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1

Introduction

Aims and intended readership

The aim of this book is to be an accessible introduction to stable homotopy
theory that novices, particularly graduate students, can use to learn the fun-
damentals of the subject. For the experts we hope to have provided a useful
compendium of results across the main areas of stable homotopy theory.

This book is not intended to replace any specific part of the existing litera-
ture, but instead to give a smoother, more coherent introduction to stable ho-
motopy theory. We use modern techniques to give a streamlined development
that avoids a number of outdated, and often over-complicated, constructions
of a suitable stable homotopy category. We cover the most pressing topics for
a novice and give a narrative to motivate the development. This narrative is
missing from much of the current literature, which often assumes the reader
already knows stable homotopy theory and hence understands why any given
definition or result is important.

The majority of sections have been written to (hopefully) contain all details
required for a graduate student. The remaining sections are intended to give an
overview of more specialised or advanced topics, with references to the central
texts for those areas. It is hoped that once the reader has read the chapters
relevant to their research, they will be well-prepared to dive into the rest of the
literature, and to know what to read next.

Prerequisites

Rather than rewrite many pages on model categories, category theory and un-
stable homotopy theory, we depend upon several excellent, and quite standard,
references. As such, the reader should know a fair amount of point set topology
and algebraic topology. The standard texts are Gray [Gra75], Hatcher [Hat02],

vi
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May [May99a] and May and Ponto [MP12]. The reader should also know the
basics of model categories. The best introductions are Dwyer and Spalinski
[DS95] and the first chapters of Hovey [Hov99].

A certain amount of category theory is used throughout, the standard text
is Mac Lane [Mac71]. For the chapters on the monoidal smash product, the
reader will need some enriched category theory, easily obtained from Kelly
[KelO5]. They may also like to have access to Borceaux [Bor94]. The chap-
ter on localisations refers to Hirschhorn [Hir03] for some proofs and technical
results, but the reader will not need to have read the book to follow the devel-
opment.

A historical narrative

The book [Jam99] gives a treatment of the history of topology, while the chap-
ter of May [May99b] (50 pages) covers stable homotopy theory from 1945 to
1966. Since then, the pace of development and publication has only quickened,
a thorough history of stable homotopy theory would be a book by itself.

A basic problem in homotopy theory is the calculation of the homotopy
groups of spheres. This problem is well-known to be hopelessly difficult, but
certain patterns in the homotopy groups were noticed. The Freudenthal Sus-
pension Theorem gives a clear statement of a major pattern: the group 7, (S**)
is independent of n for n > k + 1. This, and the suspension isomorphisms of
homology and cohomology were a starting point of stable homotopy theory.

Calculations continued, and the Spanier—Whitehead category was developed
to study duality statements. It was also a useful category for the study of
spaces under equivalences of stable homotopy groups. However, the Spanier—
Whitehead category has some substantial drawbacks, in particular, it does not
contain representatives for all reduced cohomology theories.

Several solutions to this were constructed, including Boardman’s stable ho-
motopy category, Lima’s notion of spectra, Kan’s semisimplicial spectra and
Whitehead’s developments of the notions of spectra. None of these categories
were entirely satisfactory, so we jump ahead to Adams’ construction of the sta-
ble homotopy category [Ada74], which was based on ideas of Boardman. This
category contained the Spanier—Whitehead category, represented all cohomol-
ogy theories and had a commutative smash product.

Having a good construction with sensible axioms allowed for further de-
velopment of stable homotopy theory. A good notion of “categories of frac-
tions”, now known as Bousfield localisations at homology theories, greatly
improved the ability to calculate stable homotopy groups via the Adams spec-
tral sequence. Through work of Bousfield, these localisations were further de-
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veloped ([Bou75], [Bou79]), and vast amounts of calculations were now pos-
sible. This lead to the introduction of chromatic homotopy theory, which gives
a framework for major structural results about the stable homotopy category
(see [Rav84] and [Rav92a]) as well as techniques for even further calculations
of stable homotopy groups of spheres [Rav86].

The lack of a good commutative monoidal point-set model for the stable
homotopy category still held the subject area back. Brown representability
posited the existence of function spectra and allowed for some homotopical
calculations, but direct constructions were often impossible to give. The study
of (commutative) ring spectra up to homotopy was difficult — keeping track of
the homotopies and their coherence was particularly burdensome. Moreover,
constructions up to homotopy prevented geometric constructions such as bun-
dles of spectra or diagrams of spectra.

The development of coordinate—free spectra by May and others offered sev-
eral improvements to the area. The use of operads to manage commutative
multiplications up to homotopy allowed for serious study of derived algebra in
spectra, the so-called “Brave New Algebra”, see the work of May, Quinn and
Ray [May77a].

Coordinate—free spectra also led to the development of “spectrification” func-
tors, which simplified the construction of maps between spectra. These func-
tors played a central role in work of Lewis, May and Steinberger [LMSMS86],
which gave a construction of G—equivariant spectra and the G—equivariant sta-
ble homotopy category for G a compact Lie group.

While this technology did allow for a useful definition of an internal function
object for spectra, the smash product was still only commutative and associa-
tive up to homotopy. Work of Lewis [Lew91] even suggested that there may be
no commutative monoidal point-set model for the stable homotopy category,
but this pessimism turned out to be unfounded.

Two independent solutions to the problem of commutative smash products
came about in surprisingly quick succession: the S—modules of Elmendorff,
Kriz, Mandell and May [EKMM97] and the symmetric spectra of Hovey, Ship-
ley and Smith [HSSO0]. These references gave closed symmetric monoidal
model categories of spectra and model categories of (commutative) ring spec-
tra. By using model categories, one had point-set level smash products and
function objects which would have the correct homotopical properties after
passing to the homotopy categories.

This reinvigorated the area and allowed for a great deal of further develop-
ment in “Brave New Algebra”, namely the importing of statements from alge-
bra into stable homotopy theory. For example, Hovey, Palmieri and Strickland
[HPS97] were able to give an axiomatisation of stable homotopy theories.
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Work of Schwede [SchO1a] showed that the model categories of symmetric
spectra and S —modules were Quillen equivalent. Yet more symmetric monoidal
categories of spectra were constructed by Mandell, May, Schwede and Shipley
[MMSSO01]. These were all shown to be Quillen equivalent, and a particular
highlight is the category of orthogonal spectra. Categories of spectra in cate-
gories other than simplicial sets of spectra were given in Schwede [Sch97] and
Hovey [HovO1b].

All of these model categories are amenable to the theory of localisations as
developed by Hirschhorn [Hir03], giving many point set models for localisa-
tions of spectra and particular those from chromatic homotopy theory.

We are now in the modern era of stable homotopy theory, with current topics
such as topological modular forms and its variants, motivic stable homotopy
theory, the study of commutative ring spectra and their localisations, Galois
extensions of ring spectra, and equivariant versions of most of those topics.

Explanation of contents

We start with a study of stable phenomena, namely the Freudenthal Suspension
Theorem and the suspension isomorphisms of homology and cohomology. We
discuss how this leads to notion of a stable homotopy category and what ax-
ioms it should satisfy. We introduce the Spanier—Whitehead category and basic
categories of spectra and show how these fail to satisfy these axioms. Using
the benefit of hindsight, we then define the stable homotopy category to be the
homotopy category of the stable model structure on sequential spectra. This
approach avoids the difficulties of extending the Spanier—Whitehead category
and the complicated constructions of maps and functions in Adams’ category
of spectra.

The category of sequential spectra evidently satisfies enough of the axioms
to be worth studying further, but it will not be possible to give a category that
satisfies all the axioms until after we have introduced the symmetric monoidal
categories of symmetric and orthogonal spectra.

We digress from the further development of categories of spectra to ask
about a formal framework in which those categories of spectra can be studied.
The starting place is a suspension functor on general model categories and
how it gives rise to cofibre and fibre sequences, leading to a notion of a stable
model category. When the model category is stable, one can extend cofibre
and fibre sequences in either direction and prove the fundamental statement:
the homotopy category of a stable model category is triangulated. Working in
this generality shows clear benefits of stability and simplifies the later work,
where we can appeal to the triangulated arguments of these chapters.
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The next task is to examine the generalisation of the smash product of the
Spanier—Whitehead category to the stable homotopy category. Again, we want
an approachable method, so we first show that the homotopy categories of
symmetric spectra and orthogonal spectra are equivalent to the stable homo-
topy category. We then define the smash product and the internal function ob-
ject of the stable homotopy category as coming from the smash products on
orthogonal spectra and symmetric spectra. At this point, we have encountered
three models for the stable homotopy category. Each has its own advantages.
We have:

Sequential spectra: These are the simplest to define and can be motivated
from a discussion of Brown Representability. However, they do not have a
commutative smash product. The weak equivalences are the defined in terms of
homotopy groups of spectra, a natural extension of the idea of stable homotopy
groups.

Orthogonal spectra: These are slightly more complicated than sequential
spectra, and can be thought of as sequential spectra with extra structure. Their
weak equivalences are defined by the forgetful functor to sequential spectra,
and hence are defined in terms of homotopy groups of spectra. The extra struc-
ture allows one to define a symmetric monoidal smash product and an internal
function object.

Symmetric spectra: The final model is symmetric spectra (in either pointed
topological spaces or pointed simplicial sets). This model is intermediate in its
complexity, but the weak equivalences are harder to define. These spectra also
have good monoidal properties. Their simplicity allows them to be described
as “initial amongst stable model categories” in the sense of Sections 7.8 and
7.9.

The symmetric monoidal versions of spectra lead to the next important topic:
spectra with (commutative) ring structures, and Spanier—Whitehead duality for
spectra, which is essentially a study of duality in the stable homotopy category.

We take the opportunity to consider framings and stable framings. This al-
lows us to construct mapping spaces for an arbitrary model category and map-
ping spectra for an arbitrary stable model category.

We end the book with a chapter on Bousfield localisation, introducing and
motivating the concept and proving a simple existence result for stable model
categories. As an application, we discuss p-localisation, p-completion and lo-
calisation at complex topological K-theory.

Along the way we furthermore include important results on stable homo-
topy theory and suggest further directions. The results include: rigidity and
uniqueness of the monoidal structure, description in terms of modules over
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spectrally—enriched categories, the Adams spectral sequence and chromatic
homotopy theory.

An appendix listing the results on model categories that are needed is in-
cluded for easy reference. Some proofs are given, otherwise clear references
are provided.

Omissions

An exhaustive treatment of stable homotopy theory would require several books
and be impractical for the needs of many graduate students. Hence certain top-
ics have been omitted, a list is below. Reasons for the omission vary, from be-
ing somewhat outside the scope (stable infinite categories), or being a topic that
builds upon stable homotopy theory (equivariant or motivic stable homotopy
theory) or having good textbooks already, albeit ones that assume a familiarity
with stable homotopy theory.

Infinite loop space machines and operads.

Right Bousfield localisations.

Comprehensive treatment of spectral sequences.

Equivariant stable homotopy theory.

Motivic stable homotopy theory.

Stable infinity categories.

In-depth treatment of K-theory, cobordism and formal group laws.
The S —modules of Elmendorf, Kriz, Mandell and May.

Convention

Throughout the book we use the convention that the set of natural numbers N
contains 0.
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2
Basics of Stable Homotopy Theory

In the crudest sense, stable homotopy theory is the study of those homotopy-
invariant constructions of spaces which are preserved by suspension. In this
chapter we show how there are naturally occurring situations which exhibit
stable behaviour. We will discuss several historic attempts at constructing a
“stable homotopy category” where this stable behaviour can be studied, and
we relate these to the more developed notions of spectra and the Bousfield—
Friedlander model structure.

Of course, if one only wants to perform calculations of stable homotopy
groups, to have certain spectral sequences or similar, then one does not need
much of the formalism of model categories of spectra. But as soon as one
wishes to move away from those tasks and consider other stable homotopy
theories (such as G—equivariant stable homotopy theory for some group G) or
to make serious use of a symmetric monoidal smash product in the context of
“Brave New Algebra”, then the advantages of the more formal setup become
overwhelming.

A more accurate title for the chapter might be along the lines of “First en-
counters with stability”, as a detailed look at even the first question of stable
homotopy theory — calculating the stable homotopy groups of spheres — is a
book by itself.

2.1 Stable Phenomena

We introduce two standard results which exhibit stability, namely the Freuden-
thal Suspension Theorem and the interaction of homology with suspension.
The proof of each result comes from an excision theorem and a long exact se-
quence. Our starting point is a quick introduction to the category of spaces that
we use throughout the book.
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2.1.1 Topological Spaces

We want to work in a closed monoidal category of topological spaces. We must
therefore equip the set of continuous maps Top(A, B) with a topology such that
there is a natural isomorphism

Top(A X B, C) = Top(A, Top(B, C))

for all spaces A, B and C in the category. As is well-known, we cannot use the
standard category of all topological spaces equipped with the Cartesian prod-
uct and compact—open topology on the set of continuous maps. Instead we
follow the standard pattern and work with compactly generated weak Haus-
dorff spaces. Recall that a space X is said to be compactly generated if a set
A C X is closed if and only if A N K is closed in K for each compact subset
K of X. A space X is said to be weak Hausdorff if for any compact space M
and continuous map f: M — X, the image f(M) is closed in X. More details
can be found in Steenrod [Ste67], Hovey [Hov99, Sections 2.4 and 4.2], May
[May99a, Chapter 5] and Schwede [Sch18, Appendix A].

Definition 2.1.1 The category of topological spaces is the category of com-
pactly generated weak Hausdorff topological spaces and continuous maps. We
denote this by Top.

The category Top is a closed monoidal category with all small limits and
colimits. We can also consider pointed spaces, which is also a closed monoidal
category with all small limits and colimits.

Definition 2.1.2 The category of pointed topological spaces is the category
of pointed compactly generated weak Hausdorff spaces and continuous maps
that preserve the basepoints. We denote this by Top,.

We denote a pointed space as (X, xo) or just X with implicit basepoint. For
topological spaces X and Y, we denote the set of homotopy classes of maps
from X to Y by [X, Y]. If X and Y are pointed, we interpret [X, Y] as the set of
pointed homotopy classes of pointed maps from X to Y.

Monoidal products, function objects, limits and colimits can be a little mys-
terious in the categories Top and Top,, but are mostly given by the expected
constructions. For example, if X is Hausdorff, the monoidal product with X is
the Cartesian product with the product topology, or the smash product in the
pointed case. If X is compact and Hausdorff, then the topology on Top(X, Y) is
the compact—open topology (similarly for Top,(X, Y)). A colimit of a sequen-
tial diagram of injections or a pushout of closed inclusions is given by the usual
colimit of (pointed) spaces.
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For general topological spaces, the monoidal product is the Cartesian prod-
uct with the Kelly product topology (and the corresponding smash product for
the pointed case). The topology on the set of maps from X to Y is given by the
modified compact-open topology, which we now define. Let a: K — X be a
continuous map from a compact Hausdorff space K to X. For U an open set
of Y, let C(a, U) be the set of continuous maps f from X to Y such that the
image of foa: K — Y lies in U. These sets C(a, U) define a sub-basis for the
modified compact-open topology on the set of continuous maps from X to Y.

Recall the Serre and Hurewicz model structures on Top from [DS95] or
[MP12], see also Example A.1.5. The weak equivalences in the Serre model
structure are the weak homotopy equivalences, and its fibrations are those maps
with the right lifting property with respect to the inclusions

AXx{0} — Ax[0,1]

for each CW—complex A. The cofibrations are called the g—cofibrations or
Serre cofibrations.

The weak equivalences of the Hurewicz model structure are the homotopy
equivalences, and its fibrations are those maps with the right lifting property
with respect to the inclusions

Ax{0} — AXx][0,1]

for each space A. The cofibrations are called the h—cofibrations or Hurewicz
cofibrations. We see that every g—cofibration is a hA—cofibration.

Both model structures extend to the category of pointed spaces, with weak
equivalences, cofibrations and fibrations defined by forgetting the basepoint.
Thus, a h—cofibration of pointed spaces means a basepoint-preserving map
which is a h—cofibration in Top.

Every object of Top is cofibrant in the Hurewicz model structure, but this
fails for Top,. For pointed spaces, the homotopical behaviour of the inclusion
of the basepoint into a space is a technical issue we will encounter several
times.

Definition 2.1.3 We say that a pointed space (X, xo) has a non-degenerate
basepoint if the map x) — X is a h—cofibration in Top. We say that a pointed
space (X, xo) is a pointed CW-complex if (X, x¢) is a CW-pair.

Many results about pointed spaces require the assumption of non-degenerate
basepoints so that we can move to the simpler setting of unpointed spaces.
For example, if X has a non-degenerate basepoint, then the map from the
unreduced suspension of X to the reduced suspension of X is a homotopy
equivalence. Hence statements about unreduced suspensions will extend to
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reduced suspensions in this case. Many spaces are easily seen to have non-
degenerate basepoints, for example the basepoint of any pointed CW-complex
is non-degenerate. Any pointed space can be replaced by a space with a non-
degenerate basepoint as follows. For a pointed space X, consider the space

wX = (X 11 1)/(xo ~ 0)

with basepoint taken to be 1 € I. This space wX has a non-degenerate base-
point and we may consider the construction w(—) as a functor. Moreover, the
contraction map wX — X is an (unpointed) homotopy equivalence and hence
is a weak homotopy equivalence of pointed spaces.

2.1.2 The Freudenthal Suspension Theorem

The purpose of this subsection is to exhibit a pattern that occurs across many
homotopy groups, namely that for a pointed CW-complex X, the homotopy
groups of X and XX agree over a range that depends on the connectivity of X.
The precise statement is Theorem 2.1.10.

The starting point for this section is connectivity and its relation to suspen-
sions. To prove our results we shall need a rather substantial ingredient: the
homotopy excision theorem.

We follow the development of [May99a, Section 11]. Let us recall the no-
tions of k-connected spaces, k-connected pairs of spaces and k-equivalences.
Note that we will avoid defining or using 7(X, A) for spaces A C X. For a
definition of 7,(X, A), see [Hat02].

Definition 2.1.4 A pointed topological space (X, xo) is k-connected if it is
path-connected and 7,(X, xo) = 0for 1 <n <k.

A pair A C X is said to be k-connected if every path component of X inter-
sects with A and 7,(X,A) = 0 foreach 1 <n <k.

A pointed map f: X — Y is a k-equivalence of topological spaces if for all
Xxo € X, the map m,(f, xo) is an isomorphism for 0 < n < k and surjective for
n=k

By convention, every pointed topological space is (—1)-connected.

It follows from the long exact Puppe sequence that a k-equivalence of pointed
spaces has a (k—1)-connected homotopy fibre. We can also relate k-equivalences
to the dimension of a CW-complex.

The following can be found in [Hat02].

Proposition 2.1.5 Ler f: X — Y be a k-equivalence of pointed spaces and
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A be a pointed CW-complex. Then composition with f induces an isomorphism
f*: [A’X] — [Aa Y]

if the dimension of A is less than k and a surjection if the dimension is equal
to k.

Theorem 2.1.6 (Homotopy excision) Let X be a topological space with sub-
sets A and B such that A N B is non-empty and X is the union of the interiors
of A and B.

Assume that (A, A N B) is m-connected for some m > 1, and that (B,A N B)
is n-connected for some n € N. Then the map induced by inclusion

ma(A,AN B) — mi(X, B)

is an isomorphism for a < m + n and a surjection when a = m + n. Moreover,
the square

mo(A N B) —— mp(A)

|

7to(B) ——— mo(X)
of maps induced by the inclusions is a pullback.

We can use homotopy excision to calculate some of the homotopy groups of
the homotopy cofibre (mapping cone) of a map in terms of relative homotopy
groups.

Definition 2.1.7 Let f: X — Y be a map in Top. Then the mapping cylinder
M f of f, is the topological space defined as the pushout

X5 X x[0,1]
]
Y— Mf.
The mapping cone Cf of f is the quotient M f/(X X {1}).

Proposition 2.1.8 Let f: X — Y be a k-equivalence in Top between (k—1)-
connected spaces for k > 1. Then the projection map

(Mf,X) — (Cf,%)

induces an isomorphism on m, for n < 2k and a surjection on nr, when n = 2k.
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Proof Identifying X ¢ M f as the collection of points (x, 1) € M f for x € X,
we define two subsets of C f

A=YUXxI[0,2/3]) B=(Xx[1/3,1D/X.

Their intersection is a cylinder on X and the union of their interiors is C f. We
also see that

(A, ANB) =~ (Mf,X), (Cf,B)~(Cf,*) and (B,AN B) ~(Cf,X).
Moreover, the quotient map
Mf,X) — (Cf, %)
is homotopic to the inclusion
(A,ANnB) — (Cf,B).

The long exact sequence of the homotopy groups of a pair implies that
(A,A N B) is k-connected and that (B, A N B) is k-connected. The result then
follows from homotopy excision. O

We may extend this result to the general case of a quotient map.

Corollary 2.1.9 Leti: A — X be a h—cofibration of (k—1)-connected spaces
in Top that is a k-equivalence, k > 1. Then the quotient map

X,A) — (X/A, =)

induces an isomorphism on m, for n < 2k and a surjection on my. The result
also holds in Top, if, in addition, A and X have non-degenerate basepoints.

Proof Since the map i is a h—cofibration, Ci ~ X/A by Lemma A.5.6. The
result follows from the commutative diagram

(Mi, A) — (Ci, %)

(X, A) —— (X/A, ).

For the last statement we use the reduced mapping cylinder and reduced cofi-
bre. Since the basepoints are non-degenerate, the quotient maps from the unre-
duced to reduced versions are homotopy equivalences, hence the pointed ver-
sion follows from the unpointed version. O

We are now ready to prove the Freudenthal Suspension Theorem. Our method
is to apply Corollary 2.1.9 to the map (CX, X) — (ZX, *) and carefully exam-
ine the relative homotopy groups. As the spaces involved are connected by
assumption, we do not specify a basepoint.
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Theorem 2.1.10 (Freudenthal Suspension Theorem) Let k € N and let X be
a k-connected space with non-degenerate basepoint. The map

Tu(X) = [S™, X] — [£5", £X] = [S™, £X] = 7,01 (ZX)

[f1+— [Z]
is an isomorphism if n < 2k + 1 and a surjection if n = 2k + 1.

Proof In order to be consistent with the standard definition of relative homo-
topy groups, we let C'X = X A I, with the basepoint of / = [0, 1] taken to be 0.
Thus

C'X = (X x I)/(X x {0} U {xo} x I).

Consider amap f: (I",0I") — (X, xp) representing some element of 7,,(X, xp).
Then f x Id induces a map of triples

aor+t, Jj1y — (C'X, X, xo)

whose restriction to /" X {1} is f. Taking the quotient by X X {1}, we obtain Xf.
It follows that the diagram below commutes, where 0 is the connecting map
and p: C’X — XX is the quotient.

T+l (C,Xa X, X())

(X, xo) e 1 (ZX, [x0])

The inclusion X — C’X is a h—cofibration and a (k + 1)-equivalence of k-
connected spaces, so Corollary 2.1.9 tells us that p, is an isomorphism for
n+ 1 <2k +2 and a surjection for n + 1 = 2k + 2. As C’X is contractible, 9 is
an isomorphism and the result follows. O

The map X could also be defined via the composite
[S”,X] — [S",QEX)] = [$",2X]

where the first map is the unit of the (Z, Q)-adjunction on pointed spaces.
Checking that this definition agrees with [f] — [Xf] is an exercise in relat-
ing the counit of an adjunction to the action of the functor on sets of maps. A
similar exercise shows that the composite of suspension followed by the counit

S, QX] — [S", Z(QX)] — [S", X]

is given by the adjunction isomorphism.
We see that suspension increases connectivity of pointed spaces and that the
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unit of the (X, Q)-adjunction induces isomorphisms on a range of homotopy
groups.

Corollary 2.1.11 Let k > 1 and let X be a k-connected pointed topological
space with non-degenerate basepoint. Then X is (k + 1)-connected and the
unit map

n: X — QXX

is a (2k + 1)-equivalence. Furthermore, the counit map
g:ZQX — X

is a 2k-equivalence.

Proof After the discussion above, we only need to consider the counit &.
We want to know that the basepoint of QX (the constant path at x) is non-
degenerate. This follows from a more general statement: if A — B is the
inclusion of a closed subset and a h—cofibration, then QA — QB is a h—
cofibration.

By [May99a, Section 6.4], if A — B is the inclusion of closed subset,
then it is a h—cofibration if and only if it is a an NDR pair (neighbourhood
deformation retract pair). One can show that a presentation of A — B as an
NDR pair can be extended to give a presentation of QA — QB as an NDR pair.

As X is k-connected and has a non-degenerate basepoint, it follows that QX
is (k—1)-connected and has a non-degenerate basepoint. Using the Freudenthal
Suspension Theorem on QX and the commutative diagram

T 1 (QX) —— 7,(2QX)

&

14

(X)),
we see that € is a 2k-equivalence. O

The Freudenthal Suspension Theorem can be used to calculate some homo-
topy groups of spheres. For example, we can prove that

(") =Z

for each n > 1. We know the cases of n = 1 and n = 2 by the long exact
sequence of the Hopf fibration. For n > 2 the result follows directly from the
suspension theorem as the suspension maps

7 (8") — Mper (S™)
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are isomorphisms. In fact, this isomorphism also holds for n = 1 as the only
surjections Z — Z are isomorphisms.

The ranges for the suspension theorem are usually sharp. Consider the sus-
pension maps

m(Sh) m3(82) m4(S?)

0 Z Z/2.

The first cannot be surjective and the second cannot be an isomorphism.
We restate the Freudenthal Suspension Theorem in terms of iterated suspen-
sions.

Corollary 2.1.12 Let X be a topological space with non-degenerate base-
point and let a and b be natural numbers with b < a — 1. Then the suspension
map

Tarp(EX) — T (B X)
is an isomorphism. O

If we fix b in the above corollary and allow a to increase, we see that
Ta45(XX) can take many different values until @ > b + 1. Then, for larger
a each homotopy group in the sequence is the same up to isomorphism. It is
natural to study the eventual behaviour of these homotopy groups. We restrict
our attention to pointed CW-complexes, as these are the spaces of primary in-
terest.

Definition 2.1.13 For a pointed CW-complex X and n € N, the n'" stable
homotopy group of X is

moble(x) = co}lim Tra(ZX) = 72042(Z"2X)

We could define these groups for all n € Z by simply ignoring those terms
in the colimit where n + a < 0. However, we see that these groups are all zero.
We also see that stable homotopy groups are stable under suspension, i.e.

ﬂztable ( X) ~ ﬂ,slable (Z X)

n+l

There is no need to mention basepoints when using stable homotopy groups,
as aside from the first term the spaces X will all be path-connected.

We can relate stable homotopy groups of spaces to ordinary homotopy groups
by a sequential homotopy colimit construction, see Example A.7.9.
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Definition 2.1.14 We define a functor Q from the category of pointed CW-
complexes to pointed topological spaces by

0X = hocolimQ"X"X.
The maps of the diagram are given by the unit of the (€2, X)-adjunction.

To form the homotopy colimit we may either replace each map by a (weakly
equivalent) h—cofibration or take the union of the mapping cylinders.
We see that

m.(0X) = e (X)

as the homotopy groups of a sequential homotopy colimit are the colimit of the
homotopy groups. Equally if f: X — Y is a map that induces isomorphisms
on all stable homotopy groups, then

of: 0X — QY

is a weak homotopy equivalence.
As a first example of extra structure on stable homotopy groups, we will
now discuss the ring structure on the stable homotopy groups of spheres . Let

ﬂilable (S 0) — @ ﬂ_:ltable (S 0).

n=0

We may construct a product * making 73¢(§%) into a commutative graded
ring, satisfying

a *ﬁ — (_l)mn * @, ae ﬂ::[able(So), ﬂ c ﬂ;table(SO).

Recall the notion of homological degree of amap f: S" — S”". Choosing a
generator a € H,(S"), we say that f has homological degree k € Z if f.(a) =
ka. The homological degree of a map is independent of the choice of generator.
We will see that the (—1)™" of the formula above originates from the twist
isomorphism

Tpg: SPAST— STASP
which has homological degree (—1)79.

To define *, we choose representatives f: $*" — S and g: S — S,
Then we set

axB=[goX"f].

This operation is well-defined and associative.
We must prove that it is distributive, and that the commutativity condition
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holds. For the rest of this section we specify X’X = X A S”. Hence, X? applied
to f: X — Y is given by

fAId,: PX —s ZPY.

Let f,g: S™™"*¢ — §™¢ and h: §" — S§¢. Addition [f] + [g] is repre-
sented by the map

f+g: Sm+n+a — Sn+a

which is f on the upper hemisphere of S"*"*“ and g on the lower hemisphere.
Thus,

(Al ([fT+ (gD = [ho (f + @) =[ho fl+[hog]l =[h]+[f]+][hn]~][g]

This is one of the equations for distributivity, the other one will follow from
the first one plus commutativity, which we will show now.

To prove the commutativity statement, we show that the composition prod-
uct * can be defined in terms of the smash product. Let f: $9*" — S§¢ and
g: §9" — §9 with a even. Then

goznf: Sn+m+a — 58S and Zagozaﬂlf: Sn+m+2a N SZa

represent the same class in the stable homotopy group 7$2°¢(§9). The second

representative is the top map in the following diagram.

Z“g02"+“f

a+m n a SAldyra a n a gAId a a
S ASTASE —— SAS"AS ——— S*AS

T““"”l Tu.ul
Id,A

a

SAASIAST —8 L ganga

As a is even, each of the twist maps have homological degree 1 and so are
homotopic to the identity. The composite along the lower path is therefore

(f /\ Idn+a) o Ta+n,a o (Ida A g) = f /\ g'
Hence
[g* f1=[Z¢*Zf]=[f A gl

To complete the proof of commutativity, we prove that

[fAgl=E=D™g A S
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This follows from the commutativity of the diagram

Sll+’n /\Sll+ll f/\g )Sll /\Sll

THMMMJV Tu‘al

Sa+l’l/\S(1+m g/\ )Sd /\Sa

and the fact that for even a, T 4+ 4+n 1S of homological degree (—1)"". Hence
lexfl=1fAngl=D"gA fl=CED"Lf * gl

We can use our understanding of stable homotopy groups of spheres to prove
a more general version of the Freudenthal Suspension Theorem.

Theorem 2.1.15  Suppose X and Y are pointed CW-complexes with Y k—
connected. Then the suspension map

(X Y] — [ZX,2Y]

is surjective if X is of dimension 2k + 1 and a bijection if X has dimension less
than 2k + 1.

Proof By Corollary 2.1.11 the map ¥ — QXY is a (2k + 1)-equivalence,
hence the result follows by Proposition 2.1.5. O

Let X and Y be finite CW—complexes and a > 2. As with stable homotopy
groups, after enough suspensions (a > dim X), the collection of abelian groups
[X4X, ZY] are all isomorphic under the suspension map. Following the pattern
of stable homotopy groups when X and Y are not finite, we take a colimit over
suspensions.

Definition 2.1.16 Let X and Y be pointed CW—-complexes. The set of stable
homotopy classes of pointed maps from X to Y is

[X,Y]® := colim[Z°X, ZY].
When X is also compact,
[X, QY]. = [X,hocolim Q"X"Y], = [X, Y]}

by the same argument as for homotopy groups.

This leads to the natural question: can we make a category with objects given
by the class of pointed topological spaces and morphisms given by the class of
stable homotopy classes of pointed maps? We will see that this is possible in
Section 2.2 but that the resulting category has some serious failings.
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2.1.3 Homology and Cohomology

Homology and cohomology theories are closely linked to stable homotopy the-
ory. We show that reduced (co)homology theories lead to a key idea for stable
homotopy theory: spectra. We begin with a set of axioms for homology that
are equivalent to the Eilenberg-Steenrod axioms.

Recall that a CW-pair (X, A) is a CW-complex X with a subcomplex A. In
particular, there is an open neighbourhood of A in X which is a deformation
retract of A.

Definition 2.1.17 A reduced homology theory is a functor E, from pointed
CW-complexes to graded abelian groups Ab, satisfying the list of axioms be-
low. For amap f: X — Y of pointed CW-complexes we write

fo = E(f): EX) — EY).
Let £, be the n™ level of this map of graded abelian groups.

1. If f ~ g then f, = g..

2. For each CW-pair (X, A) there is a boundary map 8, : E.(X/A) — E,_1(A),
which is natural in pointed CW-pairs.

3. If (X, A) is a CW-pair then the inclusion map i: A — X, the quotient map
q: X — X/A and the boundary map J. give a natural long exact sequence

6n+ o 'n o n - an i lnf
o P En(A) =5 En(X) -5 En(XJA) =5 By (A) 255

4. For a set of spaces {X,}, the maps i,: X, — V/, X, induce isomorphisms
Plia).: P E.Xe) — E(\/ Xo).
(07 (07 (03

The functoriality of a reduced homology theory E. along with the long exact
sequence forces E,(x) = 0. Since E, sends homotopic maps to equal maps, it
follows that E.(Z) = 0 for any Z =~ . These simple consequences of the
axioms allow us to prove that reduced homology theories are ‘“stable under
suspension” in the sense of the following lemma.

Lemma 2.1.18 Let E, denote a reduced homology theory, then for any pointed
CW-complex X there is a natural isomorphism

Eo1(ZX) = EL(X).

Proof Consider the CW—-pair (CX, X) and the induced natural long exact se-
quence

On+1 in-1

IR 0 2 E(CX) S E(CXIX) 2 By (X) S B (CX) — -
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Since X has a non-degenerate basepoint, the reduced and unreduced suspension
are naturally homotopy equivalent. The unreduced suspension of X is naturally
isomorphic to CX/X, and E'*(CX) = 0 for all n. Thus we have the desired
natural isomorphism

E..1(EX) = E.,1(CX/X) — E.(X). D

The standard example of a reduced homology theory is reduced singular
homology (or reduced cellular homology) which is defined as

H.(X) = ker(H.(X) — H,(+)).

We have another example linking homology theories to stable homotopy the-
ory.
Example 2.1.19 Stable homotopy groups define a reduced homology theory.
The key point of attention is proving that the long exact sequence of stable
homotopy groups of a CW-pair (X, A) is of the same form as in the long exact
sequence axiom for reduced homology theories. Corollary 2.1.9 applied to the
stable setting proves that 7$%¢(X, A) = 7%le(X/A). This result combined with
the isomorphism between X£(X/A) and ZX/XA gives the boundary maps and the
long exact sequence.

Unstable homotopy groups do not form a homology theory. In general, 7 (X)
is not an abelian group. More substantially, the long exact sequence of a CW-
pair cannot be used to define boundary maps. For example,

m(D*, 81 =0 but m3(D?/SY) = m3(S?) = Z.

A related idea is that of reduced cohomology theories. The axioms are dual
to that of reduced homology theories.

Definition 2.1.20 A reduced cohomology theory is a contravariant functor E*
from pointed CW-complexes to graded abelian groups Ab, satisfying the list
of axioms below. For a map f: X — Y of pointed CW-complexes we write

fr=E): EY)— E(X)
and let f" be the n™ level of this map of graded abelian groups.
1. If f ~ gthen f* = g".
2. For each CW-pair (X, A) there is a coboundary map 0* : E*(A) — E**'(X/A),
which is natural in pointed CW-pairs.

3. If (X, A) is a CW-pair then the inclusion map i: A — X, the quotient map
q: X — X/A and the coboundary map 0" give a natural long exact sequence

n—-1 __ n — in —_ " —_ in+l
S P S Boo S Ba) S B s
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4. For a set of spaces {X,}, the maps i, : X, — V/, X, induce isomorphisms
[ [ : E'(\/ X0) — [ | B (Xo).

We have an analogous result showing how cohomology and suspension in-
teract.

Lemma 2.1.21 Let E* denote a reduced cohomology theory, then for any
pointed CW—complex X there is a natural isomorphism

E*(X) — E*N(ZX)
induced by the coboundary map. O

Remark 2.1.22 'We say that two cohomology theories E* and E* are isomor-
phic if there is a bijective natural transformation E* —> E* which is compati-
ble with the coboundary maps.

This extra requirement is to ensure that we have commutative diagrams

E"(A) — 25 B (x/A)

|

ErA) —2 B (x/A),

which we would not obtain from just a natural transformation as the boundary
maps 0" are not induced by morphisms of spaces.

A major result about reduced cohomology theories of pointed spaces is that
each level of a reduced cohomology theory E* can be represented by a con-
nected pointed CW-complex. The proof constructs a CW-complex with the
correct property by adding cells according to the data of E™(S*) for varying k.
The assumption of connectedness is necessary for uniqueness. For example, if
X is a connected pointed space, Z is a pointed space, and Z LI x* is the disjoint
union of Z with a point, then in the homotopy category of pointed spaces we
have

[X,Z] = [X,Z LI ].

Theorem 2.1.23 (Brown Representability) Let E* be a reduced cohomology
theory. Then for each n € Z there is a connected pointed CW-complex K,, such
that for each connected pointed CW-complex X there is a natural isomorphism

E'X) = [X, K,]

where the right hand side denotes maps in the homotopy category of pointed



16 Basics of Stable Homotopy Theory

topological spaces. Moreover, the spaces K, are unique up to homotopy equiv-
alence.

However, the sequence of spaces {K,},cz does not determine E". That is, a
collection of pointed CW-complexes does not determine a reduced cohomol-
ogy theory as there is no good way to construct coboundary maps. Thus, we
need to add some more structure to the sequence of spaces in order to recover
cohomology theories.

Combining the above theorem with our lemma on suspensions we have the
following.

Corollary 2.1.24 Let E* be a reduced cohomology theory represented by
the connected pointed CW-complexes {K,},cz. Then for any pointed connected
CW-complex A we have isomorphisms

[A, K,] = E'(A) = E"(ZA) = [ZA, K1 = [A, QKpp1 ]
which are natural in maps of pointed CW-complexes A. O
If we let A = K,,, then the image of the identity map of K,, gives us maps
a,: K, — QK.

for each n, which we call the structure maps. Naturality then implies that the
image of some f: A — K, under the isomorphism

[A,K,] = E"(A) = E""'(ZA) = [2A, K411 = [A, QK1)

is @, o f. The CW-complexes K,, are connected, so they are path-connected.
Hence, if we let A = S¥ for varying k € N, we see that a, is a weak homotopy
equivalence. We now prove that the spaces K,, and the maps «, are sufficient
to determine a reduced cohomology theory.

Proposition 2.1.25 A sequence of pointed CW-complexes {K,}nez with weak
homotopy equivalences «a,: K, — QK. for each n € Z determines a re-
duced cohomology theory E* by

E'(X) = [X,K,]
with coboundary maps induced by
a,: K, — QK.

