of W_{Bn} = W_{Cn} ∼= (Z/2Z)^n · Σ_n and act naturally on n and Π(n).

The connection with partition posets is the following:

If Φ is one of the root systems above and Φ_1 ∈ S_Φ a closed subsystem, then one can define an equivalence relation on n by setting i ∼=_{Φ1} j if and only if i = j or there is a root α ∈ Φ_1 involving the basis vectors e_i and e_j with non-vanishing coefficient. If Φ is not of type B then the map

Λ : S_Φ −→ Π(n), Φ_1 → { [i]∼_{=Φ1} | i ∈ n }

establishes a Galois connection of W_Φ - posets:

For m ⊆ n and Φ_1 ∈ S_Φ we define: (Φ_1)_m := Φ_1 ∩ ⟨e_i | i ∈ m⟩_Z . Since e_i ∈ ⟨Φ_1⟩_Z if and only if Φ is of type B_n one can easliy see that

Φ_{1,λ} := Φ ∩ ∑ m∈λ ⟨(Φ_1)_m⟩_Z = ⊎ m∈λ (Φ_1)_m and Λ(Φ_{1,λ}) = λ ∧ Λ(Φ_1) for any λ ∈ Π(n) and Φ ≠ B_n.

On the other hand we have for all λ < 1_{Π(n)}: ⊎ m∈λ (Φ_{Bn} )_m < Φ_{Bn,λ} = Φ_{Bn} ∩ ∑ m∈λ ⟨(Φ_{Bn} )_m⟩_Z = Φ_{Bn} .

Hence we get

Lemma 4.2 Suppose Φ is of type A, C or D. Then for any w ∈ W_Φ and any interval [ Φ_1, Φ_2 ]_w ⊆ (S_Φ)_w, the restriction

Λ_| : [ Φ_1, Φ_2 ]_w −→ [ Λ(Φ_1), Λ(Φ_2) ]_w ⊆ Π(n)_w, Φ^′ → Λ(Φ^′)

together with the map

Φ_{2,( )} : [ Λ(Φ_1), Λ(Φ_2) ]_w → [ Φ_1, Φ_2 ]_w, λ → Φ_{2,λ} form a closure operator θ := Φ_{2,( )} ∘Λ_| with θ([ Φ_1, Φ_2 ]_w) ∼= [ Λ(Φ_1), Λ(Φ_2) ]_w.

If S^∗_{ΦBn ,w} denotes the dual of S_{ΦBn ,w} (i.e. with reversed inclusion order), then the map d : S^∗_{ΦBn ,w} −→ S_{ΦDn ,w}, Φ_1 → Φ_1 ∩ Φ_{Dn} together with the embedding Φ_{Dn} → Φ_{Bn} is a Galois connection (in the sense of [22]).

Proof: It is clear that the assignment λ → Φ_{2,λ} is a right inverse of Λ_|. Moreover Φ^′ ≤ Φ_{2,Λ(Φ}′_) for all Φ^′ ∈ [Φ_1, Φ_2]_w. The rest is clear. ∘

If Φ is indecomposable of type A then Λ is an isomorphism of posets. Using 4.2 the determination of Möbius functions of stable subsystems of classical root systems can be reduced to the stable partition poset. These have been widely investigated in combinatorics. In particular Hanlon [15] computed the values μ^n_w(0, 1) for Π(n)_w with cohomological methods. Here we give an independent derivation of the values μ^n_w(λ^′, λ). The starting point is the following polynomial identity for the characteristic polynomial of a stable partition lattice:

Theorem 4.3 Let w ∈ Σ_n be a product of n_i cyles of length i, then: ∑ λ∈Π(n)w μ^n_w(0, λ) · q^{|λ|} = n∏ i=1 (i^{ni} · n_i!) · ( Ψ_i(q) n_i ) .

( Ψ_i(q) = 1/i· ∑ d|i μ(d)q^{i/d} = |{f ∈ F_q[X] | f monic irreducible of degree i}|.)

