
Applied Probability Trust(July 15, 2007)

FIRST PASSAGE TIMES FOR MARKOV–ADDITIVE PROCESSES

LOTHAR BREUER,∗ University of Kent

Abstract

The present paper generalises some results for spectrally negative Lévy processes to the

setting of Markov–additive processes (MAPs). Among them are Laplace transforms for

hitting times, the distribution of maxima, a Wiener–Hopf factorisation, and the stationary

distribution of the reflected process. These all depend moreor less on one matrix only,

which can be regarded as the generalised inverse function ofthe cumulant matrix. A

numerically stable iteration to compute this matrix is given. The theory is first developed

for MAPS without positive jumps and then extended to includepositive jumps having

phase–type distributions, for which the overshoot distribution is given, too. Numerical

examples show agreement with existing approaches in special cases.
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1. Introduction

Markov–modulation is the basis for many generalisations instochastic processes. It leads

from renewal processes to Markov renewal theory, which has enabled an analysis of the

classical M/G/1 and GI/M/1 queues. Another important example for queueing theory is the

Markov–modulated Poisson process, later generalised to Markovian arrival processes which

are now standard use in current literature. On a more generallevel, Markov–additive processes,

introduced by Çinlar [9] and by Ezhov and Skorokhod [10], area powerful generalisation

of Lévy processes. The use of Markov–additive processes (MAPs), or rather: sub–classes

of MAPs, has become increasingly popular in stochastic modelling. For a recent textbook

presentation see Asmussen [3], chapter XI.

Stochastic modelling based on MAPs requires a theory which is able to provide methods
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for the computation of key characteristics such as hitting times, maxima, or stationary dis-

tributions. On the level of Lévy processes, many results canbe obtained for the spectrally

negative variant, i.e. the class of Lévy processes without positive jumps. Standard references

are Bertoin [7] or Bingham [8]. Recently, some results couldbe proven for Lévy processes with

phase–type positive jumps as well, see Mordecki [11], Asmussen et al. [4], and Pistorius [12].

The present paper generalises some of these results first to the level of MAPs without positive

jumps, whereas later an extension to MAPs with phase–type positive jumps is sketched.

Many arguments in this paper are straightforward generalisations of ideas from Asmussen

[1], where the overall supremum of MAPs with continuous paths is investigated. As expected,

the main method in generalising the existing theory of Lévy processes consists in finding a

matrix equivalent of the inverse function of the cumulant.

As far as the author is aware, the only existing approach to determine the Laplace transform

of first passage times for MAPs is the construction of suitable vector–valued martingales as

proposed in Asmussen and Kella [5]. One advantage of the present paper is seen in the feature

that here the classical theory of Lévy processes finds a natural extension. A switch of analytical

methods is not required.

In section 2, notations and preliminary results shall be provided. Hitting times will be

investigated in section 3. The relation between hitting times, maxima and the stationary distri-

bution for the process reflected at the origin carries through to the MAP level and will shortly

be described in section 4. Section 5 contains a Wiener–Hopf factorisation for MAPs. The

question of numerically computing the Laplace exponentU(γ), which enables a computation

of all other characteristics, will be examined in section 6.Section 7 describes the relation

between the martingale approach of Asmussen and Kella [5] and a diagonalisation ofU(γ).

In section 8, the theory is extended to include positive jumps with phase–type distributions.

The last section contains some numerical examples, which show in some special cases that the

results obtained here are in agreement with results obtained by different approaches.

2. Preliminaries

2.1. Lévy processes

A Lévy process is a real–valued stochastic process with stationary and independent incre-

ments. The study of this class of processes goes back as far asthe foundations of modern
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probability theory. A modern textbook is Bertoin [7], whereas Bingham [8] gives an extensive

presentation for the fluctuation theory of spectrally negative Lévy processes. For ease of

reference, we shall restate some classical results for these, along with the necessary notation,

in the following.

Let Y = (Yt : t ≥ 0) be a one–dimensional real–valued Lévy process with parametersµ

for the drift,σ2 for the variation, andν for its Lévy measure. Assume thatY has no positive

jumps, i.e. thatν is concentrated on] − ∞, 0]. Then the Lévy–Khintchine formula yields

E(exp(αYt)) = exp(tψ(α)) for Re(α) ≥ 0, where the function

ψ(α) = αµ+
1

2
σ2α2 +

∫ 0

−∞

(eαx − 1 − αx1{x>−1}) ν(dx)

is called the Laplace exponent ofY, cf. Bertoin [7], section VII.1. A subordinator is a Lévy

process with increasing paths, implying thatσ2 = 0 and the Lévy measure to be concentrated

on [0,∞[. We assume thatY is not the negative of a subordinator. Further letY0 = 0

throughout this section.

Since the functionψ is strictly convex, there is a largest solution, calledΦ(0), of the

equationψ(α) = 0, α ≥ 0. As Y is not the negative of a subordinator,limα→∞ ψ(α) =

∞. Hence there is an inverse function ofψ : [Φ(0),∞[→ [0,∞[. It shall be denoted by

Φ : [0,∞[→ [Φ(0),∞[. Denote the running maximum ofY by St := sup{Ys : s ≤ t} for

t ≥ 0. The assumption thatY has no positive jumps yields

Lemma 1. (Bertoin [7], theorem VII.1)

Let τ(x) := inf{s ≥ 0 : Ys > x} for x ≥ 0 denote the first hitting time of the levelx. Then

(τ(x) : x ≥ 0) is a subordinator with Laplace exponentΦ.