Let{K;, &), },ez be another collection of pointed CW-complexes and weak ho-
motopy equivalences determining a reduced cohomology theory E*. For each
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n €z let f,: K, — K, be a pointed weak homotopy equivalence such that
the square

Ky — QK.

lfn lgﬁw 1

K, —"5 QK’

n+l

commutes for all n. Then the maps f, induce a natural isomorphism of coho-
mology theories E* —> E*.

Proof We prove that the data of the spaces K, together with the maps «,, de-
fine a reduced cohomology theory. The functoriality axiom, homotopy axiom
and the wedge axiom all follow immediately from the definition. All that is
left is to define the coboundary maps and show they form part of a long exact
sequence.

For a CW-pair (X, A), consider the cofibration or Puppe sequence (using
reduced mapping cones and reduced suspensions)

i q d i vq
A—X—>DX/A—3ZA —IX — ZX/A) — ---

given by iterating the mapping cone construction. Since K, ~ Q?K,,,», apply-
ing the functor [—, K,,] gives an exact sequence of abelian groups

[A,K,] «— [X,K,] < [X/A,K,] < [ZA, K] «— [EX,K,] «— ---.
This works for each n € Z. As
[ZA, K] = [A, K, 1],

the collection of exact sequences for varying n can be patched together using
the maps «,, to give an exact sequence

e [AK] e [X K] — [X/A K] e [A, Ky ] e [X K] e— -

and the first statement is complete.

The second statement follows straight from the construction. The commut-
ing squares involving the structure maps @, and «,, ensure that one obtains an
isomorphism of cohomology theories rather than simply an isomorphism of
each level. O

We may call a sequence of spaces {K,},cz with structure maps
@y Kn — QKrH-l

that are weak homotopy equivalences a “spectrum” (we discuss these objects
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further in Section 2.3). The following result is a formal statement of the slogan
“spectra represent cohomology theories”.

Corollary 2.1.26 A reduced cohomology theory E* determines, and is deter-
mined by, a sequence of connected pointed CW-complexes { K}z with pointed
weak homotopy equivalences a,: K, — QK. The spaces K, and the maps
a,, are unique up to homotopy equivalence.

Proof One direction is given by Proposition 2.1.25. For the converse, let

{Kn, ap }nEZ and {K;p (I; }nEZ

be two collections of connected pointed CW-complexes and weak homotopy
equivalences that represent E* on connected pointed CW-complexes from The-
orem 2.1.23.

We first show that for any pointed CW-complex A, E"(A) = [A, K,] (and
similarly for K). That is, we may now remove the connectedness assumption
on the input space A. Using Corollary 2.1.24 we have isomorphisms

E"(A) = E"(ZA) = [2A, K11 = [A, QK411 = [A, K, .

Secondly, we compare the spaces K, and K, and the maps «, and a,,. The-
orem 2.1.23 gives us homotopy equivalences p,: K, — K. Since the a, are
constructed from the suspension isomorphisms of the cohomology theory E*,
the square

[A, Kyl —22 [A, QK1
(Pn)« (Qppsi)e
[A. K] —% [4,QK", ]

commutes for any pointed CW-complex A. If we set A = K, then the identity
map in the top left corner is sent to

@, 0 py = Qppi1 0@y
in the bottom right corner. Hence the square below commutes up to homotopy.

K, — QK,
p”l J/Qpn-H
K, —" QK

The map p, is a homotopy equivalence and Qp,.; is a weak homotopy equiv-
alence between spaces of the homotopy type of a CW-complex, hence it is
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also a homotopy equivalence. Hence @, and «,, are unique up to homotopy
equivalence. O

Example 2.1.27 The spaces that correspond to reduced singular cohomology
with coefficients in the abelian group G are the Eilenberg—Mac Lane spaces
K(G,n) for n > 0 and = for negative n.

The structure maps come from the universal properties of the spaces. That
is, QK (G, n) is an Eilenberg—Mac Lane space for G of level n — 1 and hence is
weakly homotopy equivalent to K(G,n — 1).

Example 2.1.28 The spaces that correspond to reduced complex K-theory
are BU X Z in even degrees and U in odd degrees. This periodicity reflects Bott
periodicity. We will introduce K-theory in more detail in Subsection 8.4.2.

A sequence of CW-complexes together with structure maps behaves very
well with respect to stable homotopy groups. Consider a sequence of connected
pointed CW-complexes {K,},cz with pointed weak homotopy equivalences

a,: K, — QK.
It follows that we have maps o,: £K, — K,+1 and a commuting diagram

(Ta)«

[Sk+e, K,] — [Skratl £K,] —2 [Skatl K]

(@a.
[S*+, QKyi1].

As the @, are weak homotopy equivalences, we obtain that the n™ stable ho-
motopy group of Kj is

(@2):

ﬂ,ztable(Ko) = colim (ﬂ'n(Ko) (Q_U); T (QK}) ((Y_l); ﬂn(Qsz) = .. ) = 1,(Kp).

Hence the stable homotopy groups of K; are simply the homotopy groups
of Ky. A similar calculation for stable homotopy classes of maps (Definition
2.1.16) shows that

[X. K]’ = [X. K,] = E"(X).
The results of this subsection lead to a natural question: can we make a

category with objects given by “spectra”, sequences of connected pointed CW-
complexes {K,},ez together with maps

a@,: K, — QK4

that are pointed weak homotopy equivalences? The morphisms would be se-
quences of maps compatible with the structure maps up to some notion of
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homotopy. We would then hope that this category would be strongly related to
the category of reduced cohomology theories. If we are able to construct such a
category, we would then want to know how it relates to the (theorised) category
of CW-complexes described the end of Subsection 2.1.2, whose morphisms are
the stable homotopy classes of maps.

We will see in Section 2.3 that we can make a category of “spectra”. Un-
fortunately, the most straightforward notion of homotopy equivalence in this
category is poorly behaved. Example 2.3.6 gives two spectra which will repre-
sent the same cohomology theory but are not homotopy equivalent.

2.1.4 Properties of a Stable Homotopy Category

Having seen some instances of stability, we would like to have a category in
which to study those phenomena. More precisely, we would like to have a
category satisfying the following list of properties. We will call this category
the stable homotopy category, 8HC, and use [—, —] to denote maps in this
category.

We would like the stable homotopy category to satisfy the following list of
conditions and properties.

1. There is an adjunction
Z*: Ho(Top,) — " SHE : Q™ .

2. Let A and B be pointed CW-complexes. If A has only finitely many cells,
there is a natural isomorphism

[X¥A,Z¥B] = [A, B’

where [A, B] is the set of stable homotopy classes of maps of spaces from
Definition 2.1.16.

3. The sets of maps in SHC can be equipped with the structure of graded
abelian groups, and composition is bilinear. We will use [—, —]. for the
graded set of maps.

4. The stable homotopy category has arbitrary (small) products and coprod-
ucts. Finite products and coproducts coincide.

5. For A a pointed CW-complex and X, Y € SHGC there are objects X A A and
F(A,Y) in SHC such that

[XANAY]=[X,F(A Y],
and for any pointed CW-complex B, there is an isomorphism in SHC

(E°B)AA =I°(BAA).
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. The functor

(=)AS!: S8HC — SHE

is an equivalence of categories.

. Given a reduced cohomology theory E* there is an object E € SHC such

that
E*(A) = [Z¥A, E]_.

for any pointed CW-complex A. Moreover, the object E is unique up to
isomorphism. We say that E represents E*.

Every E € SHC defines a reduced cohomology theory on pointed CW-
complexes by

A [Z%A,E], = E*(A).

. Amap E; — E, in 8HC induces a map of cohomology theories

Ej(X) — E;(X).
There is a monoidal product A on SHC with
SYAAXYB=X"(AAB)

for all pointed CW-complexes A and B.
There is an internal function object F(—,—) on SHC so that for X,Y,Z €
SHE

(XAY,Z] = [X,F(Y,2)].
Every E € SHC defines a reduced homology theory via
E.(X) = m,(E A X).

In Sections 2.2 and 2.3 we will construct some categories that satisfy a few

of these properties to indicate the difficulty of achieving all at once. We will see
our first construction of the stable homotopy category in Chapter 3, however
the proof that SHC satisfies the last three points will require modern categories
of spectra as in Chapter 6. In Section 6.7 we will justify calling it the stable
homotopy category by giving a uniqueness result.

Once we have a monoidal product on 8H€ we can define the homology of

objects X € SHC as

E.(X) =n.(EANX).

We will show in Proposition 6.1.7 that this generalises the characterisation of
homology of spaces given in the list above.
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2.2 The Spanier-Whitehead Category

We introduce the Spanier—Whitehead category as a first attempt at making the
stable homotopy category. The original intention for this construction was to
have a good place to study Spanier—Whitehead duality [SW55].

As a candidate for SHC, this category has a bilinear addition on its sets of
maps and the suspension functor is an equivalence, but it does not satisfy all
items of Subsection 2.1.4. For example, it does not it have countable coprod-
ucts and there are reduced cohomology theories that it cannot represent. We
can think of this as the category not having enough objects.

Definition 2.2.1 The Spanier—Whitehead category SW is defined as follows.
Its objects are the pointed finite CW-complexes, and morphisms are given by

[X,Y]* := colim[Z°X, £°Y].
a

We may further define the set of graded maps in the Spanier-Whitehead cate-
gory.
colim,[X*1X,X?Y] ifg>0
[X, YT, = [ .
colim,[X?X,X49Y] ifg<O0

The composite of maps f € [X,Y]* and g € [Y,Z]° is given by choosing
representatives f,: XX —s XY and g;,: £’Y — X’Z and defining

gof=%go¥f.

One can check that this composition is well-defined, associative, unital and
extends to graded maps.

A minor issue with the Spanier-Whitehead category is that defining Q on
8W is more complicated as the loop functor does not preserve CW-complexes.
Hence, for X a pointed CW-complex, we interpret QX € 8W to be a CW-
approximation to the loop space of X. On the positive side, this category has
many useful properties related to stable homotopy theory. Firstly, we can nat-
urally define an addition on the sets of maps. This result does not need our
CW-complexes to be finite.

Lemma 2.2.2 For pointed CW-complexes A and B, [A, B]® is naturally a
(graded) abelian group and composition is bilinear.

Proof For pointed CW-complexes A and B, the set of pointed homotopy
classes of maps [E?A, B] is an abelian group in a natural manner compatible
with composition of maps. It follows that

[A, B]® = colim[X°A, X9B]
a
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has the same properties, and this extends to graded maps. O

The second useful property is that suspension is an equivalence on SW. This
property requires that the CW—complexes are finite.

Proposition 2.2.3 If f: X — Y is a map of finite pointed CW-complexes
that induces an isomorphism on stable homotopy groups, then [f] € [X, Y]® is
an isomorphism.

The suspension functor L: 8W — 8W induces isomorphisms on sets of
maps, i.e. it is a full and faithful functor.

Proof The last statement follows from the definition of set of maps in terms
of colimits.

Consider a map f: X — Y that induces isomorphisms on all stable ho-
motopy groups, then Qf: QX — QY (Definition 2.1.14) is a weak homotopy
equivalence of pointed spaces. If A is a finite pointed CW—complex, it is a com-
pact space, and so a map from A into a sequential homotopy colimit is given
by a map from A into some term of that colimit. Thus we have isomorphisms

[A, OX]. = [A, hocolim QX X], = colim[A, Q*2X], = [A, X]3,
a a
and it follows that we have an isomorphism
[f1: [A, X]] — [A, Y]

When A = Y, we use the surjectivity of [f]. to obtain a right homotopy inverse
gto f. When A = X, the injectivity of [f]. shows that [g] and [f] are inverse
isomorphisms in SW. O

We give a similar construction to SW that is also referred to as the Spanier-
Whitehead category. This category has no finiteness assumptions on the CW—
complexes.

Definition 2.2.4 The category SW is defined as follows. Its objects are pairs
(X, m) for X a CW—complex and m € Z, and morphisms are given by

{(X, m), (Y,n)} = colim[Z" X, X"*Y].
Similarly, graded maps are given by the extension
(X, m), (Y, m)}, = {(X,m + D), (Y,n)},

where b € Z. We may define a shift suspension functor s by s(X,n) = (X,n+1)
on objects. If @: (X, m) — (Y, n) is represented by

f . za+mX — zaJrnY
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then sa is defined to be the equivalence class of X f in the colimit.

One can check that the shift suspension is naturally equivalent to the topo-
logical suspension (ZX, n) and that each object (X, n) has an obvious desuspen-
sion, namely (X, n — 1). Hence we have the following.

Lemma 2.2.5 The suspension functor is an equivalence on SW. O

The category SWis richly structured: by Margolis [Mar83, Chapter 1, The-
orem 7], SWis an example of a triangulated category, the subject of Chapter
S.

There is a full and faithful functor from SW to SW given by sending a finite
CW-complex X to (X, 0) and acting as the identity on sets of maps. As noted in
[Mar83, Remark, Page 9], this is not an equivalence as SW is not closed under
desuspension.

We may relate the categories SW and SW to stable homotopy groups and
cohomology theories.

Theorem 2.2.6 For X a finite pointed CW-complex, the functor
X' = [ XI% = (= 0),(X.0))_,

from pointed CW-complexes to graded abelian groups defines a reduced coho-
mology theory, except for the wedge axiom.
There is a natural isomorphism of graded abelian groups

[S°, XT; = e (X).

Proof By Lemma 2.2.2 we know that the functor X* takes values in graded
abelian groups. If f and g are homotopic maps of CW-complexes then f* = g*.

We construct the coboundary map and long exact sequence together. Con-
sider a CW-pair (B, A). Applying X" to the Puppe sequence (cofibration se-
quence)

A— B— BJ/A— XA —> -
gives an exact sequence
. — X"(ZA) — X"(BJA) — X"(B) — X"(A)

for each integer n. We want to patch these exact sequences together similarly to
the proof of Proposition 2.1.25. To that end, for n > 0 we have isomorphisms

X"(ZA) = [ZA, X]%,, colim,[Z!*?A, 4 X]*
colim,[ZPA, b1 X7
= IAXE,,

= X"1(A).

IR
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Similar statements apply to negative n. Define the coboundary to be the com-
posite of this isomorphism with the map induced by B/A — ZA:

X"1(A) = X"(ZA) — X"(BJA).

The exactness of the sequences for X" and these coboundary maps gives the
desired long exact sequence

- — X" 1(A) — X"(BJA) — X"(B) — X"(A) —> --- .
The statement about stable homotopy groups is immediate. |

For a finite wedge \/!_, A; of pointed CW-complexes, we have a natural
isomorphism

é[Ai,X]‘ — [\n/ A, X1
i=1 i=1

It follows that X* will send finite coproducts to finite direct sums. However,
countable coproducts do not exist in SW or SW in general. For the first, this
is simply that countable coproducts of finite CW—complexes will usually not
be finite CW—complexes. For the second, the natural definition to attempt is to
extend the countable coproduct of pointed spaces. This construction will not
be the categorical coproduct as the next example shows.

Example 2.2.7 The abelian group
1_[ {(Si’ 0), (SO’ 0)} = I_[[Si’ SO]S — 1_[ ﬂ_?table(SO)
20 i20 20

is not equal to

{( \/5%,0),(s°, 0)} = colim {\/ N S“]

i20 >0
= colim 1_[ [SeH, 89
a i>0
— 3 (Qa
= co}llm Hizonaﬂ(S ).
In the last group an element is an equivalence class of a sequence of homotopy

class of maps f;: S —s S Hence infinitely many terms f; will be outside
the stable range altogether.

A further major problem with SW and SW is that the cohomology theories
of the form

X“(-) = [ X1, = {(-,0),(X,0)}_,
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are by our convention bounded above on finite CW-complexes. Unpicking the
definition, for n € N and A a finite CW-complex we have

X"(A) = [A,X]’, = [A,2"X]°

which is zero for n larger than the highest dimension cell of A. Hence we
cannot represent e.g. K-theory in terms of SW or SW as it is periodic and
therefore has cohomology groups in negative dimensions. This is expected, as
we have already seen in Subsection 2.1.3 that more information is needed to
represent a cohomology theory than simply a single topological space (and an
integer).

Boardman gave a solution to this problem, see the lecture notes written by
Vogt [Vog70]. The method is to formally add directed colimits to the Spanier-
Whitehead category. This gives one of the first constructions of the stable ho-
motopy category, but it is not a convenient category to work in. We find it
preferable to construct the stable homotopy category using spectra.

We will relate SW and SW to stable homotopy category in Lemmas 6.1.2
and 6.1.3.

2.3 A First Attempt at Spectra

We give a second attempt at constructing the stable homotopy category. Given
that the Spanier-Whitehead category does not have enough objects to represent
all reduced cohomology theories, we try to make a homotopy category based
on spectra.

Lima [Lim59] was the first to define spectra, and the definition has been
revised many times. For this section we take our definition from G. Whitehead,
[Whi62]. We will see that the most straightforward definition of homotopy
on this category does not give a good candidate for SHC. In particular, there
will be spectra that represent the same reduced cohomology theory but are not
homotopy equivalent. We can think of this as the category not having enough
maps.

Definition 2.3.1 A spectrum X is a collection of pointed topological spaces
X, for n € N, with maps

oX: X, — Xpu
called the structure maps of X. An Q—spectrum Z is a spectrum such that the
adjoint structure maps

T4 Zy — Q7
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are weak homotopy equivalences.

A map of spectra f: X — Y is a collection of continuous maps of pointed
topological spaces f,,: X,, — Y, such that the square below commutes, up to
homotopy, for each n € N.

Zfa
X, — XY,

X Y
O—Il J 0—" l
f n+l

Xn+1 — Yn+1

This definition is rather natural given the earlier results on representing co-
homology theories by sequences of spaces. By Corollary 2.1.26 a cohomol-
ogy theory is determined by an Q—spectrum whose spaces are connected CW—
complexes. We could try to restrict to such spectra, but this excludes a number
of simple and important examples, such as the sphere spectrum below.

Example 2.3.2 The sphere spectrum S is defined by S,, = §” with structure
maps given by the canonical maps £S" — §™*!,

Example 2.3.3 The suspension spectrum XK of a pointed topological space
K is given by S" A K in level n, with the structure maps being the canonical
maps. Hence, S = 2*5°.

Example 2.3.4 The Eilenberg—Mac Lane spectrum HG for the abelian group
G is the spectrum with level n given by the space K(G, n). The structure maps
are given by (a choice of) the weak homotopy equivalence

K(G,n) — QK(G,n + 1).

Given a space A and a spectrum X we can make a new spectrum X A A with
level n given by X, A A and structure maps given by smashing the structure
maps of X with A. Hence S A A = Z¥A.

Given a space A and a spectrum X we can make a new spectrum F(A, X)
with level n given by Top, (A, X,,) and adjoint structure maps given by

Top, (A7)
Top, (A, X,) — Top, (A, QX,41) = QTop, (A, Xy+1).
The last isomorphism is our first encounter with a recurring issue in spectra,
namely the twist isomorphism

Tap: AAB— BAA.

For example, if we wanted to define the smash product of a spectrum X with a
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space A as A A X, then we would need to define the structure maps of A A X by

1 TsIraxy 1 Anc¥
SAAX) =S ANAANX, — > AAS ANX, —> AN X1
Since the twist maps are not always homotopic to the identity (751 g1 for exam-
ple) we will need to keep track of where they are needed.

The functors (— A A, F(A, —)) demonstrate why it is difficult to only consider
Q-spectra: while F(A, —) preserves Q—spectra, the functor — A A will not in
general. Hence we need a way to turn a spectrum into an Q-spectrum. We will
discuss this in Section 3.4. For now, we simply assume that for every spectrum
X there is an Q-spectrum RX and a levelwise weak homotopy equivalence
RX — X.

Using the smash product of spectra with pointed spaces, we can define ho-
motopy between maps of spectra in a entirely analogous way to homotopy of
pointed spaces.

Definition 2.3.5 Let X and Y be spectra. A homotopy between two maps
f,g: X — Y of spectra is a map

H: XA[0, 1], > Y

such that H o iy = f and H o i; = g, where iy and i; are the two endpoint
inclusions of S into [0, 1].

Hence, a homotopy between maps of spectra f and g is a collection of ho-
motopies H, between f,, and g, which are compatible with the structure maps
of X and Y.

We may define a category whose object class is given by the class of spectra
and morphism class given by the class of homotopy classes of maps of spectra.
We have already seen that such objects determine reduced cohomology theo-
ries in Proposition 2.1.25. However this category does not have enough maps
to be a good candidate for the stable homotopy category. The following exam-
ple illustrates this by giving two spectra which are not homotopy equivalent
but represent the same cohomology theory.

Example 2.3.6 Consider the spectrum SV, which is the sphere spectrum at
all levels except 0, where it is a point. The structure maps are the canonical
maps and * — S in degree 0. There is a levelwise inclusion

s —s
which becomes a levelwise weak homotopy equivalence

RS — RS.
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By Proposition 2.1.25, these two Q-spectra represent the same cohomology
theory. (Here, we assume that the homotopy colimit functor defining R takes
values in CW—-complexes.)

However, each map

f:S—sW®
is levelwise contractible. At level O,
fo: 80— %

is the constant map to the one—point space. At level 1, the homotopy commut-
ing square forces f; to be homotopic to the composite

St— s — sl
By induction, each f; is homotopic to a constant map.

The example also makes it clear that homotopy equivalence is too strong a
condition for a suitable notion of weak equivalence of spectra. One obvious
candidate would be inducing an isomorphism on stable homotopy groups: for
X a spectrum and n € Z, the structure maps of X allow us to define

m(X) = colim, Tnva(Xa)

- colim(~ RN [Sn+a7Xa] E) [Sn+a+l,2Xa] g [S"+a+l,Xa+1] — .. .)7

see also Definition 3.2.1. It is evident that S’/ — S induces an isomorphism
on all stable homotopy groups, but we do not have a suitable map of spectra
inducing an inverse.

There are a number of solutions to this lack of maps from one spectrum to
another. Adams [Ada74] defines the complicated notion of a cofinal subspec-
trum and considers (equivalences classes of) maps from cofinal subspectra of
X to Y. Composition is then quite complicated as one must find suitably com-
patible cofinal subspectra.

Another approach is to recognise that a similar problem occurs in topologi-
cal spaces and simplicial sets. The functor Top, (A, —) is homotopically poorly-
behaved unless A is a CW—-complex, and the functor sSet,(—, Z) requires Z to
be a Kan complex to be a useful homotopical functor. Hence to get the correct
set of maps from X to Y in the homotopy category of spectra, we should require
X to be a “CW-spectrum” and Y to be an Q-spectrum. We then face the un-
pleasant choice between restricting to Q—spectra that are also “CW-spectra”,
or defining a suitable CW-approximation functor and using both it and the
functor R to define composition. A notable approach along these lines is that
of Lewis, May and Steinberger [LMSM86] which defines a highly structured
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version of R that is a right adjoint and outputs an Q—spectrum whose adjoint
structure maps are homeomorphisms.

The preferred solution of the authors is to use model categories. This allows
us to have a point-set model of spectra with a rich homotopy theory, whose
homotopy category satisfies the list of conditions and properties of the stable
homotopy category of Subsection 2.1.4. In particular, the objects of SHC will
represent reduced cohomology theories, and SHC will contain the Spanier—
Whitehead category SW.

The machinery of model categories essentially gives us the functor R and a
CW-approximation functor. Furthermore, it takes care of when these functors
need to be applied. Another advantage of the model category approach is that
(with a suitable base category) it will allow for a good definition of the smash
product of spectra, which is associative and commutative before passage to the
level of homotopy categories. This avoids numerous problems with the “handi-
crafted smash product” that is only useful at the homotopy category level. See
Chapter 7 for more details.



3

Sequential Spectra and the Stable Homotopy
Category

Bousfield and Friedlander defined the stable homotopy category in terms of the
homotopy category of a model category of spectra, [BF78]. We will construct
this model category following an approach similar to [MMSSO01]. We do this
in two stages. First, we construct a levelwise model structure, then build the
desired stable model structure from the levelwise model structure. We then
formally define the stable homotopy category to be the homotopy category of
sequential spectra.

A sequential spectrum is a sequence of pointed topological spaces (and
structure maps), thus, a natural candidate for an analogue of weak homotopy
equivalences are those maps of spectra inducing a weak homotopy equiva-
lence at every level. However, we will see that these levelwise weak homotopy
equivalences are not sufficient to define a class of weak equivalences lead-
ing to a meaningful stable homotopy theory. A key ingredient is the definition
of homotopy groups of spectra m.(X) and m,—isomorphisms. This generalises
the notion of stable homotopy groups of topological spaces that we encoun-
tered earlier. Making the m.—isomorphisms the weak equivalences of sequen-
tial spectra will give us a construction of our desired stable homotopy category.

The task of much of the later chapters is to prove that the homotopy category
of sequential spectra satisfies the desired properties of the stable homotopy cat-
egory (see Subsection 2.1.4). To achieve this, we will introduce the language of
stable model categories and triangulated categories more formally in Chapters
4 and 5. Unfortunately, sequential spectra are not a monoidal model category,
making it very difficult to prove directly that homotopy category of sequential
spectra has a suitable smash product. We resolve this in Chapter 7, using the
more highly structured versions of spectra from Chapter 6.

Nevertheless, we will know enough about spectra and the stable homotopy
category by the end of this chapter to introduce the reader to the most powerful
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tool for calculating the stable homotopy groups of spheres, namely the Adams
spectral sequence.

3.1 The Levelwise Model Structure

We discussed the motivation behind spectra in Chapter 2. In this chapter we de-
fine the category of sequential spectra, whose objects are similar to the spectra
we have seen previously. The morphisms of sequential spectra are sequences
of maps commuting strictly with the structure maps, rather than commuting up
to homotopy.

We give a levelwise model structure on the category of sequential spectra,
whose primary purpose is to help us construct the stable model structure of
Section 3.3.

For this section we take the suspension functor X to be S' A —.

Definition 3.1.1 A sequential spectrum X is a sequence of pointed topologi-
cal spaces X,,, n € N with structure maps

O'ff: 22X, — X1
We denote the adjoints of the structure maps by
XX, — QX

and call them the adjoint structure maps. A spectrum X is called an Q—spectrum
if the adjoint structure maps are weak homotopy equivalences. The category
of sequential spectra 8" is given by the following. The objects are the class of
sequential spectra. A morphism

fi X—Y

in 8 is a sequence of pointed maps of topological spaces f,: X, — Y, such
that for each n € N the square below commutes.

ldAf
X, —— Y,

X Y
J/(J’,, J{O’n
f )

Xn+1 — Yn+1

We will often shorten “sequential spectrum” to “spectrum” and omit the
superscript X from the (adjoint) structure maps.
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Example 3.1.2 The sphere spectrum S is defined by S, = S" with structure
maps given by the canonical maps ©§" — "1

Forn e N, we write S" = X"Sand S™ = FEI SO with the latter defined in the
next example.

Example 3.1.3 The shifted suspension spectrum F§ K of a pointed topologi-
cal space K with d € N is defined by

. S™AK n>d
(Fd K), =

* n<d.

The structure maps are given by the canonical maps, and by the inclusion of a
point for n = d — 1. To match other notations, we often write X* for Fﬁ‘.

The shifted suspension spectrum of a pointed space is part of an adjoint
functor pair with the right adjoint sending a spectrum X to the space X,

F: Top, 7 8" :EV} .

Example 3.1.4 Given a space A and a spectrum X we can make a new spec-
trum X A A with level n given by X,, A A and structure maps given by smashing
the structure maps of X with A. We may also define a spectrum A A X with level
n given by A A X,, and structure maps given by smashing with A and using the
twist map 7 to exchange S! and A. The twist map induces an isomorphism of
sequential spectra between X A A and A A X.

Given a space A and a sequential spectrum X we can make a new spectrum
Top, (A, X) with level n given by Top, (A, X,,) and adjoint structure maps given
by

Top, (A,%)
Top, (A, X,) — Top, (A, QX,,1) = QTop, (A, Xp+1).
We write X for S! A X and QX for Top, (S !, X).

The point-set definition of the category of sequential spectra allows us to de-
fine products, coproducts, limits and colimits in a straightforward manner. The
definition demonstrates how certain constructions are easier to define using the
structure maps and others using the adjoint structure maps.

Definition 3.1.5  Given a diagram of spectra {X, a; ;: X — X} we may
form the colimit colim; X and the limit lim; X® levelwise. The structure maps
for the colimit and limit are
. .. colim; X
¥ colim; X® = colim; 2 X® ——5 colim; X,

. . limi Elx . . . -
lim; X —5 lim; QX9 = Q lim; X©.
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The category of sequential spectra has all small limits and colimits, as the
category of pointed spaces does. The initial and terminal object are * = Z(point).
We now construct the levelwise model structure on spectra. It is a useful

stepping stone to the stable model structure.

Proposition 3.1.6 There is a levelwise model structure on sequential spectra,
where the weak equivalences are the levelwise weak homotopy equivalences of
pointed spaces. The fibrations are the class of levelwise Serre fibrations of
pointed spaces. The cofibrations are called the g—cofibrations.

This model structure is cofibrantly generated with generating sets given by

Il = (F/S"!' —F,/D!|ndeN)}

level

B = {F/ Dl — F/(D"x[0,1]), | n,d € N}.

level

Moreover, the g—cofibrations are in particular levelwise g—cofibrations of pointed
topological spaces.

Proof We follow the recognition theorem for cofibrantly generated model
structures, Theorem A.6.9.

1. The levelwise weak homotopy equivalences satisfy the two-out-of-three con-
dition.

2. The domains of the generating sets are small with respect to the class of
levelwise cofibrations of spaces.

3. AmapinJ

leve—CEll is @ levelwise weak equivalence and an [ N

—cofibration.
level

4. The class of maps with the right lifting property with respect to IEvel

actly the class of levelwise weak equivalences that also have the the right

lifting property with respect to Jlkgvel.

is ex-

The two-out-of-three property for the weak equivalences is evident.

As colimits are defined levelwise, a sequential colimit of pushouts of maps
in Igvel or JEVC] is in each level a sequential colimit of pushouts of g—cofibrations
of pointed spaces, see Example A.1.5. Hence, each such map is a levelwise g—
cofibration of pointed spaces.

For the smallness conditions, we prove that the domains of Igvel are small
with respect to the class of levelwise g—cofibrations. Consider a sequential

diagram
VW—oy'—y—...

of spectra with each map a levelwise g—cofibration. The adjunction (F',, Ede)
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for d € N induces the first and last isomorphism of
colim; 8"(F §71, ¥7) colim; Top, (S, Y})
Top,(S%~", colim; Y')
Top, (S"~!, Ev} colim; Y?)
SHN(FY S™1, colim; YY)

1R

IR

and the second isomorphism comes from the smallness of S”~! with respect
to g—cofibrations of pointed spaces (see also Corollary A.7.10). A similar ar-
gument shows that the domains of ngel are small with respect to the class of
levelwise acyclic g—cofibrations.

The lifting properties relating the generating sets and the (acyclic) fibrations
also follow from this adjunction and the corresponding properties of the Serre
model structure on Top,. For example, consider the two lifting squares below,
where X and Y are spectra, A and B are pointed spaces and d € N. The first
square below has a lift if and only if the other does.

F/A——X A—— Xy
A A
l // f // fa
7 /
F/B——Y B——Y,

Assume that f: X — Y has the right lifting property with respect to IEVCI. By
the equivalence of the lifting diagrams above, it follows that each

fdi Xd —> Yd

has the right lifting property with respect to S"~! — D Hence, each f; is
a levelwise acyclic fibration. The converse also holds, as does the equivalent
statement for JSVSI and its converse. It follows that the class of levelwise weak
homotopy equivalences with the right lifting property with respect to JEVd is
exactly the class of maps with the right lifting property with respect to IEVCI.

It remains to consider the set of maps Jsvel%ell. A sequential colimit of
pushouts of maps in ngel is in each level a sequential colimit of pushouts of
acyclic cofibrations of the Serre model structure on pointed spaces. Hence,
each such map is a levelwise weak homotopy equivalence by the cofibrant
generation of the Serre model structure.

Since the maps in Jsva have the left lifting property with respect to levelwise
acyclic fibrations, it follows from Lemma A.6.11 that sequential colimits of
pushouts of maps in JEVC] also have this left lifting property and hence are
g—cofibrations. O
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We can give an explicit description of the g—cofibrations. It may be useful
to compare the following with Theorem A.7.1 and Example A.7.9.

Theorem 3.1.7 Let X and Y be sequential spectra. A map i: X — Y in the
levelwise model structure is a g—cofibration if and only if

io: Xo —> Y()

is a g—cofibration and the induced map &, in the pushout diagram below

o
LX) ———— Xuni

I

Y, —— 21/,,\/)(n+1

Yn+1

is a g—cofibration of pointed spaces for each n € N. A spectrum Z is q—
cofibrant in the levelwise model structure if and only if Zy is a g—cofibrant
pointed space and the maps XZ, — Z,. are g—cofibrations.

Proof Leti: X — Y be a map of spectra such that iy is a g—cofibration and
G, is a g—cofibration in Top, for each n € N. We show that i is a levelwise
g—cofibration in Top,. Assume we have shown that

in: Xy — Yy
is a g—cofibration. Then the left hand map in the pushout square

(TX

X, ———— Xus1

Zi,,J/ J{an

ZYn E—— EYn \/Xn+1
X,

is a g—cofibration, hence so is the right hand map a,,. The map i, is the com-
posite &, o a, and hence is the composite of two g—cofibrations.
To prove that i is a g—cofibration in the levelwise model structure, consider
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a lifting square in spectra

f
e

N
Q"

—_
8

with p: P — Q a levelwise acyclic fibration. We want to construct a map
of spectra h: Y — P making the two triangles commute. At level 0 we can
choose some lift 4 in the Serre model structure on pointed spaces as Xo — Yy
is a g—cofibration and Py — Q is an acyclic fibration. Therefore, we obtain

XOL)PO

A
h
iol 0/ 7 JPO
7/
Yo —— Qo

At level 1 we must construct a lift 4; that is compatible with our choice of .
The maps O'OP o Xhg and f; induce a map

ko: EYO\/Xl — P,
Xo

This map fits into the commuting square below, where we can choose a lift /;
as d is a g—cofibration and p; is an acyclic fibration.

k
EYO\/XI °—)>[ P

Xo Ve
h -
(?ol Ve P1
-
e
e

YIT>Q1

Let by be the inclusion XYy — XY /5y, Xi. Then the commutativity of the
upper-left triangle implies

hlOO'())/=h10(3'00b0=k00b020'(1;02h0

so that h; is compatible with our choice of hy. Continuing inductively, we
obtain a lift #. Hence i has the left lifting property with respect to acyclic
fibrations and hence is a g—cofibration.

We now must prove the converse, namely that the map &, induced by a
g—cofibration of spectra

it X—>Y
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is a g—cofibration in Top, for each n € N and that ij is a g—cofibration. The
second statement is immediate: each level of i is a g—cofibration of Top,. For
the first, we argue via cofibrant generation of the levelwise model structure, see
Section A.6. Every g—cofibration is a retract of a sequential colimit of pushouts
of maps in

L ={Fy ST — F/ D" | n,d e N}.

level —

Consider a pushout square of spectra

[

F/B——Y
8

where j: A — B is a cofibration in Top,. For n # d — 1, the structure maps
E(FdN B), — (F§ B),,+1 are isomorphisms. Thus we have isomorphisms

z:Yn\/)(nJrl E(F§ B)n \/ z:)(n \/Xl‘l+1

X, S(FY A), X,

S(F By \/ Xunr
Z(Fy A,

(FdN B)n+l \/ Xn+l

(Y A

13

1

13

13

Yn+1 .
The composite of these isomorphisms is exactly

a-n: ZYn\/XnH — Yn+l-
X,

Thus, &, is a homeomorphism, and hence a g—cofibration, when n # d — 1.
Whenn =d - 1, 6, is given by
ZYd,l \/ Xd = *\/ZXd—l \/ Xd = Xd i> Yd
X1 * X1

and we know that i; is a g—cofibration for all d. Hence for each n, &, is a
g—cofibration.
Now consider a sequential diagram

0 P .
xX=x5x"5 ) ScolimX =Y
1
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k

where each map i*: X*¥ — X*! is given by a wedge of pushouts of maps in

Iﬁvel. We know that each 6 is a g—cofibration, and we want to prove that

Z)Cz\w/-x%+l — yIn+1
ZXn

is a g—cofibration for each n € N. Writing out the colimits defining Y, the above
map is
colim EX,’ﬁ \/ X,+1 — colim X],;H .
k k
X

It suffices to prove that in the projective model structure on sequential diagrams
in Top, the map

X \/ Xp1 — X2,
X,

induced by the diagram below is a cofibration (as the colimit is a left Quillen

functor with this model structure and hence preserves cofibrations).

X0 Vsx Xpr1 — X0

n+l

X! Vex, X1 —— X!,

X2 \sx, Xoe1 — X2,

This amounts to proving that the first map is a g—cofibration in Top, (in our
case it is the identity) and that for each square of the diagram the map

k k+1
\V/ )(n+1 }(n+l

(Exf; \/ X1 )
X

n

LAV A
zX,

is a g—cofibration in Top,. By studying the domain, we see this map is isomor-
phic to

k+1 k k+1
Z"Xn \V/ )(n+l }(n+l
=Xk

which we already know to be a g—cofibration. Hence we see that the colimit is
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a g—cofibration. Therefore, we proved our statement for sequential colimits of
pushouts of maps in ;] .

The general case of a g—cofibration i: X — Y is a retract of a sequen-
tial colimit of pushouts of maps in Igvel. Since retracts preserve cofibrations,
we see that our i has the desired property, namely that the induced &, are g—
cofibrations of topological spaces.

The statement about cofibrant objects follows from setting X = *. O

This condition on cofibrant objects of the levelwise model structure has ap-
peared in various forms before (see e.g. [LMSM86], [EKMM97]), and these
spectra have been called X—cofibrant spectra. A related definition in the early
literature [Ada74] is that of a CW-spectrum and its stable cells. Using these
ideas, one can extend many of the cell-based arguments on spaces to spectra.

Definition 3.1.8 A sequential spectrum X is a CW-spectrum if each X, is a
pointed CW-complex and each structure map XX, — X, iS an isomorphism
onto a subcomplex of X, .

For a d—cell ¢ of the CW-complex X,,, the suspension of c is a (d + 1)—cell
Yc of X,,41 via the structure map. Let C, be the set of cells of X,,, then we have
maps

Sp: Cp = Cryt.

The set of stable cells is the colimit of the C,, under the maps s,. A stable
d—cell is a stable cell represented by an (n + d)—cell of X,, for some n.

Note that the definition implies that the structure maps are in particular cel-
lular maps. Moreover, a CW—spectrum is cofibrant. The following result gives
the converse to this statement and is analogous to the situation for spaces.

Proposition 3.1.9  For a pointed CW-complex B and a subcomplex A, the
spectra FdN A and F§ B are CW=-spectra, and the map

F/A—F B

is an inclusion of a sub-CW=-spectrum.
If Y is a cofibrant spectrum, then there is a CW=-spectrum X and a map
X — Y that is a levelwise homotopy equivalence.