Proof: We view the general linear group GL_n(q) as a finite group of Lie type G_F with G = GL_n(F_q) and F : GL_n(F_q) −→ GL_n(F_q), (g_{ij}) → (g_{ij}^q). Then LieG = (Mat_n(F_q), [ , ]) where [ , ] is the commutator of matrices. The adjoint action of G on LieG is given by conjugation of matrices. Two semisimple elements α and β ∈ LieG are conjugate under G if and only if they have the same characteristic polynomial cp(α) = cp(β). Moreover α is regular if and only if cp(α) is multiplicity free. If LieG_{ss,r}/G denotes the set of regular, semisimple G - orbits in LieG and P(n) the set of number partitions j^{cj} with ∑ j c_j · j = n, then we get a map: m : LieGL_n(q)_{ss,r}\GL_n(q) → P(n), α^{GLn(q)} →i^{ci} , where c_i denotes the number of all F_q - irreducible divisors of cp(α) with degree i. Its fibres satisfy: |m^{−1}((i^{ci} ))| = ∏ i=1,...,n ( Ψ_i(q) c_i ) . Recall from section 2 that semisimple genera of LieGL_n(q) are parametrized by pairs (Φ_1, [w]).

In particular a regular semisimple element α has genus (∅, [w]), where [w] is a conjugacy class of W ∼= Σ_n of cycle type m(α^{GLn(q)}). Hence we get |O_{LieG}(∅, [w])| = |m^{−1}((i^{ci} ))| = ∏ i=1,...,n ( Ψ_i(q) c_i ) . Now the statement of the theorem follows from 3.2 since H and Π(n) are isomorphic Σ_n - posets and all primes are very good for GL_n(q). Notice that for any Φ^′ ∈ S_Φ we have dim ⟨Φ^′⟩_{Fq} = ∑ m∈Λ(Φ^′ ) |m| − 1 = dimT − |Λ(Φ ′)|, w_1ρ = id here and |(Σ_n)_w| = ∏ i=1,...,n i n_i · (n i)!. ∘ A permutation w ∈ Σ_n is called homogeneous, if it is a product of cycles of the same length. A comparison of coefficients yields:

Corollary 4.4 Let w ∈ Σ_n with order ord(w) and k := n/ord(w). a) (Hanlon[15])

μ^n_w(0, 1) =

(−1)^{k−1}(k − 1)! · μ(ord(w)) · ord(w)^{k−1} if w is homogeneous

0 otherwise . b) Suppose that λ ∈ Π(n)_w consists of a single w - orbit. Then:

μ^n_w(0, λ) =

(−1)^{k−1}(k − 1)! · μ(s) · s^{k−1} if w is homogeneous

0 otherwise. Here s = ord(w)/|λ|. Proof: For b) we consider an m ∈ λ. Then the assignment λ^′ → {m^′ ∈ λ^′ | m^′ ⊆ m} is an isomorphism of intervals [0_n, λ]_w and [0_m, 1_m]_w|λ| ⊆ Π(m)_w|λ| . ∘ Let w ∈ Σ_n and λ^′ ∈ Π(n)_w. Then for every λ^{′′} ∈ [λ^′, 1_n ]^w_n we can define an equivalence relation on the set of sets λ^′ by setting m_1 ∼=_λ′′ m_2 if and only if m_1 ∪ m_2 ⊆ m for some m ∈ λ^{′′}. If w denotes the image of w in Σ_λ′ , we get an isomorphism of posets: θ : [ λ^′ , 1_n ]^w_n −→ Π(λ^′)_w, λ^{′′} → { [m]∼_{=λ′′} | m ∈ λ^′ } and therefore μ^n_w(λ^′, λ) = μ^{|λ′|}_w (0, θ(λ)). It is straightforward to reduce the computation of the values μ^{|λ′|}_w (0, θ(λ)) to the case where θ(λ) consitsts of only one w^{|λ′|} - orbit. This completely describes the Möbius functions of stable partition posets.

Here we give the values for μ_w(0, 1) := μ^w_Φ(0, 1) which are of independent combinatorial interest and refer to [9] for more details.