Lemma 2. (Bertoin [7], corollary VII.2)

Let τ ∼ Exp(λ) be an exponentially distributed random variable, independent ofY and with

λ > 0. ThenSτ has an exponential distribution with parameterΦ(λ).

Lemma 3. (Bertoin [7], theorem VII.4)

Let τ ∼ Exp(q) be an exponentially distributed random variable, independent ofY and with

q > 0. Further letGτ = sup{t < τ : Xt = St}. Then

E(exp(−αGτ − βSτ )) =
Φ(q)

Φ(α+ q) + β

E(exp(−α(τ −Gτ ) − β(Sτ − Yτ )) =
q · (Φ(α+ q) − β)

Φ(q) · (α + q − ψ(β))
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for α, β > 0.

Remark 1. Later on, we shall use the second equation of lemma 3 with a matrix argumentU

instead of−β. Of course, convergence of the integralE(exp(−α(τ − Gτ )I + U(Sτ − Yτ ))

can be expected only for matricesU with all eigenvalues having negative real part.

2.2. Markov–additive processes

Let J = (Jt : t ≥ 0) be an irreducible Markov (jump) process with finite state space

E = {1, . . . ,m} and infinitesimal generator matrixQ = (qij)i,j∈E . We callJt the phase at

time t ≥ 0. Define the real–valued processX = (Xt : t ≥ 0) as evolving like a Lévy process

with parametersµi (drift), σ2
i (variation), andνi (Lévy measure) during intervals when the

phase equalsi ∈ E. WheneverJ jumps from a statei ∈ E to another statej ∈ E, this may be

accompanied (with probabilityλ−ij ) by a jump ofX which has distribution functionFij . Then

the two–dimensional process(X ,J ) is called a Markov–additive process (or shortly MAP).

A MAP can also be defined by the following property (see Asmussen [3], section XI.2a):

(X ,J ) is a Markov process such that

E(f(Xt+s −Xt)g(Jt+s)|Ft, Jt = i) = E(f(Xs)g(Js)|X0 = 0, J0 = i)

holds for alls, t > 0 andi ∈ E, wheref andg are measurable functions. We shall use this in

the proof to theorem 1.

First we shall investigate only MAPs without positive jumps, for which the measuresνi and

Fij have support on the negative real numbers only. Then the cumulant of the Lévy process

X i in phasei may be written as

ψi(α) = αµi +
1

2
σ2

i α
2 +

∫ 0

−∞

(eαx − 1 − αx1{x>−1}) νi(dx)

for suchα ∈ C that allow an integration. For notational convenience we define the modified

(defective) distribution functions̃Fij by F̃ij(0) = 1 − λ−ij andF̃ij(dx) = λ−ijFij(−dx) for

x > 0 andi, j ∈ E. Note thatλii = 0 which impliesF̃ii = δ0, denoting the Dirac one–point

measure on zero. We further assume that none of the Lévy processesX i is the negative of a

subordinator.

Denote the matrix–valued moment generating function ofXt, givenX0 = 0, by X̂t(α).

Write F̂ (s) = (F̂ij(s))i,j∈E where F̂ij(s) =
∫ ∞

0 esxdF̃ij(x) is the moment generating
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function ofF̃ij . By proposition XI.2.2 in Asmussen [3], the(i, j)th entry ofX̂t(α) is given as

E(eαXt ; Jt = j|X0 = 0, J0 = i) = (eK(α)t)ij (1)

with

K(α) = diag(ψi(α))i∈E +Q ◦ F̂ (−α) (2)

for argumentsα ∈ C that allow convergence of the integrals involved. Here the notationA◦B

denotes entrywise multiplication of the matricesA andB having the same dimension, i.e.

(A ◦B)ij := aijbij .

3. First passage times

We first assume thatX0 = x with x < 0 and denote the time of first passage to zero by

τ := inf{t ≥ 0 : Xt ≥ 0}. Define the functions

fij(x) := Eij(e
−γτ |X0 = x) := E(e−γτ , Jτ = j|J0 = i,X0 = x)

for all x < 0 and an arbitrary but fixedγ > 0. Since the paths ofX are upper semi–

continuous and spatially homogeneous (conditioned on the phase process), we obtain the

functional equationfij(x+ y) =
∑

k∈E fik(x)fkj(y) for all x, y < 0. This yields the form

fij(x) = e
−U(γ)x
ij (3)

for all x < 0 andi, j ∈ E, whereU(γ) is a matrix of dimensionE × E.

A perhaps more formal argument for this is given in the following theorem, which gener-

alises lemma 1. A MAP with increasing paths shall be called a Markov–additive subordinator.

Spatial homogeneity of(X ,J ) yields forx > 0

fij(−x) = E(e−γτ(x); Jτ(x) = j|J0 = i,X0 = 0)

whereτ(x) := inf{t ≥ 0 : Xt > x} denotes the first hitting time of the levelx.