Proof The first and second statements are evident by inspection of the levels
and the structure maps.

CW-complexes are preserved by pushouts along cellular maps and by se-
quential colimits of cellular maps. Furthermore, a retract of a CW—complex
has the homotopy type of a CW—complex. Thus we see that the levels of a
cofibrant spectrum Y have the homotopy type of CW—complexes.
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We now choose a CW-replacement
f()i X() — Y().

This is a homotopy equivalence as Y, has the homotopy type of a CW—complex.
The structure maps of Y are g—cofibrations of pointed spaces by Theorem 3.1.7.
Hence they are monomorphisms, and we may choose a CW-replacement

fi: Xi — Y

containing XX as a subcomplex so that the square involving structure maps
commutes. Continuing inductively gives a map X — Y which at each level is
a homotopy equivalence. O

3.2 Homotopy Groups of Spectra

The levelwise weak equivalences are not the correct weak equivalences for the
stable model structure. Recalling our example from Section 2.3, we would like
the map

Fis!=s® —s
to be a weak equivalence in the stable model structure. Our earlier investiga-
tions indicate that these weak equivalences should be related to stable homo-
topy groups. For X a spectrum, n € Z and a € N such that n + a > 1 we have
maps of abelian groups

b s b
Tnra(Xa) — Tppas1 EXo) — Tprar1 Xaw1) — Tprar2(EXge1) — -+

which in the case X = I®A is the system of groups used to define 75%°(A).
The following definition is then a natural continuation.

Definition 3.2.1 The homotopy groups of a spectrum X are defined to be
(X)) = colim 7..4(Xo)

forn € Z. Amap f: X — Y is a m,—isomorphism if the induced map
1 (f) 2 mn(X) — ma(Y)

is an isomorphism for each n € Z. We regard =, as a functor from spectra to
graded abelian groups. We say that spectra X and Y are m.—isomorphic if there
is a sequence of m,—isomorphisms relating X and Y.

Note that, again, this definition of homotopy groups does not depend on the
choice of a basepoint.
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Example 3.2.2 The homotopy groups of the shifted suspension spectrum
F}] A are given by

7a(Fy A) = ,20°(A),

n+d

hence the homotopy groups of XA are the stable homotopy groups of the
pointed topological space A. In particular, the homotopy groups of the sphere
spectrum S = £* S are the stable homotopy groups of spheres

7u(S) = S0l (50).
The adjoint of the identity map §™*! — §"*! = (Fﬁl S™); is a map
A BS™ — FST =30s",
This map is a m.—isomorphism as after the first level, the two spectra are the

same. In general, we may replace the first n levels of a spectrum X with =
obtaining a spectrum X, and the resulting inclusion

X" — x
will be a m,—isomorphism. Similarly, the map

A B st PO

n+l

is a m.—isomorphism as it is the identity above degree n.
Thus, we see that spectra can have non-trivial negative homotopy groups as,
for example,

7T_3(F4NSO) — ﬂ?table(SO).
Example 3.2.3 The map n: X — QXX is a m.—isomorphism. The adjoint
structure maps of the spectrum QXX are given by

=X

Qo T
QYX, — Q¥QX, — QQ¥X, —» QQXX,)

where the unlabelled map is induced by the natural transformation £Q — QX
and 7 swaps the two copies of Q. From this description we can check that 5
induces a map of sequential spectra. As m.(n) is part of the colimit sequence
defining homotopy groups of spectra

7rn+u(Xu) — 7Tn+a(QZXa) = ﬂ'n+a+l(zxa) —_— ﬂn+a+l(Xu+l)

it follows that 7 is a r,—isomorphism.
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Example 3.2.4 For G an abelian group, the homotopy groups of the Eilenberg—
Mac Lane spectrum HG are

G ifk=0

1 (HG) = colim ., ,(K(G,n)) = )
n 0 otherwise.

From the uniqueness of Eilenberg—Mac Lane spaces and the above calculation
it follows that any two Eilenberg—Mac Lane spectra for G are m,—isomorphic.

Remark 3.2.5 Similarly to Eilenberg—Mac Lane spectra, given an abelian
group G we can construct a spectrum whose homology is concentrated in de-
gree zero, where it takes value G. These spectra are known as Moore spectra
by analogy to Moore spaces. We construct a Moore spectrum for Z/n in Exam-
ple 3.5.6. The general case needs substantially more technology and is given
in Example 8.4.7.

Example 3.2.6 Let us have a look at the homotopy groups of the spectrum
representing complex topological K-theory, see Subsection 8.4.2 for a more
detailed introduction. The unitary group U(n) may be considered as a subgroup
of U(n + 1) by acting by the identity on the last coordinate. Taking the union
over all n gives the infinite unitary group

U =UnpoU(n).
The loop space of U is BU X Z, and Q?U =~ U via Bott periodicity. It follows

that we an define an Q—spectrum K (often denoted KU in literature):

K - BU XZ ifniseven

" lu if n is odd.
Let X be a finite CW-complex (in particular compact and Hausdorft). We then
have

[Z*X, K], = [X, Kol.. = K.(X)
It follows that

Z if nis even

1, (K) = [E°S°, K], = K,(S°) =
& =1 ] %) {0 if 7 is odd.

Hence we have a spectrum with infinitely many non-zero negative homotopy
groups.

It follows from the definition of m,—isomorphisms that (small) coproducts
or products of w,.—isomorphisms are m,.—isomorphisms. We also show that r.—
isomorphisms are preserved by suspension and loops.
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Lemma 3.2.7 A map of spectra f: X — Y is a n.—isomorphism if and only
if
ke skx — sky

is a m.—isomorphism for all k € N.
A map of spectra f: X — Y is a nm.—isomorphism if and only if

QFf O x — QY
is a m.—isomorphism for all k € N.
Proof The result follows from the formulae
T(EX) = (X0, m( QLX) = mn(X)

which hold for all n € Z and k € N. We prove the first for k = 1, the second
is similar. We have a diagram as below where 7 is the twist map which swaps
the two copies of S in the double suspension. The left hand square commutes
and the right hand square commutes up to a factor of —1, which corresponds to
the effect of the twist map 7 on homotopy groups. The colimit of the top row
is m,(ZX), the colimit of the second row is m,_;(X).

b Zoj, ot
e 7rn+a(EXa) B— 7Tn+a+1(EZXa) — 7rn+a+1(2Xa+1) —_—

o¥ J (¥ )l S (rffﬂl

E— 7rn+a(Xa+l) —E> ﬂn+a+1(zxa+l) x—> 7rn+a+1(Xa+2) —
a+1
Since the structure maps appear in both rows and the horizontal maps, a dia-
gram chase shows that the induced map on colimits is an isomorphism.
The series of isomorphisms below completes the proof.

7, (ZX) = colimm,4(XX,) = colimm,14(Xa41)
a a
= C0£imﬂn—1+l+a(Xa+l)
= Co}jimﬂ'n—l-*—b(xb) = 1m,-1(X) o

Remark 3.2.8 Note how the above result does not assume anything about the
basepoints of the levels of the spectrum. Given how much Subsection 2.1.2 re-
lies on non-degenerate basepoints, this result should be considered a little sur-
prising. Moreover, it allows us to prove that when A is a pointed CW-complex,
A A — preserves m,—isomorphisms, see Proposition 3.2.14. Thus we see that
the weak equivalences of sequential spectra are better behaved than those of
pointed spaces.
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Since homotopy groups of spaces interact well with coproducts, we have the
following result for homotopy groups of spectra.

Lemma 3.2.9 For a set of spectra {X; | i € I} there is a natural isomorphism
P mxy — m\/ X0,
i€l i€l
O
Let us recall the notion homotopy cofibres and homotopy fibres of maps of

pointed spaces. Let f: A — B be a map in Top,. The homotopy cofibre of f
is the pushout of the diagram

CA=AN01] = a L B,
and the homotopy fibre of f is the pullback of the diagram

AL B Top.(0,11,B) = PB,
where [0, 1] has basepoint 1. If f is a h—cofibration of pointed spaces, then the
natural quotient map
Cf— B/A

to the cokernel of f is a homotopy equivalence by Lemma A.5.6. Similarly, if
f is a Serre fibration of pointed spaces, F f is homotopy equivalent to f~!(x)
by the dual statement. We define the homotopy cofibre and homotopy fibre of
a map g of spectra analogously, so that level n is the homotopy (co)fibre of

the n level g, of g. A homotopy fibre sequence is then a sequence of maps in
spectra

A—B—C
with A weakly homotopy equivalent to the homotopy fibre of
B— C.
We define the homotopy cofibre sequence dually.

Proposition 3.2.10 A map of spectra f: X — Y induces long exact se-
quences of homotopy groups as below

i 7rn+1(Y) - ﬂn(Ff) - ﬂn(X) - ﬂn(Y) i ﬂn—l(Ff) e
e 7Tn+1(Cf) - ”n(x) i ﬂn(Y) - ﬂlz(cf) - ﬂn—l(x) —

where C f denotes the homotopy cofibre of f, and F f is the homotopy fibre of
f
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Proof The first sequence is obtained from looking at the levelwise long ex-
act sequence of homotopy groups of a Serre fibration. For all @, the map
fa: Xo — Y, is a map in Top,, so we can construct the long exact sequence
of homotopy groups

i 7Tn+a(QXa) — ﬂn+a(QYa) — ”n+a(Ffa) — ﬂn+a(Xa) —>

from the Puppe sequence of f, (see Theorem 4.6.1). Here n can be any integer
such that n + a > 1. Taking colimits over a and using Lemma 3.2.7 gives the
result.

For the second sequence, we can construct the Puppe sequence of pointed
spaces

n An n —Z,,
! "L cp 2 sx, sy,

Recall that with the given sign convention any three consecutive terms in the
sequence is a homotopy cofibre sequence. Applying suspension and using the
structure maps gives the diagram

fa [ S -2,

X, 3Y, Cf, 2X, 22y,
l St l In+1 l Ons1 l =X fas1 l
Xn+l — Yn+1 — Cfn+l — z:)(rH—l EYn+l

hence we have a levelwise homotopy cofibre sequence of spectra

. . _s
X f Y i 0 S

cf X Ty

The homotopy group functor 7, gives a sequence of abelian groups

s T (X) D (V) 5 1 CF) - T (EX) — -

If we know that this sequence is exact, we can apply Lemma 3.2.7 and patch to-
gether these sequences for varying n to obtain the desired long exact sequence.
Since

Y —>Cf—32X and Cf — XX — XY

are homotopy cofibre sequences, it suffices to show exactness at m,(Y). The
composite i, o f, is zero. Consider an element « of m,(Y) which maps to zero
in m,(C f). We can represent « as the homotopy class of a map

g: 8" —Y,
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where i, o g is homotopic to zero. This homotopy is represented by a map out
of a cone

h: CS"™ — Cf,.
Representing this information as a diagram of homotopy cofibre sequences we

obtain the following diagram. Hence we may choose a map k that makes the
squares commute.

Sn+a CSl’l+Ll 23"+a yygnta ...
|
Jg lh | k lg
voosg
Y, Cfa X, XY,

The homotopy class of k is an element of ,.,+1(XX,) and hence a element
B € m,+1(£X). The commutativity of the diagram and the formula

T 1 (2X) = 7,(X)
shows that f.8 = a. O

The proof shows nicely how stability is used to construct this long exact se-
quence, just as it was needed to construct the homological long exact sequence
of stable homotopy groups of Example 2.1.19.

Corollary 3.2.11 Let f: X — Y be a map of spectra, let C f be the homo-
topy cofibre of f and let F f be the homotopy fibre of f. Then the following are
equivalent.

o The map f is a m.—isomorphism.
o The homotopy cofibre C f is m.—isomorphic to *.
e The homotopy fibre F f is n.—isomorphic to . O

Given the similarity of the two long exact sequences of Proposition 3.2.10,
one may ask if Ff and Cf are related. In fact there is a natural map

Ff— QCf

that is a m.—isomorphism. A direct construction of F f — QCf is as follows.
An element of F f is a point x € X and a path o from f(x)to * € Y. In Cf we
have a path 7, from [x,0] = [f(x)] to * = [x, 1] given by ¢t — [x,?]. Taking
the reverse of o concatenated with 7, gives a loop in Cf starting and ending
at *. To see that this map is continuous, we may include F f into X X PY and
map this to PCX X PCf, where X — PCX sends x € X to 7,. Reversing o
and concatenating with 7 gives the map to PCf and since the path is closed,
we have the desired map F f — QCf.
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The easiest way to see that is a m.—isomorphism is to wait until we have
our stable model structure on sequential spectra and use the technology of
triangulated categories from Chapter 5. Specifically, Lemma 5.4.3 gives the
following.

Corollary 3.2.12 For any map of spectra f, the natural map Ff — QCf is
a m.—isomorphism. O

As one should expect, these long exact sequences are a fundamental tool for
calculating the homotopy groups of spectra. They also allow us to construct
new m,—isomorphisms from certain colimits of m.—isomorphisms.

Lemma 3.2.13  Several standard operations preserve m.—isomorphisms.

1. If g: X — Y is a levelwise h-cofibration and a w,—isomorphism, then the
pushout of g along another map of spectra is also a w,—isomorphism.

2. Given a diagram as below, where i and i’ are levelwise h-cofibrations and
the vertical maps are all m.—isomorphisms

B+t A—>C

!

2

B +——A ——C(C,

then the induced map from the pushout P of the top row to the pushout of
the second row P’ is a m,—isomorphism.

3. Iffi: X' — X™! for i € N is a collection of levelwise h—cofibrations and
n.—isomorphisms, then the map from the initial object into the colimit

X% — colim X
1
is a m.—isomorphism and a levelwise h—cofibration.

Proof We must show that the map 4 in the pushout square below is a m,—
isomorphism.

X——P
]
Y——Q
Since g and h are levelwise h-cofibrations the homotopy cofibres of g and & are

levelwise weakly equivalent to the cokernels Y/X and Q/P by Lemma A.5.6.
The induced map

Y/X — P/Q
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is an isomorphism since we have a pushout square. As g is a m.-isomorphism,
Y/X is m.—isomorphic to a point, hence so is P/Q. By Corollary 3.2.11 his a
m.—isomorphism as claimed.

For the second statement, the same argument as above shows that B/A and
B’ /A’ are the cofibres of i and i’. They are m.—isomorphic by Proposition 3.2.10
and the Five Lemma. Since

B/A= P/C and B'/A" = P'/C’,

we see that P/C and P’/C’ are m.—isomorphic. The Five Lemma then implies
that the natural map P — P’ is a m.—isomorphism.

For the third statement, as the maps are levelwise h—cofibrations, Corollary
A.7.10 implies that the colimit is levelwise homotopy equivalent to the sequen-
tial homotopy colimit of the maps f;, see Example A.7.9. Here we work in the
Hurewicz model structure on topological spaces. Corollary A.7.10 also implies
that the natural map

colim 71,4 (X}) — 7,.i(colim X?)
1 1

is an isomorphism for all k and n. The result follows then follows by the defi-
nition of m,—isomorphisms. O

We may use these rules to prove that smashing with a pointed CW-complex
preserves all m,—isomorphisms. Again we note that no assumptions on the
basepoints of the spectra are required.

Proposition 3.2.14 Let f: X — Y be a m.—isomorphism of spectra and A a
pointed CW-complex. Then the map

fAId: XAA—YAA
is a m,—isomorphism.

Proof We want to argue via the CW-structure of A, so we begin by proving
that — A D} and — A S} preserve all m,—isomorphisms.
Let X be a spectrum, then X A D’} at level d is given by the quotient space

Xa % D"[({xq} X Dy).

where x; is the basepoint of X,;. The contraction of D, to a point gives a ho-
motopy equivalence of spectra

XAD! =X

by [Rot88, Chapter 8, Lemma 8.9] which deals with the point set issues of
identification spaces and products, see also [Sch18, Propositions A.2 and A.3].
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Now consider the maps of homotopy cofibre sequences
XASI — S XAD! —— XAS"
YAST!  — S YAD" ——YAS"

We have seen that the second and third vertical arrows are m,—isomorphisms,
Proposition 3.2.10 and the Five Lemma imply that so is the first vertical arrow.
To deal with a general CW-complex A, we use the cellular filtration of A

A =colim(Ag —m A} — Ay — --+)
where A, is formed from A,, by a pushout
\/ Sﬁ_l . An
\/ Dﬁ — Api1

Consider the diagram below. Since m.—isomorphisms are preserved by products
and smashing with spheres and discs, we may inductively assume that each
vertical arrow is a 7r,—isomorphism.

XAVDL+——XAVST ——= X AA,

A

YAVDL+——YAVST ——Y A4,

Lemma 3.2.13 states that the induced map on pushouts is a m,—isomorphism.
We now have a diagram of the form

XNA)——= XANA —— XANA —— X ANA3 —— -+
YANA) ——YAA ——= Y ANA, —— Y NA; —— -

where each horizontal map is a levelwise A-cofibration in Top, . Taking the ho-
motopy cofibre of each vertical map gives a sequence of levelwise h-cofibrations

ZNA)y——ZNA ——ZNA ——ZNA3—— -

between spectra that are m,—isomorphic to a point. Lemma 3.2.13 implies that
there is a m,—isomorphism

ZANAg— colim(ZAA,)=ZANA
n
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and hence Z A A is m,—isomorphic to a point. Thus
fAId: XAA—YAA

is a m,—isomorphism by Corollary 3.2.11. O

3.3 The Stable Model Structure

Our goal is to construct a model structure on sequential spectra which “mod-
els” the behaviour of cohomology theories as outlined earlier as well as mim-
icking the behaviour of topological spaces. This will be called the “stable
model structure” . Its weak equivalences should be the m,—isomorphisms. As
fibrant objects we would like the Q—spectra. Hence, we want fewer fibrations
than in the levelwise model structure, which can be achieved by adding more
maps to the set of generating acyclic cofibrations. We know that these new
maps should be m.—isomorphisms as they will be weak equivalences in the
new model structure. While we will construct everything directly, it should be
noted that this is exactly the context of a left Bousfield localisation, see Chap-
ter 8.

We will need to have a much better understanding of how the levelwise
model structure on spectra interacts with the Serre model structure on pointed
spaces to construct the stable model structure and to understand the stable
fibrations. For this, we need a topological version of Quillen’s axiom SM7
[Qui67].

Earlier on, we defined a functor
—A—: 8" x Top, — 8"

which sends (X, A) to the spectrum X A A with level n being X, A A and with
structure maps

X ATdg: ZX, AA — X4 A A.

We refer to this functor as the fensor of spaces with spectra. We would also
like an enrichment and a cotensor functor satisfying the expected adjointness
properties.

Definition 3.3.1 The adjoints to — A — are
8=, -): (8M)P x 8" — Top, Top, (-, —): Top? x 8" —s 8.
For spectra X and Y, the pointed space 8V(X, Y) is the subspace of
[ ] Top. (X, ¥.)

n=0
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consisting of maps of spectra. Its basepoint is the constant map at *. We refer
to this functor as the enrichment of spectra in spaces.

For a pointed space A, the cotensor is the spectrum Top, (A, X) whose level
n is given by the space of maps Top, (A, X,;) and adjoint structure maps given
by

TOP*(A, Xn)—>T0P*(A, QX}H]) = QTOP*(As Xn+1)~

Just as with spaces, there is no danger of confusing the set of maps of spectra
with the space of maps of spectra. We also note that the adjunction

Fl: Top, — 8" :Ev})
induces an isomorphism
SY(FY A, X) = Top, (A, Xy).
In particular,
8Y(FY 8%, X) = X, and 8"(F) S', X) = QX,

as pointed spaces.
Looking at the adjunction levelwise, we obtain the expected relation be-
tween these three functors.

Lemma 3.3.2 For a pointed space A and spectra X and Y, there are natural
isomorphisms of pointed spaces

Top, (A, 8V (X, Y)) = SY(X A A,Y) = 8Y(X, Top, (A, V).
O

We now prove that the levelwise model structure defines a “topological
model category”.

Proposition 3.3.3 Let f: X — Y be a g—cofibration of spectra, i: A — B
a g-cofibration of pointed spaces and p: P — Q a levelwise fibration of
spectra. Then the natural map induced by f and p

homg(f, p): 8"(Y,P) — 8" (X, P) x &Y, Q)
SN(X,0)

is a fibration of pointed spaces. Moreover, if one of f or p is a levelwise weak
equivalence, the map homg(f, p) is a weak homotopy equivalence.
Equivalently, the natural map

foi Y/\A\/X/\B—>Y/\B
XAA
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is a g—cofibration of spectra. Moreover, if i is a weak homotopy equivalence or
f a levelwise weak equivalence, then f O is a levelwise weak equivalence.
Equivalently, the natural map

hOmD(i, p) TOP*(Bv P) — Top*(A9 P) ><TO];),‘(A,Q) Top*(Bv Q)

is a levelwise fibration of spectra. Moreover; if i is a weak homotopy equiva-
lence or p is a levelwise weak equivalence then homp(i, p) is a levelwise weak
equivalence.

Proof The equivalence between these statements is an exercise similar to
Lemma 7.1.8.

The last statement is the easiest to prove: it follows directly from levelwise
statements about pointed topological spaces (specifically they are a monoidal
model category and hence satisfy the pushout product axiom). O

We list some consequences that we will need to construct the stable model
structure on spectra and to describe its fibrations. Each is proven by taking
some suitable version of Proposition 3.3.3 and letting one of the objects be the
trivial spectrum .

Corollary 3.3.4 Let X and Y be spectra. The enrichment functor 8" (-, Y)
sends q—cofibrations to fibrations and acyclic g—cofibrations to acyclic fibra-
tions of pointed spaces. In particular, it sends levelwise weak equivalences
between g—cofibrant spectra to weak homotopy equivalences.

If X is a g—cofibrant spectrum, the functor 8" (X, =) is a right Quillen functor
from the levelwise model structure on spectra to pointed spaces. Its left adjoint
is X N\ —. O

We will need homotopy—invariant version of pullbacks to define the fibra-
tions of the stable model structure.

Definition 3.3.5 The levelwise homotopy pullback of a diagram of spectra
X — Z «— Y is the pullback of the diagram

X—Z—Y

where Y — Y’ — Z is a factorisation of ¥ — Z into an acyclic g-
cofibration followed by a levelwise fibration.
A diagram of spectra

f
—

=

=
~—

|

N(Q—N
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is said to be a levelwise homotopy pullback square if the map induced by f and
p from W to the levelwise homotopy pullback of X — Z «— Y is a levelwise
weak homotopy equivalence.

This definition of levelwise homotopy pullback is the same as a homotopy
pullback in the level model structure, see Section A.7. Homotopy pullback
squares are also known as a homotopy cartesian squares. Note that the defi-
nition of a homotopy pullback usually requires both maps in the square to be
factored as in the construction, but in this case, one will suffice, see Lemma
A.7.20.

We have already seen that the square

SNy, P) —— SN(X, P)

|

8M(Y, Q) —— 8"(X, 0)

is a levelwise homotopy pullback square when the map X — Y is a ¢g—
cofibration, the map P — Q is a fibration and one of those maps is a levelwise
weak equivalence.

We can extend the standard results on homotopy pullback squares of pointed
spaces to the levelwise model structure on spectra.

Proposition 3.3.6  Consider a commutative square S of spectra

If one of q or g is a levelwise fibration, then the square is a levelwise homotopy
pullback square if and only if the map induced by f and p

W—YXxzX

is a levelwise weak homotopy equivalence.
Consider a map of squares a: S — &' (a cube) such that the component
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maps of a are levelwise weak equivalences.

W-——--—-——X
aw ax
W’ X/
Y V4
ay az

Then « induces a levelwise weak homotopy equivalence between the homotopy
pullbacks of the punctured squares

Y—>Z«——X and Y — 7 «—X'.

Moreover, the back square S is a levelwise homotopy pullback square if and
only if the front square &' is a levelwise homotopy pullback square. O

With these preliminaries understood, we can start defining the additional
acyclic cofibrations needed to make the stable model structure.

Definition 3.3.7 Let 4,: FI\ S!' — F, S be the adjoint of the identity
map

1 N
S — Evn+l

Fils0 =gl
This map is the identity in every level except n, where it is the inclusion
* —> S0,

We have seen in Example 3.2.2 that 4, is a m.—isomorphism. While 4, is a
levelwise h—cofibration, it is not a g—cofibration. Hence we need to alter the A,
before we can add them to our set of generating acyclic cofibrations.

Definition 3.3.8 Define M1, to be the mapping cylinder of A4,, that is, the
pushout of

N A N
Fn+l S ! Fn SO

L

Y S A0, 1], ——s M2,

n+l1

where i; is the inclusion into the one end of the interval. We then have a map

k,: B ST — Ma,

n+l
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coming from the inclusion into the zero end of the interval (so k,, = 1, 0 ip). We
also have a deformation retraction

ot MA, — F g0
induced by the collapse map

E SHa[0,1], — F st

n+l1 n+l

The composition r, o k, is the original map 4,,.

The maps iy and i; are g—cofibrations of spectra, as any g—cofibration of
pointed spaces smashed with a g—cofibrant spectrum is a g—cofibration. The
map k, is a m.—isomorphism as both r,, and 4, are. It is also a g—cofibration of
spectra by Lemma A.7.7 (the Patching Lemma).

Recall the generating sets for the levelwise model structure on sequential
spectra.

N
level

JN

level

{FY(s%! - D%) | a,d € N}
{FY(D% — (D* x [0,1]),) | a,d € N}

Definition 3.3.9 The following sets will be the generating sets of the stable
model structure on sequential spectra.

N — IN
sﬁ?ble - 1§/el |
— a— a
J= U Uk, 0S¢ 5 DY) aneN),

We can characterise those maps with the right lifting property with respect
to Jskfable. These maps will be the fibrations of our stable model structure. In
particular, the following result makes it clear that the fibrant objects will be the

Q-spectra.

Proposition 3.3.10 A map of spectra f: X — Y has the right lifting prop-
erty with respect to J§able if and only if f is a levelwise fibration of spaces and
for each n € N, the map

Xn — Yn X QX}H—I

n+l
induced by oX and f is a weak homotopy equivalence. If Y = *, then X has
this right lifting property if and only if it is an Q—spectrum.

Proof A map f: X —> Y has the right lifting property with respect to J*'

stable
if and only if f is a levelwise fibration of spaces and it has the right lifting

property with respect to
{k, O (S(i_l s Di) | a,n € N}.

The adjunctions between — O — and homg(—, —) of Proposition 3.3.3 show that
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a levelwise fibration f of spectra has a lift in the first square if and only if the
map of pointed spaces homg(k;, f;) has a lift in the second square.

M4 NS B StADe X
F' Siasat
k,,l:ul f
Ma, A D Y
sl S (M, X)
il lhomn(kf,,f*)
a NEN ¢l N
D+ S (Fn+1 S ’X) SN(FFiTSI,Y)S (M/ln’Y)
Hence f has the right lifting property with respect to Jskfable if and only if fis a

levelwise fibration of spaces and homp(k;, f.) is an acyclic fibration of pointed
spaces for all n. We already know from Proposition 3.3.3 that homg(k}, f.) will
be a fibration when f is a levelwise fibration, so the condition is now that f is
a levelwise fibration and homg(k;, f.) is a weak homotopy equivalence.

Now assuming that f is a levelwise fibration, consider the map of squares (a
cube) induced by the homotopy equivalence r;,

8 (Ma,, X) 8M(Ma,,Y)
SN(F SO X) J SN(EN SO Y)
SHEY SLX) ‘ SYEY  SLY)
Id l Id
SYEL, SLX) SYEL, SLY).

By the adjunction between F§ and EV§, the front square is isomorphic to the
square

x,—L v,

=X =Y
(J'nJ/ (TnJ

QX1 Y QY 1.

By Proposition 3.3.6, the above square is a homotopy pullback square if and
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only if the back square of the cube is a homotopy pullback. Moreover, both
right hand vertical maps are fibrations, hence homg(k;, f.) is a weak homotopy
equivalence if and only if
Xn — Yn X QXn+1
Qer+l
is a weak homotopy equivalence for all n € N.
The second statement follows from the first. O

Corollary 3.3.11 Let f: X — Y be a levelwise fibration between Q—spectra.
Then f has the right lifting property with respect to J-\ O

stable®

Theorem 3.3.12 The stable model structure on sequential spectra is defined
by the three classes below.

o The weak equivalences are the r.—isomorphisms.

e The cofibrations are the g—cofibrations.

o The fibrations are given by Proposition 3.3.10 and are called the stable fi-
brations.

The fibrant spectra are the Q—spectra. The model structure is cofibrantly
generated with generating sets given by Definition 3.3.9.

Proof The weak equivalences have the two-out-of-three property. The gen-
erating sets IEVC] and J§able have small codomains as pushouts of diagrams of
small objects are small by Lemma A.6.5.

A map f: X — Y with the right lifting property with respect to Isvel isa
levelwise acyclic fibration. We must show it is also a stable fibration. Letting

n € N, we must show that the square

X% Y,

=X =Y
O'nJ/ D'nJ/

QXn+1 QL) QYn+1
fn+l

is a levelwise homotopy pullback square. We know that Qf,.; is an acyclic
fibration, so it suffices to prove that

X, —Y, X QX,
QY)H—I

is a weak homotopy equivalence of pointed spaces. The projection map

Y, x QX1 — Y,
QY)1+|
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is an acyclic fibration as these are preserved by pullbacks, and X, — Y, is a
weak equivalence, so the result follows by the two-out-of-three property.

Now consider a stable fibration f: X — Y that is a m.—isomorphism. We
must prove it is a levelwise acyclic fibration. We know it is a levelwise fibra-
tion, so we must prove that each f, is a weak homotopy equivalence. Since
each f, is a fibration, we know that the homotopy fibre of f is given by the lev-
elwise fibre (Ff), = f, (). Moreover, the map F f — * is an acyclic stable
fibration as it is the pullback of one. Thus F f is an Q—spectrum by our char-
acterisation of fibrations, Proposition 3.3.10, and has trivial homotopy groups.
Since the maps

Ffy — QF fu

are weak homotopy equivalences, the homotopy groups of the spectrum F f
are given by levelwise homotopy groups

0= ﬂn(Ff) = 7rn+a(Fﬁl)» a €N.
Hence each level of F' f is weakly contractible, and
ﬂq(Xn) — ﬂ'q(Yn)

is an isomorphism for each ¢ > 0 and n € N by the long exact sequences of
homotopy groups. The map

Qf,: QX, — QY,

is therefore a weak homotopy equivalence for all n € N. (This is to be expected
as QX, only depends on the basepoint component of X,,.) We can write f,, as
the composite

X, —Y, X QX,.1 —Y,.
QYnH

As the first map is a weak homotopy equivalence (f is a stable fibration) and
the second map is the pullback of the acyclic fibration of spaces Qf, 1, we see
that f, is a weak equivalence.

Finally, we must show that a sequential colimit of pushouts of maps in
Jﬁab]e is a m,—isomorphism and a g—cofibration. Every map in Jﬁab]e
cofibration, and these are preserved by pushouts and sequential colimits. More-
over, every g—cofibration is a levelwise g—cofibration, so Lemma 3.2.13 com-

pletes this part of the argument. O

isag—

By general model category theory, the homotopy category of sequential
spectra with the stable model structure may be described as spectra with in-
verses to the m.—isomorphisms added (taking care of the lack of maps men-
tioned previously), or as homotopy classes of maps from a cofibrant spectrum
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to a fibrant spectrum. This last description implies that we are looking at homo-
topy classes of maps from CW—spectra to Q—spectra, as on [Ada74, Page 141].
It follows that maps in this homotopy category agree with the more classical
approaches.

Definition 3.3.13 The stable homotopy category is the homotopy category of
sequential spectra equipped with the stable model structure

SHE = Ho(8™M).

We shall see in Chapter 5 that the stable homotopy category is triangulated,
an important structural property that gives many useful results. We need one
more piece of information for this to hold, namely we need to know that the
stable homotopy category is “stable with respect to £”, that is, £ induces an
equivalence on the stable homotopy category.

Theorem 3.3.14 The loop—suspension adjunction
L8N ——8M:Q

on sequential spectra equipped with the stable model structure is a Quillen
equivalence. Hence, for any spectra X and Y, the suspension functor induces
an isomorphism of maps in the stable homotopy category

X, v = =x,zv18".

Proof The functor X preserves g—cofibrations, and by Lemma 3.2.7 it pre-
serves m,—isomorphisms. Hence it is a left Quillen functor. To prove that it is a
Quillen equivalence, we note that Q preserves and detects all r,—isomorphisms
by that same lemma, and that the map X — QXX is a m,—isomorphism for all
spectra X by Example 3.2.3. O

We can relate the stable model structure on sequential spectra to the level-
wise model structure. Let us temporarily use SF to denote sequential spectra
with the levelwise model structure and [—, —]' for maps in the corresponding
homotopy category.

Lemma 3.3.15 The identity functor from the levelwise structure on sequential
spectra to the stable model structure is a left Quillen functor

Id: §' —— 8" :1d.
If E is an Q—spectrum, then

[X,E] = [X,E].
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Proof Since the generating sets for the levelwise model structure are con-
tained in the generating sets for the stable model structure, we have the Quillen
adjunction as claimed. The second statement follows by looking at the derived
adjunction. O

Lemma 3.3.16 For d € N, the shifted suspension spectrum functor F§ and
the evaluation functor EV§ form a Quillen adjunction

F: Top, —— S":EV} .
In particular, there is a Quillen adjunction
2 Top, = S :Bvy .

Proof This follows from inspecting the generating sets for the Serre model
structure and for the stable model structure (Definition 3.3.9), which are given
in terms of the functors FdN ford e N. m]

We will discuss the derived functor of Evﬁl in Section 3.4.

A common question is whether it is useful to index spectra over the integers
rather than the natural numbers. The method of this section can be used to put
a stable model structure on integer-indexed spectra. If X is a spectrum indexed
over the natural numbers, we can always extend it to an integer-indexed spec-
trum EX by putting a point in negative degrees. A spectrum Z indexed over
the integers can be truncated to give a spectrum UZ indexed over the natural
numbers. The map X — UEX is an isomorphism and the inclusion EUZ into
Z is a m,—isomorphism.

We see that the resulting functors (E, U) form a Quillen equivalence and
hence both categories are models for the stable homotopy category. In general,
the “smaller” category is used rather than integer indexed spectra. One possi-
ble reason is that it is harder to perform inductive constructions over integer-
indexed spectra.

3.4 Explicit Fibrant Replacement

Now that we have a stable model structure on spectra, we can investigate how
the stable homotopy category relates to pointed spaces. For this we will need
an explicit construction of fibrant replacement in the stable model structure of
sequential spectra.

Let X be a sequential spectrum. We want to define an Q—spectrum R, X with
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a m,-isomorphism X — R, X. Let RyX = X. For k > 1, define R, X by
(ReX)n = Q' X

with structure map given by
k Q‘ka:fxik k = k
RieX)n = Q' Xk —— Q" QXpir1 — QO X441
where the last isomorphism is an associativity isomorphism S' A S* = S¥ A S!
without reordering the coordinates of the sphere.
We have a map R X — Ry X induced by the adjoint structure maps

i~
QT

(RiX)n = X QM Xk = Rir1 X

k= K+l
QF Ok QG

k+175
QT ke

QR X)p41 = Qk+1Xn+k+l Qk+2Xn+k-¢—2 = QR1X)n41-

Each map R X — Ry, is a m.—isomorphism as the adjoint structure maps are
“inverted” by the colimit defining the homotopy groups of a spectrum.

We may then define R.X = hocolimy Ry X. If we wanted a functorial defi-
nition, then we could choose a functorial construction of homotopy colimits.
This is done in [Sch97, Lemma 2.1.3] using the functorial factorisations of
the stable model structure on sequential spectra. For now, we just want some
construction.

We claim that R, X is an Q-spectrum. Level n of the spectrum is given by

(ReoX)p = (hocglim RiX), = hocglim O X,k

with structure map

hocolimy Q¥oX

hocolimy Q*X,,.« — " hocolimg Q*QX,psrs1
— hocolimy QO* X, 41
= Qhocolimg QX441

The last map is a weak homotopy equivalence as the loop functor commutes
with sequential homotopy colimits of pointed spaces, see Corollary A.7.10.
The second map is an instance of the associativity isomorphism, and the first
map is a weak homotopy equivalence as the maps defining the homotopy col-
imit are the adjoint structure maps.

It follows that X — R, X is a m.—isomorphism to an Q—-spectrum. Hence
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we may take this to be fibrant replacement in the stable model structure on
sequential spectra.

Definition 3.4.1 For a sequential spectrum X we define a pointed topological
space

QX =REv] X = Evy X/ ~ hocolim Q"X,,.

We use the convention that Q is the derived functor of evaluation at O so as
to match the notation of many older texts which only consider Q. In particular
we see that for A a CW—complex,

Q%X®A = Evy (Z¥A)" ~ hocolim Q"E"A = QA,
n

where the functor Q was introduced in Definition 2.1.14.
The spaces in the image of QQ* have many very interesting properties. In
particular, they satisfy the following definition.

Definition 3.4.2 An infinite loop space is a pointed topological space Z such
that for each n there is a space Z, and a weak homotopy equivalence

zZ— Q"Z,.

We caution the reader that there are many competing definitions of an infi-
nite loop space—we have chosen the simplest and least structured.

Proposition 3.4.3  For a sequential spectrum X, the space QX is an infinite
loop space.

Proof The fibrant replacement ¥ = X/ of a spectrum X is an Q-spectrum.
We then have maps Y,, ~ QY. for n € N. Thus, Q*X = Y is an infinite loop
space. O

One can also prove this from the definition of the homotopy colimit defini-
tion of the fibrant replacement. This requires care when commuting the various
copies of Q.

In the reverse direction we construct a spectrum from an infinite loop space.

Definition 3.4.4 A spectrum whose negative homotopy groups are all trivial
is called a connected spectrum.

A spectrum with only finitely many homotopy groups in negative degrees is
called a connective spectrum.

We have seen that a suspension spectrum of a space is a connected spectrum
by Example 3.2.2.
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Proposition 3.4.5 Every infinite loop space Z defines a connected Q—spectrum
Z withZ ~ Q7.

Proof Let Z = Z; be an infinite loop space. Choose a delooping Z; so that
Z ~ Q7,. We may choose Z, to be path-connected, as Q only depends on the
basepoint component. Continuing in this way gives connected spaces Z, and
weak homotopy equivalences

Zn — QZnJrl B

thus, we have an Q—spectrum Z. Having Z, = Z implies the last statement.
The assumption that the spaces Z,, n > 0 are connected ensures that the
homotopy groups of each Z, are entirely determined by Z. Moreover, for k < n,

M(Zy) = 70(Q'Z,) = 70(Zy-) = 0.
The spectrum Z is connected, as for negative a one has

m(2) = co}(im Tira(Zi) = 0. O

In positive degrees, the homotopy groups of the spectrum Z are given by the
homotopy groups of the space Z.