Theorem 4.5 Let w ∈ W_Φ be conjugate to a product ∏n i=1 w_i, where each w_i is a product of n^+_i positive and n^−_i negative i - cycles. Then : a) μ_w(0, 1) = 0 unless w is homogeneous.

b) If w is homogeneous, i.e. w = w_i for an i with i · (n^+_i + n^−_i ) = n, then one of the following holds:

1) Φ = A_{n−1} and μ_w(0, 1) = μ^n_w(0, 1) := (−1)^{k−1}(k − 1)!μ(i)i^{k−1}, where k := n/i;

2) Φ = D_n and μ_w(0, 1) = μ^n_w(0, 1) if n^−_i ≠ 0 and i is even or n^+_i · n^−_i ≠ 0 and i is odd;

(1 − 2^{n+}i^{−1}) · μ^n_w(0, 1) if n^−_i = 0 and i odd;

(1 − 2^{n−i −1}) · μ^n_w(0, 1) if n^+_i = 0 and i odd;

(1 − 2^{n+}i ) · μ^n_w(0, 1) if n^−_i = 0 and i even ;

3) Φ = C_n and μ_w(0, 1) =

0 if n^−_i ≠ 0 and i even or n^+_i · n^−_i ≠ 0 and i odd ;

−2^{n+}i^{−1} · μ^n_w(0, 1) if n^−_i = 0 and i odd;

−2^{n−i −1} · μ^n_w(0, 1) if n^+_i = 0 and i odd;

−2^{n+}i · μ^n_w(0, 1) if n^−_i = 0 and i even;

4) Φ = B_n and μ_w(0, 1) =

(−1)^n · n! if i = 1

0 otherwise.

Proof: (Sketch) If Φ is of type A then the claim is clear since in this case Λ : S_{Φ,w} −→ Π(n)_w is an isomorphism. Suppose Φ is of type D. Then 4.2 and Rota’s theorem on Galois - connections yield: μ_w(0, Φ_{Dn} ) = (1 − A_w) · μ^n_w(0, 1), where A_w is the number of w - stable subsystems of type A_{n−1} in Φ_{Dn} . In case Φ = Φ_{Cn} the number 1−A_w has to be replaced by −A_w because Φ_{Cn,{{1},...,{n}}} ∼= C^n_1 ≠ ∅. By the results on μ^n_w(0, 1) it suffices to consider A_w only for those w that are homogeneous. This gives the results above. Suppose now that Φ is of type Φ_{Bn} . Then we get from 4.2 0 = ∑ Φ^{′′}∈S_{Dn,w},Φ^{′′}=Φ_{Bn} μ_w(0, Φ^{′′}) = ∑ Φ^′∈S_{Bn,w},Φ^′∩Φ_{Dn} =∅ μ_w(Φ^′, Φ_{Bn} ).

Hence μ_w(0, Φ_{Bn} ) = − ∑ j∈n, w(j)=j μ_w(Φ_{B1({j})}, Φ_{Bn} ) = − ∑ j∈n, w(j)=j μ_{w|ΦBn−1(n\{j})} (0, Φ_{Bn−1(n\{j})}).

Here Φ_{B|m|(m)} is the root system of type B_{|m|} ’ on the cyphers m ⊆ n’. Now the statement follows easily by induction. ∘

Using the methods sketched in this section, all genus numbers of regular semisimple conjugacy classes for simply connected groups of classical type have been computed in [10]. In general these formulae can be rather complicated (see also [13]). However the generic formulae for the total numbers of regular semisimple classes often have a simple shape. It has been proved by Lehrer [18] that in case of semisimple simply connected groups, these numbers are always odd. Using methods similar to the one sketched here, the following result has been obtained in [14]:

Theorem 4.6 Let S^ϵ_n(q) denote SL_n(q) and SU_n(q^2) for ϵ = 1 and −1 respectively. Then the number of regular semisimple conjugacy classes in G is given by:

q^n+1−q^n+(−1)^n+1·ϵ[^n2 ]·(q−ϵ^n) q2−ϵ if n is odd or q is even and q^n+1−q^n−ϵ^n2 ·(q−1) q2−ϵ − ϵ n 2 +1 if n is even and q is odd.

Finally, let us once more consider Lusztig’s parametrization of irreducible characters (section 1 (∗)). Since |E(G_s, [1])| is constant (and known) for all semisimple classes of given genus in G, one can use genus numbers to compute the total number of irreducible characters or, equivalently, the generic class number of G^∗.

In [11] and [12] all generic semisimple genus numbers f_T(Φ_1, [w]) have been calculated for all simply connected groups of type E_6, E_7 and E_8 (see also [6] for E_6). The computations were done by implementing the formulae in section 2 on a computer. The following example shows the generic class number of the simple groups of type E_8(q):

q^8 + q^7 + 2q^6 + 3q^5 + 9q^4 + 14q^3 + 32q^2 + 47q + 70 for q = 2^n ; q^8 + q^7 + 2q^6 + 3q^5 + 10q^4 + 16q^3 + 39q^2 + 65q + 102 for q = 3^n ; q^8 + q^7 + 2q^6 + 3q^5 + 10q^4 + 16q^3 + 40q^2 + 67q + 111 for q = 5^n ; q^8 + q^7 + 2q^6 + 3q^5 + 10q^4 + 16q^3 + 40q^2 + 67q + 112 otherwise.