Theorem 1. Let (X ,J ) = ((Xt, Jt) : t ≥ 0) be a MAP without positive jumps. Then the

process((τ(x), Jτ(x)) : x ≥ 0) is a Markov–additive subordinator. In particular

E(e−γτ(x); Jτ(x) = j|J0 = i,X0 = 0) = e
U(γ)x
ij

for γ, x > 0 andi, j ∈ E, whereU(γ) is a matrix of orderE × E.
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Proof. Clearly, τ(x) is increasing inx. Choose any numbersx, y > 0 and measurable

functionsh : R+ → R, g : E → R. Then the strong Markov property and spatial homogeneity

yield

E(h(τ(x + y) − τ(x)) · g(Jτ(x+y))|Fτ(x), Jτ(x) = i,X0 = 0)

= E(h(τ(x + y)) · g(Jτ(x+y))|J0 = i,X0 = x)

= E(h(τ(y)) · g(Jτ(y))|J0 = i,X0 = 0)

whereFt := σ((Xs, Js) : s ≤ t) denotes the canonical filtration of the MAP(X ,J ). Hence

the process((τ(x), Jτ(x)) : x ≥ 0) is a Markov–additive subordinator. The matrixU(γ) is its

Laplace exponent evaluated atγ > 0.

It remains to determineU(γ), which is of course the main part of the paper. Since clearly

fij(x) → 0 asx → −∞ (for all i, j ∈ E), we see from (3) that all eigenvalues ofU(γ) must

have negative real part.

Denote the semi-group of transition operators for(X ,J ) by (Pt : t ≥ 0) and define the

matrix f = (fij)i,j∈E . By definition,Ptf(x) = E(e−γ(τ−t)) for x < 0 andt small enough.

This yields for the infinitesimal generatorA of (X ,J )

Af = lim
t↓0

1

t
(Ptf − f) = lim

t↓0

1

t
(E(e−γ(τ−t)) − E(e−γτ ))

= E(e−γτ ) lim
t↓0

1

t
(eγτI − I) = E(e−γτ )γI = γIf

whereE(e−γτ ) = (Eij(e
−γτ |X0 = ·))i,j∈E . On the other hand, using equation (3), theith

row ofAf is given by

e′iAf(x) = e′iA e−U(γ)x

= e′i

(

1

2
σ2

i U(γ)2 − µiU(γ)

)

e−U(γ)x

+ e′i

∫ 0

−∞

(e−U(γ)z − I + U(γ)z1{z>−1}) νi(dz) e
−U(γ)x

+
∑

j 6=i

qije
′
j

∫ ∞

0

eU(γ)z dF̃ij(z) e
−U(γ)x + qiie

′
ie

−U(γ)x

whereF̃ij(0) = 1 − λ−ij andF̃ij(dy) = λ−ijFij(−dy) ande′i denotes theith canonical row

base vector. This leads to

e′iγIe
−U(γ)x = e′iγf(x) = e′iAf(x) = e′i(ψi(−U(γ)) +Q(γ))e−U(γ)x
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for all x < 0, wheree′iQ(γ) =
∑

j∈E qije
′
j

∫ ∞

0
eU(γ)z dF̃ij(z) after noting thatF̃ii(0) = 1.

Thus a first result forU(γ) is

e′i(ψi(−U(γ)) +Q(γ) − γI) = 0 (4)

for all i ∈ E. The problem of computingU(γ) shall be taken up again in section 6.

Example 1. The case without jumps has been examined in Asmussen [1] forγ = 0. Here we

obtain

ψi(−U(0)) = −µiU(0) +
σ2

i

2
U(0)2 and Q(0) = Q

This specifies equation (4) to equation (4.1) in Asmussen [1], where the notation isri = µi

andU = U(0).

Example 2. Another special case appears in Pistorius [12], proposition 2(i). Here we have

γ = 0, µi = σ(i)c + v(i), σ2
i = σ(i)2s2, andνi = σ(i)ν. Further there are no jumps upon

epochs of phase changes.

4. Maxima and the stationary distribution of the reflected process

The hitting times are closely related to other important characteristics such as maxima and

the stationary distribution of the reflected process. This shall be described shortly in the present

section. As a preparation the following observation is useful. By definition,

e−U(γ)x = f(x) = E(e−γτ |X0 = x) =

∫ ∞

0

γe−γt
P(τ ∈ dt|X0 = x)

for all x < 0. For the maximumMt := sup{Xs : s ≤ t} the relation

P(τ ≤ t|X0 = x) = P(Mt ≥ −x|X0 = 0)

holds. This impliese−U(γ)x = P(MT (γ) ≥ −x|X0 = 0) for all x < 0, whereT (γ) is an

independent random variable with exponential distribution of rateγ. Hence we obtain

P(MT (γ) ≥ x|X0 = 0) = eU(γ)x (5)

for all x > 0. Thus the maximum before an exponential killing timeT (γ) has a phase–type

distribution with rate matrixU(γ). This generalises lemma 2.

Let π denote the stationary distribution of the phase processJ , i.e.πQ = 0, where0 is the

row vector with all entries being zero. Further define the drift of the Lévy process in phasei by
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mi := E(X i
1) and writem = (mi)i∈E as a column vector. If the mean driftπm is negative,

then the overall supremumM∞ := sup{Xt : t ≥ 0} is finite a.s. In the limitγ → 0 we obtain

Theorem 2. If the mean driftπm is negative, then the overall supremumM∞ has a phase–

type distribution with parameters(β, U(0)), whereβ is the distribution ofJ0.

Now define the reflected processXr
t := Xt − min{Xs : s ≤ t}. If πm < 0, then the

process(X r,J ) has a stationary distribution. Denote its steady–state variables by(Xr, J).