To illustrate, we may build a connective spectrum ku representing connec-
tive complex K—theory from the infinite loop space BU X Z. We start with

kup = BU X Z.
The space ku; should be a connected space satisfying
kaﬂ = kuo.

Hence we may take ku; = U = KU,, as it is connected. For ku, we take
ku, = BU rather than KU, = BU X Z as it also needs to be connected. The
third space must satisfy Qkus ~ BU and be 2—connected, so we may take
kus = SU. The fourth space is then the classifying space of the group S U,
kuy = BS U. From here on, the spaces no longer have particularly meaningful
names, other than being certain Postnikov-type constructions on U and BU.

Remark 3.4.6 We would like to give a formal statement and proof of the
slogan “up to homotopy, infinite loop spaces are connected spectra”. But, as
we have defined it, the construction of Z from an infinite loop space Z does not
need to be unique or functorial.

Resolving these problems is a substantial task which we leave to the numer-
ous references in the literature, for example, the work of Adams [Ada78], and
the extensive work of May on the subject and its relations to operads [May77b],
[May09a] and [MayQ9b].
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With this section complete, we have an excellent point-set model SY for
the stable homotopy category SHC. It is easy to construct objects and maps in
this category, it represents cohomology theories by the Brown Representability
Theorem 2.1.23, and it is nicely related to topological spaces by X* and Q.
Moreover, we have an explicit description of cofibrations, fibrations, and fi-
brant replacements, as well as a theory of CW-objects similar to that of spaces.

There is one major problem with this model category: it is unable to model
the smash product of the stable homotopy category. We discuss this issue (and
give definitions and solutions) in Chapters 6 and 7.

3.5 The Steenrod Algebra

In this section we assume that the homotopy category of sequential spectra
satisfies the list of properties from Subsection 2.1.4 and examine some of the
consequences of this structure.

For a space X, we know that its cohomology H*(X; F,) is a module over
IF,, for a prime p, but sometimes this is not enough structure for our purposes.
We will see in this section that H* (X;F,) is in addition a module over a more
structured algebra, the Steenrod algebra A = A*. The Steenrod algebra is
necessary for discussing the Adams spectral sequence in Section 3.6, and it is
also one of the first examples of a Hopf algebra naturally occurring in topology.
Therefore, let us go through some of the properties of A, which can be found
in e.g. [Ste62].

Throughout this section, let p denote a prime. For a pointed topological
space X, we know that we have an isomorphism between the reduced F,—
cohomology of X and maps in the stable homotopy category from the suspen-
sion spectrum of X to the Eilenberg—Mac Lane spectrum for F:

H'(X;F,) = [Z*X, HF,]_..

As [HF,, HF,]. is a (graded) ring under addition and composition, it follows
that ﬁ*(X ;Fp) is a (graded) module over [HF,, HF,]. under composition.

For this section we assume that the stable homotopy category has a commu-
tative smash product and that HF, is a commutative ring object in the stable
homotopy category. The multiplication map (in the stable homotopy category)
HF, A HE, — HF, gives the second map in

[S,HF,]. ® [HF,, HF,]. —> [HF,, HF, A HF,], —> [HF,, HF,]..

We know that [S, HF,], is F, in degree 0 and that the multiplicative structure
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on [, corresponds to the smash product induced multiplication on [S, HF,]..
It follows that [HF,, HF,]. and [X, HF,]. are F,—modules.

The definition of F,—cohomology can be extended from spaces to spectra
quite easily using the stable homotopy category. For a spectrum Z, define

H*(Z;F,) = [Z,HF,]_,.

This is again a [HF,, HF,].—module by the argument above.
This module structure amounts to a natural transformation of functors

6: H'(-,F,) — H**“(—F,)

for each 6§ € [HF,, HF,],. These natural transformations must also commute
with the coboundary maps of H*, as in Remark 2.1.22. As a consequence, 6
will be compatible with the long exact sequence of a pair and with the suspen-
sion isomorphism of H*. We call these natural transformations 6 cohomology
operations and can therefore think of [HF,, HF,], as the algebra of cohomol-
ogy operations.

Definition 3.5.1 A cohomology operation is a natural transformation of func-
tors

a9: ﬁ*(—, Fp) —> H*(_, Fp)’
where H* is reduced singular cohomology of topological spaces.

Using composition of natural transformations as well as the additive struc-
ture on morphisms in 8HC, the cohomology operations form a F,-algebra.

Definition 3.5.2 The mod-p Steenrod algebra A = A” is the F,-algebra of
cohomology operations

H'(=F,) — H'(=;F,).
Equivalently, we can define
A = A" = [HF,, HF,]..

In literature, the mod-p Steenrod algebra is often denoted by A, to recognise
that this definition depends on the prime p. As we will only use p = 2 in
this section from this point onwards, we omit the subscript and mod-p from
our notation. We refer the interested reader to [Ste62] for the odd primary
analogues of the results.

The definition of the Steenrod algebra is often given via this equivalent,
axiomatic characterisation.



3.5 The Steenrod Algebra 67

Theorem 3.5.3 The Steenrod algebra A is generated by additive homomor-
phisms

Sq": H"(X,F,) — H™"(X,F,)
natural in X satisfying the following.

S ¢ is the identity.

For x € H'(X;F), S ¢"(x) = 12

For x € ﬁm(X; Fy) withm < n, Sq"(x) = 0.

S$q"(xVUy) = Yisjen S q'(x) U S ¢/(y), which is known as the Cartan formula.
Sq" is the Bockstein homomorphism 8 associated to the short exact sequence

SR L~

00— 22— 2/4—7Z/]2— 0.

6. If 0 < a < 2b, the Adem relations hold, i.e.

S b_La/ZJ b-1-i §g0tb-ig i
QQ—;(a_zl.)q q-

Because of the second point, the elements S ¢" are often referred to as “Steen-
rod squares”.

We will not give the proof that the two definitions of the Steenrod algebra are
indeed equivalent. The construction of the §¢" and the result that an algebra
satisfying (1) - (6) is unique are performed in the setting of power operations
in cohomology, see e.g. [May70]. The axiomatic set-up of power operations
is indeed a very strong tool, leading to Steenrod squares, Dyer-Lashof oper-
ations and other, more algebraic applications. However, it is also lengthy and
technical, which is why we refer the reader to the literature, e.g. [Ste62] and
[Hat02].

Remark 3.5.4 The product U in the Cartan formula is the cup product
U: H(X;F) ® H(X;F,) — H(X;F,).
There is an equivalent version of the Cartan formula, namely

Sq'x@y) = Y S¢WeSg(),

i+j=n
where

x e H'(X:Fy), ye H'(Y;F),
and x ® y is viewed as an element in

x®ye H'(X;F,) @ H(Y;F,) = H'(X X Y; Fy).
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Assume that the cup product version of the Cartan formula holds. Let x, y as
above, (x® 1),(1®y) € H(X X Y;F,), and let

px: XXY —X and py: XXY —Y
be the respective projections. Then,

Sq"(x®y)=Sq"(x® 1)U (1Y)
= qu"(m HUSF(1®y)

- Z Sq'(px(x) USq"(py(»))
- Z PxSq'(x) U pySq ()

- Z(Sq"(x) Ul eSqe ()
= Z Sq'(x)®Sq" ().

Conversely, as the cup product is the composition of the Kiinneth isomorphism
with the morphism induced by the diagonal map, the cup product version of
the Cartan formula follows from the new version.

The A-module structure of H*(X;F,) gives cohomology considerable ad-
ditional structure. For example, we know that ﬁ*(RPf;IFg) is a polynomial
algebra over FF, with one generator in degree 1, using the characterisation of
Theorem 3.5.3 we can also describe its A-module structure.

Corollary 3.5.5 On the mod-2 cohomology of the infinite-dimensional real
projective space, we have

H'(RP;Fy) = Folul, |ul = 1,

with the Steenrod algebra action given by

W ifj=0
o .
qu(uz)z uzk' l-szzk
0 otherwise.

O
The above corollary is particularly useful as we can show many of the alge-
braic properties of A by evaluating Steenrod squares on powers of u.
The A-module structure also helps us distinguish between spectra, as we
demonstrate in the following example and lemma.
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Example 3.5.6 Since we are assuming that the homotopy category of se-
quential spectra satisfies the list of properties from Subsection 2.1.4, we see
that [S,S] = Z. The self map of the sphere spectrum corresponding to n is
called multiplication by n. Choosing a representative map

f: Scof N Sfib

of multiplication by » in sequential spectra, we call the homotopy cofibre of
f the mod-n Moore spectrum M(Z/n). We may calculate the homology of
M(Z/n) using the long exact homology sequence and see that it is concen-
trated in degree zero, where it takes value Z/n. For a construction of Moore
spectra for arbitrary abelian groups G see Example 8.4.7.

Lemma 3.5.7 Let M denote the mod-2 Moore spectrum, i.e. the homotopy
cofibre of multiplication by 2 on the sphere spectrum S. Then we have

H'M AM;Fy) = H'(MV SM;F,) as graded Fy-modules
but
H* (M A M;Fy) 2 H (M V EM;F,) as A-modules.

Proof The long exact cohomology sequence associated to the homotopy cofi-
bre sequence

S 2, S— M
shows that the mod-2 cohomology of M is

F, ifi=0,1

H{(M;F,) =
2 {0 otherwise.

We would like to determine the structure of H *(M;F,) as an A-module.
For degree reasons, the only nontrivial option for this is to check whether
Sql(xo) = X Or Sql(xo) = 0, where x; denotes the F,-generator in ﬁi(M; F,).
We show that Sql(xo) = Xi.

By Theorem 3.5.3, Sq' is the Bockstein homomorphism associated to the
short exact sequence of coeflicients

0—7/2-57/427/2—0.

Applying cohomology to these coefficients gives us

S BOM:z4) B BOM:Fy) D B (MiFy) S BN M Z4) - -
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To work out the terms in the sequence, we use the Universal Coefficient Theo-
rem, which says that for a group G, the sequence

0— Ext%(Hn_](X, Z),G) — ﬁ"(X, G) » Homz(H,(X,Z2),G) — 0
is exact. Using ﬁO(M, Z) = F, and H, (M,Z) = 0, one obtains
H(M;Z/4) = Homz(Fy; Z/4) = F, and H'(M;Z/4) = 0.
Therefore, the above long exact cohomology sequence is
-~~—>F2£>IF2£>1F2—>O—>---
The cyclic generator of ﬁO(M ; Z14) = Homz(F,; Z/4) is precisely
i:Fp— Z/4

from the original short exact coefficient sequence. Consequently, the map p. is
zero as p o i = 0. Thus,

Sq' =B: H'(M;F,) — H'(M;F,)

is an isomorphism. So altogether, as a module over F,, H “(M; F,) is generated
by two elements x( and x; in degrees 0 and 1 respectively, and the A-module
structure is S g'(xp) = x1, see Theorem 3.5.3.

Consequently, H (M v £M;F,) is generated over F, by elements x, x, y;
and y, in respective degrees 0, 1, 1 and 2. The Steenrod algebra action is

Sq'(x0) = x; and Sq'(y1) =y

and is trivial in all other cases. We can illustrate ﬁ*(M VvV XM;F,) as an A-
module in the following picture.

Sq'

e— e

.
sq"
[0] .
Meanwhile, by the Kiinneth isomorphism we have

H (M A M;Fy) = H (M;F,) ® H (M F,),
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which as a graded F,-module is generated by the elements
{x0 ® x0, X0 ® x1, X0 ® x1, X1 ® X1}

and therefore isomorphic to H* (M v £M;F,) as a graded F,-module. Another
possible basis is

{x0 ® X0, X0 ® X1 + X1 ® Xp, X1 ® Xg, X1 ® X1}.
The Cartan formula tells us that
Sq' (xo®x0) = Xo®x1+x1®x0, Sq'(X®x1) = x1®x1 and S ¢*(xo®xp) = X ®x1,

as illustrated below.

.

Sq*
. °

Sq'

[0] .

As H*(M v £M;F,) does not possess any nontrivial action by S ¢?, it there-
fore cannot be isomorphic to H*(M A M;F,) as A-module. m]

Sq'

Taking a closer look at the Adem relations, we see that not all possible prod-
ucts of the S ¢" are necessary to generate A as a graded module over F,. In fact,
we can give a minimal generating set.

Definition 3.5.8 A monomial S¢"Sq”---Sp* in A is admissible if iy > 1
and i,_; = 2i, fork > r > 2.

Proposition 3.5.9 As a module over F,, the admissible monomials form a
basis of the Steenrod algebra A.

Proof We have to show that every monomial S ¢' S ¢ - - - S p* can be uniquely
written as a sum of admissible monomials. We use the notation

Sq' =8q"---Sq"* for I =y, - ,ip).

We speak of k as the length of 7, and the degree of [ is i} + - - - + i;. To show
the generating statement, one looks at the Adem relations

MZ/ZZJ b—1-i .y
Sanqb — ( ) )Sqa+b—lsql
pr a—2i
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to see that every monomial can be rearranged into a sum of admissibles. The
following terminology will allow for a smooth inductive argument. We define
the moment of the monomial S ¢ to be

k

m(l) = Z Si.

s=1

The idea is that the monomials with a small moment are those with relatively
large i; for j small, and those with a big moment have large i; for j large. So
to get a monomial closer to being admissible, one has to decrease its moment,
which we can do with the Adem relations.

Assume that every monomial with moment smaller than the moment of S ¢
can be written as a sum of admissibles. Also, assume that S ¢’ is not an admis-
sible monomial itself, i.e. that there is an index r with i, < 2i,,;. Applying the
Adem relations to that place in the monomial gives us

Sql = S q(il,'” ,ir—l)SqiquiH-l S q(in;-- i)

Li,/2] L L R . .
)y X S q(ll i) § qlr+lr+l “iSq’S q(mz;-- ,lk),
Jj=0

where y; € F,. The moment of the monomials inside the sum on the right hand
side is
r=1 k

Zsis+r(ir+ir+1 —D++Dj+ Z sis.

s=1 S=r+2

This is smaller than the moment of S q’ , because
Fip + (r+ Dipg1 > 1@y + i1 — )+ (r+ 1)
as
0<j<ip/2 <ipyr-
Thus, by induction,
Sq(iw- ir-1) g qir+ir‘+l_jS qu q(ir+2"" k)

can be written as a sum of admissibles, and therefore, also S q’ .
Now we have to show that the admissible monomials are linearly indepen-
dent. We show this by evaluating them on

u®" € H'(RPY)M; Fy),

where u is the polynomial generator of the cohomology ring of RPS. We will
do this by induction on #.
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Let 0 < d < n. Consider a linear combination
D Sq' W =0, 3.1

where y; € F, and the sum is taken over all I of for which S ¢’ is admissible
and of degree d < n. We would like to show that y; = O for all /, which we
again show by (decreasing) induction on the length of /. We note that we can
start this induction because no monomial of degree d (not containing any S ¢°)
can have length greater than d, particularly not an admissible one. The main
idea of the overall claim is splitting our linear combination

D xi-Sq ™

into sums involving u®/ for j < n using the Cartan formula and our induction
assumption: let us assume that if

D xi-Sd @y =0 (3.2)

where the sum runs over all admissible monomials of degree d where d < n—1,
then all the y; are zero. Furthermore, assume that all y; in (3.1) are zero if the
length of [ is greater than m.

The Kiinneth isomorphism gives us

Sq'®) € HU"(RPY)™: F2)
= (P B ®P;Fy) @ H" 7 (RPYY Vs Fy).

Applying the Cartan formula to this results in

Sq'wW™ = ) S¢’'weSsq WM.
J<l
In this notation, the difference I — J is taken componentwise, and J < I means
that j, < i, for all r. Let us take a closer look at the summand belonging to
r = 2™ in the Kiinneth formula by considering the projection pr onto this
summand.
We saw in Corollary 3.5.5 that

Wi = J= 22 20

0 otherwise.

Sq’(u)={

As S g’ is the only monomial in the summand r = 2™ acting nontrivially on
u, we obtain

pr(Sq' w®) =

u?' ®Sq'~n(u®"") if the length of I is m
otherwise.
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Now applying the projection pr to the original linear combination (3.1) gives

us
prOy xiSq ™) = >0y prSe@) + Y. xi- prSq' ™)
length(/)=m length(/)<m
— u2m ® Z X Sq]—],,l(u@)nfl) =0.
length(l)=m

The sets of all monomials of the form I — J,,, where [ is admissible of length
m and degree d, is in one-to-one correspondence with the set of admissible
monomials of length m or less and degree d — 2 + 1. Therefore, the final sum
in the previous formula is the same as (3.2), which we assumed to imply that
x1 = 0 for all 1. Thus, we have proved that y; = 0 for all admissible I of length
m and degree d < n, which was precisely our claim.

Hence, the map

en: A — H'(RPY)":Fa)
given by evaluation on u®" sends the set of admissible monomials to a linearly
independent set. In particular, it is an isomorphism in degrees n and smaller. As

a consequence, the set of admissible monomials must be linearly independent
itself. O

Definition 3.5.10 Let A denote the ideal of all positive degree elements in
A. An element of A is decomposable if it is in the image of A ® A under the
multiplication map

m:AQA — A.
If an element of A is not in this image, it is called indecomposable.

In other words, an element is indecomposable if it cannot be written as a
(sum of a) product of two other elements. In fact, we can say what the inde-
composable elements of A are.

Lemma 3.5.11 For p = 2, the element S q' is indecomposable if and only if i
is a power of 2.

Proof Leti= 2. Assume that S ¢’ is decomposable, i.e. that there are m ;€A
with

21
] 4
Sq* = E mj-Sq’.
=1

Evaluated on %', with u the polynomial generator of H* (RPZ; Fy), this would
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be
21 21
K+l k ok S ok
W =Sq" W)= E m;-Sq'u*) = E mj-0=0
=1 =

because of Corollary 3.5.5. This contradiction shows that quk must be inde-
composable.

Now let i # 2%. We can write i = a + b, where 0 < a < 2¥ and b = 2F for a
maximal k. Then the Adem relations give us

b-1 b-1-j I
( )Sqa+b - Sqasqb + Z( .])Sqaﬁ-b—jsqj.
a = a-2j

Asb—1=1+---+2k2 42k induction shows that
b-1
( ) =1 mod 2,
a

which means that S ¢*** = S¢' is decomposable as claimed. O

Corollary 3.5.12 The elements S qzk generate the mod-2 Steenrod algebra A
as an algebra. O

A useful algebraic property of A is that it has the structure of a Hopf algebra
meaning that it is a bialgebra with an antipode and compatibility conditions,
see e.g. [Wei%4].

Definition 3.5.13 A Hopf algebra is a (graded) algebra A over a ring R to-
gether with

] augmentation €:A— R,
e an R-algebra homomorphism

A:A— AQA,
e an antipode c: A — A which is an R-module isomorphism
satisfying the following properties.

e With A and €, A is a cocommutative coalgebra.
e The composites

A5 A4 Aga S A

and

m

A2 AA 254045 A,
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where m denotes the multiplication in A, equal the composite
AS RS A
Recall that a graded F,—algebra A is connected if it is 0 in negative gradings
and Ag = F,.
Remark 3.5.14 By Milner and Moore [MM65] the following holds. If we

have a graded connected bialgebra A with comultiplication of the form

A(x)=x®1+1®x+2yi®zi

where y; and z; are elements of positive degree, then there is a unique R-module
homomorphism c: A — A satisfying

e c(1)=1.

e cis an anti-automorphism, meaning that it is a linear isomorphism satisfying

c(x-y) = (=DMVe()e().
o If x has positive degree and A(x) = 2 a; @ b;, then Z a; - c(b;) = 0.

e (? is the identity.

Furthermore, the last point is equivalent to

Z cla;)-b; =0,

which follows from applying c to the third point and using ¢?> = Id. In other
words, in this situation A is a Hopf algebra with antipode c.

Theorem 3.5.15 The Steenrod algebra A is a Hopf algebra over F, with
comultiplication given by

AS ¢ = zk: Sqd®Sq
i=0
and antipode defined by
eS¢ =54°, anw c(§¢" =0 for n>1.
i=0
Proof We first have to show that
AfA—AQA

is an algebra homomorphism. Let F denote the free graded algebra generated
by elements S ¢" of degree n € N (S¢° = Id), and let

pr:F— A
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denote the canonical projection. Then the kernel of pr is exactly the Adem
relations. As F is free, A o pr induces an algebra homomorphism

A:F— A®A.

To show that A itself is also an algebra homomorphism, we need to show that
A sends the Adem relations to zero.
We have seen at the end of Proposition 3.5.9 that the map

en: A — H' (RPZ)M;Fy)

given by evaluating an element of the Steenrod algebra on the n-fold tensor
product u®" of the polynomial generator u € H'((RP?)";F,) is an isomor-
phism in degrees less than or equal to n. Therefore,

en®ey: A®A — H'(RPY)V;Fy) ® H'(RPY)™; Fy)
is also an isomorphism in degrees less than or equal to n. Similarly,
et A — H'(RPDY™)* Fa)

induces an isomorphism in degrees less than or equal to 2n. We can fit all these
maps into a diagram, which the Cartan formula tells us will be commutative.

pr

F A

| .

A®A —— H(RPY) F2)® — — H'(RPY)): Fa)

In other words, the two F-module structures H* ((RPT)A”)Z; F,) inherits from
the diagram are identical. So now let S be an element of the kernel of pr of
degree n or less. As the diagram commutes, this means that

(ko (e, ®ey) 0 A)S)=0.

But k and e, ® e, are isomorphisms, meaning that A(S) must already be zero.
As this holds for all n, we have proved our claim that A sends the Adem rela-
tions to zero, meaning that the algebra homomorphism A induces the algebra
homomorphism

AMA—ARA

as claimed.

The next claim on our list is that A is a cocommutative coassociative coal-
gebra with counit €. This is a straightforward calculation using the explicit
formulas of A and €, so we are not going to spell this out here.
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Finally, we have to deal with the antipode c: A — A. We are in precisely
the situation of Remark 3.5.14, thereby finishing the proof that A is a Hopf
algebra. O

It is also worth considering the dual of A due to its comparatively simple
structure.

Definition 3.5.16 The dual of the Steenrod algebra A is defined by
A. = Homg, (A, F,).

Its grading is given by
A, = Homg, (A", F,).

The dual of A is in fact traditionally denoted A. rather than A*—the latter
is often used for the Steenrod algebra itself.

Proposition 3.5.17 For p = 2, the dual A, of the Steenrod algebra A is the
polynomial algebra

Fl61,62,-- -1,
where & is the dual of the admissible monomial S¢® 'S¢* " ---S¢*Sq".
Proof Letl = (iy,--- ,i,) be a sequence of non-negative integers, and let
Sq'=Sq"---Sq".
Then we define &, € A, to be the dual of S ¢’ with
I=0%12%2... 2,1

in the following sense. We recall that by Proposition 3.5.9, a graded [F,-vector
space basis of A is given by those admissible S ¢, so for an admissible a € A
we define

1 ifa=S8qg@ 272D
. a) = .
0 otherwise.

Our goal is to show that the standard map

D: ]FZ[é:l’é:Z""] _>‘A*; fi '_)é:i

is an isomorphism of algebras. We will first show that it is an epimorphism,
and then that the dimensions of the source and target over F, agree in every
degree.

Firstly, let us introduce some notation. Let us inductively define

f] = é:i if 1= (l) and é:[ = fil . é:(iz,‘“,in) € .A*
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if the length of I is greater than one, where the multiplication - in A, is dual to
the comultiplication in A

&€ =N ®E).

By definition, these elements &; lie in the image of @.

We prove the following claim: given an element a € A, if (£;,a) = 0 for
all possible 7, then a = 0. This is shown by using the A-module structure on
H *(RPY)M; Fp). Let u be the polynomial generator of H* (RPY;F,). One can
prove by induction that

aw™ = Y & aud),
length(l)=n
where u(I) is some word in tensor powers of u. Therefore, if (£;, a) was always
trivial, then the action of A on u®" would also be trivial. But we have seen in
the proof of Proposition 3.5.9 that it is not. So, (£;,a) = 0 for all I implies that
a = 0. However, this means that the &; (and therefore the whole image of @)
must already make up the whole of A,, as otherwise we could construct an /
and an a such that (£(1), a) = 1. Therefore, @ is an epimorphism.
Now we will show that

O: FZ[é:l’fZ’"'] _)A*

is not just an epimorphism but an isomorphism by proving that the dimension
of Fy[£1,&,-- -1 as a Fp-vector space is the same as the dimension of A, in
each degree. This is purely combinatorial.

Monomials in F,[£, &, - - - ] correspond to sequences of non-negative inte-
gers

I:(il7i2"" 7in7070"“)

with finitely many nonzero entries. On the right hand side, additive genera-
tors of A, correspond, via duality, to admissible monomials in A (Proposition
3.5.9), which in turn correspond to sequences of non-negative integers

J=(j]9j2"" ’jrh()"”)’ jk>2jk+]7 Jn> 1‘

We can set up a bijection between the two respective sets of integer sequences
as follows. Let

I, =(,---,0,1,0,---) (non-zero entry in position k)

and
Jpi= (251220 21,0, ).

We define a map on sequences by sending I to J; and asking for this map to
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be additive with respect to componentwise addition. It is now straightforward
to check that an admissible sequence

J=(sjas 5 Jns05000)
has the unique preimage
I= (il,ig,"' ,in,O,---) where ik =jk—2jk+1.

This completes the proof that @ is an algebra isomorphism between the poly-
nomial algebra F,[£, &5, - - - ] and the dual of the Steenrod algebra. O

As a consequence of Theorem 3.5.15, we get the following.
Corollary 3.5.18 The dual A. of the Steenrod algebra A is a Hopf algebra.

Proof This is standard because A is finite in every degree. The multiplication
in A, is then the dual of the comultiplication in A and vice versa. O

Remark 3.5.19 The dual map of the multiplication on A
At A, — A A,

is given by
k
WE) = ) &L &
i=0

This is again shown by using the cohomology of (RPY)", see [Ste62] or
[Mil58]. One can furthermore derive a closed formula for the antipode on A,
using the methods of Remark 3.5.14.

3.6 The Adams Spectral Sequence

The Adams spectral sequence is not only one of the most powerful tools to
calculate the stable homotopy groups of spheres (and of other spectra), but
is also related to other phenomena in stable homotopy theory such as power
operations. We will give a brief overview of the construction of the spectral
sequence and its properties. This is by no means a replacement for a rigor-
ous discussion such as Bruner [Bru09] and Rognes [Rog12], but we hope that
it will serve as a gentle introduction which may inspire further reading. We
assume that the reader is familiar with the basic terminology of spectral se-
quences, see McCleary [McCO1].

As with the previous section, we assume that the homotopy category of se-
quential spectra satisfies the list of properties from Subsection 2.1.4.
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3.6.1 Construction of the Spectral Sequence

In this section p will denote a fixed prime, Z;, will be the p-adic integers and
Zpy will be the p-local integers

zy = limz/p"
nz
Zy = (Llptbica.

Given two spectra X and Y, applying mod-p singular cohomology H* gives
us a map

(X, Y] 25 Hom 4 (H*(Y), H* (X)),

where A denotes the mod-p Steenrod algebra and Hom 4 (—, —) denotes mor-
phisms in the category of modules over A. The Adams spectral sequence is an
attempt to reverse this, to find out about [X, Y] by knowing the cohomology of
X and Y as modules over A.

By a spectrum of “finite type” we mean a spectrum whose cohomology is
finitely generated in each degree. For reasons of convergence, we also assume
our spectra to have bounded below homotopy groups. The example we have in
mindis X =Y = S.

Theorem 3.6.1 (The Adams Spectral Sequence) Let X and Y be spectra of fi-
nite type, and let p be a prime. Furthermore, assume that the homotopy groups
of X and Y are bounded below. Then there is a spectral sequence

Ey' = Ext} (H'(Y), H'(X)) = [X, Y ]i—s.
where Yl/)\ denotes the p-completion of Y.

For details on the p-completion of a spectrum, see Section 8.4. Alternatively,
the reader may just bear in mind that in the case X = Y = S, one has

[S, 551 = [S, S| ® Z).

Remark 3.6.2 For each r, the E,-term of the spectral sequence carries a bi-
linear pairing

ES'(X,Y)® ESY(Y,Z) — ESY (X, Z),

which is natural in X, Y and Z, and which converges to the pairing given by
composing morphisms of spectra. For » = 2 this pairing coincides with the
Yoneda product on Ext groups.

Remark 3.6.3 As the dual A, of the Steenrod algebra is so much simpler
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algebraically than the Steenrod algebra itself, it is preferable in some situations
to use the homological variant of the Adams spectral sequence, which is

E?, = ExC} (H.(X), H(Y)) = [X, Y], ® Z).
Let us now look into the construction of the spectral sequence.

Definition 3.6.4 An Adams tower for a spectrum Y is a diagram in SHC

Y—

such that

e J, is the homotopy cofibre of i,

e H*(i,) = 0 forall n,

e H*(J,) is a projective A-module for all n,
e the map

[X, Ju]. — Homy (H"(J,)), H* (X))

given by [f] — H*(f) is an isomorphism for all » and all X (i.e. J, is an
“A-Filenberg—Mac Lane object”).

For any spectrum Y, there is an Adams tower with the above properties. For
the sphere spectrum, we can construct an Adams tower as follows. Let HF,
denote the Eilenberg-Mac Lane spectrum of F,, and let m be the homotopy
cofibre of the Hurewicz map

s % HF » — HF,
which is the inclusion of S into the bottom cell of HF,. Then we define
J, = HF, A HF,"" "
and

—An
Yo = H]Fp 5
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where (—)""~D denotes the (n— 1)-fold smash product. This gives us an Adams
tower, the “standard Adams tower”.
Applying [X, —].. to an Adams tower gives us an exact couple

DIXY, . o DX Y.

DIX, J.1.

by using the Puppe exact sequence for spectra. Generally, having an exact cou-
ple

D** - Kk
1
E**

induces the derived exact couple
E =%ker(jok)/Im(jok), D' :=Kker(j), d = jok
with j' and k’ being the maps induced by j and k. By inductively defining
E,=E_,, d=j_,0k_,.

we obtain a spectral sequence {E}", d,}.

Remark 3.6.5 One can show that any Adams tower for Y will give us the
same spectral sequence (up to isomorphism).

In any case, the exact couple yields
EV =X, 2T, = [EX, 2],

where the right hand side denotes ungraded morphisms in SHC.
We obtain a diagram where the two rows are exact sequences.

X, 2, ], —2s [X, S ] — [X, 2 Y] —s [X, 21V, ],

[X, 2 Y]y 5 X, 2 Yt ] 2 [X, 2 T ]y = [X, 272 Y 0]

(By abuse of notation, we write i,, = (i), where the first i,, is part of the exact
couple, and the second i, part of the Adams tower.)
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The differential on the E-term is given by
dy = jusr 0 knt [X, ] — (X2 ]
It satisfies d; o d; = 0 as this composite factors over ;| © j,+1, Which is zero.
In fact, the differential ¢; is induced by a morphism 9: J, — XJ,,,; in SHC
which satisfies 0 o d = 0 by the properties of the Adams tower. Also, by the
assumptions on the Adams tower, each H*(J,) is a projective A-module, so
applying H* to the sequence
GRS SIS Sy S
results in a projective resolution of A-modules
& 5 5 5
H'(Y) & H'(Jo) e H'(Z') e H'(Z2p) & -+
Recall that the E-term of our spectral sequence was
[X, J,. — Hom', (H"(J,), H*(X)).
This means that the E,-term of our spectral sequence is
E;” = Hy(Hom(H*(Z"J,,), H(X)), 8.) = Exti’f(H*(Y), H*(X)).

We will not discuss the convergence of this spectral sequence and only men-
tion that it converges strongly with respect to the following filtration. We say
that an element f of [X, Y] has filtration k if it lifts over the k™ level of the
Adams tower

Y,

A

x—Ly=vy,
In other words,
FMX, Y] = Im([X, Yi] — [X, Y]).

Remark 3.6.6 With the method described in this section, it is possible to
construct a spectral sequence for a fixed homology theory E,

Ey' = Exty ((E"(Y), E*(X)) = [X, Lg Y-,

see Chapter 8 for the definition of LgY. However, convergence becomes a sep-
arate question depending on E.
For the Johnson-Wilson theories E = E(n) (see Definition 8.4.43), this has
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been discussed by Hovey and Strickland [HS99, Proposition 6.5]. For complex
cobordism MU or its p-local version, the Brown-Peterson spectrum BP, this is
known as the Adams-Novikov spectral sequence, whose technical advantages
have been discussed in e.g. [Rav78]. The Thom reduction map

O: BP— HZ/p

induces a morphism of spectral sequences between the Adams-Novikov spec-
tral sequence and the Adams spectral sequence. Applying it to the respective
Adams towers, we see that if a morphism has Adams filtration s, it has Adams-
Novikov filtration at most s.

3.6.2 A Look at the E,-Term

The most frequently discussed calculation of the Adams spectral sequence is
X=Y=S:

E;’l = EX'[%(FQ, F) = 7_4S)® Zé\

First, let us look at the 1-line of the E,-term. We will just talk about the case
p = 2, as the odd primary case is very similar.

Lemma 3.6.7 Forp =2,

x5, 5y < [ 21D iT1=2
Xt s = ,
AT2EYT ifr# 2,

Proof An element in Extlf’l’ (F,,F,) is represented by a short exact sequence
0 — K] —M-— K0l —0,

where M is a module over A, and F,[s] denotes one copy of F, in degree s
generated over F, by the element x;.

As an underlying graded F,-module, M = F,[t] ® F,[0] generated by xg
and x;, but we are interested in M as an A-module. Therefore, the different
possibilities for M in the short exact sequence are encoded by those elements
0 € A of degree t, where Qxg = x;.

This means that Q is an indecomposable element of A, i.e. Q cannot be
written as a product Q = Q; - Oy, see Definition 3.5.10. If Q = Q; - O», then
the underlying F»-module would have to have at least rank 3 to accommodate
01 xp.

By Lemma 3.5.11 the indecomposable elements of A are given by

(Sq% |ie Ny,
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so there is a bijection between EthAt(]Fz, F,) and the set of indecomposables as
above. The Ext class represented by the short exact sequence corresponding to
S ¢” is traditionally denoted by /;. This completes our proof. O

The next question is of course if any of the A; survive the spectral sequence,
i.e. if they are permanent cycles. It turns out that the only permanent cycles are
ho, hy, hy and h3, giving rise to the Hopf elements

2 em(S)®Z) = 75,
nemS)®zl =7/2,
yem(S)®Z) = 2/8,

o em(S)®Z) =7Z/16.

The fact that these elements survive to the E.-term is related to the classical
geometric question of whether S” is parallelisable, see e.g. [Ada60] or [Ste62].

Of course, the 1-line is just the start of many calculations, relations and
structural results that one can compute in the E,-term. The E,-term

E;' = Ext/(F,,F,)

can be calculated manually in small degrees by writing down an explicit pro-
jective resolution of F,, as A-module, which in practice makes heavy use of the
Adem relations.

For example, one can use a minimal resolution [Ben98] or bar resolution
[Wei94]. The minimal resolution has, unsurprisingly, the advantage that it is
small in terms of generators used, whereas the bar resolution allows us to detect
structure of m.(S) already on the E-term, such as the product structure or Toda
brackets (see Section 5.6) as well as a wealth of other patterns.

As mentioned earlier, the relative simplicity of the dual A, of A means that
in some situations it is preferable to use the homological Adams spectral se-
quence and a cobar resolution instead [Rav86].

In any case, the Adams spectral sequence provides a very useful method for
calculating morphisms in 8HC by using cohomology and cohomology oper-
ations (or respectively, endomorphisms of HF,), which is why it is a fitting
application to conclude this chapter.



4

The Suspension and Loop Functors

In this chapter we introduce the notion of pointed model categories and show
that the homotopy category of a pointed model category has a suspension func-
tor with an adjoint called the loop functor. This suspension functor is a gener-
alisation of the standard notion of (reduced) suspension of pointed topological
spaces. We shall also see that in the case of chain complexes over a ring, this
suspension functor is modelled by the shift functor. With these constructions
in place, we can define the notion of a stable model category.

The suspension and loop functors allow us to define cofibre and fibre se-
quences in an arbitrary pointed model category. These sequences are a gener-
alisation of cofibre and fibre sequences for pointed spaces category of a pointed
model category and are a useful aid to calculations. When the model category
is also stable, these cofibre and fibre sequences form the basis of important
additional structure on the homotopy category, as we examine in Chapter 5.

It is would be tempting to think that a cofibre sequence in Ho(C) simply
consists of a sequence of maps

A i) B—C
where C is the cofibre of f or that a fibre sequence is
F—E-B

where F is the fibre of p. However, some additional information is needed to
obtain the properties that are enjoyed by fibre and cofibre sequences in topo-
logical spaces.

Specifically, a cofibre sequence comes with a coaction of the suspension of
A on the cofibre of f: B — C, and part of the information of a fibre sequence
with fibre F is an action of the loops of the base space QB on the fibre. These
actions are standard in topological spaces, see [Bre97], but we will obtain a
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well-defined action and coaction using nothing but the definition of a model
category and some other basic category theory similar to [Qui67].

We will also examine some key properties of fibre and cofibre sequences, in-
cluding that they can be “shifted” to the left or to the right to obtain a new fibre
or cofibre sequence, that [X, —] takes fibre sequences to long exact sequences
of groups and that [—, X] takes cofibre sequences to long exact sequences of
groups.

4.1 Definition of the Functors

In Chapter 2 we worked primarily in the category of pointed topological spaces
with basepoint-preserving maps as morphisms. The basepoint plays a role sim-
ilar to that of the zero object in chain complexes Ch(A) in some abelian cat-
egory A (or in other “algebraic”” model categories). This notion can be gener-
alised to the model category context as follows.

Definition 4.1.1 A model category C is pointed if the unique map from the
initial object to the terminal object is an isomorphism. This object is denoted
and called the basepoint.

Given any two objects A and B in €, the composite map A — % — B is
called the zero map from A to B.

The composite of any map with a zero map is again a zero map.
Recall that a cylinder object for X € C is a factorisation of the fold map
XX —X
XU x -2 cylx) —— x.
Similarly, a path object for X is a factorisation of the diagonal X — X X X

X— s px— " L xyx

see Definition A.2.1. We assume without loss of generality that our cylinder
and path objects are “very good” (see Section A.2), so the first map is a cofi-
bration and the second map a fibration.

Definition 4.1.2 Let C be a pointed model category, and let X € C be cofi-
brant. The suspension £X of X is defined as the pushout of the diagram

(ioi1)

* — XII X — Cyl(X).