References

[1] R.W.Carter: Conjugacy classes in the Weyl group Comp. Math. 25(1) (1972), 1-59

[2] R.W.Carter: Centralizers of semisimple elements in finite groups of Lie type, Proc. London Math.Soc. 37, (1978), 491-507 [3] R.W.Carter: Centralizers of semisimple elements in the finite classical groups, Proc.London Math.Soc. 42, (1981), 1-41 [4] R.W.Carter Finite Groups of Lie Type, J.Wiley and Sons, (1985) [5] D.I. Deriziotis, On the number of conjugacy classes in finite groups of Lie type, Comm. in Algebra 13, (1985), 1019-1045 [6] D.I. Deriziotis, D.F.Holt, The Möbius function of the lattice of closed subsystems of a root system, Comm. in Algebra, (1993) [7] P.Deligne, G.Lusztig, Representations of reductive groups over finite fields, Ann. of Math. 103, (1976), 103-161 [8] P. Fleischmann, Polynomial identities for orbit numbers of general linear and unitary groups over finite fields to appear in Lin. Alg. App [9] P. Fleischmann, I. Janiszczak, The lattices and Möbius functions of stable subrootsystems and hyperplane complements for classical Weyl groups Manuscripta Math. 72, (1991), 375 - 403 [10] P. Fleischmann, I. Janiszczak, The number of regular semisimple elements for Chevalley groups of classical type, J.of Algebra155(2) (1993), 482 - 528 [11] P. Fleischmann, I. Janiszczak, The semisimple conjugacy classes of finite groups of Lie type E_6 and E_7, Comm. in Alg. 21(1),(1993), 93-161 [12] P.Fleischmann, I.Janiszczak, The semisimple conjugacy classes and the generic class numbers of Chevalley groups of type E_8, Comm.in Algebra 22(6), (1994), 2221 - 2303 [13] P. Fleischmann, I. Janiszczak, On the computation of conjugacy classes of Chevalley groups, AAECC 7(3) (1996), 221-234.

[14] P.Fleischmann, I.Janiszczak, R.Knörr The number of regular semisimple classes of special linear and unitary groups, to appear in Lin. Alg. Appl.

[15] P.Hanlon, The fixed - point partition lattices, Pacific J.Math.96, (1981), 329-341 [16] J.E. Humphreys, Reflection Groups and Coxeter Groups, Cambridge Univ. Press, (1990) [17] G.I.Lehrer, On hyperoctahedral hyperplane complements AMS Proc.Symp.Pure Math. 47(2), (1987) [18] G.I.Lehrer,Rational tori, semisimple orbits and the topology of hyperplane complements, Comment. Math. Helv. 67, (1992), 226-251

[19] G.I.Lehrer, L.Solomon, On the action of the symmetric group on the cohomology of the complement of its reflecting hyperplanes, J. Algebra 104 [20] G.Lusztig, Characters of Reductive Groups over a finite field, Ann of Math. Stud., Princeton NJ.(1984) [21] P.Orlik, L.Solomon, Combinatorics and topology of complements of hyperplanes Invent.Math. 56, (1980), 167-189 [22] G.C. Rota, On the foundations of combinatorial theory I. Möbius functions Z.f. Wahrscheinlichkeitstheorie 2 (1964), 340- 368 [23] K.Shinoda, The conjugacy classes of Chevalley Groups of type F_4 over finite fields of characteristic 2, J. Fac. Sci. Univ. Tokyo 21,(1974), 133- 159 [24] T.Shoji, The conjugacy classes of Chevalley Groups of type F_4 over finite fields of characteristic p ≠ 2, J. Fac. Sci. Univ. Tokyo 21,(1974), 1-17 [25] T.A.Springer, Linear Algebraic Groups, (2^{nd} Printing), Birkhäuser(1983) [26] R.Steinberg, Torsion in reductive groups, Adv.in Math. 15, (1975), 63 - 92