Denote a time–reversed version of(X ,J ) by (X̃ , J̃ ), where the generator matrix for̃J is

given byQ̃ := ∆1/πQ∆π andX̃ has the same parameters asX but depends oñJ . Finally

write M̃∞ := sup{X̃t : t ≥ 0}. Then proposition 2.1 in Asmussen [1] yields

P(Xr > x, J = i) = πiP(M̃∞ > x|J̃0 = i, X̃0 = 0) = πie
′
ie

Ũ(0)x
1

whereŨ(0) pertains to(X̃ , J̃ ) and1 denotes the column vector with all entries being one.

5. Wiener–Hopf factorisation

Once the matrixU(γ) is determined, it gives rise to a Wiener-Hopf factorisationfor Markov-

additive processes. LetT (γ) denote an independent random variable with exponential distribu-

tion of rateγ. By (1) the moment generating function ofXT (γ), givenX0 = 0, is determined

as

X̂T (γ)(α) = E

∫ ∞

0

γe−γteαXt dt = γ

∫ ∞

0

e−γt
E(eαXt) dt = γ

∫ ∞

0

e(K(α)−γI)t dt

= γ(γI −K(α))−1

for all suitableα ∈ C. Now we consider the maximumMT (γ) of the processX beforeT (γ).

By equation (5), we obtain

E(eαMT (γ) |X0 = 0) =

∫ ∞

0

eαx
P(MT (γ) ∈ dx|X0 = 0) =

∫ ∞

0

eαx(−U(γ))eU(γ)xdx

= −U(γ)(−U(γ) − αI)−1

This may be regarded as the left Wiener–Hopf factor in a factorisation ofX̂t(α). For the right

Wiener–Hopf factor we obtain

E

(

eα(XT (γ)−MT (γ))
)

= E(eαMT (γ) |X0 = 0)−1X̂T (γ)(α)

= γ(−U(γ) − αI)(−U(γ))−1(γI −K(α))−1
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Comparing this with the Wiener–Hopf factors for spectrallynegative Lévy processes (see e.g.

theorem 4a in Bingham [8], withs = α andσ = γ), we see that the functionK takes the

role of the cumulant functionψ for a Lévy process, while−U generalises the inverse function

ψ−1, which is denoted byφ in the present paper.

This interpretation is supported by the following observation. Theith row in (2) is

e′iK(α) = e′iψi(α) + (qij F̂ij(−α))j∈E = e′iψi(α) +
∑

j∈E

qije
′
jF̂ij(−α)

Plugging in−U(γ) instead ofα yields

e′iK(−U(γ)) = e′iψi(−U(γ)) +
∑

j∈E

qije
′
jF̂ij(U(γ)) = γe′i

for all i ∈ E, where the last equality is due to (4). In this sense−U is the inverse function of

the cumulant matrixK.

6. Computation of the Laplace exponent

Although (4) looks like a nice equation to determineU(γ), there is no obvious numerical

approach to solve it. The next theorems provide an iterationwhich seems numerically stable.

For all phasesi ∈ E, letφi(0) be the largest solution of the equationψi(α) = 0, α ≥ 0, cf.

section 2.1. Denote the inverse functions ofψi : [φi(0),∞[→ [0,∞[ by φi.

Theorem 3. The matrixU(γ) is given by

e′iU(γ) = −φi(qi + γ)e′i + φi(qi)
∑

k∈E

pike
′
kF̂ik(U(γ))Li(−U(γ))

for all i ∈ E, where

F̂ik(U(γ)) =

∫ ∞

0

eU(γ)y dF̃ik(y)

with F̃ik(0) = 1 − λ−ik andF̃ik(dy) = λ−ikFik(−dy), and further

Li(−U(γ)) =
qi

φi(qi)
· (φi(qi + γ)I + U(γ)) · ((qi + γ)I − ψi(−U(γ)))−1

for all i, k ∈ E.

Proof. Let J0 = i for somei ∈ E. Define the random variableSi := exp(−γGi) ·M i,

whereM i is the maximum andGi is the time of maximum before the first phase change. The
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first equation in lemma 3 shows that the (defective) density function ofSi is given by

fSi(x) = φi(qi)e
−φi(qi+γ)·x

Now define the random variableY i := exp(−γ(τi −Gi)) · (M i −Xτi−), whereτi is the time

until the first phase change. Once the maximumM i is reached the discounted height process

e−γtXt descends byy units according to the distribution functionFY i , whereafterJ jumps to

another phasek with probabilitypik. This may be accompanied by another downward jump

(z units) having distribution functioñFik. From there the ascend goes beyondM i again with

probabilitye′ke
U(γ)(y+z). Altogether this leads to the equations

U(γ)ij = −φi(qi + γ)δij + φi(qi)

∫ ∞

0

dFY i(y)
∑

k∈E

pik

∫ ∞

0

dF̃ik(z) e′ke
U(γ)(y+z)ej

= −φi(qi + γ)δij + φi(qi)
∑

k∈E

pike
′
k

∫ ∞

0

eU(γ)zdF̃ik(z)

∫ ∞

0

eU(γ)ydFY i(y)ej

for i, j ∈ E. SinceU(γ) is a negative definite matrix, the second equation in lemma 3 can be

applied to the argument−U(γ) instead of the scalarβ > 0. This yields

U(γ)ij = −φi(qi + γ)δij + φi(qi)
∑

k∈E

pike
′
kF̂ik(U(γ))Li(−U(γ))ej

for all i, j ∈ E. The statement is just the row vector version of the above equalities.