Dually, let Y € C be fibrant. The loop object QY of Y is defined as the
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pullback of the map

PY 2y oy — s,

The above definition does not depend on the choice of cylinder or path object
in the following sense.

Proposition 4.1.3 Let C be a pointed model category. The suspension and
loop constructions define functors

¥: Ho(C) — Ho(C) and Q: Ho(C) — Ho(C).

Proof Let Cyl(X) and Cyl(X)’ denote two (very good) path objects for a cofi-
brant X. Then, by Section A.2 there are comparison maps

c1: Cyl(X) — Cyl(X)" and c¢;: Cyl(X)' — Cyl(X)

which are weak equivalences and mutually homotopy inverse. Denote the re-
spective pushouts by

p1: Cyl(X) — XX and p;: Cyl(X) — (ZX)'.

Now, a map f: Cyl(X) — A which is trivial on both “ends” of the cylin-
der induces a unique map XX — A but also a unique map (ZX)’ — A by
precomposing f with ¢;. Conversely, any g: Cyl(X)’ — A inducing a map
(ZX) — A also induces a map XX — A.

Thus, we have commutative diagrams

X1IX — Cyl(X) XTI X — Cyl(X)
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Putting them together gives a big diagram

X1IX — Cyl(X)

This diagram does not commute strictly, but as p; o ¢; o ¢; =~ p; it commutes
in Ho(C). Thus, in Ho(C), we have G o F = 1d and, repeating the process with
Cyl(X) and Cyl(X)’ interchanged, F o G = Id, so ZX and (£X)" are canonically
isomorphic in Ho(C).

Now let A and B be both fibrant and cofibrant in C. By definition, £A is the
pushout of the diagram

x «— AIIA — Cyl(A),
and XB is given by the pushout
* «— BII B — Cyl(B).

A morphism f: A — B in C therefore gives a commutative diagram

* AIlLA Cyl(A)
Jfﬂf <leKf>
M BII B Cyl(B).

Note that by Remark A.3.4, the map Cyl(f) is unique in Ho(C). The universal
property of pushouts now gives us a morphism

Xf: XA — XB.
An analogous argument holds for the loop construction. O

The derived left adjoint of a Quillen adjunction preserves coproducts,
pushouts and cylinder objects, hence it commutes with suspensions. Similarly,
the derived right adjoint will commute with loops.

Corollary 4.1.4 Let C and D be model categories, and let

F:C—><D:G
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be a Quillen adjunction. Then for X € C and Y € D there are natural isomor-
phisms

LF(EX) =SLF(X)  RG(QY) = QRG(Y)

where

LF: Ho(C) — Ho(D) and RG: Ho(D) — Ho(C)
denote the respective derived functors of F and G. O

Example 4.1.5 The definition gives the usual suspension and loop construc-
tions on pointed topological spaces and pointed simplicial sets. For example,
if X is a cofibrant pointed topological space, we can take the cylinder object on
Xtobe X A[0, 1] with X VX — X A [0, 1], being the inclusion of the ends of
the cylinder. We then form the pushout diagram

XvX——XANI[0,1]4

|

* — 33X,

For a cofibrant sequential spectrum Z, we can perform the above construc-
tions levelwise to obtain Cyl(Z) and £Z. The spectrum XZ is defined by (X2),, =
>Z, and the structure maps are given by

sy7, M sz sz

Note the use of the twist map. Its necessity can be seen more clearly by looking
at the structure map of A A Z for a pointed space A, see Example 3.1.4.

Example 4.1.6 For chain complexes Ch(A) one obtains the following. Let
A, € Ch(A). A cylinder object for A, is given by

Cyl(A), =A,®A,-1 ®A,, 0a,b,c) = (d(a)+ b,—d(b),d(c) - b)
where d denotes the differential in A,. One can verify that the inclusion
it A, ® A, — Cyl(A.),
which sends (a, b) to (a, 0, b), and the projection
p: Cyl(A,) — A,

given by p(a,b,c) = a + c are chain maps. Their composite is the fold map
A, ®A, — A, and p. is a homology isomorphism. Furthermore, we see that
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the cokernel of i and thus the suspension of A, is simply given by the degree
shift

(ZA)y = Ap-t1, dza(x) = —da(x).
Similarly, a path object for A, € Ch(A) is given by
PA, = A, XA,1 XA, da,b,c)=(da),-db)—a+c,d(c)).
The maps i: A, — PA. given by i(x) = (x,0, x) and
p: PA, — A, XA,

given by p(a, b,c) = (a,c) are chain maps, their composition is the diagonal
map A, — A, X A, and i is a homology isomorphism. We can then see that
the kernel of i is QA, with

QA, = A1, doa(x) = —da(x),

i.e. the loop object is given by the degree shift in the opposite direction.

Note that these are not automatically very good cylinder objects in the pro-
jective or injective model structure, but they are both very good in either model
structure if A, is fibrant and cofibrant.

Proposition 4.1.7 Let C be a pointed model category. Then the suspension
and loop construction induce an adjoint functor pair

¥: Ho(C) Z_— Ho(©) :Q,
hence there are natural isomorphisms
oas: [ZA, Bl 5 [A,QB]
for A, B € Ho(C).

Proof We saw that £ and Q are functors in Proposition 4.1.3, so we now have
to deal with the adjointness.

Definition of the isomorphism p

By definition of the suspension, a map [f] € [XA, B] is represented by a map
F: Cyl(A) — B
in € such that the composite

AlLA — Cyl4) 5 B
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is the zero map AL A — % — B. In other words, F is a left homotopy
between two copies of the zero map A — B. In a similar way, elements
[g] € [A, QB] are represented by right homotopies between two copies of the
zero map from A to B. As A and B can be chosen to be both fibrant and cofi-
brant, being left homotopic is equivalent to being right homotopic (see Lemma
A.2.6), so [XA, B] and [A, QB] agree. We will spell out the details below.

As A and B are both fibrant and cofibrant, a left homotopy

F: Cyl(A) — B

gives rise to a right homotopy G between two copies of the zero map, namely
G =Hoi;: A— PBwith H alift in the commutative diagram below

A—" .pB

‘(
fo | ~ H l(eoael)

Cyl(a) 22 Bx B,

see Lemma A.2.6. Note that because A is cofibrant, iy is an acyclic cofibration,
see A.2. As

(eg,e1)0G =(egoHoij,eyoHoi)=(00iy, Foip)=(0,0),
the map G factors over the pullback of
* — BX B «— PB,

thus gives us a unique map g: A — QB. Furthermore, the choice of H is
unique in Ho(€), meaning that different a different choice of lift # would result
in the same [g] € [A, QB].

p is well-defined

This part of the proof boils down to the following statement: if
F: Cyl(A) — B and F’: Cyl(A) — B
are right homotopic, then their corresponding right homotopies
G:A— PBand G': A— PB
are left homotopic. So to show that the assignment

p: [ZA, Bl — [A,QB], [f]+ [g]
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is well-defined, we must show that it does not depend on the choice of repre-
sentative F of [f]. Let [f] = [f’] € [ZA, B]. Then f and f” are related by a
right homotopy

K:*A — PB.
We can consider K as a map
K: Cyl(A) — PB
with K o iy = K o i; = 0. If we pick a different representative
F’: Cyl(A) — B

for [f] € [£X, Y], then F and F’ are related by the homotopy K, with ¢yoK = F
andej oK = F'.

Performing the same construction with F’ as we did with F earlier, we obtain
alift H': Cyl(A) — PB and G’ := H' o i} which factors over g’: A — QB.
We now have to show that G and G’ are homotopic. We can concatenate the
homotopies H and K to obtain

K+H: Cyl(A) — PB

using the construction given in Appendix A.2. Note that we can concatenate K
and H both as left and as right homotopies, and the results are the same in the
homotopy category. We are allowed to perform this construction because

ejoH=F =e¢yoK,

i.e. the homotopies “fit together”.
We can choose H' = H * K because

epo(HxK)=eyoH=0

and
eio(H«K)=ejoK=F
as well as
(HxK)oigy=(Holiy)«(Koip) =0x0=0.
By definition,

(H+K)oiy=(Hoi)x(Koip)=Gx0,

which is homotopic to G. Therefore, we have just shown that the left homotopy
F’ corresponds to both the right homotopy G’ as well as to G 0. As correspon-
dence between left and right homotopy is a bijection up to homotopy, G’ and
G * 0 (and consequently G’ and G) are homotopic, and therefore, [g] = [g’].
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This proves that our construction of p: [XX, Y] — [X, QY] is indeed well-
defined.

p is bijective
The previous part showed that if two left homotopies F: Cyl(A) — B and
F’: Cyl(A) — B are right homotopic, then their corresponding right homo-
topies G,G’: A — PB are left homotopic. For p to be bijective, we have
to show the converse. The proof is exactly dual to the proof of p being well-
defined, so we shall not repeat it here.
This finishes the proof that p is an isomorphism. O

4.2 Stable Model Categories: A First Look

With the technicalities of suspension and loop functors in place, we can now
come to the central definition of this whole book.

Definition 4.2.1 A pointed model category C is stable if the suspension and
loop functors are equivalences of categories from Ho(C) to itself.

Example 4.2.2 The model category of pointed topological spaces is not sta-
ble. Recall that 7,(X) = [S", X] for X a pointed space and that m>(S 1y = 0 but
713(S?) = Z (generated by the Hopf map) and 714(S?) = Z/2. It follows that the
suspension functor is not an equivalence on the homotopy category.

Sequential spectra are stable by Theorem 3.3.14. Section 3.4 gives a nice
illustration of stability on sets of maps between suspension spectra XA and
>*B of CW complexes, provided A is finite:

[Z*A,X°B] = colim,[Z"A,X"B]
= colim,[Z"'A,Z"!B] = [Z (Z®A), X (Z*B)].

Example 4.2.3 For A an abelian category, the injective and projective model
structures on chain complexes in A are stable, whenever they exist. We have
seen that suspension and loop functors are simply given by degree shifts. In
particular, they are equivalences of categories and form a Quillen adjunction.
Hence they induce an equivalence of categories on the homotopy category.

Definition 4.2.4 For C a stable model category, the graded set of maps from
X to Y in Ho(C), denoted [X, Y]*e, is defined as

(X, Y], =

[£"X,Y] ifn>0
[X,="Y] ifn<O.
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A map in [X, Y], is called a map of degree n.

It follows from stability that the composite of a map of degree n and a map
of degree m is a map of degree n + m. We may also relate the grading to Q via

[X,QY], = [ZX,Y], = [X, Y] and [QX, Y], = [ZQX, Y],-1 = [X,Y],-1.

This grading convention agrees with that of homotopy groups spectra. For a
sequential spectrum X we will see in Proposition 6.6.6 that

(X)) =[S, XI5

Definition 4.2.5 A category C is additive if it has all finite products and
coproducts and is enriched in the category of abelian groups. In other words,
the morphism sets are abelian groups, and composition of morphisms

o: CY,2)xC(X,Y) — C(X,2)
is bilinear. An additive functor is a functor
F:¢— D
of additive categories such that
F: CX,Y) — D(F(X), F(Y))
is a morphism of abelian groups.

A consequence of the definition is that finite products and coproducts coin-
cide. Given f: A — X and g: A — Y, we have a map

(fUg)o(i1+i):A— XUIY
given by adding together the two inclusions i}, i: A — AII A. Let
px: XY — X and pj: AUA — A
be the projections onto the first summands, and
py: XY —Y
be the projection onto the second summand. Then
pxo(fUg ol +i)=fopiolii+i)=f
pyro(flg)o(lii+i)=gopro(ii+ir) =g
This proves that X 11 Y is also the product of X and Y. In an additive category
the product (or coproduct) is sometimes called the biproduct or the direct sum.
Our goal is to show that the homotopy category of a stable model category

is additive, and that a Quillen functor between stable model categories induces
an additive functor. But let us first consider the following.
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Lemma 4.2.6 If C is a pointed model category, then for any X,Y € C, the
sets [2X, Y] and [ X, QY] are groups, and the adjunction isomorphism

p: [ZX, Y] — [X, QY]
is a group isomorphism.

Proof The group composition on [XX, Y] is given by concatenating left ho-
motopies as in Definition A.2.8. We explain at the end of Appendix A.2 that
for fibrant and cofibrant A and B, homotopy classes of maps from A to B are
the objects of a groupoid. Therefore, restricting to homotopies between the
zero map and itself gives us a group. The isomorphism p is given by sending
a left homotopy to its corresponding right homotopy, and concatenation and
correspondence commute in the homotopy category, see again Appendix A.2.
Thus, p is a group homomorphism. O

The Yoneda Lemma yields the following.

Corollary 4.2.7 Let C be a pointed model category, and X € C. Then 2X is a
cogroup object in Ho(C), and QX is a group object in Ho(C). O

Lemma 4.2.8 Let C be a pointed model category, and X, Y € C. Then the
groups [X*X, Y] and [X, Q2Y] are abelian.

Proof We only prove the first claim as the second claim is dual. Let
XX —CylX) — X

be a cylinder object for X. Then we can obtain a cylinder object for Cyl(X)
either the usual way or by applying Cyl to the previous diagram (it is, after
all, a functor on Ho(C), although not one on C itself). We denote the resulting
double cylinder objects by Cyl’(Cyl(X)) and Cyl(Cyl’(X)).

Let @ and S be representatives of elements in [Z%X, Y]. We know that in
Ho(G)

@+ =(a*0)x0xp): Cyl(CylX)) — Y.
The concatenation * within the brackets is the concatenation in the Cyl’-

“direction”, whereas the concatenation between the brackets is the concatena-
tion on Cyl. This is illustrated by the first equivalence in the following diagram.

@ 0 @ 0 0 @ 0 @

018 0| B B |0 BloO

The second equivalence in the picture is given by the isomorphism

Cyl'(Cyl(X)) = Cyl(Cyl'(X)).
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On the third object,
a*0=0*xa and 0xB=8x0,

which gives the third equivalence. The fourth equivalence is given by the in-
verse isomorphism Cyl(Cyl’(X)) to Cyl’(Cyl(X)), and the final equivalence is
given by

0%p) *(@*0) = B+a,
which is the result we wanted. O

Proposition 4.2.9 Let C be a stable model category. Then its homotopy cate-
gory Ho(C) is an additive category. If C and D are stable model categories and
F: C— Dis a(left or right) Quillen functor, then F is an additive functor.

Proof By stability, [X, Y] = [£2X,X2Y], which is an abelian group by Lem-
mas 4.2.6 and 4.2.8.

Composing morphisms is bilinear, because Definition A.2.8 implies that in
Ho(C),

folaxp)=(foa)+(fop) and (@xB)og=(aog)*(Bog).

For the first equality, we use left homotopies and pushouts, and for the second
equality, we use right homotopies and pullbacks.

A left or right Quillen functor F satisfies F(a = 8) = F(a) = F(B) because
F(Cyl(X)) is isomorphic to Cyl(F (X)) in Ho(C), and P(F(Y)) is isomorphic to
F(P(Y)). O

Corollary 4.2.10 Let C and D be stable model categories with a Quillen
adjunction

F: €. *D:G .
Then the derived functors LF and RG commute with both ¥ and Q and preserve
the grading on maps in the homotopy categories.

Proof By Corollary 4.1.4, LF commutes with £ and RG commutes with Q.
Since € and D are stable model categories, X = QX for any X € Ho(C) and
Y = QXY for any Y in Ho(D). Thus

QLF(X) = QLF(ZQX) = QSLF(QX) = LF(QX).

The case of RG commuting with X is dual, and the statement about gradings
follows from the definition. O

We will uncover a lot more of the structure of Ho(C) for stable C in the next
sections and Chapter 5.
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4.3 The Coaction of a Cofibre

We start by abstracting the coaction associated to a cofibre and the action as-
sociated to a fibre to the level of model categories. We need this coaction and
action to give the definition of a cofibre sequence and a fibre sequence in a
homotopy category.

Definition 4.3.1 Let C be a model category and f: A — B amap in C.
The cofibre of f is the pushout of the diagram

!

*«— A — B.

The fibre of f is the pullback of the diagram

Ai)B<—*.

The cofibre of f: A — B is often written as a quotient B/A and the fibre of
f is sometimes written as £~ (x). Let

AL

be sequence of maps in a pointed model category €, where C is the cofibre of
f. Assume that f is a cofibration of cofibrant objects. We start by defining an
action of the group [ZA, X] on [C, X], where X is any (fibrant) object of C. We
know that an element of [XA, X] can be thought of as a homotopy

h: A— PX

between the zero map A — X and itself. We can pick the path object PX such
that the canonical map

PX 3 x
is an acyclic fibration. Furthermore, let
qg:C—X

represent an element of [C, X]. Then the diagram

A—".px
fl NJ;:U
B . x

commutes as both composites are zero. Because f is a cofibration and ey an
acyclic fibration, there is a lift

¢: B—> PX
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in this diagram. Because / is a right homotopy from zero to zero, this satisfies
e;oh=(erog)of=0.

This implies that e; o ¢ factors over the cofibre C of f, i.e.

ALt ,c

eloqbl w
w
X

We now define [g] © [A] := [w]. We will see soon that this pairing is actually
well-defined and gives a right action of [XA, X] on [C, X].

We can perform a dual construction involving the fibre of a map. Let

FLELB

be a sequence of maps in €, where p is a fibration between fibrant objects and
F is the fibre of p. Furthermore, let A be any (cofibrant) object of C. We saw
that an element [A, QB] can be represented by a left homotopy

h: Cyl(A) — B
between the zero map A — B and itself. Lastly, let
fiA—F
represent an element of [A, F]. Then, the diagram

ALE

Cyl(A) — B

commutes because both composites are zero. Again, we can choose the cylin-
der object Cyl(A) so that the map iy is an acyclic cofibration. Thus, the diagram
has a lift

a: Cyl(A) — E
satisfying
hoii=po(aoi)=0

because £ is a homotopy between 0 and 0. This means that « o i; factors over
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the fibre F of p

We define [f] © [A] := [v].

Example 4.3.2 In the case of pointed topological spaces and A = S, this
action corresponds to the classical action of the fundamental group of the base
space on the fibre. A loop in B is represented by a continuous map

w:[0,1]— B
with basepoint xy. For f € F, the homotopy lifting property gives us a path
@:[0,1] - E
in the total space that lifts w and starts at f. The action
O: mo(F) X mp(QB) — mo(F)
assigns to a point f € F and a loop w the end point of the lifted path @.

We can now show that this coaction and coaction are well-defined and natu-
ral. The proof of the following theorem will occupy the rest of this section, so
some readers may want to simply read the statement and skip to Section 4.4.

Theorem 4.3.3 Let f: A — B be a cofibration of cofibrant objects with
cofibre C. The map

o: [C, X] X [ZA,X] — [C, X]

is well-defined, natural in X € C, associative and unital and thus defines a
group action of [ZA, X] on [C, X].
Now let p: E — B be a fibration of fibrant objects with fibre F. The map

0: [A,FIx[A,QB] — [A, F]

is well-defined, natural in A € C, associative and unital and thus defines a
group action of [A, QB] on [A, F].

Proof We are going to prove the statement for the second action, using the
notation from the definition.
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The operation © is well-defined

First, we have to show that © is well-defined by picking a representative
K Cyl(A) — B for [h] € [A, QB]
(possibly different from /) and
g: A — F representing [f] € [A, F].

Then, we pick a lift 8 in the diagram

Cyl(A) 2 B

and a map Vv’ factoring over F' as

We have to show that v" is homotopic to the original v obtained using / and f
instead of 4’ and g.

As [h] = ['], there is a right homotopy H: XA — PB. This homotopy H
is defined by a map

H: Cyl(A) — PB with ego H=h,eyoH=h,Hoiy=Hoi =0.
s [f] = [g], there is a right homotopy
K:A— PF

relating f and g in the usual way, eg o K = f,e; o K = g.
Let Q denote the pullback of the diagram

EXE (p.p) Bx B <o) (eo.e1) PB.
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Then there are commutative diagrams

Cyl(A) PE

N

o—25pB 0o—21 pB
(a,p) (eg.e1)
el l(eo.el) EJ( J{(eo,el)
ExE-"" BxB ExE-"" BxB

because p o8 = ', po a = h, and h is homotopic to &’ via H. Without loss
of generality, we can pick k to be a fibration. If not, then we can factor k as an
acyclic cofibration and a fibration as follows

k: PE—— PE' —» Q

and use PE’ as a path object instead of PE. Thus, there is a commutative
diagram

K Pi

A PF PE
L
Cyld) ————— 0

because the composites
gqokoPioK:A— PB and gocoiy: A— PB
are both zero, and
eokoPioK:A— EXE and eocoiy: A— EXE

are both equal to (i o f,i o g). Now there is a lift

I': Cyl(A) — PE
in the above diagram. We have that

(epoTl,ejol)=eokol =eoc=(ap),

i.e. I is a right homotopy between « and S.
We have Ppol'=qgokol =qgoc = H and thus

PpoToi=qgokoTloij=Hoi =0.
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Thus, I" o i} factors over the fibre of g o k = Pp:

Pi Pp
PF — PE —— PB.
..

Toiy
vy

A

Recall that I" is a homotopy between « and (3, thus I"o; is a homotopy between
aoijand Boij, soy: A — PF is a homotopy between v and v', which is
what we needed for © to be a well-defined map.

The operation © is natural in A

Let p: A” — A be a map of cofibrant objects. As before, let i: Cyl(A) — B
represent an element of [A, QB] and f an element of [A, F]. Then

hoCyl(p): Cyl(A’) — B
represents an element of [A’, QB] and
fop:AA— F

an element of [A’, F']. We are now going to calculate [f o ¢] ® [l o Cyl(¢)]. For
that, we need a lift in the commutative square

A iofop E

ioI LD
"'““hoCyl(cp)

cyld) — 4 B.

We can take this lift to be a o Cyl(¢) where « is a lift in the second square

AN 4" L E
\(

Lb I o lp
cyla) 29 cyla) - B

as before. So,
[w] =[f o @] ©[hoCyl(p)]

where w is the unique map in the diagram below.

F— e "B

ri .
W /‘\aoCyI(cp)oi]

AI

i
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With our usual notation, [v] = [f] © [#] where v is given by the lift

Comparing these two diagrams, we can see that w is given by v o ¢, because
i1 o ¢ = Cyl(¢p) o i;. Thus,

[vogl=[foplo[hoCylp)]

as claimed.

The operation © is unital

The unit of [A, QB] is represented by the trivial homotopy 0: Cyl(A) — B.
Denote by r the map given in the factorisation

AA &0, cyia) S A

By definition, we have r o iy = r o i} = Id4. This means that in the diagram

T j
Cyl(A) >— B

we can take our lift to be io for because io foroiy=iofand poiofor=0.
For our definition of [v] = [f] ® [0] we are now looking for a map v such that
iov=io foroi. Butwecansimply take v = f. Thus, © is unital.

The operation © is associative

We start by calculating

(k] = (f1o[h]) o [A']

and show that this equals [f] © [k * h'].
First of all, let [v] = [f]© [A] be represented by v: A — F defined via a lift
a in the usual diagram. This lift satisfies i o v = @ o i;. To define [k] we need a
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lift in the diagram
T —> E
Cyl(A) LN %
This means that
Boiy=aoi,

and we define k to be the map such thatio k = S o ij.
To calculate [ f]© [h * k'], recall the notion of concatenation from Definition
A.2.8. Because @ o ij = 8 0 iy, we may concatenate as below.

A—" s Cyl(a)

I

Cyl(A) — Cyl(AY

Moreover, p o (a = 8) is a concatenation of 4 and 4’, and
(@xB)oij =Loi; and (@*B)oigy=aoiy=io f.
It follows that @ = g is a lift for the commutative diagram

A—" . F

*

Cyl(Ay 2 .

Because (a * §8) o i; = B o ij, we may choose & to be the lift in the diagram

(@B)oi]

.‘7(
s

and thus
(Kl ={f1ohh o W] =[flo[hH]. m|
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4.4 Definition of Fibre and Cofibre Sequences

We have seen in Section 4.3 that QC is a (unital) group object in Ho(C) for
C € Ho(C), and that XA is a (counital) cogroup object in Ho(C) for A € Ho(C).
Let p: E — B be a fibration of fibrant objects in € with fibre F.

The group action from Theorem 4.3.3 gives a map

[F x QB, F x QB = [F x QB, F] X [F X QB, QB] —> [F x QB, F].
The identity map of F X QB thus specifies a map in Ho(C)
0: FXQB— F,

the same name is used for this map and the group action as the context usually
prevents confusion.

The Yoneda Lemma tells us that © defines an action of the group object QB
on F. That is, the following diagrams in Ho(C) commute, where the unique
map * — QB acts as the unit, and composition of loops is denoted by m.

FxQBxQB -1, F v OB Fx*—— sFxQB
Idr Xml OJ{ El l@
FxQB—° .\ F F— \F

Idp

Dually, let f: A — B be a cofibration of cofibrant objects with cofibre C. The
Yoneda Lemma tells us that the group action from Theorem 4.3.3 gives a map

0:C—CUZA

that defines a coaction of the cogroup object XA on C in Ho(C). With this, we
can now make our main definitions.

Definition 4.4.1 Let C be a pointed model category. A cofibre sequence in
Ho(C) is a diagram

X—Y—Z
that is isomorphic in Ho(C) to a diagram
alptc

where f is a cofibration between cofibrant objects and C is the cofibre of f. In
addition, the diagram is equipped with a right coaction in Ho(C)

Z— ZU2X

that is isomorphic to the coaction from Theorem 4.3.3.
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Definition 4.4.2 Let C be a pointed model category. A fibre sequence is a
diagram

X—Y—Z
that is isomorphic in Ho(C) to a diagram
FS5EL B

where p is a fibration between fibrant objects and F is the fibre of p. Further-
more, the diagram is equipped with a right action in Ho(C)

XxQZ— X
that is isomorphic to the action from Theorem 4.3.3.

It is important to remember that the (co)actions are all defined at the level of
homotopy categories. One could pick a representative for the map ©, but then
one would have to take care over the (co)fibrancy of the objects. Consequently,
the following pair of definitions give maps in Ho(C).

Definition 4.4.3 Let X — Y — Z be a cofibre sequence in Ho(C) where C
is a pointed model category. The boundary map is the composite

0,Id
0z znsx Y sy

where the first map is the coaction associated to the cofibre sequence.

Definition 4.4.4 Let X — Y — Z be a fibre sequence in Ho(C) where C is
a pointed model category. The boundary map is the composite

0,Id
0: 07 Y% xx0z S x.

where the second map is the action associated to the fibre sequence.

The remainder of this chapter focuses on the properties of these actions,
coactions and the boundary maps. In the next section we will use the boundary
maps to “shift” cofibre and fibre sequences, and in Section 4.6 we will use the
boundary maps to extend cofibre and fibre sequences indefinitely to obtain the
Puppe sequences.

The interesting thing about the boundary map is that it contains the same
information as the (co)action associated to a (co)fibre sequence: one uses the
(co)action to define the boundary map but can also recover the (co)action if
given just the boundary map. More precisely, in the cofibre case, if

xLyvsz
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is a cofibre sequence with boundary map 0: Z — XX and there is a commu-
tative diagram in Ho(C)

x—L oy ,7_9.,5x
A—sB—"sCc—"33A

where the vertical arrows are isomorphisms, then
ASBSC

is a cofibre sequence with boundary map w: C — XA. This is proven in full
detail in Lemma 5.2.2 and Remark 5.2.3 and there is a dual statement.

4.5 Shifting Fibre and Cofibre Sequences

In this section we show that a fibre sequence can be “shifted” to the left using
its boundary map to obtain another fibre sequence. This result is a powerful
tool that will make the subsequent results a lot easier. The proof will occupy
the rest of this section, so some readers may wish to read the statement and
skip ahead to Section 4.6.

Lemma 4.5.1 Let X i> Y5 Z be a fibre sequence in Ho(C), where C is a
pointed model category. Then

aztxLy
is a fibre sequence with the action
0: QZLxQY — QZ
given by
azxay 2%, 0zx 0z L azx 0z 5 0z

where * is the group structure map of the loop object and —1 the group inverse.
In other words,

[—((€2g) o W] * [u] = [u] © [A]

where u € [A,QZ] and [h] € [A, QY] for A € Ho(C).
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Note that we write the inverse additively rather than multiplicatively as in
our stable setting all such groups will be abelian. On [A, QZ] the inverse is
given by reversing homotopies, and the group structure by composing homo-
topies. Note that when we write f * g we read this group composition from left
toright, i.e. f is the homotopy that is being executed first. Because we are deal-
ing with a group inverse, [u] is on the right side in the term [—((Qg) o h)] * [u]
despite [4] acting from the right.

Proof Our strategy is to construct a new fibre sequence, compare it to the
original and then show that this comparison is an isomorphism compatible
with the actions of each fibre sequence.

Construction of the fibre sequence

Without loss of generality let us assume that our starting fibre sequence is of

the form F LN E -5 B where p is a fibration between fibrant objects in C.
We let 0 be the boundary map. Now let F’ be the pullback of

20 ,0
rB e g2 |

We can extend this to a commutative diagram

QB —— %

|

wl l(p,O)
(eo,e1)

PB—— BXB.

The outer square and the bottom square are pullback squares, thus so is the top
square [Str11, Theorem 2.42], and we have a fibre sequence

W .
QB F' S E.
Our claim is that this fibre sequence is isomorphic to the one of the statement,

) 4
QB -5 F -5 E. We must prove the following points.

e There is a weak equivalence ¢: F — F’.

e This map satisfies ¢ o d = A’ and i’ o ¢ = i in the homotopy category.

e The action QB X QFE — QB associated to this fibre sequence is isomorphic
to the action in the statement of the lemma.
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First, we must obtain a map ¢: F — F’. Rewriting (p, 0) as (Id, 0) o p, we
have the diagram

g .
FF——3E

‘PJ l([d,o)op
(eo.e1)
PB—— BXxB

where the outer square commutes because p o i = 0. Thus, the universal prop-
erty of the pullback gives us ¢ with i’ o ¢ = i at the level of model categories.

Comparison of fibres

To show that ¢ is a weak equivalence we rewrite it as a map into a double
pullback, followed by two maps of double pullbacks, each of which is a weak
equivalence. The double pullback diagrams and maps between them are given
below, with their limits on the right.

Id Id el

PE PE PE E F PExg F
PE— s pPE+ " PE B M PE xp *

}0 me le lld l lﬁ
E— B+ pp-“ B « E Xpxp PB=F'

The map from F into the first row is induced by the identity of F and the
composite s o i, where s: E — PE is a weak equivalence that is part of the
structure of the path object. Furthermore, note that

F’ = FE Xgup PB = E Xp PB Xp *.
By considering the composite maps from F' into the outer terms of the last
pullback, we see that ¢ is the composite

(soi,Id) @ B ’
F—— PEXg F — PEXp* — EXpyp PB=F'.
As ep: PE — E is an acyclic fibration, so is the pullback of it along i,
which is a map PE Xz F — F. The two-out-of-three axiom implies that
(s o i,1d) is a weak equivalence as desired.
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For the second map, we consider the commutative diagram
PEXg F—— F —— %

]

PE—" g "4B

The two small squares are both pullback squares, thus the outer rectangle is a
pullback square too. In other words, the identity of PE, p and the zero map
F — = induce an isomorphism

a: PE Xg F — PE Xpg *.

We will prove that the third map $ fits into a pullback square, with the right
hand vertical being an acyclic fibration.

PExp+—2 s PE

ﬁl ~l(80,Pp) “4.1)
(I1d,Id)

E Xgyp PB— E Xg PB

Since the pullback of an acyclic fibration is itself an acyclic fibration, so is 8
and the result will be complete. To see that 8 is given by that pullback, we

rewrite the above square as a commutative diagram in the diagram category
el—>2<—3—>4<—5

Id 1d oP d
(PE = PE « PE " B %) (4.2)
\w)
(e0.poeo.Pp.1d,0) (PE LN PE & PE — x «— %)
(E 2B PR Be— %) (e0.poeq.Pp,0,0)

1d,1d,1d,0,0)

(E—p>B<€—OPB—>*<—*),
Evaluating the diagram (4.2) at each vertex of the index category
1523545

gives a pullback square. This means that the diagram (4.2) is a pullback square



4.5 Shifting Fibre and Cofibre Sequences 113

in G!7273245 a5 limits are defined termwise. Consequently, applying the

limit functor to each of the four corners of (4.2) gives another pullback square
in C. But that square is exactly the square (4.1).
It still remains to show that the map

B: PE Xp * HEXBX3PB=F’
is an acyclic fibration. Recall that 3 is the pullback of PE — E Xy PB along
(Id,1d): E xgxpg PB — E Xp PB.

We construct a specific model for PE so that the map PE — E Xp PB induced
by eg and Pp is an acyclic fibration. We first construct a double pullback

. p €q el V4
EXBPBXBEzhm(E—>B<—PB—>B<—E).
We can view this as an iterated pullback, hence we get a diagram as below.

EXp PBXpE —» PBXg E ——»E

| |,

E xy PB PB—_ B

L ,, l

E———»B

We may then recognise E X E, B X B and PB in terms of limits of double
pullback diagrams.

EXE = lim(E— *%«— % — % «—F)

BxB = lim(B— %«—%— %x«—RB)

. Id eo ey Id
PB 11m(B—>B<—PB—>B<—B)

The maps (p, p): EX E — BXx Band (eg,e;): PB — B X B are recognisable
as limits of maps of these diagrams. Specifically, (p, p) is induced by a map
from the first diagram to the second, which is p on the two outermost terms and
zero elsewhere. Furthermore, (eq, e1) is induced by a map from the third to the
second, which is the identity map on the outermost terms and zero elsewhere.

Using these maps of diagrams, E Xp PB Xp E can be recognised as the
pullback of (p, p) along (e, ;). This is similar to the earlier statements relating
diagrams (4.1) and (4.2). Moreover, as PB — B X B is a fibration, the map
created from the pullback

(pro,pr1): EXg PBXg E — EXE

is also a fibration.
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The maps Id: E — E,so p: E — PBand Id: E — E induce a map
viE— EXgPBXpE

such that (prg, pry) o v is the diagonal E — E X E. It follows that factorising
v into a acyclic cofibration s followed by a fibration u

E-5 PELS Exy PBxp E

gives a path object for £

E - pg YR o E

We call the last map (ep, e;) to match the standard notation. As before, ¢ o s
and e; o s are the identity maps of E. Moreover, by definition of a map into a
pullback, u induces a map PE — PB, which we may call Pp as

epoPp=poey and e oPp=poe.

The composite of the fibrations ¢ and A from the pullback diagram explain-
ing E Xp PB Xp E gives a fibration

PE 25 Exy PBxy E - E x PB

which is precisely that induced by ey and Pp. Since « o A o v is the identity of
E, k is a weak equivalence, and u is a factorisation of v, it follows that A o y is
an acyclic fibration as required.

Comparison of the new fibre sequence with the original sequence

We now show that ¢ o @ = A’ to obtain a commutative diagram

OB s F— L E

QB —F —— FE

where all three vertical maps are weak equivalences. We are going to show that
[Wofl=[podof] forall [f]€[A,QB].

Let [f] be represented by both the right homotopy j: A — PB and the left
homotopy k: Cyl(A) — B which are related via the correspondence

G.0)
AUA—— PB

(iu,i1)]v/ / lel

Cyl(A) B
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with
eoo K=k, Koig=j, eeoK=0=Koij.
Firstly, [i’ o f] € [A, F’] is given by

N

FF——E

J
<Pl J(D,O)

PB— B X B.
(eg.e1)

Now let us look at a representative for [¢ o d o f]. By definition of 9, [0 o f] =
[0]©[f], so

[¢odo f1=[¢]o([0]O[fD.

To compute [0] © [f] we get a lift H in the commutative square

)

Then [0] © [f] is represented by amap v: A — F such thatiov = H o i;. As
i’ o ¢ = i, this means that H o i; represents i’ oo d o f, and so po d o f is
given by the commutative diagram

\ Hoi,
F' E— E
(pO)

PB — BXB.
(eg.e1)

—>

<—<D>

Cyl(A) SN
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We now consider the map n induced by H and the homotopy correspondence
K

Cyl(A)

N

FF——F

|

PB—— B X B.

(eo.e1)

S

This map 7 is in fact a (left) homotopy between 4’ o f and ¢ 0 9 o f because
Koiy=j, Hoip=0 andthus moig=hof

as well as

Koiy =0 andthus moij =¢odof,

meaning [/’ o f] = [¢ o d o f], which is what we wanted to prove.

Comparison of the two actions

Lastly, we compare the natural action of QQF on QB as part of the fibre sequence
O
QOB —> F' - E

with the action given in the statement of the lemma. For this, let f: A — PB
represent an element of [A, QB] and h: Cyl(A) — E represent an element [/]
of [A, QE]. By definition of the loop object, there is a commutative diagram
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for some f: A — QB. This gives us the usual commutative square from the
definition of ©

Wof
A——F

Cyl(A) — E

with a lift @: Cyl(A) — F’. As this « is a map into a pullback, this is equiv-
alent to a commutative diagram

Cyl(A) \

K
‘Pl l(pso)

PB—— BXB

(eo.e1)
for some map K: Cyl(A) — PB. This map K satisfies

Koi0:¢poaoi0:¢poh’of~:f,
egoK=poh and e oK =0.

The element [ ] © [k] € [A, QB] is defined as the homotopy class of the map v
in the commutative diagram below.

[9); PG ANy

\ T(yoi 1
v

A

First, we notice that because
egoKoij=pohoiij=0=e;0Koij,

the map K o ij;: A — PB factors over QB. We denote this map by
k: A — QB. Thus, we have

poh ok=Koij=¢oaoi,

and we can conclude that [v] = [f] © [k] = [k]. This means that our claim
amounts to

(k] = [(=Qp o h) * f]

where * is the group multiplication (i.e. composition of homotopies) on [A, QB].
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We look at K o ij: A — PB as a right homotopy between 0 and 0. This
corresponds to a left homotopy %: Cyl(A) — B via a correspondence H, i.e.
we have a commutative diagram

ALIA %9 pp

Cyld)—2 B
with
Hoiy=Koij,Hoi;=0,epoH="h and ¢; 0o H=0.
The first equation means that we can form K * H. We therefore get

(KxH)oij=Hoi =0,
(K*H)oipg=Koig=f,
epo(K+H)=(egoK)*(ego H)=(poh)=h,
ero(K+H)y=(e;oK)*(e; o H)=0%0=0.