Example 3. The proof above is a straightforward generalisation of theorem 4.1 in Asmussen

[1]. Taking up the case treated there (without jumps andγ = 0, see example 1), we obtain

Li(−U(0)) =
qi

φi(qi)
· (φi(qi)I + U(0)) · (qiI − ψi(−U(0)))−1

In order to ease the comparison, we shall use the same notations as in Asmussen [1], theorem

4.1, i.e. we setωi = φi(qi), ri = µi, andλi = qi. Further

ψi(−U(0)) = −riU(0) +
σ2

i

2
U(0)2

The relationsωiηi = 2λi/σ
2
i andηi − ωi = 2ri/σ

2
i lead to the factorisation

λiI − ψi(−U(0)) = −
σ2

i

2
U2 + riU(0) + λiI =

σ2
i

2

(

−U(0)2 + (ηi − ωi)U(0) + ωiηiI
)

=
σ2

i

2
(−U(0) + ηiI)(U(0) + ωiI)
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such that, ifU(0) + ωiI is invertible,

Li(−U(0)) =
λi

ωi

2

σ2
i

(ηiI − U(0))−1 = ηi(ηiI − U(0))−1

which specifies the exponential distribution forY i.

Remark 2. By assumption the phase processJ is irreducible. This implies that no entry

of any rowe′iU(γ) equals zero, except in one case: If there are no jumps and no diffusion

component (i.e.σi = 0, νi = 0, andFij = δ0 for all j ∈ E), thenY i = 0 a.s. since the Lévy

processX i is not a negative subordinator. Hence

∑

k∈E

pike
′
k

∫ ∞

0

eU(γ)zdF̃ik(z)

∫ ∞

0

eU(γ)ydFY i(y)ej =
∑

k∈E

pike
′
kIej =

∑

k∈E

pikδkj = pij

Thus for such rows we obtainU(γ)ij = φi(qi)pij for i 6= j andU(γ)ii = −φi(qi + γ).

Furthermore, the form ofφi is particularly simple for such phases, namelyφi(s) = s/µi for

all s ≥ 0.

Theorem 4. The matrixU(γ) can be computed as the limit of the sequence(Un : n ≥ 0)

which is defined byU0 := −∆φ(q+γ) andUn+1 := g(Un) where we define the diagonal

matrix∆φ(q+γ) := diag(φi(qi + γ))i∈E and theith row ofg(Un) is given by

e′ig(Un) := −φi(qi + γ)e′i + φi(qi)
∑

k∈E

pike
′
kF̂ik(Un)Li(−Un)

for all i ∈ E.

Proof. If Un is a sub–generator matrix, then

vn =
∑

k∈E

pike
′
kF̂ik(Un)Li(−Un)

is a sub–probability vector. Since furtherφi(qi) < φi(qi + λ) for all i ∈ E, we see that

Un+1 = g(Un) is a sub–generator matrix, too.

The inequalitiesUn ≤ Un+1 hold entrywise asvn is an increasing function ofUn within

the domain of sub–generator matrices. This further impliesUn ≤ U(γ) for all n ≥ 0, since

U0 ≤ U(γ) andU(γ) = g(U(γ)). Hence the sequence(Un : n ≥ 0) converges monotonically

towards a sub–generator matrixU∞ ≤ U(γ).

It remains to show thatU(γ) ≤ U∞. LetN denote the number of phase changes before the

maximumMT (γ) := max{Xt : t ≤ T (γ)} is reached, whereT (γ) is an independent random
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variable with exponential distribution of rateγ. Then

P(MT (γ) > x,N ≤ n|X0 = 0) = eUnx

for all n ≥ 0, since every application of the functiong adds another possible phase change.

Hence

U∞ = lim
n→∞

Un = U(γ)

which is the statement.

Remark 3. For a phasei ∈ E with σi = 0, µi = 1, νi = 0, andFij = δ0 for all j ∈ E, the

singular case(qi + γ)I − ψi(−U0) = 0 arises. Remark 2 shows how to deal with this. We

can compute the values fore′iU(γ) beforehand and put them as initial values intoU0, knowing

that no iteration will change them.

Remark 4. To illustrate the relation between theorem 3 and equation (4), we show that the two

statements are equivalent, given that the matricesφi(qi+γ)I+U(γ) and(qi+γ)I−ψi(−U(γ))

are invertible. Define the matrixP (γ) by e′iP (γ) :=
∑

k∈E pike
′
kF̂ik(U(γ)) for i ∈ E.

Starting from theorem 3, we obtain first

e′iU(γ)((qi + γ)I − ψi(−U(γ))) = e′iφi(qi)P (γ)
qi

φi(qi)
· (φi(qi + γ)I + U(γ))

− e′iφi(qi + γ)((qi + γ)I − ψi(−U(γ)))

= e′iφi(qi + γ)(Q(γ) − γI) + e′iφi(qi + γ)ψi(−U(γ))

+ e′iqiP (γ)U(γ)

for all i ∈ E, after observing thate′iQ(γ) = e′iqi(P (γ) − I). This is equivalent to

0 = e′iφi(qi + γ)(ψi(−U(γ)) +Q(γ) − γI)

+ e′iQ(γ)U(γ) − e′iγU(γ) + e′iU(γ)ψi(−U(γ))

= e′i(ψi(−U(γ)) +Q(γ) − γI)(φi(qi + γ)I + U(γ))

sinceU(γ) andψi(−U(γ)) are commutative.

7. Diagonalisation and the Asmussen–Kella martingale

One possibility to determine the Laplace transform of the first hitting timesτ(x) is the use

of appropriate (vector–valued) martingales as proposed inAsmussen and Kella [5]. In this
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section we shall explore the relation between this approachand a diagonalisation ofU(γ).

Lemma 4. LetX be a solution to equation (4), i.e.

e′iψi(−X) +
∑

k∈E

qike
′
k

∫ ∞

0

eXydF̃ik(y) = γe′i

for all i ∈ E. If the matrices(qi+γ)I−ψi(−X) are invertible, thenX is uniquely determined

asX = U(γ).

Proof. The assumption implies

e′i(ψi(−X) +Q(X)− γI)(φi(qi + γ)I −X) = 0

for all i ∈ E, wheree′iQ(X) =
∑

k∈E qike
′
k

∫ ∞

0
eXydF̃ik(y). Applying the arguments of

remark 4 backwards, we arrive at

e′iX = φi(qi)
∑

k∈E

pike
′
kF̂ik(X)Li(−X) − φi(qi + γ)e′i

provided the matrices(qi+γ)I−ψi(−X) are invertible. Then theorem 4 shows thatX = U(γ)

is the limit of a uniquely defined sequence of matrices.

Denote the moment generating function ofF̃ij by F̂ij(s) =
∫ ∞

0 esxdF̃ij(x) and further

define the matrixF̂ (s) = (F̂ij(s))i,j∈E for all complex numberss ∈ C for which the entries

F̂ij(s) are defined.

Theorem 5. If there are complex numberss1, . . . , sm with Re(sj) > 0 for all j ∈ E and

respective linearly independent vectorsh1, . . . , hm such that

e′i(ψi(sj) · I +Q ◦ F̂ (−sj) − γI)hj = 0 (6)

for all i, j ∈ E, then the matrixU(γ) has a diagonalisation of the formU(γ) = −H∆sH
−1,

whereH = (h1, . . . , hm) and∆s = diag(s1, . . . , sm).

Proof. By lemma 4 it suffices to show thatU = −H∆sH
−1 solves equations (4). Since

the vectorsh1, . . . , hm build a base forRm, this is equivalent to

e′iψi(H∆sH
−1)hj +

∑

k∈E

qike
′
k

∫ ∞

0

e−H∆sH−1ydF̃ik(y)hj = γhij

for all i, j ∈ E, wherehij is the(i, j)th entry ofH .
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The form of theψi shows thatψi(H∆sH
−1) = Hψi(∆s)H

−1. Denoting theith row

vector ofH by hi, this yields for the first term

e′iψi(H∆sH
−1)hj = hiψi(∆s)ej = hiψi(sj)ej = hijψi(sj)

For the second term we obtain

∑

k∈E

qike
′
k

∫ ∞

0

e−H∆sH−1ydF̃ik(y)hj =
∑

k∈E

qikhk

∫ ∞

0

e−∆sydF̃ik(y)ej

=
∑

k∈E

qikhkj

∫ ∞

0

e−sjydF̃ik(y)

= e′i(Q ◦ F̂ (−sj))h
j

= γhij − e′iψi(sj)h
j

where the last equality is due to the assumption stated in (6). Sincee′iψi(sj)h
j = hijψi(sj),

the proof is complete.

Theorem 6. If the matrixU(γ) has a diagonalisation of the formU(γ) = −H∆sH
−1, with

H = (h1, . . . , hm) and∆s = diag(s1, . . . , sm), thenRe(sj) > 0 and

e′i(ψi(sj) · I +Q ◦ F̂ (−sj) − γI)hj = 0

for all i, j ∈ E.

Proof. This follows by the same arguments as in the proof to the theorem above, together

with the observation that all eigenvalues ofU(γ) must have negative real part.

8. Positive jumps of phase–type and the distribution of the overshoot

An extension of the classical fluctuation theory for spectrally negative Lévy processes is the

incorporation of positive jumps having phase–type distributions. The phase–type assumption

is almost without loss of generality, due to the two following results. Asmussen et al. [4],

proposition 1, shows that Lévy processes with phase–type jumps are dense within the class of

one–dimensional Lévy processes (equipped with the Prokhorov distance). Further, Pistorius

[12], proposition 1, shows that the joint distribution of first passage times and the respective

overshoots (equipped with convergence in distribution) are continuous functionals of Lévy

processes (equipped with convergence in law).
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In the present section, we shall sketch an analogous extension for MAPs. Assume now

that the Lévy measuresνi have a positive part (i.e. with support on]0,∞[), which is a com-

pound Poisson process of jump intensityλ+
i and jump sizes of phase–type distribution with

parameters(α(ii), T (ii)) for i ∈ E. Without loss of generality we assume that the distributions

PH(α(ii), T (ii)) have no atom (which would be on zero anyway). Further we assume that

a phase change fromi to j may trigger a positive jump of distributionPH(α(ij), T (ij)) with

probabilityλ+
ij . Note that in connection with the spectrally negative part of the model described

before this section the restrictionλ+
ij + λ−ij ≤ 1 applies. Again we may assume without loss

of generality that the distributionsPH(α(ij), T (ij)) have no atom, which means that a phase

change fromi to j without accompanying jump occurs with probability1 − λ+
ij − λ−ij ≤ 1.