In other words, we have a commutative diagram

AlA—YY . pp

Giouis )l % lel

Cyl(d) —2 B,
which means that K * H is a correspondence between f and
epo (K H)=(poh)«h,

s0 [f] = [p o h] = [h]. Now h is in the same homotopy class as K o i; which
represents [k] = [f] © [A], so

[f1=[poh]l=[h]=[poh]l=(flo[h]).
By slight abuse of notation h: Cyl(A) —> Bis h: A —> QB, so
[f1=1[Qpoh] = ([f]O [A]).
Rearranging the above equation then gives
[-(Qp) o h]l = [f1=[flO[h]

as required. O
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Corollary 4.5.2 With the previous notation, if F SELBisa fibre se-
quence, then so is

-Q
o 2 oB S F

Proof Using the action ® of QF on QB given in Lemma 4.5.1 as well as
Definition 4.4.4, we see that the boundary map associated to QB — F — E
is given by

[X,QE] — [X,QB] X [X,QE] —>— +[X, QB],

1 (0L [fD ———=[0] « [-Qpo f] = [-Qpo f].
]

The proof of this corollary very neatly justifies the minus sign appearing in
the shifted fibre sequence, which plays an important role in the following long
exact sequence and will do so again in Definition 5.1.2. For topological spaces
this is known as the Puppe sequence or simply the long exact fibre sequence,
and it also holds in a general model category environment.

4.6 The Long Exact Puppe Sequence

Because we have already done so much preparation work, the proof of the long
exact sequence is now relatively brief. In the following result and Theorem
4.6.4 note that the signs (—1)" can be removed while keeping the sequences
exact.

Theorem 4.6.1 Let X i> Y Z be a fibre sequence in Ho(C), where € is
a pointed model category, and let 0: QZ — X be the boundary map from
Definition 4.4.4. Then the sequence

(-D"(Q"9). (=D"(Q" f)« =D"(Q" ).
MEAN -7 AN

5 [A, Q7] [A, Q"X] [A, QY]

oAz S ax DA S (A z)
is exact for any A € Ho(C).

Of course, the homotopy category of a pointed model category € is not nec-
essarily additive, so unless e.g. C is stable or A is a cogroup object, the last three
terms of the sequence need not carry any group structure. Thus, exactness at
these terms should be considered as exactness in pointed sets.
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Proof Because of Lemma 4.5.1 and Corollary 4.5.2 it is sufficient to show
exactness of

(A x15 14,71 5 4,2)

only. Note that Corollary 4.5.2 is important here because Lemma 4.5.1 alone
does not tell us that the boundary map in the twice shifted fibre sequence is
actually what one expects. Without loss of generality let us assume that our
fibre sequence is of the form

rSeLB
where p is a fibration of fibrant objects, so we will show that
[A, F ] 5 (A, E] 5 [A, B]

is exact. Because p oi = 0 by definition, we have that the image of (i,) is in the
kernel of p.. Now letu: A — E satisfy [pou] = 0. We would like to show that
u is in the image of i.. As [p o u] = 0, there is a homotopy /: Cyl(A) — B
with hoiyp = pouand hoi; = 0. As p is a fibration, there is a lift in the
following commutative square.

Cyl(A) L B

Because po (H oij) = hoi; = 0, the map H o i; lifts over the fibre of p,
meaning that there is

v:A— F suchthat iov=Hoij.

Since H is a homotopy between H o i; and H o iy, they represent the same
homotopy class, hence

i[vl=Tliovl=[Hoii] =[Hoip] = [ul,
thus [u] is in the image of i. as required. O

There are dual statements of the previous results for cofibre sequences.

Lemma 4.6.2 Let X LN Y Zbea cofibre sequence in Ho(C), where C is a
pointed model category. Then
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is a cofibre sequence with the coaction
0:ZX — IXUXY

given by
[ul © [h] = [u] * [-h o Xf]

[m]
Corollary 4.6.3 IfX L Y Zisa cofibre sequence, then so is
) sy
z%sx sy
O

Theorem 4.6.4 Let X EA Y Zbea cofibre sequence in Ho(C), where C is
a pointed model category, and let 3: Z — XX be its boundary map. Then the
sequence

1) IYi(Sh )
RN [Z"“X,A] % [2"Z, A] M} [Z"Y,A] > - -

Sz war D xa
is exact for any A € Ho(C). O

Indeed, all standard properties of fibre sequences can be reformulated for
cofibre sequences and vice versa. The proofs are identical, one just has to ex-
change limits for colimits, left homotopies for right homotopies etc. In the
next chapter, the duality between fibre and cofibre sequences for stable model
categories is highlighted even more strongly.
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Triangulated Categories

The aim of this chapter is to state the definition of a triangulated category
and show that the homotopy category of a stable model category is a triangu-
lated category, see Theorem 5.2.1. Triangulated categories were developed to
axiomatise the structure of the derived category of an abelian category. This
structure comes in the form of exact triangles, a replacement for the short ex-
act sequences (and kernels and cokernels) of an abelian category. The exact
triangles of a stable model category are defined in terms of cofibre sequences.

Once we have proven the main theorem, we will investigate some of the
consequences for the homotopy category of a stable model category. These
include the agreement between fibre and cofibre sequences, and finite prod-
ucts equalling finite coproducts. Next, we will consider the notion of an exact
functor, which is a functor compatible with the structures of triangulated cate-
gories. We will show that a Quillen functor of stable model categories induces
an exact functor of the respective homotopy categories.

We end the chapter with two overview sections. This first introduces the
concept of Toda brackets, an important method of calculation in triangulated
categories, and applies the theory to the stable homotopy category. The second
gives an example of a triangulated category that does not arise from a stable
model category.

5.1 Definition and Basic Properties

Let us begin with the axioms, which arise naturally from some of the properties
of fibre and cofibre sequences as well as from the algebraic structures found
on the derived category D(A) of an abelian category A. The version we give
has some redundancies, but has been chosen for its ease of use. For example,

122
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axiom (T3) follows from (T1) and (T4), but is the first step in proving that the
homotopy category of a stable model category is triangulated.

Recall that an additive category is a category whose sets of morphisms come
with abelian group structures such that composition is bilinear and the category
has all finite coproducts and products (which coincide and are called direct
sums), see Definition 4.2.5. Note that the zero object is the direct sum of an
empty collection.

Definition 5.1.1 Let 7 be an additive category equipped with an additive
self-equivalence X: T — 7. A triangle in T is a sequence of morphisms

xhytz5sx
A morphism of triangles from
X>Y>Z-o>3IXto X Y -7 -IX

is a commutative diagram

X h y i3 7 5 X
¢1l ¢2l ¢3J, 2¢1l
, , 7
x Ly Lty Bisx

Given what we know about fibres and cofibres, we might expect the defi-
nition of a triangle to require that the composites f> o f; and f3 o f, are the
zero map. However we shall shortly see that this follows from the axioms of a
triangulated category.

Definition 5.1.2 Let T be an additive category equipped with an additive self-
equivalence £: T — T. (This functor is often called the “shift functor” as a
nod to the most common examples.)

We say that T is a triangulated category if there is a class of distinguished
triangles called exact triangles satisfying the following axioms.

(T1) The triangle

is exact for every X € J. A triangle isomorphic to an exact triangle is exact.
Every morphism f: X — Y fits into some exact triangle

XLy .,z “.5x
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(T2) The triangle

x—Ly—f .z .5x

is exact if and only if the triangle

Y V4 >X XY
is exact.
(T3) Let
X il Y f 7 f X
¢1l ¢2l 2¢1l
f 1 5
X sy 257 253X,

be a diagram such that the two rows are exact triangles and the left square
commutes. Then one can add a morphism ¢ : Z — Z’ to this diagram such
that the resulting second and third square commute.

(T4) Let
x— L,y L,z Bosy
| ) |
D N =)'
uy
w
us
Y

be a commutative diagram such that the column and two rows are exact
triangles. Then there is an exact triangle

Vi V2 V3

Xz
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that can be added to the first diagram to obtain the commutative diagram

x Iyt 7z Fosx
X 81 U 82 v 83 X
u V2
W=W
us V3
3f
XY —— 37

First we note that because of (T2), the fill-in axiom (T3) could equivalently
be reformulated with ¢, instead of ¢3 and asking for the right square to com-
mute.

The axiom (T4) is known as the octahedral axiom. This is due to its original
form concerning the four exact triangles arranged in the shape of an octahe-
dron. The version we stated above is equivalent to the original octahedral ax-
iom [KraO7, Appendix] and has established itself as a more convenient version
in practice.

Rewriting the object Z in the first row of the diagrams in (T4) as “Z = Y/X”,
the octahedral axiom then has the appearance of the Third Isomorphism Theo-
rem

¥/X)/(W/x) = Y/U.

It is somewhat unclear why “triangulated” is the choice of name for this kind
of category. A possible explanation lies in the following. One could rewrite an
exact triangle

x—Ly_$& gz

xX.

as below, where u is considered as a morphism of degree 1 (indicated by a
special arrow —o— ).

X

! Y,
N

The axiom (T2) would then say that one can “rotate” such a triangle either way
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and still obtain a triangle. The octahedral axiom then says that the diagram

14

(where the bottom two triangles are exact and the big outer triangle is exact)
can be filled in so that the top central triangle is also exact.

(The other triangle shapes appearing in the second diagram are not exact trian-
gles, which is already evident from the direction of the arrows and degrees of
the maps.)

Definition 5.1.3 A subcategory T’ of a triangulated category 7T is a triangu-
lated subcategory if it is a triangulated category with shift and exact triangles
inherited from 7.

Let us look at some of the immediate consequences of the definition.

Lemma 5.1.4 Let

u

X Y Z xX.

be an exact triangle in a triangulated category T. Then go f = 0 anduog = 0.
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Proof We have the commutative diagram

x—Ly—S 7 5y
Xk — ¥ —— 73X,

(T1) and (T2) tell us that the two rows are exact triangles. The right square
evidently commutes, thus by (T3) there is a fill-in map ¥ — * making the
resulting square commute. But this means that uog=0. The case go f is similar,
but uses the fact that 2 = 0 if and only if X4 = 0. |

The following is one of the most useful tools in a triangulated category.

Proposition 5.1.5 Let T be a triangulated category, X i) Y ﬁ) A ¢
an exact triangle in T and A an object in T. Then the two sequences of abelian
groups

TA,X) — s A, 1) L T4, 2) —5 74, 3X)

5 5 I
T(EX,A) —— T(Z,A) —— T(Y,A) —— T(X, A)
are exact.

Proof We will only show exactness for the first sequence. By (T2) it is suffi-
cient to show exactness of

TA,X) 25 74, v) 25 74, 2).

Take g: A — Y and the diagram

A——A—x—3A
|
X h Y f 7 f X

where the two rows are exact triangles. If g is in the image of fi., this means
that there is a map u: A — X giving the first and last vertical arrow in the
commutative diagram

—A

Y

—)*—>2A

Zul
f

X

><<—:>

2
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By (T3) we can fill in the third vertical arrow, which implies that g € ker(f>.)
because f, o g factors over .

Conversely, if we assume that g € ker(f,.) we have the second and third
vertical arrow in the diagram, so (T3) gives us a map u: A — X to make the
first square commute, thus g € Im(f.). O

Remark 5.1.6 Proposition 5.1.5 will play an important role when we study
the homotopy category of a stable model category. Theorems 4.6.1 and 4.6.4
give similar long exact sequences in the homotopy category of a pointed model
category, one for fibre sequences and one for cofibre sequences. Once we know
that the homotopy category of a triangulated model category is triangulated, we
can actually compare them and show that in a stable model category, cofibre
sequences and fibre sequences agree. We discuss this in detail in Section 5.3.

Definition 5.1.7 A functor from a triangulated category to an abelian cate-
gory that sends exact triangles to exact sequences as in Proposition 5.1.5 is
called a cohomological functor.

Applying the Five Lemma to Proposition 5.1.5 gives the following.

Corollary 5.1.8 Let

X h y i3 7 S X
¢1l ¢2l ¢3l th’ll
, , 7
x Ly Lty Bisx

be a morphism of exact triangles. If two of the ¢; are isomorphisms, then so is
the third. O

Let us continue with some more properties of exact triangles.
Lemma 5.1.9 Exact triangles are closed under products and coproducts.

Proof We only show the proof for coproducts as the other case is very similar.
Let

fi 8i Ui

Xi—Y,; Z;

be an exact triangle for i € J. We want to show that

L fi L & LI ui
i€J i€J i€J

HXi—— 1Y 1z 21X

ieJ i€J =) i€J

is exact by showing that it is isomorphic to an exact triangle. (Note that the
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shift ¥ commutes with coproducts as it is an equivalence of categories.) By

(T1), the morphism
L5 ]]x—]]x

i€l i€d i€d
can be completed to an exact triangle

L fi
i€J

LI X Y w X

ieJ i€J ieJ

Furthermore, by (T3) we have a morphism of exact triangles

Xi— Ty S Lz M vy,
X, ——11Y: w 11X
i€J i€J i€d

The universal property of the coproduct now implies that there is a morphism
U Zi — W

which is part of a commutative diagram

LI X; Y L1 Z 21X

i€d i€J i€J i€J
LI X [y w T X
i€d i€J i€d

Let A € 7. Applying the cohomological functor J(—, A) to the exact triangle

X fi Y, 8i Z u;

TX;

gives us a long exact sequence of abelian groups by Proposition 5.1.5. Taking
the coproduct of these results in the long exact sequence

- — (P T4 — P T A) — P T A) — -
i€l i€J i€l
which by definition of the coproduct is isomorphic to the long exact sequence

=3 |24 — 7 [va) — T [ X4 — -

i€J i€l i€J
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Applying T(—, A) to the exact triangle
L /i

i€J

L X; [Y: w Y P.€

i€J i€d i€J

also gives a long exact sequence. Comparing this sequence to the previous
exact sequence using the Five Lemma gives us a canonical isomorphism

TW,4) — T(| [ 2.4,
€]
which, by the Yoneda Lemma, means that the morphism
U Zi — W
i€d

is in fact an isomorphism. We now have a commutative diagram

L X; Y HZ—Z21X
i€J i€J ieJ i€J
L X LY w LI Xi.
i€d i€d i€d

where the bottom row is an exact triangle and all the vertical arrows are iso-
morphisms, so (T1) tells us that the top row is an exact triangle too, which is
what we wanted to show. O

Remark 5.1.10 The axiom (T3) does not specify that the fill-in is unique. In
general there will be several suitable maps. For example, consider the diagram

x4 sy — S X[[Y——X

X2 Yy — X[V —— X
where the rows are the coproduct of (shifts of) the triangles

and

F V=Y —— %

Let f: X — Y be a map in T. Then the map

f:x]_[y—>x]_[y

(1d, f): X—>XUY and (0,1d): Y—>XUY

induced by
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is possible fill-in for the diagram. As this is true for any f: X — Y, the fill-in
thus need not be unique.

Definition 5.1.11 An exact triangle

xhy Ptz 5 sx
in a triangulated category 7 is split if one of the maps fi, f> or f; is zero.
Lemma 5.1.12 If

x4yl z L8 sx
is a split exact triangle in a triangulated category T, then Y = X [[Z in 7.
Proof We prove the result in the case f3 = 0. By the axiom (T1),

X=——X—x—3X
and
*¥—— L ——7 —— %
are exact triangles. Therefore, by Lemma 5.1.9, their coproduct

X X1z z—2y5x

is an exact triangle. We also have a commutative diagram
X zZ—253X
X V4 X

which by (T3) can be completed to a morphism of exact triangles

Y

X1z

X Y z—253x
X X1z z—2,5x
By Corollary 5.1.8, the resulting map ¥ — X [] Z is an isomorphism. O

The following result may be thought of as saying that the cofibres of a map
of exact triangles form an exact triangle. The proof is quite lengthy so we leave
it to the references [BBD82, Proposition 1.1.11] or [May01, Lemma 2.6].
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Lemma 5.1.13 (3 X 3 Lemma) A commutative square

X~y
]
X, Ly,
can be extended to the diagram below, with all rows and columns triangles.
X —L sy sz
ar by ¢ a,
XLty 7, 5,
a by 1) Say
X —t sy 2y,
az b3 c3 e Zaz
X, vy, vz, o soy

The squares of this diagram commute, except the bottom-right square, which
commutes up to sign

Za3 o h3 = —Zhl o C3.

5.2 The Homotopy Category of a Stable Model Category
The main goal of this chapter is the following.

Theorem 5.2.1 Let C be a stable model category. Then its homotopy category
Ho(C) is a triangulated category where the exact triangles are given by cofibre
sequences with their boundary maps

X —Y-—2z-255x

We are going to present the proof of the theorem in a separate lemma for
each axiom. (T1) follows immediately from the definition of a cofibre se-
quence.

We are going to start with (T3) because, although the axioms of a triangu-
lated category are traditionally listed in the order that we did, the proof of (T2)
actually needs (T3).
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Lemma 5.2.2 (Proof of (T3)) Let C be a stable model category. Assume that
we have the commutative diagram in Ho(C)

Ly Sy “isy
o1 J/ ¢2J/ Ty l
x—L sy—S sz "5y

where the two rows are cofibre sequences with their respective boundary maps.
Then there is amap ¢3: Z' — Z making the resulting second and third square
commute.

Proof This is a direct calculation using the definition of the coaction. Without
loss of generality, let f and f” be cofibrations between cofibrant objects, Z’ the
cofibre of f”, and Z the cofibre of f. That is, Z and Z’ are given by the pushouts
of the diagrams

s x Ly and »—xLy
There is a map ¢3 making the following diagram commute

Ly Y.y

¢1l ¢2l (]

gogrof =gofop =0,

because

S0 g o ¢, factors over the cofibre of f’. To show that X¢; o v’ = ¢3 o u, we
are going to show that ¢ is compatible with the coaction of the two cofibre
sequences because the boundary maps # and #’ are defined using those. This
means that we have to show that

7z 257X
¢3J/ laﬁs L Z¢1
Z—2 5 71I3X

commutes. That is, for w: Z — A and for #: X — PA representing an
element of [XX, A] we show that

[wogslo[ho¢]=(w]O[h]) o ¢s.
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Recall that [w] © [/] is constructed as follows: we have a commutative diagram

X—".pa
f]v/ Nleo
WOg
y 5,4

with a lift @: ¥ — PA. The element [w] © [/] is represented by the map v
such that v o g = e} o a as below.

XL)YLZ

ejoa
Y
1

A
Similarly, for [V'] = [w o ¢3] © [h o ¢] we start with a commutative diagram

ho
X ;’ﬁl> PA

f" I . leo
wogsog’

Y ——— A
in which there is a lift 8: Y’ — PA, and we get

Ly .z

ejof8
SV
)5y

A
But we can take 8 = @ o ¢, because
aodyof =aofop=hod
and
eoa@ogy=wogody=wop3og.
This means that v/ = v o ¢3 because
Vog =vogsog =vogod,=ejoaopy=e of

as required.
So we have shown that the coactions of the two cofibre sequences are com-
patible. By definition of the boundary maps, ¢3 o ' = u o ¢3 is equivalent to



5.2 The Homotopy Category of a Stable Model Category 135
having a commutative diagram

u

O]]Id
77 szex U Syy

¢3l lﬁbs L1 Z¢ l&ﬁl
(O1I1d)

Z—2 57X ——— X,

u

It is evident that the second square commutes, and we have just shown that the
first square commutes, which completes the proof. |

Remark 5.2.3 The proof of this lemma also shows the following: let C be a
pointed model category and let

xLvsz

be a cofibre sequence with boundary map 9: Z — XX. If there is a commuta-
tive diagram in Ho(C)

x—L oy ,7_9.,5x
A——sB—"sC—253A

where the vertical arrows are isomorphisms, then

ASBSC
is a cofibre sequence with boundary map w: C — XA. We will make use of
this in the proof of (T2).

Remark 5.2.4 We would also like to point out that in the case of Ho(C) for
a stable model category C, there is a canonical choice of fill-in map in (T3)
coming from the induced map of cofibres. However, as in the general case of
Remark 5.1.10, there can still be other possible fill-in maps.

The statement and proof of (T3) only used properties of cofibre sequences
in the homotopy category of a pointed model category and did not require the
model category to be stable. However, stability comes into play now. Let

€x: 2QX — X and nx: X — QXX

denote the counit and unit of the loop-suspension adjunction on Ho(C).
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By Lemma 4.6.2 we can shift exact triangles of cofibre sequence to the right,
giving one half of (T2). The proof of (T2) shows that in a stable model category
one can shift cofibre sequences to the left and not just to the right.

Lemma 5.2.5 (Proof of (T2)) Let C be a stable model category. Then
x Ly tz
is a cofibre sequence in Ho(C) with boundary map u: Z — XX if and only if

—nloQd
oz 2 x Ly

is a cofibre sequence with boundary map €, log: Y — X(Q2).
Proof Assume that
—n2loQ
ax 2 x Ly

is a cofibre sequence with boundary map €, o g. Then by Lemma 4.6.2

N
xLyZ% 2

is a cofibre sequence with boundary map
—2(—17;(1 o Qu) = 277)_(1 o ZQu.
The unit of the loop-suspension adjunction ey is natural in X, so we have
uo e = ey o xQu.

But &x = 2(77;(1) = (Znx)~!, which means that we have the following commu-
tative diagram

521 og sQ7 277;(1 oXQu

X ! Y X

H H ezJ H

x—Loy—*£ .7 "X
As the top row is a cofibre sequence with its boundary map, then by definition
so is the bottom because all vertical arrows are isomorphisms. (The boundary
map holds the information about the coaction of £X on the cofibre, thus hav-

ing a commutative diagram as above also means that the coactions of the two
cofibre sequences are isomorphic, see Remark 5.2.3.)

For the converse, assume that

xLy2z
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is a cofibre sequence in Ho(C) with boundary map u. As in the previous step,
naturality of the counit gives us the commutative diagram

2Qf Qg Ze;‘ 027];(' oZQu

QX QY Q7 320X
fxl GYl Ezl ZEZJ(
x— sy ¢ .7 u X

As the bottom row is a cofibre sequence with its boundary map and the verti-
cal maps are isomorphisms in Ho(C), this means that the top row is a cofibre
sequence with its boundary map too.

Our claim is now that “desuspending” the top row still gives us a cofibre
sequence

Q Q “LonzloQu
ax - oy 0z O o O TOX.

Q ’ v
Of course, Qf is part of some cofibre sequence QX —f> ar Lw S 2QX,
to which we apply Z and put it in the following commutative diagram.

f Qg Ze}‘ 0277)’(1 oXQu

Q.
QX QY Q07 20X
W

Zu’ 22 Qx

sox =, soy ¢

We know that both rows are cofibre sequences, so Lemma 5.2.2 gives us a
fill-in map k: 2QZ — XW. The long exact sequence of cofibre sequences
(Theorem 4.6.4) together with the Five Lemma tells us that this map k is an
isomorphism in Ho(C). Furthermore, we have that k = Xk’ for some k¥’ € Ho(C)
that is also an isomorphism (specifically, k' = (n;‘}) o Qk o naz). This means
that we have a commutative diagram

~lgp=1
€5 ony' oQu

af 0
ax Qy oz SOX
ax - oy L w :

QX

where all vertical maps are isomorphisms and the bottom row is a cofibre
sequence by assumption. Thus, the top row must be a cofibre sequence too.
Lemma 4.6.2 and Corollary 4.6.3 allow us to shift the top row cofibre sequence
two places to the right and obtain a cofibre sequence which is the top row of
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the next commutative diagram.

e)‘('o )‘(1 oQu —3IQf X9}

oz i sax = say 2%, vaz

H CR .
~loQu _f —&lo

oz x x—L sy_“%saoz

All vertical arrows are isomorphisms, which means that the bottom row is a
cofibre sequence and has the desired boundary map, which was the claim of
the lemma. m]

The proof of the octahedral axiom (T4) in fact only requires our model cat-
egory to be pointed rather than stable.

Lemma 5.2.6 (Proof of (T4)) Let C be a pointed model category, and sup-
pose we have cofibre sequences

x Lty 2,z

Xgl ng v

Y —U—"5W
in Ho(C) with g\ = uy o fi. Then there are maps vi: Z — V,v;: V. — W
and vy: W — XZ making the following diagram commute

x Iyt 7z P sx
X 81 U 82 % 83 X
u V2
W=W
us V3
3f
XYy — 37

Furthermore,

e 2LV S Wisa cofibre sequence with boundary map vs,
e the coaction of XZ on W is given by

w S WUEYM w| |5z

where the first map is the coaction of LY on W from the third cofibre se-
quence.
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Proof Without loss of generality, let X, Y and U be fibrant and cofibrant in C,
and let f; and u; (and thus g;) be cofibrations. We have a commutative diagram

vl x .

lul H
81

U x—

H lfl
uj

Uc——Y ——=

The pushout of the first row gives amap f>: ¥ — Z, the pushout of the second
row gives a map g,: U — V and the pushout of the third row gives a map
u: U — W.

The commutative diagram also gives us induced maps of the pushouts of the
three rows,

Vi V2
Z—V—-W

We see that v, o v; = 0 as it is induced by the maps 0 = up ou;: ¥ — W and
O=wouofi: X —W.

By Lemma A.7.7 (the Patching Lemma), the map v; is a cofibration. The
cofibre of v is then given by v,: V — W as the cofibre of a map of pushouts
is the pushout of a map of cofibres, see [Strl1, Theorem 2.43].

We now claim that the coaction associated to the cofibre sequence
z5HvSw
is given by
wSw| oy 2 w] [z

where © is the coaction of XY on W from the third cofibre sequence. We denote
this coaction by e to avoid confusion with the other coaction ©. If our claim
holds, the boundary map vj is given by

Vs :(OUId)oo:(OUId)o(IdUEfz)OG while us =(0]_[1d)o@,

so Xf> o uz = v3. So we now have to check that this coaction e is the correct
one. In other words, given A € C, we have to show that

[f1e[rl =[fl1O[ho f],

where f: W — A and where h: Z — PA represents an element of [XZ, A].
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To obtain [f] e [h], we start with a commutative diagram

zZ—" . pA

Vl]: ~l€o
fon

V——A.

In this diagram, there is a lift @: V — PA, and the map « o e; factors over the
cofibre of v,

Vi %)

Z—V—W

ejoa
e
L

A

to give us [¢] = [f] e [#]. In the same way, we get [f]© [k o f>] by starting with

a diagram
E—
u|]v/ Nleg

Sfour

U——A.

in which there is a lift 8: U — PA. Then e, o § factors over the cofibre of u,

Y ——U——W

e1of
1

A

which gives us [¢/] = [f]©[ho f2]. But we can simply pick 8 = @ o g, because
@ogrou =aoviofy=hof, and egoaogy = forog =fou.
Then
Youp=eoff=e0@0g =¢@ovy0g =¢ou,
S0 ¥ = ¢, which is what we wanted to prove. O

With the last lemma, we finally completed the proof that the cofibre se-
quences equip the homotopy category Ho(C) of a stable model category C with
the structure of a triangulated category.



5.3 Comparison of Fibre and Cofibre Sequences 141
5.3 Comparison of Fibre and Cofibre Sequences

The fact that the homotopy category of a stable model category is triangulated
means that we can use Proposition 5.1.5 to obtain a long exact sequence from
a cofibre sequence using the functor [A, —] for any A € C. This contrasts with
Theorem 4.6.4, which converts cofibre sequences into long exact sequences
via [—,A]. This is going to be important when comparing fibre and cofibre
sequences in a stable model category. Our starting point is a lemma that holds
for all pointed model categories.
Recall that

€x: 2QX — X and nx: X — QXX
denote the counit and unit of the loop-suspension adjunction on Ho(C).

Lemma 5.3.1 Let C be a pointed model category, and let

A—" s sc—Ti3A
(Il ﬁl l—sz oXa
oz sx—L.y_*¢ .z

be a commutative diagram in Ho(C), where the top row is a cofibre sequence
and its boundary map, and the bottom row is a fibre sequence with its boundary
map. Then there is a fill-in map y: C — Y making the resulting second and
third square commute.

As expected, there is a dual statement. We will only prove the second ver-
sion.

Lemma 5.3.2 Let C be a pointed model category, and let

A—" s sc—9 . 3A
—Qyona l lﬂ ly
oz x_ Ly ¢ .7

be a commutative diagram in Ho(C), where the top row is a cofibre sequence
and its boundary map, and the bottom row is a fibre sequence with its boundary
map. Then there is a fill-in map a: B — X making the resulting diagram
commute.

Proof Without loss of generality let us assume that A, B and C are cofibrant
and that u is a cofibration. Similarly, assume that X, Y and Z are fibrant and g is
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a fibration. Furthermore, we can assume C to be the mapping cone of u defined
as the pushout of

&Y 4 [ [ D0, cyica)

because the cofibre sequence using the mapping cone is isomorphic to our
original one.
In Ho(C) we have

goﬂov:'yoa'ov:(),

so 3 o v factors over the fibre of g, giving us amap @: B — X with foa =
B o v. Recalling that C is the mapping cone of u, the map : C — Y is now
the pushout of f o @ and some other map H: Cyl(A) — Y, resulting in the
following commutative diagram

(io,i1)

ALTA 2 cyl(A)

(u,O)J/ cl
H

B————C

\
foa

Now we have to show that with this a, the first square in our original diagram
commutes. For convenience, let ¥ = Qy o n4. Thus, our claim is that

Y.

aou=0o(-y).

We know that elements of [ZA, Z] = [A, QZ] are represented by homotopies
between the zero map 0: A — Z and itself. Furthermore, we can choose
to have [y] € [ZA,Z] and [¥] € [A, QZ] represented by the same homotopy
H': Cyl(A) — Z because ¥ is the adjoint of 7.

With the definition of C as a pushout, go 8 =y o d': C — Z is given by
the zero map on B and H’ on Cyl(A). This means that we have the following



5.4 Consequences of Stability 143

commutative diagram

AT1A -2 oyl

(u,())l cl

B—————C

ie.goH=H'.

Let us return to showing that @ o u = 9 o (—¥). By definition, [d o (-y)] =
0 © [-%], thus our claim amounts to showing that [@ o u] = 0 © [-¥], or,
equivalently,

[aocul©[H']=0.
To calculate this action, we look at the commutative square

foaou

A— " Ly
iUI”‘ lg
cyld) —2L 7

in which there is a lift K: Cyl(A) — Y. We then have [k] = [a o u] © [H']
where k: A — X is the unique map with f ok = K o i].

But we can choose K = H, where H: Cyl(A) — X was defined in the
pushout diagram earlier, because

goH=H and Hoiy= foaou.

But also H o i} = 0, so k = 0, which is exactly what we wanted to prove. O

5.4 Consequences of Stability

We start with a result about the special relationship between cofibre and fibre
sequences if our pointed model category is also stable.

Corollary 5.4.1 Let C be a stable model category. If

xLy2z
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is a fibre sequence in Ho(C) with boundary map 0: QZ — X, then
oz Lx Ly

is a cofibre sequence with boundary map —e, log: ¥V — 3QZ.

Corollary 5.4.2 Let C be a stable model category. If
ASBSC

is a cofibre sequence in Ho(C) with boundary map w: C — XA, then
B c-53aA

is a fibre sequence with boundary map u o (—77;‘1): Q¥A — B.

We will only prove the first corollary as the second proof is very similar.
People often suppress the 17 and € (as well as XQ and QY) from the statement
as they are canonical isomorphisms, which leads to the slogan “in stable model
categories, fibre and cofibre sequences agree.”

Proof Let
xLytz

be a fibre sequence with boundary map d: QZ — X. Then 0 is part of some
cofibre sequence

0z Lx Ly Lsaz
where g’ is the boundary map. We can complete this to a commutative diagram

g

oz x_ Ly 507
| [
oz x— L ,y_¢

Z.

By Lemma 5.3.1, there is a fill-in map ¥’ — Y making the whole diagram
commute. Because the bottom row is a fibre sequence, Theorem 4.6.1 tells us
that applying [A, —] to the bottom row results in a long exact sequence. Because
Ho(C) is triangulated, applying [A, —] to the top row also yields a long exact
sequence by Proposition 5.1.5. Because our model category is stable, —¢z is a
weak equivalence, so the Five Lemma implies that the fill-in map ¥* — Y is
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an isomorphism in Ho(C). Thus,
Q7

oz xL .y

H P H f J/ —€7T]0g H
Q7 X Y Q7
is a commutative diagram where the top row is a cofibre sequence and its

boundary map, and all the vertical maps are weak equivalences. Therefore,
the bottom row must also be a cofibre sequence with its boundary map. O

We may now show that the homotopy cofibre of a map and the suspension
of the homotopy fibre of a map are weakly equivalent.

Lemma 54.3 Let f: X — Y be a map in a stable model category C. There
are weak equivalences Ff — QCf between the homotopy fibre of f and
loops of the homotopy cofibre of f.

Proof By Lemma 4.5.1 we have fibre sequences
a i f -Qf d i
QY 5 Ff—>X—>Y and QX — QY > Ff—- X
By Corollary 5.4.1 we have cofibre sequences
1

—EFfOl

f q i -Qf d
X>Y—>Cf—2X and QX — QY - Ff —— ZQX.

Applying X to the last cofibre sequence gives the first row in the commutative
diagram below.

Q S(e;Loi)
sox vy X spr Z N s0x
fxl Eyl ZexJ(
XY —— 5 Cf ——3X

By (T3) (see Lemma 5.2.2) we can fill in the diagram to obtain a map
SFf— Cf.

By Corollary 5.1.8 the map XFf — Cf is an isomorphism in Ho(C) and
hence so is its adjoint F f — QCf. |

We are now going to discuss some further useful results that hold in stable
model categories.

A particularly handy consequence of stability is that finite products and co-
products are weakly equivalent. Hence maps into a coproduct (or out of a prod-
uct) are well-understood.
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Lemma 5.4.4 Let C be a stable model category. Then for fibrant and cofi-
brant objects X and Y, the canonical map yxy: X[1Y — X[]Y is a weak
equivalence.

Proof Given such X and Y, we have two exact triangles
X—7xcX—sx—3X

Hence we can construct both their coproduct and product and obtain a map
of exact triangles as below, where the middle map is the canonical map of a
coproduct into a product.

X—X[]Y— Y — 32X

[ b I

X—X[]Y— Y —32X
By Corollary 5.1.8 the result follows. O

In most cases (including sequential spectra and chain complexes) one does
not need to assume that X and Y are fibrant and cofibrant as the functors
(=) A and () [] A preserve all weak equivalences.

Remark 5.4.5 The above lemma gives an equivalent definition of the addi-
tion in Ho(C). Given two maps f,g: X — Y between fibrant and cofibrant
objects, one can model f + g € [X, Y]® by either of the composites

)(71
X A XX fllg YIIY %% YIIY fold y

1 )
X A XTI X Xxx XX flg Y1 Y fold Y

5.5 Exact Functors and Quillen Functors

When dealing with categories with certain additional structure we also have
to consider functors that respect this additional structure. In the case of trian-
gulated categories, this means that we have to study functors that send exact
triangles to exact triangles. More precisely,

Definition 5.5.1 Let T and 7" be triangulated categories. A functor

F.7—7
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is exact if there is a natural isomorphism
7: o F(X) — F o (ZX)
such that for every exact triangle
x Sy Lz sx
in 7T, the sequence

FoO 22 rary 225 Fzy 259 s Ex)

is an exact triangle in J”.

The key example of an exact functor is of course the following, which we
may think of as an extension to Corollary 4.2.10.

Theorem 5.5.2 Let C and D be stable model categories, and let
F:C_—_—_D:G

be a Quillen adjunction. Then the derived functors LF: Ho(C) — Ho(D)
and RG: Ho(D) — Ho(C) are exact functors.

Proof We prove that the derived functor LF preserves cofibre sequences. The
dual proof will show that the derived functor RG preserves fibre sequences. By
Corollary 5.4.1, cofibre sequences and fibre sequences agree in a stable model
category, hence the second statement follows from the first.

We will write F instead of LF for convenience. Let

x5vLz

be a cofibre sequence. Without loss of generality, let @ be a cofibration between
cofibrant objects and let Z the cofibre of . This means that Z is the pushout
of a over a point. As F is a left adjoint and a left Quillen functor, it preserves
cofibrations, cofibrant objects and pushouts, so F(Z) is the cofibre of F(a).

Now let e denote the coaction associated to our original cofibre sequence,
i.e. for A € Ho(C),

o: [Z,A] X [EX,A] — [Z,A], ([fL[K]) = [f] e [K].
Also, let © denote the coaction associated to F(X) _(f)_> F (Y) — F(Z). Our
main claim amounts to showing that

[F(NIO[F(k)] = F([f]e[k]) € [F(Z), F(A)].
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Recall that to define [ f]  [k] we begin with a lift in the commutative square

X —ké PA
I "ot l (5.1
LY
Because k is a right homotopy from zero to zero, this satisfies
O=eok=(eyoH)oa.
This implies that e; o H factors over the cofibre C of ¢, i.e.

X#YL}Z

e oHl
Sw
1S

A

and we define [f] o [k] = [w].
Applying F to the commutative square 5.1 gives a commutative diagram

FX) —Y, F(pA)

=
F (a{ F(H) lF(eg) (5.2)

F(y) =L b,

Since F is a left Quillen functor, the left hand vertical is still a cofibration. The
issue we now encounter is that F(PA) is not necessarily a path object for F(A).
We will rectify this as follows. A path object for F(A) is

(eo.e1)

FA—>5 PF(A) — F(A) X F(A).
Applying F to the projections pry, pry: A X A — A induces a map
(q1,92): F(AXA) — F(A) X F(A).

Let s': A — PA be the acyclic cofibration that is part of the path object
information for PA. We then get a diagram

s

F(A)

— PF(4)

F(s') | = (eo,e1)

F(PA) < (q1,g2)0(F (e0),F (er)) F(A) x F(A)

which commutes as each composite is the diagonal

A: F(A) — F(A) X F(A).
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The lift exists as F sends the acyclic cofibration s’ to an acyclic cofibration. It
is a weak equivalence as both F(s’) and s are weak equivalences.
We can therefore extend diagram (5.2)

Fk) A

F(X) F(PA) PF(A)
I Py l
F(a) ~ | eo
FY) - F(oF(®) F(A)

so that A o F(H) is a lift. Note that
Ao F(k): F(X) — PF(A)

is a representative of [F'(k)] € [ZF(X), F(A)]. Hence the diagram above is the
first step to calculating [F(f)] © [F(k)].
We now have

FOO) —2 riy) 22 Fz)

ejodoF(H)=F(e; oH)J/
K
FA)
so we may take the dotted map, a representative for [F(f)]O[F(k)], to be F(w),
where we defined [w] = [f] e [k]. Hence we have shown that

F([f] e [k]) = F(Iw]) = [F(H)] © [F(K)]. o

The above proof does not use the fact that F' has an adjoint, only that is
preserves finite colimits. Hence we have the following slightly more general
statement.

Corollary 5.5.3 Let F: C — D be a left Quillen functor between stable
model categories which commutes with finite colimits. Then LF is an exact
functor. Dually, let G: D — C be a right Quillen functor between stable model
categories which commutes with finite limits. Then RG is an exact functor. O

5.6 Toda Brackets

Toda brackets give additional structure to a triangulated category J. We will
introduce the definition and some basic properties, and discuss examples of
how this set-up is used in the stable homotopy category.