Denote the respective exit vectors byη(ij) := −T (ij)
1, where1 denotes the column vector (of

appropriate dimension) with all entries being one.

Our aim is again an expression for the (matrix–valued) Laplace transformE(e−γτ(x)) of the

first passage timeτ(x) := min{t ≥ 0 : Xt ≥ x} for x > 0. The possibility of positive jumps

now generates a new random variable, the overshooto(x) := Xτ(x) − x. This is non–negative

for all x > 0. We shall derive the distribution ofo(x), too. Since the most useful formula is

the implicit equation of theorem 3, we will focus our attention on extending this.

The main idea is to spread out the phase–type positive jumps as a succession of linear

pieces (each with positive slope one) of exponential duration, cf. Asmussen [2] or Badescu et

al. [6]. Then the new process is again a MAP without positive jumps, to which we can apply

the methods derived before. To account for the jump nature ofthe new phase–type upward

movements, we simply omit to discount the time, i.e. we treatthese phases withγ = 0. This is

the same method as applied in Badescu et al. [6] for a fluid flow model. Thus we obtain again

a phase–type form

E(e−γτ(x)|X0 = 0) = eU ′(γ)x

for x > 0. Now the matrixU ′(γ) is of a larger order than its equivalentU(γ) for the spectrally

negative case, as we need additional phases to model the new upward movements.

Denote the order of the distributionPH(α(ij), T (ij)), which is the dimension of the vector

α(ij), bymij . We add the set

E+ := {(i, j, k) : i, j ∈ E, 1 ≤ k ≤ mij}

of new phases to the old phase spaceE and denote the new phase space byE′ := E ∪ E+,
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where it is understood thatE ∩ E+ = ∅. Considering remark 2, the entries ofU ′(γ) for a

jump phasep ∈ E+ can be computed immediately, i.e. without the iteration given in theorem

4. Altogether this yields the following extension of theorem 3.

Theorem 7. Let (X ,J ) be a MAP with phase–type positive jumps. Then the matrixU ′(γ)

governing the first passage timesτ(x) is given by

e′pU
′(γ) =

mij
∑

l=1

T
(ij)
kl e′(i,j,l) + η

(ij)
k e′j

for p = (i, j, k) ∈ E+, and

e′iU
′(γ) = −φi(qi + γ)e′i + φi(qi)

∑

j∈E

pije
′
jF̂ij(U

′(γ))Li(−U
′(γ))

+ φi(qi)
∑

j∈E

pijλ
+
ij

mij
∑

k=1

α
(ij)
k e′(i,j,k)Li(−U

′(γ))

for all i ∈ E. Here

F̂ij(U
′(γ)) =

∫ ∞

0

eU ′(γ)y dF̃ij(y)

with F̃ij(0) = 1 − λ−ij − λ+
ij andF̃ij(dy) = λ−ijFij(−dy), and further

Li(−U
′(γ)) =

qi
φi(qi)

· (φi(qi + γ)I + U ′(γ)) · ((qi + γ)I − ψi(−U
′(γ)))−1

for all i, j ∈ E.

Proof. Instead of a completely new proof we explain only the new components, which do

not appear in theorem 3. The first equation, i.e. thepth row forp = (i, j, k) ∈ E+ is immediate

from remark 2: The phase–type upward movement stays in phase(i, j, k) an exponential time

of parameter−T (ij)
kk and switches to phase(i, j, l) with rateT (ij)

kl After an exit with rateη(ij)
k

the upward movement is over, and the spectrally negative part begins again with phasej ∈ E.

Note that there is no time discount in this first equation.

In the second equation only the last term requires a new explanation. It corresponds to the

following case: After moving downwards from the maximumM i by an amount ofY i units,

the phase changes fromi to j with probabilitypij . This phase change is accompanied by a

positive jump with probabilityλ+
ij . This jump will now be modelled by a phase–type upward

movement without time discount, for which we have introduced the new phases(i, j, k) ∈ E+,

k = 1, . . . ,mij . These phases are entered according to the probability vectorα(ij). After this,
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we need to climb again by an amount ofy units in order to go beyondM i. Starting from phase

(i, j, k) and giveny, this is done with probabilitye′(i,j,k)exp(U
′(γ)y). Integrating overy by

dFY i yieldsLi(−U ′(γ)) as the last factor.

The conditional memoryless property of the phase–type distribution immediately yields the

distribution of the overshooto(x). It has an atom at zero which is the probability of reaching

the levelx continuously. This can happen only in phasesj ∈ E, whence we obtain

P(o(x) = 0, τ(x) <∞) = e′J0
eU ′(0)x

1E

where1E =
∑

j∈E ej denotes the column vector with all entries of indexj ∈ E being one, all

other entries being zero. If the levelx is passed by a positive phase–type jump, the overshoot

is positive and has distribution

P(o(x) > y, τ(x) <∞) =
∑

i,j∈E

mij
∑

k=1

e′J0
eU ′(0)xe(i,j,k) · e

(ij)
k eT (ij)y

wheree(ij)k is themij–dimensionalkth row base vector.