Let

x5vL5 7z and v52z5sw
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be diagrams in a triangulated category 7J. Assume that Soa =0and yo 8 = 0.
Using (T1), « is part of some exact triangle

i J
x5yS Ca-=> XX.
Because 8 o @ = 0, we have a commutative diagram
J

a i

X Y Ca X
* —— 7 Z——%

where the two rows are triangles by axiom (T1), so (T3) gives an arrow
B: Ca — ZwithBoi=p.

We now have 0 = y o 8 = (y o B) o i, so using the same argument, we have a
commutative diagram where the two rows are exact triangles

Y —s Ca—L3x 2,5y

By (T3), there is a 7: £X —> W with 7 o j = y o B. Therefore, we arrive at the
commutative diagram

Definition 5.6.1 Leta: X — Y,B: Y — Zandy: Z — W be morphisms
in a triangulated category 7T such that y o 8 = 0 and 5 o @ = 0. Then the Toda
bracket {a,f,v) is defined as the set of all possible elements 7 € T(ZX, W)
arising in the manner described above.

It would be wonderfully simple if we could just set (@, 8, y) to equal 7 in the
previous definition, but there are choices involved in the construction, meaning
that the set in the definition can contain more than one element. We now give
an identification of those choices with sets of maps in J.
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Lemma5.6.2 Leta: X — Y,B:Y — Zandy: Z — W be morphisms in
a triangulated category T such that yoB=0andSoa = 0. Then {a,B,y) is a
coset of

v, T(EX, Z) & " T(ZY, W)
in TEX, W).

Proof By Proposition 5.1.5, using our previous notation, we have a diagram
of exact sequences

i a*

T, Z) 2 T(EX, Z) —— T(Ca, Z) T(Y,2) T(X,Z)

wl wl %l %l %l

TEY, W) —=25 T(EX, W) —— T(Ca, W) —— TV, W) —%s T(X. W),

which is going to form the basis of our proof. Let 8 and 8’ be two lifts of 3, so
"B =i'B) =B
This means that
B—pB €ker(i*) = Im(j"),

i.e. there is a x € T(ZX,Z) with B/ = B + « o j, Furthermore, for any such «,
B+ ko jis alift of 8.
Now let 7 and 7 be two elements in the Toda bracket {(«, 83, ), i.e.

voj=yof=1ol.
As this also equals y o 8’, we have
(r-)oj=yoB -B=yoxoj
This implies that
T — 1 —yoke€ker(j) = ImZa”),
so there is an € € Za*T (XY, W) such that
T =T+yok+eoXa.

Conversely, every € € Za*T(ZY, W) creates another element in the Toda bracket
as above. Therefore, we have shown that two elements 7 and 7’ in the Toda
bracket can differ by elements in

v.T(EX,Z) & Za* (ZY, W). O

Definition 5.6.3 The subgroup y.T(ZX,Z) & Za*T(ZY, W) of T(ZX, W) is
called the indeterminacy of (@, 3,7y).
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Remark 5.6.4 In [Qui67], Quillen gives a similar construction of the Toda
bracket {a, B, y) in the homotopy category Ho(C) of a pointed rather than stable
model category C. Let

xSyLzhw
be a diagram in Ho(C) with S o @ = 0 and y o 8 = 0. Then we have a diagram

X%y —‘"sca—2s3x

where the first two arrows form a cofibre sequence, and 0 is the connecting
map. Analogously, we have a fibre sequence with connecting map &’

ow 2y Lz T w

By our assumptions on a, 8 and 7, the vertical arrows in the following dia-
gram exist, and the Toda bracket (@, (,y) is the coset of possible choices for
the rightmost arrow X — W.

X ¥ —— Ca—o xx
: 5\{\5 :
QW y I::y J E ’ VT/

In the case of C being stable, this recovers Definition 5.6.1.

Remark 5.6.5 We could also start our construction of elements in (a, 3, y) in
a dual way by completing y: Z — W to an exact triangle

i J b

Fy V4 W,

QW

which leads us to a commutative diagram

x— sy iz YW
ﬁl /
J
T F'y
Qw

This construction gives rise to a definition of {a,3,y) which is equivalent to
Definition 5.6.1.
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Toda bracket relations have been extensively studied on the ring of the stable
homotopy groups of spheres 7.(S). For

a €mi(S), Bemi(S) and y € m(S),

we get (@,fB,y) € mitjk+1(S). Some of the best-known relations are listed
below, but many more can be found in e.g. [Tod62] or [Rav86]. Let

nemS)=2/2, vens(S), oe€mni(S), € €ng(S) and u € mo(S).

Then

2 _
L4 77 - <2’n72>7
d 80— = <V’ 8, V>9

e 11 € (2,80, 1), with indeterminacy generated by 770 and 7e.

We will show the first of the relations above. To do this, we look into the
following phenomenon.

Let M denote the mod-2 Moore spectrum, i.e. the cofibre of multiplication
by 2 on S. We have the following diagram

§ 2 g el pp P sl s

which is an exact triangle in the stable homotopy category. As a CW-spectrum,
M has one cell in dimension 0 and one cell in dimension 1. The map

incl: S — M
is the inclusion of the bottom cell into M, the map
pinch: M — S!

denotes “killing” the bottom cell and thus only leaving the top cell S'. The
mod-2 Moore spectrum M has the following remarkable anomaly, which the
mod-p analogue for odd primes does not possess, in which case, p - Idy, = 0.

Lemma 5.6.6 The endomorphisms of the mod-2 Moore spectrum M in degree
0 are

(M, M] = Z/4{Idy},

where

21dy; = incl o 57 o pinch # 0.

(Recall that the curly brackets behind a module denote the generators of this
module.)
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Proof We calculate [M, M] by repeated application of Theorem 4.6.1 to the
exact triangle defining M. As the first map in the exact triangle S — S is
multiplication by 2, the long exact Puppe sequence breaks up into short exact
sequences

incl, inch,
0 — 70(8)/2 =55 mo(M) 25 571 (S) — 0

and
0 — 71(5)/2 2 7, (M) 2225 0 70(S) — 0,

where

@T(S) = {x € m,(S) | 2x = 0}.
Thus we obtain
mo(M) = Z/2{incl} and (M) = Z/2{incl o n}.

By Theorem 4.6.4, applying [—, M] to the exact triangle defining M gives a
long exact sequence which splits into short exact sequences as above. Hence
we have a short exact sequence

inch* incl*
0 — m(M)/2 225 (M, M] 255 0 mo(M) — 0.

At first glance, this means there are two possibilities for [M, M]—it could ei-
ther be

Z/2{1dy} ® Z/2{pinch o n o incl} or Z/4{Idy}.
If the former was the case, we would have 2Idy, = 0. Applying M A — to the

exact triangle

2 incl pinch
SS5S— M—S.

yields another exact triangle

M2 M MAM— IM.

If 2Idy, = O, the above triangle splits, i.e. M AM = MV XM by Lemma 5.1.12.
However, we have seen in Lemma 3.5.7 that this is not the case. Therefore, we
must have

21dy; = incl o 7 o pinch # 0
as claimed. O

A useful consequence is the following.
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Corollary 5.6.7 Let x € m,(S) be an element with 2x = 0. Then
nx € (2,x,2).
In particular, 7]2 =(2,n,2).

Proof By Lemma 5.6.6, the following diagram commutes, where X is a lift of
X.

sn 2 sn incl M pinch Sn+l

e

XM +—S"
%
2 g
X

|
|

5.7 Muro’s Exotic Triangulated Category

We saw in Section 5.2 that every stable model category gives rise to a trian-
gulated category via its homotopy category. However, until relatively recently
it was not known whether every triangulated category arose as the homotopy
category of a stable model category. Muro finally provided a counterexample
in [MSS07], with later technical additions by Schwede and Strickland. We will
give a summary of this exotic triangulated category.

Let R be a commutative local ring with maximal ideal m = (2) # 0 satisfying
m? = 0. For example, R = Z/4 is such a ring. Let F(R) denote the category of
finitely generated R-modules. Furthermore, we are going to use the following
terminology.

Definition 5.7.1 A triangulated category 7 is topological if it is equivalent to
a full triangulated subcategory of the homotopy category Ho(C) of some stable
model category C.

Muro’s theorem is the following.

Theorem 5.7.2 Let R and F(R) be as before. Then F(R) admits a triangu-
lated structure such that the self-equivalence ¥: F(R) — F(R) is the identity
functor and

2 2 2
R—R—R—R
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is an exact triangle. Furthermore, if T is a topological triangulated category,
then every exact functor

FR) — T or T — F(R)
is trivial.

As a consequence, F(R) cannot be topological itself because then the iden-
tity functor would be trivial. We give an introduction to the key ingredients of
the proof.

Definition 5.7.3 A sequence of morphisms in F(R)

xLySzhx

is called a candidate triangleif go f =0,hog=0and foh =0.
In particular,
2 2 2
X—X—DX—0X

is always a candidate triangle for any X € F(R).
We can also define the notion of a homotopy between morphisms of exact
triangles in a similar fashion to the notion of chain homotopies.

Definition 5.7.4  Let (¢1, 2, ¢3) and (¢}, ¢}, ¢5) be two morphisms of candi-
date triangles in J(R) (i.e. morphisms between the respective vertices of the
candidate triangles making the obvious diagrams commute). Then a homotopy
from (¢1, ¢2, #3) to (¢], ¢, ¢5) consists of three morphisms (H, Hz, H3) as fol-
lows

satisfying
#\—¢1 = hoHs+H\of, ¢)—¢» = f'oH|+Hrog and ¢y—¢3 = g’ oHr+Hsoh.

Definition 5.7.5 A candidate triangle in F(R) is contractible if the identity
morphism is homotopic to the zero morphism.

We can now say what the triangulated structure on F(R) is.
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Definition 5.7.6 A candidate triangle in J(R) is exact if it is isomorphic to
the direct sum of a contractible candidate triangle and a candidate triangle of
the form

2 2 2
X—X—X—X
for some X € F(R).

Muro showed that with this choice of self-equivalence and exact triangles,
F(R) is indeed a triangulated category. The proof of this involves various re-
sults in commutative algebra, most prominently how over a ring satisfying our
assumptions, morphisms can be decomposed into direct sums of much simpler
morphisms.

The proof that F(R) is not topological depends on two different types of
objects: “exotic” objects and “hopfian” objects.

Definition 5.7.7 Let T be a triangulated category and A € J. A Hopf map is
a morphism

n: XA — A with 2n=0
such that for any exact triangle

A2 A 0oL va

we have that 2Idc = i o n o p. An object that admits a Hopf map is called
hopfian.

Note that to obtain this condition for any exact triangle as above, it is enough
to have it for one.

Of course, this terminology stems from the sphere spectrum: we have the
classical Hopf map n € m;(S) = Z/2. The mapping cone of multiplication
by 2 on the sphere is the mod-2 Moore spectrum M. Its identity map satisfies
2Idy = iono p (as we showed in Lemma 5.6.6), a phenomenon which is also
crucial for Section 6.7.

Proposition 5.7.8 In a topological triangulated category, every object is
hopfian.

Proof Let C be a stable model category. By Theorem 7.9.25, for every fibrant
and cofibrant A € C there exists a left Quillen functor (from sequential spectra
in simplicial sets)

L:§—C

such that L(S) ~ A.
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The left derived functor
L: Ho(8) — Ho(C)
is exact by Theorem 5.5.2. Thus, it sends the exact triangle

2 P

S S—ta M s!

to an exact triangle

2 J q

A A L(M) TA

with j = L(i) and ¢ = L(p). This also means that L. sends the composite

p n

2Ady: M s! s——M
to the composite
dy gy LM) —s5a — 2 oA L),
But this means that () is a Hopf map for A, and A is hopfian. O

On the other hand, we have the following notion.

Definition 5.7.9 An object E in a triangulated category 7 is exotic if there is
an exact triangle of the form

E—2 3 E- 2 E_".5E

In F(R) with the triangulation described earlier, every object is exotic. The
relationship between exotic objects and hopfian objects boils down to the fol-
lowing.

Proposition 5.7.10 Let T be a triangulated category, E € T an exotic object
and A € T hopfian. Then the morphism groups T(E, A) and T(A, E) are trivial.

Proof We only prove T(E, A) = 0 as the other direction is very similar. First,
we make the following observation. Given an exotic object E, we can compare
the triangle

E E E XE

to its shifted version
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The axiom (T3) then gives us a fill-in morphism ¥ in the following diagram.
E—2sE—2—E—"55E
L
E—»E—ssE-—255E

Thus, g = 2V, i.e. the morphism ¢ is always divisible by 2.

Now consider a morphism f: E — A between an exotic element and a
Hopf element. Then (T3) gives us a fill-in map g as follows.

2 2 q

E E E SE
AN
A—25A—tsc—LvA

This means that, using that A is hopfian,
iof=2g=(ionop)og=ionoXfogq.

We already showed that ¢ = 2% for some ¥, and 2n = 0 by assumption,
which means that we arrive at i o f = 0. Hence, f factors over the cofibre of i,
obtaining a map f’ with 2f" = f as illustrated below.

A—2s4a—sC

s .
7o

E

2

We can iterate this process to obtain a map f”': E — A with 2f” = f’, so
altogether f = 4f” for some f”. But as E is an exotic object, 41dg = 0, which
means that f is trivial. O

As a consequence, there are no nontrivial objects that can be hopfian and
exotic at the same time. Therefore, F(R) does not contain any hopfian objects
and thus cannot be topological, as claimed.
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Modern Categories of Spectra

In this chapter we introduce symmetric spectra and orthogonal spectra along
with their associated stable model structures. These versions of spectra have
various technical advantages over the sequential spectra of Chapter 3. Fur-
thermore, they are Quillen equivalent to the category of sequential spectra
(equipped with its stable model structure). Hence one may choose between
these models according to their relative strengths.

The primary advantage of symmetric and orthogonal spectra is that these
model categories are symmetric monoidal models for the stable homotopy cat-
egory. We will examine these monoidal structures further in Chapter 7 and
show that symmetric spectra and orthogonal spectra are monoidally Quillen
equivalent. Several other models of spectra also exist, and we will give short
introductions to these later in this chapter. We end the chapter with a result
that, roughly speaking, says that any model for the stable homotopy category
will be Quillen equivalent to sequential spectra.

In each of the monoidal categories of spectra there is some extra structure
that accounts for “symmetries”. This allows us to avoid the twist problem we
saw earlier that prevents sequential spectra from being monoidal. In the case
of symmetric spectra, this extra structure of symmetries comes from the sym-
metric groups X, as the symmetry set of n = {1,2,...,n}. This has the ad-
vantage that the extra structure compared to sequential spectra is somewhat
minimal, but it will cause the weak equivalences of symmetric spectra to be
quite different from the expected answer of the class of m.—isomorphisms. In
the case of orthogonal spectra, the extra symmetries come from the orthogonal
groups O(n) as the symmetry set of R*. This is a much larger group than %,
and one that requires us to take more care over the continuity of the actions,
but it allows orthogonal spectra to have the “correct” weak equivalences, the
m,—isomorphisms.

160
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6.1 The Stable Homotopy Category - Revisited

In Subsection 2.1.4, we discussed key properties of the stable homotopy cat-
egory. We then spent Chapter 3 introducing sequential spectra with the long-
term aim of providing a good model for the stable homotopy category. We are
finally in a good position to start proving this list of properties as we have
developed most of the necessary language in previous chapters.

Pre-Theorem 6.1.1 The homotopy category of sequential spectra Ho(S8")
satisfies Properties 1 - 12 from Subsection 2.1.4.

We will prove these properties in separate lemmas and repeat the bullet
points throughout the section. It will become clear in points 10, 11 and 12
why we are calling the above “Pre-Theorem” rather than “Theorem”.

Let us begin with properties 1 and 2. Property 1 is

(1) There is an adjunction

¥*: Ho(Top,) —>< SHC : Q% .

We prove the following, where we abuse notation and do not distinguish
between the functor X* and its derived functor.

Lemma 6.1.1 There is an adjunction
£*: Ho(Top,) Z—— Ho(8") : Q*

where X% applied to a pointed CW—complex A is the suspension spectrum of
A, and Q% sends an Q—spectrum to its level zero space.

Proof By Lemma 3.3.16, the adjunction (Z"",EVON) is a Quillen adjunction.
Hence we have an adjunction on homotopy categories

LE®: Ho(Top,) —— Ho(8") :REvy = Q¥

with the equality on the right given by Section 3.4. Since Q—spectra are the
fibrant objects of the stable model structure, Q* sends an Q—spectrum X to the
space Xj. O

As a consequence, if X is an Q-spectrum and A a pointed CW—complex,
then we have a natural isomorphisms

m(EA, X) = [Z¥A, X] = [A, Xo]

where the left hand side denotes maps of spectra up to homotopy and the right
hand side denotes maps in the homotopy category of pointed spaces. As XA
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is cofibrant and X is fibrant, a homotopy between two maps f,g: Z¥A — X
is a map

H:I®AA[0,1], — X.

Because (XA A[0, 1]1), = Z"A A0, 1], we see that a homotopy H is entirely
determined by a map of spaces Hy : A A [0, 1], — Xp.

The next item on our list is the following.

(2) Let A and B be pointed CW-complexes. If A has only finitely many cells,
there is a natural isomorphism

[ETA, Bl = [A, B)®

where [A, B]® is the set of stable homotopy classes of maps of spaces from
Definition 2.1.16.

Lemma 6.1.2 Let A be a pointed CW-complex with finitely many cells and B
a pointed CW-complex. Then there is a natural isomorphism

[XFA,Z%B] = [A, B]® = colim[X"A, X" B].
Proof We have that
[Z¥A,Z¥B] = [Z¥A, Ro(Z7B)],

where R is the fibrant replacement functor constructed in Section 3.4. By
Lemma 6.1.1,

[E%A, Ro(E°B)] = [A, (Ro(Z¥B))o] = [A,hocglim(QkEkB)].
Because A is finite, we have
(A, hocglim(QkaB)] = co}(im[A, QFskB) = co}(im[ZkA, 3*B). o

Lemma 6.1.2 can be thought of as saying that the Spanier—Whitehead cate-
gory SW is the full subcategory of the stable homotopy category SHC whose
object class consists of the suspension spectra on finite CW—complexes. We
can extend this result to the full subcategory of SW on finite CW-complexes
as follows.

Lemma 6.1.3  For finite CW—complexesA and B and non-negative integers d
and e, there is a natural isomorphism

[F) A,F) B] = {(A, -d), (B, —e)}

where the right hand denotes morphisms in SW.
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Proof We suspend d + e times so that we can use Lemma 6.1.2 to simplify
the proof.

[Z°%¢A, Z°2B]

= colim,[Z%"¢A, 2" B]
= colim,[Z9A, 2% “B]
= {(A,—d),(B,-e)}

[F) A,F. B]

1R

We have to restrict the previous statements to finite complexes, as Example
2.2.7 and the isomorphism below show that SW can take incorrect values on
infinite complexes

IR

[iso [£757,2°87]
Iis0 {(S7, 0, (5,0}
{(Vis05',0),(5°0)}.

[Z% Viso §', 28]

IR

R

Theorem 3.3.14 showed that
T=(=)AS": Ho8") — Ho(s™)

is an equivalence of categories, which shows Property 6:
(6) The functor

(-)AS': 8HE — SHE

is an equivalence of categories.

As a consequence, 8" is a stable model category and thus Ho(8") is additive
(see Proposition 4.2.9) and has arbitrary small products and coproducts. By
Lemma 5.4.4, finite products and coproducts agree. This gives us Properties 3
and 4:

(3) The set of maps in SHC can be equipped with the structure of graded
abelian groups, and composition is bilinear. We will use [—, —]. for the graded
set of maps.

(4) The stable homotopy category SHC has arbitrary (small) products and
coproducts. Finite products and coproducts coincide.

In Example 2.3.2 we defined X AA for a sequential spectrum X and a pointed
CW-complex A via

(X NA), =X, ANA.
We also defined F(A, Y) for a pointed CW-complex A and a spectrum Y as
F(A,Y), = Top,(A, Yy).

This gives us the first part of Property 5.
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(5) For A a pointed CW-complex and X,Y € SHC there are objects X N A
and F(A,Y) in SHC such that

[XANA Y] =[X, F(A )],
and for any pointed CW-complex B there is an isomorphism in SHC

(EB)AA = X°(B A A).

Lemma 6.1.4 Let X and Y be sequential spectra and A a pointed CW-complex.
In Ho(8Y), we have a natural isomorphism

[XANAY]=I[X,F(A YY)
Proof We need to show that
- AA: 8T — 8

is a left Quillen functor. Since (F; B) A A = F}/(B A A) and F} is a left Quillen
functor, it follows that — A A sends the generating g—cofibrations of sequential
spectra to g—cofibrations. Hence, — A A preserves g-cofibrations of sequential
spectra.

Smashing with a pointed CW-complex preserves m.—isomorphisms of spec-
tra by Proposition 3.2.14. These two properties together imply that — A A pre-
serves cofibrations and acyclic cofibrations. O

The second part of Property 5 claims that for A and B pointed CW-complexes
(EB)AA = Z¥(B A A).
This follows from
(E"BAA), =X"BAA=X(BAA).

Properties 7, 8 and 9 are concerned with the relation between sequential
spectra and cohomology theories.

(7) Given a reduced cohomology theory E* there is an object E € SHC such
that

E*(A) = [Z®A, E].

for any pointed CW-complex A. Moreover, the object E is unique up to isomor-
phism. We say that E represents E*.

(8) Every E € SHC defines a reduced cohomology theory on pointed CW-
complexes by

A [Z¥A,E], = E*(A).
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(9) Amap E\ — E; in SHC induces a map of cohomology theories

EX(X) — EXX).

The next proposition implies Property 7. Before we state the result, please
note the following about notation. In Subsection 2.1.3, we denoted a cohomol-
ogy theory of spaces by E* and its reduced version by E£*. In the context of
(co)homology theories of spectra, we will only consider reduced versions and
therefore drop the tilde from the notation.

Proposition 6.1.5 Let E be a spectrum. Then the functor
E* =[-,E]..: Ho(8") — Ab,
is a cohomology theory on spectra, i.e.

o E* sends an exact triangle X — Y — Z — XX in SHC to a long exact
sequence

oo — E"Y(X) — E"Z) — E"(Y) — E"(X) — E"Y2) — -+,

o for a set of spectra {X,}o the maps iy: X, — \/, X, induce isomorphisms
[ [ : B0\ X0) — [ | E“ X,
(03 (07 (07

e for any spectrum X, there is a natural isomorphism E" (£X) = E"(X).

If X = X*A is a suspension spectrum, then the E*—cohomology of X is the
E*—cohomology of A as defined in Proposition 2.1.25.

Proof Proposition 5.1.5 tells us that in a triangulated category an exact trian-
gle X — Y — Z — XX gives us exact sequences

(21X, E] — [X'Z, E] — [2"Y, E] — [Z"X, E]

for every E and n € Z. This proves the first point. The second point is a con-
sequence of the fact that 8" is a model category. The third point follows from
the first point applied to the exact triangle

X —*x— 32X — XX,
The final claim is that for a CW-complex A, E*(X*A) = [A, E,]. We have
E'"(X%A) = [X¥A,E], = [Z¥AYE] = [FhN YA YE] = [FETA,E] =[AE,].

]
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The Brown Representability Theorem (Theorem 2.1.23 and Corollary 2.1.24)
tell us that for a pointed CW-complex A and a cohomology theory E*, there is
a spectrum E with

E"A) = [A, E,].

Proposition 2.1.25 and Corollary 2.1.26 tell us that the representing sequential
spectrum E is unique up to isomorphism in Ho(8"), and that a morphism of
spectra induces a map of cohomology theories. This is Properties 8 and 9. We
summarise these results in the following.

Corollary 6.1.6 The stable homotopy category S8HC is equivalent to the cat-
egory of cohomology theories on spectra. O

Properties 10 and 11 discuss monoidal properties of SHC, namely
(10) There is a monoidal product A\~ on SHC with

A A" I°B = 3S®(A A B)

for all pointed CW-complexes A and B.
(11) There is an internal function object R Hom(—, —) on SHC so that for
X, Y,Z € SHC

(X A" Y, Z] = [X,R Hom(Y, Z)].

Unfortunately, we cannot obtain those two properties from the model struc-
ture on sequential spectra. In order to obtain Properties 10 and 11 from a model
category level, we will need the categories of spectra which we are about to
define later in this chapter. There is a construction by Adams in [Ada74] of a
monoidal product on SHE, but it is not very practical, to say the least. For now,
we will assume that SHC (not 8 itself!) has a decent monoidal product which
in particular satisfies

(E AV Z®A) = E; A A.

This allows us to consider Property 12. We will encounter categories of spectra
inducing Properties 10 and 11 later in this chapter and prove these properties
in Chapter 7, see Lemma 7.3.21 and Theorem 7.4.8.

(12) Every E € SHC defines a reduced homology theory via

E,(X) = m(E A" X).

More precisely, we get the following.
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Proposition 6.1.7 Let E be a spectrum. Then the functor
E. =nm.(E A" =) =[S,E A" -].: Ho(8") — Ab,

is a homology theory on spectra, i.e.

e an exact triangle X — Y — Z — XX gives a long exact sequence

— EnZ) — EX) — E,(Y) > E,(Z) > E,.1(X) — -,

e for a set of spectra {X,}q the maps iy: X, — \/ o, X, induce isomorphisms
@(iry)* : @ E*(Xa) — E*(\/ Xa)’
a o [0

e for any spectrum X, there is a natural isomorphism E,.1(ZX) = E,(X).

If X = A is a suspension spectrum, then the homology of X is the homology
of A as in

En(X) = En(A) = colim 7, (En A A).

Proof As in the proof of Proposition 6.1.5, the first point follows from having
the long exact Puppe sequence

s — T (E AL Z) - m,(E AL X) - m,(E AF Y) > n,(E AF Z)—> ---

which is a consequence of E A" — being a triangulated functor. The second
point holds as . sends coproducts to direct sums and the third point follows
from applying the first point to the exact triangle

X—x— XX — XX,
As for the last statement, Property 10 implies

Ei(E¥A) = m,(E A ™ A) = colimm,,((E A EVA),) = colim m.i(Ey A A). D

Remark 6.1.8 The analogue of Corollary 6.1.6 for homology theories is
false. The problem is the existence of phantom maps: maps of pointed CW—
complexes f: X — Y which are trivial on all (reduced) homology functors,
but are not homotopic to the trivial map. Phantom maps are discussed in more
detail in, for example, [HPS97] and [CS98].
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6.2 Orthogonal Spectra

We define the category of orthogonal spectra and equip it with a stable model
structure. We show that this model category is Quillen equivalent to the sta-
ble model structure on sequential spectra and hence is a model for the stable
homotopy category. We leave the monoidal structure of orthogonal spectra for
Chapter 7. The standard reference for orthogonal spectra is [MMSSO01]. We
take a different approach to that reference, using the results of Chapter 3 to cre-
ate the stable model structure. In particular, there is a levelwise model structure
on orthogonal spectra, but we will make little use of it. As well as these model
structures, we will introduce h—cofibrations of spectra. These will be needed
for the monoidal structures of Chapter 7.

Our starting place is to recall the notion of group actions on topological
spaces. In the following, G will be a compact topological group, such as O(n)
or a finite group.

Definition 6.2.1 A pointed G—space X is a pointed topological space X with
a continuous map G X X — X, (g, x) — gx such that

(gh)x = g(hx), gxo = xp and ex = x

forall g,h e G and x € X.

A map of pointed G—spaces f: X — Y is a continuous map of pointed
spaces such that f(gx) = gf(x) for all x € X and g € G. We often describe
such a map as a G—equivariant map.

Since the basepoint of the G—space X is G—fixed, the elements g € G give
pointed maps g: X — X.

The natural action of O(rn) on R” induces an action on S" (the one-point
compactification of R") which we call the canonical action.

Definition 6.2.2 An orthogonal spectrum X is a sequence of pointed topo-
logical spaces X,,, along with the following data and conditions for n € N.

1. The space X, has a continuous action of O(n) which fixes the basepoint.
2. There are maps of pointed spaces o,: S' A X, = X,11.
3. The composite map oX given by

IdAo, IdAT 41 Opk—1

Sk A Xn Sk71 A Xn+l Xn+k

is (O(k) x O(n))—equivariant. Here, we treat O(k) X O(n) as a subgroup of
O(k + n) where O(k) acts on the first k coordinates and O(n) the last n coor-
dinates.
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A morphism of orthogonal spectra f: X — Y is a collection of O(n)-
equivariant maps f,: X,, — Y, such that the square

| AAfy
SIAX, —STAY,

lo—:’( J«o-:
fn+1

Xn+l I Yn+1
commutes for each n € N. We denote the category of orthogonal spectra as §°.

Limits and colimits of orthogonal spectra are defined levelwise: the O(n)-
action on level n of the (co)limit is induced by the O(n)-action on the compo-
nents and the universal property of (co)limits. The structure maps for a colimit
arise from the structure maps of the components and the fact that colimits of
pointed spaces commute with smash products. The structure maps for a limit
arise similarly. It follows that all small limits and colimits exist in §°.

Examples 6.2.3 We can now give a series of simple examples of orthogonal
spectra.

The trivial spectrum We define the spectrum * to be the spectrum with level
n given by a point. This object is the zero object of orthogonal spectra as it is
both initial and terminal.

The sphere spectrum We define the sphere spectrum S to be the orthogonal
spectrum where level n given by S" with the canonical action of O(n). The
structure map

Sl /\S}’l_)ksﬂ/l+]

is the usual isomorphism, and we see that the maps 0% are O(k) x O(n)-
equivariant.

Suspension spectra Generalising the above somewhat, we can make LA, the
suspension spectrum of the pointed space A. Level n is given by S” A A, with
O(n) acting as als, a] = [as, a] for @ € O(n), a € A and s € §". The structure
maps are the isomorphisms as for the sphere spectrum

STAS"AA — S™IAA,
and the composite maps o* are O(k) x O(n)-equivariant as before.

Shifted suspension spectra The final generalisation along this path are the
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shifted suspension functors. For A a pointed space and d € N, we define a
spectrum Fg A where

O(n)4 ANo(n—d) S"ANA nxd
* n<d,

(FQ A), = {

where O(n — d) is the subgroup which acts on the first n — d coordinates. The
structure map is either trivial or the composite of the isomorphism

ST A OMm)s Now-ay (S n=d p A) — 0O(n)+ ANow-da) (S lin-d A)

with O(n) = O(1 + n) (and O(n — d) — O(1 + n — d)). Checking that the maps
a”,‘, are O(k) X O(n)-equivariant is an exercise in tracking the partition of k + n
into [k|n — d|d] through the maps.

Another source of examples comes from an adjunction with sequential spec-
tra. The left adjoint is difficult to define precisely at this stage, so we use the
following lemma to see that it exists and leave the exact construction to Propo-
sition 7.3.22.

Lemma 6.2.4 There is an adjunction

Pg:SN —H $9 :Ui}J

where the functor Ug preserves all colimits. We call Ug the forgetful functor
and ]Pg the prolongation functor.

Proof Let X be an orthogonal spectrum. Then we can define a sequential
spectrum Ug X by forgetting structure as follows. Level n of UgX is X, (for-
getting the O(n)-action) and the structure maps are those of X. As limits and
colimits are constructed levelwise, it follows that Ug preserves them. It there-
fore follows that the left adjoint Pg exists. O

As well as forgetting to sequential spectra, we can also forget from orthog-
onal spectra to pointed spaces.

Definition 6.2.5 For each d € N, there is an adjunction
F{: Top, = 89 :EvY

between orthogonal spectra and pointed topological spaces. The left adjoint
F‘? is the shifted suspension functor, the right adjoint Evg) sends an orthogonal
spectrum X to the space X,;. We refer to EV[S) as an evaluation functor. When
d = 0, we write X* for Fg) .

As with sequential spectra we keep Q* for the derived functor of EV?, see
Section 3.4.
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Lemma 6.2.6 The forgetful functors commute with the evaluation functors
and the shifted suspension functors commute with the prolongation functors,
ie.

Evi'UY = EvY FY =PQF.

Proof Let X be an orthogonal spectrum. Then level n of Ug X is precisely X,,.
Hence we have

Ev) UJ = EvY .

The functor PY F}, is left adjoint to Bv}, U, and Fy) is left adjoint to Evy. As

n
the two right adjoints are equal, we must have a natural isomorphism

FY =PQFY
between the corresponding left adjoints. O
Given a spectrum X and a pointed space A, we can make a spectrum X A A

which at level n is X, A A. The group O(n) acts only on the X, term, and the
structure map is

op Aldg: STAX, AA — X1 AA.

We call this the fensor of orthogonal spectra with spaces. Similarly we have
a cotensor and can make a spectrum Top, (A, X) which at level n is the space
of maps Top, (A, X,,). Again, the group O(n) acts only on the X, term, and the
structure map is the composite

S A Top,(A, X,) — Top,(A,S' A X,) = Top,(A, Xps1).
The levelwise adjunction between smash products and function spectra gives
an adjunction
SO(X AA,Y) = 89X, Top,(A, Y)).
‘We also have that Ug (Top,.(A, X)) = Top, (A, Ug X), hence we have an isomor-
phism P{(Z A A) = PQZ A A for any sequential spectrum Z.
Using these constructions we can define s—cofibrations of orthogonal spec-

tra. These are similar to h—cofibrations of pointed spaces, see Section A.5 for
a discussion of h—cofibrations in general model categories.

Definition 6.2.7 A map i: A — X of orthogonal spectra is a h—cofibration
if there is a map to the mapping cylinder of i

r: XA[0,1], — Mi
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making the following diagram commute.

A—" S AN[0.1],

X A[0.1],

Lemma 6.2.8 Each level of a h—cofibration of orthogonal spectra is a h—
cofibration of pointed spaces.

The tensor — A A with a pointed space A preserves h—cofibrations of orthog-
onal spectra.

Proof The tensor with spaces and mapping cylinders is constructed levelwise.
O

The converse statement is false: a levelwise hA—cofibration of sequential spec-
tra is not necessarily a h—cofibration of sequential spectra. The levelwise retrac-
tions of Cyl(X) onto Mi of a levelwise hA—cofibration do not have to give a map
of spectra.

Recall from Section A.7 the notion of homotopy cofibres of maps of pointed
spaces: the homotopy cofibre of f: A — X is the pushout of

AAN[0 1] <-4 L x

where [0, 1] has basepoint 1. Recall further that if f is a h-cofibration of pointed
spaces, then the natural quotient map Cf — X/A to the cokernel of f is a
homotopy equivalence by Lemma A.5.6.

We can define the homotopy cofibre of a map g of orthogonal spectra anal-
ogously, so level n is the homotopy cofibre of g,. The proof of Lemma A.5.6
extends to orthogonal spectra, giving the next result.

Lemma 6.2.9 Leti: A — X be a h—cofibration of orthogonal spectra. Then
the pushout X/A of i over a point is naturally homotopy equivalent to Ci, the
homotopy cofibre of i. O

Now we introduce the stable model structure on orthogonal spectra. The
weak equivalences are our starting point. We choose the m.—isomorphisms as
we did for sequential spectra.

Definition 6.2.10 A map f: X — Y of orthogonal spectra is said to be a
weak equivalence of the stable model structure if Ug f is a m.—isomorphism of
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sequential spectra. That is, a map f: X — Y is a weak equivalence if for each
n € Z the map induced by f

colim 7,41 (Xy) — colim 7, (Yy)
k k
is an isomorphism.

It follows from the definition that (small) coproducts or products of m.—
isomorphisms are m,—isomorphisms. We also see that Ug preserves and detects
weak equivalences.

Lemma 6.2.11 We have the following results on m,—isomorphisms.

1. Let f: X — Y be a map of orthogonal spectra and let Cf be the homotopy
cofibre of f. Then f is a m.—isomorphism if and only if C f is n.-isomorphic
1o *.

2. If f is a n.—isomorphism and a levelwise h—cofibration, then the pushout
of f along another map of spectra is a m.—isomorphism and a levelwise
h—cofibration.

3. If X)jen is a collection of orthogonal spectra and f': X' — X! a collec-
tion of levelwise h-cofibrations and n.—isomorphisms, then the map from the
initial object into the colimit

X% — colim X
i
is a n.—isomorphism and a levelwise h-cofibration.

Proof The first statement follows from the long exact sequence of homotopy
groups of sequential spectra that we have already seen.

For the second, Corollary A.5.4 states that h—cofibrations are preserved by
pushouts, so we must show that the map g in the pushout square below is a
m.—isomorphism.

8

N>

—
;
—_—

Q—v

We know that f and g are levelwise h-cofibrations so the homotopy cofibres
of f and g are homotopy equivalent to the cokernels Y/X and Q/P by Lemma
6.2.9. The induced map Y/X — P/Q is aisomorphism since we have a pushout
square. As f is a m.—isomorphism, Y/X is m.-isomorphic to a point, hence so
is P/Q. Thus by the first part g is a w.—isomorphism as claimed.
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For the third statement, we use Corollary A.7.10 and the Hurewicz model
structure on spaces to see that the homotopy colimit of the system
'~—>Xi£)Xi+1£)Xi+2—)"'
is levelwise homotopy equivalent to the colimit of the sequence f'. Hence the
natural map

colim 7T,,+k(X,i) — Tper(colim X,’;)

is an isomorphism for all k£ and n. The result then follows by the definition of
m,—isomorphisms. O

We introduce orthogonal spectra versions of the maps A, that we used to
make the stable model structure on sequential spectra, see Section 3.2. We
abuse notation and use 4, and k,, for both the sequential and orthogonal spectra
versions. We find this acceptable as they agree under prolongation, because
prolongation commutes with smash products of spaces and colimits and hence
commutes with the mapping cone construction.

Definition 6.2.12 Let 1,: F, §' — FY §° be the adjoint of the map

n+l

1 O
S = Ev,,,

F}? §0 = On+1), Ao st
which is ¢ — [Id, £].

As previously, this map is not a g—cofibration. In fact, it is not even a lev-
elwise cofibration of pointed spaces. We need to replace the 4, by a different

collection of maps before we can add them to the generating acyclic cofibra-
tions.

Definition 6.2.13 Define M4, to be the mapping cylinder of A, that is, the
pushout of

o A O ¢0
FO st — 2 LF0g

LT

(FO, SYHYA[0,1], ——ns M2,

n+1
where #; is the inclusion into the one end of the interval. We then have a map
— I wlV) 1
kn=t,0ip: F .| S — Ma,

coming from the inclusion into the zero end of the interval. We also have a
deformation retraction r,,: MA, — F° §? induced by the collapse map

(E% , sHA[0,1], - FY, s

n+l n+l
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The composition r,k, is the original map A,,.
It remains to show that the maps 4, and k,, are indeed m.—isomorphisms.
Lemma 6.2.14 For each n € N the maps
A FOL 8" FYS8% and k,: FY,S'— Ma,

are m.—isomorphisms. Furthermore, the maps k, are h—cofibrations of orthog-
onal spectra and levelwise g-cofibrations of pointed spaces.