9. Numerical examples

Example 4. The topic of the first example is the equivalence of the martingale approach and

the diagonalisation ofU(γ). We will first computeU(γ) via the Asmussen–Kella martingale

and then via the iteration in theorem 4. SetE = {1, 2}, q1 = 9, q2 = 21, σi = 2 for i = 1, 2,

µ1 = 0, µ2 = −8, andνi = 0, Fij = δ0 for i, j ∈ E. Further setγ = 2.

For the martingale approach we need to finds ∈ C with positive real part such that

det





2s2 − 11 9

21 2s2 − 8s− 23



 = 0

The two valuess1 = 1.5530 and s2 = 6.1205 satisfy these conditions. Two respective

eigenvectors in equation (6) areh1 = (0.82452, 0.56584)′ andh2 = (−0.13942, 0.99023)′.

With H = (h1, h2) this yields

U(2) = −H∆sH
−1 =





−1.95545 0.58644

2.85833 −5.71805




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A direct computation ofU(2) via the iteration in theorem 4 yields

U(2) =





−1.95545 0.58643

2.85832 −5.71803





which may be regarded as the same result.

Example 5. Let σ2
i = 0 andµi = 1 for all i ∈ E. The Lévy measures shall have the simple

form νi(−dx) = λiηie
−ηixdx, with some given parametersλi, ηi > 0. If the parameters are

chosen such that the process has a negative mean drift, then the overall supremumM∞ will

be finite a.s. andP(M∞ > x) = exp(U(0)x), c.f. theorem 2. Since the time aspect here

is neglected (γ = 0), we can computeU = U(0) by a fluid flow model, too. This yields a

numerical test.

First we specify the necessary ingredients for theorem 4:

ψi(−U) = −U + λi

(∫ ∞

0

eUxηie
−ηixdx− I

)

= −U + λi

(

ηi(ηiI − U)−1 − I
)

φi(qi) =
λi − ηi + qi

2
+

√

(

λi − ηi + qi
2

)2

+ ηiqi

Li(−U) =
qi

φi(qi)
· (φi(qi)I + U) · (qiI − ψi(−U))−1

Let there bem = 2 phases andq1 = 1, q2 = 2. Further setη1 = 3, λ1 = 4, η2 = 4,

λ2 = 6. Then theorem 4 yields

U =





−2.5801 1.4238

3.5470 −5.1301





after 15 iterations. However, the initial valueU0 had to be slightly perturbed to a new value

U0 = −∆φ(q) + [0, 0.1; 0.1, 0] in order to avoid a singular matrix in the first iteration (cf.

remark 3).

This result can be compared with the following fluid flow model(see Asmussen [1]): Set

E+ = {1, 2},E− = {3, 4}, r1 = r2 = 1, r3 = r4 = −1, and

Λ =

















−5 1 4 0

2 −8 0 6

3 0 −3 0

0 4 0 −4
















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After 30 iterations according to theorem 3.1 in Asmussen [1], the obtained values forα(−+)

andU = T (++) + T (+−)α(−+) are

α(−+) =





0.60496 0.10594

0.25783 0.47832



 and U =





−2.5802 1.4238

3.5470 −5.1301





which can be regarded as the same result.

Example 6. Set againγ = 0 andU = U(0). In the previous example, the simple form

of the Lévy measure led to a closed form expression of the matricesψi(−U), which greatly

simplified numerical evaluations. In the case of phase–typejumps (say with parametersαi, T i

and exit vectorηi = −T i
1) such a closed form is not obvious, and we need to evaluate the

integrals
∫ ∞

0

eUxαieT ixηidx

numerically. Furthermore, the inverse functionsφi need to be evaluated numerically.

This example serves to demonstrate that this is possible from the view point of numerical

stability. Again we letσ2
i = 0 andµi = 1 for all i ∈ E. The Lévy measures shall have the

form νi(−dx) = λiα
ieT ixηidx. Let there bem = 2 phases andq1 = 1, q2 = 2. Further set

λ1 = 4, λ2 = 6 as well as

T 1 =





−6 6

0 −6



 and T 2 =





−8 8

0 −8





with α1 = α2 = (1, 0). After 15 iterations according to theorem 4, starting withU0 = ∆φ(q),

we arrive at

U =





−2.9148 1.4329

3.6593 −5.7093





Here the integration has been performed in a naive manner by aRiemann upper sum with step

size10−4 until the tail is bounded by10−4. The inverse function can be determined easily,

since the functionsψi : [φi(0),∞[→ [0,∞[ are strictly increasing. This has been done to an

accuracy of10−5.

This result can again be compared against a fluid flow case. Itsspecification isE+ = {1, 2},
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E− = {3, 4, 5, 6}, r1 = r2 = 1, ri = −1 for i ∈ E−, and

Λ =





























−5 1 4 0 0 0

2 −8 0 0 6 0

0 0 −6 6 0 0

6 0 0 −6 0 0

0 0 0 0 −8 8

0 8 0 0 0 −8





























After 30 iterations according to theorem 3.1 in Asmussen [1], the values forα(−+) andU =

T (++) + T (+−)α(−+) are

α(−+) =

















0.521216 0.108179

0.708560 0.086688

0.276425 0.381737

0.202654 0.604703

















and U =





−2.9151 1.4327

3.6586 −5.7096





Given the crudeness of the numerical integration procedure, the accuracy is reasonable. How-

ever, the 30 iterations for the fluid flow case were computed much quicker than the 15 iterations

for the jump case, which of course is due to simpler iterationrules.
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