Proof By our earlier work on m,—isomorphisms of sequential spectra, we see
that it suffices to show that £"1,, is a m.—isomorphism. When a > n + 1, level a
of X" 1, is given by

S" A O(a)+ Ao(a-n-1) ST A §an-1 i} O(a)+ ANoa-n-1) (Sn+1 A Sa—n—l)
— 0(@)s Noa-n-1)S*
— 0@+ No@-m S

induced by the map O(a — n — 1) = O(a — n). We want to replace the domain
and codomain with simpler spaces. The key is that we can regard S¢ as space
with the canonical action of O(a) instead of an action of the smaller groups.
We define a pair of isomorphisms

O@/0@a-n-1); AS* —— 0@+ No@-n-1)S*
O(a)/0(a—n)y NS ———— 0(@)+ Now@-m S*.
We describe the first map, the second is similar. The domain is the smash prod-
uct of the space of cosets of O(a — n — 1) (with a disjoint basepoint) and S¢,
and O(a) acts diagonally on the smash product. The codomain has O(a) acting
on the first factor only. The map is given by
[0O(@—n—1),1] - [0, 07 1]
and one can check this is well-defined with respect to choice of coset repre-
sentative, O(a)-equivariant, continuous and an isomorphism between compact

and Hausdorff spaces. The above isomorphisms, the map X4, (at level a) and

A,,:0@/0@—-n—-1), AS*— O()/O(a—-n), NS
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fit into a commutative square

S™A O(a)+ /\O(a—n—l) Sl A Su—n—l

ﬂ

0(@) Ao-n-1)S* +————— 0(@)/Ola—n— 1), A S*

| -

0a), Aotan) S* +——————0(a)/O(a — n), A S*.

Thus, we now focus on the maps 4, , for varying a and fixed n.
We argue that A/, is a (2a — n — 1)-equivalence. To see this, note that we

n,a

have a pair of fibre bundles
Ola-1) — O(a) — ga-! O(a —n) — O(n) —» O(a)/O(a — n).

Looking at the long exact sequence of homotopy groups of the first fibre se-
quence, it follows that

O(a—-1), — O(a)+

induces an isomorphism on 7, for ¢ < a — 2 and a surjection on m, when
q = a — 2. The long exact sequence of homotopy groups of the second fibre
sequence shows that the space O(a)/ O(a—n), is (a—n—1)—connected. It follows
that the map A, , is a (2a — n — 1)—equivalence, i.€. 7,114, , is an isomorphism
form + a < 2a — n — 1 and a surjection for m + a = 2a — n — 1. Now consider
Tmtady, for some m € Z and take colimits over a. As a grows, the right hand
side of this inequality increases more quickly than the left hand side, thus 4;,,
induces an isomorphism of stable homotopy groups. It follows that £"4,, is a
m.—isomorphism as claimed.

To prove that &, is a m,—isomorphism, we use Lemma 6.2.11 to see that the
map #, of the definition is a m,—isomorphism and hence so is k, = ¢, o i.

The statements about cofibrations follow as all the constructions are per-
formed levelwise, and the spectrum FO | §! is levelwise cofibrant as a pointed

n+l1
space. [m}

We can now give the generating sets for the stable model structure on or-
thogonal spectra.

Definition 6.2.15 We say that a map f: X — Y of orthogonal spectra is a
stable fibration if Ug f is a stable fibration of sequential spectra.
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We then define sets of maps of orthogonal spectra as below.

s(?able = I]?vel {FO(Sa : — Da) | a, de N)}
IOy = (FQDL— (D*x[0,1]),) | a,d € N)}
e = JoqUlk 0SS = DY) a,neN)

In particular, we see that the domains of each set of maps are levelwise
cofibrant as pointed spaces and each generating cofibration is a levelwise g—
cofibration of pointed spaces.

Note that [ o bl 18 precisely the prolongation functor ]P’o applied to the gen-
erating coﬁbratlons for the stable (or levelwise) model structure on sequential
spectra IN , by Lemma 6.2.6. The analogous statement is true for J e and

V) N N
J bl When compared t0 Jioye @nd S

Theorem 6.2.16  The sets I o ble ANd J ble @nd the class of m.—~isomorphisms
form a cofibrantly genemted model structure on 89 called the stable model
structure. The fibrations are called the stable fibrations. The cofibrations are
called the g—cofibrations, and every g—cofibration is a h—cofibration of spectra
as well as a levelwise g—cofibration of pointed spaces.

Proof We first prove that a g—cofibration is a hA—cofibration. Since Fﬁ? com-
mutes with tensoring with pointed spaces and colimits, it follows that the gen-
erating cofibrations of the stable model structure are A—cofibrations of orthog-
onal spectra.

An arbitrary g—cofibration is a retract of a sequential colimit of pushouts
of coproducts of the generating g—cofibrations. These constructions preserve
h—cofibrations by Corollary A.5.4 so every g—cofibration is a h—cofibration.
A similar argument shows that a g—cofibration is a levelwise g—cofibration of
pointed spaces.

To prove the stable model structure exists, we apply the lifting lemma A.6.12
to the adjunction

0. — Q0O .70
PO: 8 — 89 :UY.

We must show that the sets 79 cble and Jmlble admit the small object argument,

but this holds as Ug commutes with all colimits. We also note that the previ-

ously defined
ky: EO 8" — M2,
is in fact equal to
Pik,: PR F 8" — PIMA,

n+l

where the second k, and A,, are maps of sequential spectra.
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We must also show that any element of Js(?able—cell is a m,—isomorphism.
Each map in Jl‘gvel is a levelwise homotopy equivalence and hence a
m.—isomorphism. The other maps in Js?ab]e are of the form k, O for i a generat-
ing cofibration of spaces. We have seen that the maps &, are m,.—isomorphisms
and levelwise g—cofibrations. It follows that maps of the form &, O i are level-
wise g—cofibrations.

A g—cofibration of topological spaces is a h—cofibration, therefore a level-
wise g—cofibration is also a levelwise h—cofibration. This means we can ap-
ply Lemma 6.2.11, which shows that the maps of the form k, O i are m.—
isomorphisms as well as levelwise h—cofibrations. Hence we know that each
map in J S(?able is a m,—isomorphism and a levelwise h-cofibration.

Such maps are preserved by pushouts, coproducts and countable colim-
its by Lemma 6.2.11, so it follows that the elements of Jgable
isomorphisms. We can therefore apply the lifting lemma A.6.12 to obtain the

final statement. O

—cell are m.—

Our characterisation of stable fibrations of sequential spectra lifts to orthog-
onal spectra.

Corollary 6.2.17 A map of orthogonal spectra f: X — Y is a stable fibration
if and only if f is a levelwise fibration of spaces and for each n € N, the map

X, — Y, X QX
Qynﬂ

induced by o, and f is a weak homotopy equivalence.
The class of stably fibrant orthogonal spectra is exactly the class of Q-
spectra, namely those orthogonal spectra X whose adjoint structure maps

Xn i QXnJrl
are weak homotopy equivalences. O

It remains to show that this model category is stable and Quillen equivalent
to the stable model structure on 8". The first statement can be shown using the
same approach as for sequential spectra, but it follows from the second.

Theorem 6.2.18 The category of orthogonal spectra equipped with the stable
model structure is Quillen equivalent to the stable model structure on sequen-
tial spectra. More precisely, the adjunction

0. — Q0 .70
PO : 88— 89 :UY

is a Quillen equivalence. Hence 8° is a stable model category and the derived
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functors of Pg and Ug induce an equivalence of categories
Ho(8%) = Ho(8") = SHEC.

Proof The adjunction is a Quillen adjunction as the fibrations and weak equiv-
alences are defined by Ug . Indeed, Ug preserves and detects all weak equiva-
lences, so it suffices to check that for any cofibrant sequential spectrum X the
unit of the adjunction X — UJP{X is a m,~isomorphism.

We claim that the unit of the adjunction is a m,—isomorphism for spectra of
the form F S,

Assuming this claim, the unit of the adjunction will be a m.,—isomorphism
on spectra of the form F. A for A a pointed CW—complex, as — A A preserves
m,—isomorphisms and commutes with Ug and Pg. Using Lemma 3.2.13, it
follows that X — Ug Pg X is a m,—isomorphism for any spectrum X that is
a sequential colimit of pushouts of coproducts of the generating cofibrations.
Since a cofibrant spectrum is a retract of a such a spectrum, the result will
follow once we have proven the claim.

By Lemma 3.2.7, a map is a m.—isomorphism if and only if its suspension
is. So it suffices to consider X = F,'S" for n € N. The map F, S" — FﬁTS0
is the composite of suspensions of maps of the form A, and hence is a m.—
isomorphism. Similarly the prolongation of such a map is a m.—isomorphism
by Ken Brown’s Lemma, see Lemma A.4.4. Now consider the commutative
square

F'S" ——UJPOF, S"

F) §O —— USPO F, S°.

The bottom map is the identity map of the sphere spectrum, hence a stable
equivalence, and so the result follows.

This implies that Ho(S?) is equivalent to the stable homotopy category.
Since Pg and its derived functor commute with the suspension functor as this
is smashing with a pointed CW-complex, it follows that Ho(8) is stable. O

A formally identical proof to Proposition 3.1.6 shows that there is a lev-
elwise model structure on orthogonal spectra with weak equivalences and fi-
brations given by the levelwise weak equivalences and fibrations of pointed
spaces. The cofibrations of the levelwise model structure are the g—cofibrations.
This model structure is cofibrantly generated by the sets 7 ,and J, O . We de-

leve level”
note this model structure by Slo and use [—, —]' for maps in the corresponding
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homotopy category. Since these generating sets are subsets of the generating
sets for the stable model structure, we have the analogue of Lemma 3.3.15.

Lemma 6.2.19 The identity functor from the levelwise structure on orthogo-
nal spectra to the stable model structure is a left Quillen functor

Id:SlO —><SO:Id.
If E is an Q—spectrum, then
[X, E] = [X,E]".

O
Inspecting the generating sets of the stable model structure gives the ana-
logue of Lemma 3.3.16.

Lemma 6.2.20 For d € N, the shifted suspension spectrum functor F‘? and
the evaluation functor EVL(JD form a Quillen adjunction

F{: Top, = 89 :Ev] .
In particular, there is a Quillen adjunction

2 Top, = 8Y :Evy .

6.3 Symmetric Spectra

We consider symmetric spectra on pointed topological spaces, with our ac-
count based on a mixture of [HSS00] (which uses simplicial sets in place of
topological spaces) and [MMSSO01]. We aim to give a short and direct account,
showing that we can put a stable model structure on symmetric spectra that is
Quillen equivalent to the sequential spectra of Chapter 3, and hence is a model
for the stable homotopy category. This requires substantially more effort than
for orthogonal spectra, primarily as the weak equivalences for this stable model
structure are not the m,—isomorphisms.

The definition of symmetric spectra is particularly short and relatively sim-
ple.

Definition 6.3.1 A symmetric spectrum X is a sequence of pointed topologi-
cal spaces X,, along with the following data and conditions for n € N.

1. X, has a continuous action of the symmetric group £, which fixes the base-
point.
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2. There are maps of pointed spaces o,: S' A X, = X,41.
3. The composite map o* given by

IdAoy, IdAo,4 T nk—-1

Sk A Xn Sk_l A Xn+1 Xn+k

is compatible with the X; X X,-actions on domain and target. Here we treat
3, X X, as a subgroup of X, where X; permutes the first k letters and X,
the last n letters.

A morphism of symmetric spectra f: X — Y is a collection of X,-equivariant
maps f,: X, — Y, (so fy(ax) = af,(x) for each x € X and « € %), such that
the square

: AAfy oy
S'ANX,——S'AY,

lo—if J(r’}:
fn+1

Xn+l —Y, n+l
commutes for each n € N. We denote the category of symmetric spectra as 8.

In the above, the X;-action on S* is the one-point compactification of the
permutation of coordinates action of X; on R¥. This will be referred to as the
canonical action of Xy on S*.

Note that every symmetric spectrum has an underlying sequential spectrum
via forgetting the symmetric group actions: there is a forgetful functor

Uy: 8% — 8"

where the level n of U@X is X, (forgetting the X,-action). As limits and colimits
in 8* are defined levelwise, the functor Uﬁ preserves all limits and colimits and
thus has a left and a right adjoint. We are only interested in the left adjoint,

Py: §Y — 8.
A construction of this functor is given in Proposition 7.3.22.

Examples 6.3.2 With our knowledge of other types of spectra, it is relatively
simple to give some examples of symmetric spectra.

Sphere spectrum We define the sphere spectrum S to be the symmetric spec-
trum with level n given by S” with the canonical action of %,. The structure
map

Sl AS”HS}H—I

is the usual isomorphism, and we see that the maps % are ¥; x %,-equivariant.
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Suspension spectra Generalising the above somewhat, we can make XA, the
suspension spectrum of the pointed space A. Level n is given by §” A A, with
Y, acting as a[s,a] = [as,a] fora € X, a € A and s € §”. The structure maps
are the isomorphisms as for the sphere spectrum

S'AS"AA — S"™ A A,

and the composite maps o* are ¥; x Z,-equivariant.

Shifted suspension spectra The final generalisation along this path is the shifted
suspension functors. For A a pointed space and d € N, we define a spectrum
F5 A where

)+ As, , S"IAA n>d
* n<d

(F5A), = {

and Z,,_, is the subgroup which acts on the first n — d letters. The structure map
is either trivial or the composite of the inclusion

S'AE):As  STIANA — (), As SN A

n—d n—d

with £, — X;,,. Checking that the maps o-ﬁ are X; X X,-equivariant is an

exercise in tracking the partition of k + n into [k|n — d|d] through the maps.

Eilenberg—Mac Lane spectra Let R be a ring. We define a symmetric spec-
trum HR, the Eilenberg—Mac Lane spectrum of R, as follows. For K a simpli-
cial set, let K ® R denote the simplicial abelian group whose set of k-simplices
is the free R-module on the non-basepoint simplices of K. We identify the
basepoint with 0. This can be turned into a topological space by geometric re-
alisation |K ® R|. Choose a simplicial circle S| and an isomorphism S = |S!].
Level n of HR is given by

HR, =|(SH"®R|

where ¥, permutes the factors of the n-fold smash product (S !)". The structure
map is induced by the chosen map S! = |S!| and the isomorphisms

ISHAISHY @RI =ISEASH @RI = |(SH™ ®RI.

This is an Q—spectrum whose underlying sequential spectrum is the Eilenberg—
Mac Lane spectrum of Example 2.3.4. Note that the inclusion

SH— (SH'®R

sending a non-basepoint simplex x to x® 1 induces a map S — HR called the
Hurewicz map.
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Tensor with spaces Given a symmetric spectrum X and a pointed space A, we
can construct a new symmetric spectrum X A A where level 7 is simply X, A A.
The structure maps and equivariance are inherited from X. Similarly we have
a cotensor with spaces, given by the symmetric spectrum Top, (A, X) which at
level n is Top, (A, X,,).

As one should expect, suspension spectra are part of an adjunction between
symmetric spectra and pointed topological spaces. We have already seen the
left adjoints.

Definition 6.3.3 For each d € N, there is an adjunction
F5: Top, = 8* :Ev}

between symmetric spectra and pointed topological spaces. The left adjoint F§
is the shifted suspension functor, the right adjoint Ev§ sends a spectrum X to
the space X;. When d = 0, we write X for Fg

As with other categories of spectra, we use Q* to denote the derived func-
tor of Evg from the stable model structure on symmetric spectra to pointed
topological spaces, see Section 3.4 for a discussion in the case of sequential
spectra.

Now we show that we can equip symmetric spectra with a stable model
structure. As with sequential spectra it is useful to start with the levelwise
model structure, then refine that into the stable model structure. This refine-
ment will be an example of the left Bousfield localisations of Chapter 8, though
we will not rely on the language of localisations in this chapter.

Definition 6.3.4 The levelwise model structure on symmetric spectra is a
cofibrantly generated model structure with generating sets given by

!
level
JZ

level

{FXS%" - D% | a,d e N)}
{FX(D% — (D* x [0,1]);) | a,d € N)}.

The cofibrations of this model structure are called the g-cofibrations, the fibra-
tions are called the levelwise fibrations and the weak equivalences are called
the levelwise weak equivalences.

The sets of maps from X to Y in the levelwise homotopy category is denoted
[X, Y]

As in Theorem 3.1.7, the g-cofibrations are not simply the levelwise cofi-
brations of pointed spaces— a full description is given in [HSS00, Proposition
5.2.2].
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Proposition 6.3.5 The sets Ilivel, leevel and the class of levelwise weak ho-
motopy equivalences (ignoring the X,-action) define a cofibrantly generated
model structure on symmetric spectra. A map f is a fibration if and only if
each f, is a fibration of pointed spaces (with the X,-action ignored). This model

structure is called the levelwise model structure.

Proof Limits and colimits of spectra are defined levelwise, and the Z,-action
on level n of the (co)limit is induced by the X,-action on the components and
the universal property of the (co)limit. The structure maps for a colimit arise
from the structure maps of the components and the fact that colimits of pointed
spaces commute with smash products. The structure maps for a limit arise
similarly, using the adjoints of the structure maps. It follows that all small
limits and colimits exist.

Following the recognition theorem for cofibrantly generated model cate-
gories, Theorem A.6.9, it suffices to show the following points. The proof is
very similar to that for Proposition 3.1.6.

1. The levelwise equivalences satisfy the two-out-of-three condition.

2. The domains of the generating sets are small with respect to the class of
levelwise cofibrations of spaces.

3. Maps in the class of leevel—cell are levelwise weak equivalences and are Iivel—
cofibrations.

4. The class of maps with the right lifting property with respect to Ilzeve]

actly the class of levelwise weak equivalences that also have the the right

lifting property with respect to J. .

is ex-

The first is clear. For the second, we show that the spectrum F§ A is small with
respect to the class of levelwise cofibrations of spaces for any compact pointed
space A and d € N. This is sufficient, as every element of Izvel is (in particular)

le
a levelwise cofibration of pointed spaces. It follows that every map in I* —cell

level
is also such. Let
X sx' 5x—...

be a diagram of spectra where each map is a levelwise cofibration of spectra
and consider the map of sets

colim 8*(F5 A, X*) — 8*(F5 A, colim X*).
a a
Since the functor Evg commutes with colimits, the above map is isomorphic to
colim Top, (A, X;) — Top, (A, colim X9).

This is an isomorphism for a compact space A: the image of a compact space
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can only intersect with finitely many cells of the target, see [MP12, Proposition
2.5.4] for details.

For the fourth point, leti: A — B be a map of pointed spaces. Then, by ad-
jointness, a map of symmetric spectra f: X — Y has the right lifting property
with respect to F§ i in the diagram

F5A——X

F;B——Y

if and only if f; has the right lifting property with respect to i. Hence f has
the right lifting property with respect to Ilzeve
acyclic fibration of pointed spaces. Similarly, f has the right lifting property
with respect to leev o if and only if it is a levelwise fibration of pointed spaces.
The statement then follows.

For the third point, the maps in leev o have the left lifting property with re-
spect to levelwise acyclic fibrations, hence leev o consists of 112ev —cofibrations.

The maps

, if and only if it is a levelwise

DY — (D" x[0,1])+
are weak homotopy equivalences of pointed spaces, and thus, by construction,
the maps
F;(D{ — (D" x[0,1]),)
are levelwise weak homotopy equivalences.

We thus have a cofibrantly generated model category with the properties as
claimed. O

We now want to investigate how the tensor product of symmetric spectra
and pointed spaces interacts with this model structure.

Lemma 6.3.6 If f: X — Y is a g-cofibration of symmetric spectra and
i: A — Bis a cofibration of pointed spaces, then the pushout product

fl:li:X/\BUY/\A—>Y/\B
XAA

is a cofibration of symmetric spectra. If one of f or i is a weak equivalence,
then so is f O i. In particular,

Y A—: Top, — 8*

is a left Quillen functor from pointed spaces to symmetric spectra when Y is a
cofibrant symmetric spectrum.
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Proof Since —0O— commutes with colimits in either factor, it suffices to show
this for the generating cofibrations of the levelwise model structure of sym-
metric spectra and cofibrations of pointed spaces (see also Lemma 7.1.13). We
have three facts: firstly, for cofibrant spaces A and B and d € N, there is an
isomorphism

(F>A)AB=F5(AAB).

Secondly, if i and j are (acyclic) cofibrations of pointed spaces, then so is
i O j. Thirdly, F§ is a left Quillen functor from pointed spaces to symmetric
spectra. These three together imply the statement for the generating (acyclic)
cofibrations and thus all (acyclic) cofibrations. The last statement is the case
*— Y. O

We now want to develop the stable model structure. This will be a Bousfield
localisation of the levelwise model structure at the class of stable equivalences.
We start by defining the fibrant objects of the stable model structure, which
will be the “local objects” in the terminology of Bousfield localisations from
Chapter 8.

Definition 6.3.7 A symmetric spectrum X is said to be an Q-spectrum if the
adjoints of the structure maps o, : X, — QX are weak equivalences for all
neN.

The Q-spectra in symmetric spectra are exactly those spectra sent to Q—
spectra in sequential spectra via the forgetful functor Uiq.

From these “local” objects we can define the stable equivalences. This class
is harder to understand than the m.—isomorphisms of sequential spectra. One
way to motivate this class is that we want the homotopy category of symmetric
spectra to be the stable homotopy category, which is the representing category
of cohomology theories.

We can relate cohomology theories to weak equivalences in the stable model
structure of sequential spectra as follows. By Proposition 6.1.5 a sequential
spectrum E defines a cohomology theory on sequential spectra by

E*(-=) = [-, E]-.: Ho(8") — Ab.,.

By the Yoneda Lemma, X — Y is a weak equivalence in the stable model
structure on sequential spectra if and only if E*(Y) — E*(X) is an isomorphism
for all spectra E. By Theorem 3.3.12 and Lemma 3.3.15, we may just as well
use the homotopy category of the levelwise model structure and restrict E to
the class of Q—spectra. Hence we can characterise the weak equivalences of the
stable model structure using the levelwise homotopy category. For symmetric
spectra, we will use take this characterisation as a definition.
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Definition 6.3.8 A stable equivalence is a map f: X — Y of symmetric
spectra such that for each Q-spectrum E the induced morphism

[ GEN — (X E)
is an isomorphism.

Here, [, —]' denotes morphisms in the homotopy category of symmetric
spectra with the levelwise model structure.

The stable equivalences satisfy the two-out-of-three axiom. Furthermore,
every levelwise weak equivalence is a stable equivalence, as weak equivalences
induce isomorphisms in their corresponding homotopy category.

Similarly to sequential spectra, we want a model structure whose cofibra-
tions are the g-cofibrations, whose weak equivalences are the stable equiva-
lences and whose class of fibrant objects is precisely the class of Q-spectra.
We can follow the same pattern as for sequential spectra. The first step is to
find a set of maps that will identify Q-spectra.

Let A,: F=_ S' — F>5° be the adjoint of the map

n+l1

S!S BV, FES0 = (Sh), AS! = v s!

a€Zy4

which sends the domain to the @ = Id summand by the identity.
Define M4, to be the mapping cylinder of A, that is, the pushout of

T A 2 0
s —2 S Fs

L

(F*  SH A0, 1], —— M2,

n+l

where i) is the inclusion into the one end of the interval. We then have a map

k,: Ff TS ' — M, coming from the inclusion into the zero end of the interval

and a deformation retraction r,: M2, — F,S° induced by the collapse map

F=, SHAT0, 1], - F5,, S
The composition r, o k, is the original map 4,,.
The following lemma shows how the maps k, are related to Q-spectra and

why they are stable equivalences.

Lemma 6.3.9 The maps A,: F-_| S' — F=S° for n € N are stable equiva-

n+1

lences. Hence so are the maps k,, : F5+1 S' — M2, forn e N.
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Proof Let E be an Q-spectrum. As E is fibrant and F=,_ ! is cofibrant in the

n+l
levelwise model structure,

[F>

n+l

SUEI 2n(F*  SLE)

n+1

where 71(—, —) denotes homotopy classes of maps between spectra. Since smash-
ing with [0, 1], gives cylinder objects, we see that the model category defini-
tion of (left) homotopy agrees with levelwise homotopy of pointed topological
spaces. It follows that we can use our adjunction (F%, ,Ev>,,) to obtain an
isomorphism

n(F=, SLE) = a(S" Epn) = (S, QE,11)

n+l

where the middle and right hand term refer to homotopy classes of maps of
pointed spaces. Similarly we have isomorphisms

[F~S% E) = n(F~S°, E) = n(S°, E,).

Consider the square below, where the top map sends the homotopy class of
a map f to the homotopy class of o, o Zf with o, being the structure map of
E.

ﬂ(SO, En) —>7T(SlsEn+1)

v
[F5 SO E) ——[F>, SLEY

This square commutes as the counit of the adjunction (F>, Ev>) in level k is
given by the composite structure map of E for k > n and the trivial map for
k < n. Therefore, composing with the adjunction isomorphism

m(S" Ep) = m(S%, QE 1)

gives a commutative square, where [ f] € 7(S 0 E,)is sent to o, o f, where o,
is the adjoint structure map of E.

(@n)e

(S, Ey) ———— n(S°, QE,11)

LT

P
[F-S%E) ———[F>,, S EY

n+1

As E is an Q-spectrum, the map o,: E, — QE,,; is a weak homotopy
equivalence. Thus (o,). is an isomorphism and 4, is a stable equivalence.

We know that the retraction r, is a levelwise homotopy equivalence, hence a
stable equivalence. It follows by the two-out-of-three property that sois k,. O
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We are ready to demonstrate that the stable model structure on symmet-
ric spectra is more complicated to define than that of orthogonal spectra. As
mentioned, the problem is that the m.—isomorphisms are not the correct weak
equivalences for this category.

Definition 6.3.10 A map f: X — Y of symmetric spectra is a r,—isomorphism
if the map induced by f

() = colim Ty (Xe) = coliim e (Vi) = ()
is an isomorphism for all n € Z.
We see that for a symmetric spectrum X, m,.(X) = n*(UilX).
Remark 6.3.11 The maps of symmetric spectra
At B, St — FS?

for d € N are not m.—isomorphisms. Following the same argument as for or-
thogonal spectra, we look at a map of spectra which at level k is given by a
quotient map smashed with the sphere S

(e /Zkea-)s AS* — (Ce/Zica)s A S

Taking homotopy groups .44 and a colimit over k, we obtain a non-injective
map from a countable direct sum of 7522¢(§0) to itself. It follows that A, is not
a m,—isomorphism. The homotopy groups of symmetric spectra are studied in
more detail by Schwede [Sch08].

We do however have a containment in one direction: a m.,—isomorphism
is a stable equivalence. We will make substantial use of this result in prov-
ing that the stable equivalences and g—cofibrations form a model structure on
symmetric spectra. The basic idea is to construct a functor Q which sends
m.—isomorphisms to levelwise weak equivalences and a natural transformation
i: Id — QO which is a levelwise weak equivalence on Q—spectra.

Proposition 6.3.12  Every m.—isomorphism is a stable equivalence.

Proof To avoid a much harder direct proof, we will use the closed monoidal
structure on symmetric spectra. This is constructed in detail in Section 7.3. For
now we use the following properties.

e The category 8 is a closed symmetric monoidal category with product A,
unit S and internal function object Fs(—, —).
e There is a natural isomorphism 8*(A, Fs(X, ¥)) = 8*(A A X, Y).
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e Furthermore, for pointed spaces A and B, we have

FFAANFEB=F-, (AAB),

n+m

which is Lemma 7.3.21.

All the relevant constructions are entirely categorical, and they do not make
use of the model structure we are still constructing at this stage. Therefore,
we could have given Section 7.3, which contains the above constructions and
properties, before the statement of this proposition.

We start by defining a functor R: 8* — 8*. The map

A=2: Fs' —Fs’=s
induces a map
XX =Fs(FyS°, X) — Fs(Fr ', X) =: RX.
Iterating this construction, we get a sequence of maps

r RY  H  RA 5 RN
X—RX—>RX—>RX—--

and we define QX to be the homotopy colimit of this sequence in the levelwise
model structure. The map from the first term to the homotopy colimit will be
denoted i: X — QX. If we choose a functorial construction of homotopy
colimits, then we have a functor and a natural transformation to that functor

0:8 — 8 and i:1d— Q.

In practice though, we only need to be able to make a few commuting squares,
which can be done with a non-functorial model for the homotopy colimit.
We have defined

R'X = Fs(F-SLR™'X) = Fs(FrSY Fe(Fr S R"2X))
= Fy(FrS'AFSLR2X)
= Fs((FySH™. X).

By Lemma 7.3.21 we have (F? Shrt = FE S7, so there is a natural isomor-
phism

R'X = F5(F- 5", X).
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We can use this to give a description of the the levels of R"X via

Top, (A, (R"X),) = Top,(A,EvZ Fs(F-S", X))
S*(F5, A, F5(F; ", X))
S*(FX A ANF=5", X)
8*(Fr,(A A S™), X)

Top,(A A S", Xyem)
= Top* (A’ Qan+m)'

1R IR

I3

The third isomorphism uses the closed symmetric monoidal structure of sym-
metric spectra as a category, and the fourth is another instance of Lemma
7.3.21. It follows that

(R"X)n = Ev,, Fs(F; $",X) = Q" X,y m»

and that the map

R Ay Q"X — Qn+1Xn+m+l

is induced from the structure map of X. Thus, if X is an Q—spectrum, the maps
R"A* are levelwise weak homotopy equivalences. Furthermore, when X is an
Q-spectrum, the map i: X — QX is a levelwise weak equivalence, and QX
is also an Q—spectrum.

By the properties of homotopy colimits, given a map f: X — Y we may
construct amap Qf: OX — QY giving a (homotopy) commutative square

X;)Y

J/ix liy
of

0x — ov.

If f: X — Y is a m,—isomorphism, we claim the map Qf is a levelwise weak
equivalence. We calculate the homotopy groups of the levels of X

7.(0X,) colim 7,((R°X);)
colim, 7, (Q X )
colim, 7y e (Xpre)

na—b(X)’

R

where the last term is the homotopy groups of the spectrum X. The claim now
follows.

Now assume that f: X — Y is a m.—isomorphism and E is an Q—spectrum.
We have a diagram of sets of maps in the levelwise homotopy category of
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symmetric spectra.

(iE)=

v, EY [Y, QEY'

[0X, QEY

The diagram commutes by naturality of i and Q. Since ig is a levelwise weak
equivalence, the maps (ig). are isomorphisms. The maps labelled Q in the
triangles are injective, and the maps 7} and i}, are surjective.

The remainder of our proof that

[ ILEl — X E)

is an isomorphism is a diagram chase. Firstly, let us show that f* is injective.
Let « and 8 be elements of [Y, E]' such that f*a = f*8. Then

Of " (Qa) = O(f*a) = Q(f"B) = Qf"(OP).

Since Qf™" and Q are injective, this implies @ = 8. Hence, f* is injective.

Now take y € [X, E]. Then there is a § € [QY, QE]' such that Qf*(6) =
QO(y). Similarly there is an & € [Y, E]' such that (ig).(e) = i3(0). Using the
commutativity of the diagram, we see that

(p)f (&) = [1ip):(e) = [fTiy(6) = iy Qf " (6) = iy Q) = (ip):(¥).
Since (ig). is an isomorphism, f*(¢) = vy, so f* is surjective and therefore an

isomorphism. O

Note that a direct proof of the existence of a symmetric spectrum with level
m given by Q"X,,,,, and the required properties is difficult to give without using
the monoidal structure.

Lemma 6.3.13 A stable equivalence between Q—spectra is a levelwise weak
equivalence of symmetric spectra.

Proof Let f: X — Y be a stable equivalence between Q—spectra. This means
that

X1 — X, X1
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is an isomorphism. Let g be the preimage of Idy. Similarly to the proof of
Proposition 2.2.3 we see that g is an inverse isomorphism to f in the levelwise
homotopy category. Hence f and g are levelwise weak equivalences. |

Similarly to Section 3.2, we need to know that a number of operations will
preserve stable equivalences. The first one requires some careful consideration
of basepoints, as with Lemma 3.2.7. For convenience, it also makes some use
of the monoidal structure of symmetric spectra similar to Proposition 6.3.12.

Lemma 6.3.14 A map of symmetric spectra f: X — Y is a stable equivalence
ifand only if Xf : X — XY is a stable equivalence.
If A is a pointed CW—-complex, then — A A preserves stable equivalences.

Proof The cofibrant replacement map in the levelwise model structure
xof - x

is a levelwise weak equivalence and hence is a m,—isomorphism of symmetric

spectra. Suspension preserves m.—isomorphisms of spectra by Lemma 3.2.7,

hence £(X°/) — XX is a m,—isomorphism and thus is a stable equivalence.
Let E be an Q-spectrum. Then we have natural isomorphisms

=X, E]' = [2(X°N), E]' = (X, QE]' = [X, QE]".

Since QE = Top,(S', E) is also an Q—spectrum, we see that X preserves stable
equivalences (without assumptions on the basepoints of the spectra). Replacing
S! by an arbitrary pointed CW—complex A gives the second statement.

For the converse, let E be an Q-spectrum and consider the symmetric spec-
trum F S(F? S0 E). Similarly to the proof of Proposition 6.3.12, we see that

Fs(F S%, E) = Egy

because

1R

Top, (A, Ev; Fs(Fy SO, E)) SE(Fy A, Fs(Fy S, E))
= SXFAAF;S%E)
= §*Fr  AE)

= TOp*(A, Ek+l)

for any pointed space A. It follows that Fi (F? §9 E) is an Q-spectrum and the
the structure map of E induces a levelwise weak equivalence

E — QFs(F-S°, E) = Fs(F* S, E) = RE.

Assume that f: X — Y is a map of symmetric spectra such that X f is a stable
equivalence. Since E is an Q—spectrum, it follows from the isomorphisms

(X, EY = [X,QF(F; S°, E)]' = [ZX, Fs(Fy S°, E)Y
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that f induces an isomorphism on the third term and hence f is a stable equiv-
alence. O

Our next aim is to give the analogous result to Lemma 3.2.13, using stable
equivalences in place of m.—isomorphisms. We will use this list of results to
prove the existence of the stable model structure on 8*. The proof requires
some long exact sequence arguments, similar to those for pointed spaces and
the notion of hA—cofibrations.

We can define h—cofibrations of symmetric spectra just as we did for orthog-
onal spectra in Definition 6.2.7.

Definition 6.3.15 A mapi: A — X of symmetric spectra is a h—cofibration
if there is a map to the mapping cylinder of

r: XA[0,1]y — Mi

making the following diagram commute.

A—" S AN[0.1],

X A[0.1],

We can relate h—cofibrations to g—cofibrations and levelwise hA—cofibrations
as we did for orthogonal spectra.

Lemma 6.3.16 Leti: A — X be a h—cofibration of symmetric spectra. Then
the pushout X/A of i over a point is naturally homotopy equivalent to Ci, the
homotopy cofibre of i.

Furthermore,

e every g—cofibration of symmetric spectra is a h—cofibration,

e cach level of a h—cofibration of symmetric spectra is a h—cofibration of
pointed spaces,

e the tensor — A A with a pointed space A preserves h—cofibrations of symmet-
ric spectra.

Proof These follow from the same proofs as for Lemma 6.2.8, Lemma 6.2.9,
Lemma A.5.6 and the part of Theorem 6.2.16 relating to s—cofibrations. O

Consider a g—cofibration i: A — X of cofibrant symmetric spectra. The
cofibre of i is also cofibrant and is homotopy equivalent to X/A. The usual
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arguments for pointed spaces (which need cofibrancy assumptions) applied to
each level of i gives a long exact Puppe sequence

o — [E"AEY — [2"X/AEl — "X, El' — [Z"AE] — -+
for any spectrum E. Recall further that this sequence ends as maps of sets
< — [X/AE' — [X,El' — [A, E].
Lemma 6.3.17 Several standard operations preserve stable equivalences.

1. If g: X — Y is a h-cofibration of symmetric spectra and a stable equiva-
lence, then the pushout of g along another map of spectra is also a stable
equivalence.

2. Given a diagram as below where i and i’ are h-cofibrations and the vertical
maps are all stable equivalences

B+t A—C

QL (N c’,

then the induced map from the pushout P of the top row to the pushout of
the second row P’ is a stable equivalence.

3. IFfi: X' — X™! fori € Nis a collection of maps which are both levelwise
h-cofibrations and stable equivalences, then the map from the first object
into the colimit

X% —s colim X'
1
is also a stable equivalence and a levelwise h—cofibration.

Proof Consider a diagram

z+l x—fy

with g a stable equivalence and f a h-cofibration of symmetric spectra. Let P
be the pushout of this diagram. Since a h-cofibration of symmetric spectra is in
particular a levelwise h-cofibration, we can use Part 2. of Lemma 3.2.13 to see
that a cofibrant replacement of this diagram in the levelwise model structure
(see Section A.7) will give a pushout that is 7.—isomorphic to P. Hence we may
assume that X, Y and Z are cofibrant and the maps f and g are g—cofibrations.

With this assumption, the horizontal cofibres are (up to homotopy equiva-
lence) given by Y/X and P/Z, which are isomorphic. Choosing an Q-spectrum
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E we obtain a map of long exact sequences

- —— [ZY/X,E] —— [ZY,E] —— [ZX,E! —— [V/X,E]'! —— - --

ETTT

-+ —[2P/Z,E) — [EP,E) —— [SZ,E]' —— [P/Z,E) — - --

from which we see that XZ — XP is a stable equivalence. By Lemma 6.3.14
the map Z — P is a stable equivalence.

Now let us show 2. As with the first statement, we may assume without loss
of generality that all spectra in the diagram are cofibrant. A long exact sequence
argument just like the above shows that B/A is stably equivalent to B’/A’. The
map C — C’ is a stable equivalence, and we also have stable equivalences

P/C=B/A— B'JA =P/C.

Another long exact sequence argument then shows that P — P’ is a stable
equivalence.

As for the last point, once again we begin by making every spectrum in the
diagram cofibrant by taking a cofibrant replacement of X° and then factorising
the map Y° — X! into a g—cofibration Y — Y followed by a levelwise acyclic
fibration Y! — X!. Repeating inductively we obtain a diagram

X0 r X! s X2 s
Yo Y! Y?

with each vertical map a levelwise acyclic fibration and each Y' — Y*! a ¢g—
cofibration. Since the maps f' in the original diagram were stable equivalences,
so are the maps Y’ — Yi*!,

As the maps in each sequential diagram are levelwise h—cofibrations, Corol-
lary A.7.10 implies that the colimit of each diagram is levelwise homotopy
equivalent to the homotopy colimit. Moreover, the induced map

Y := colim Y’ =~ hocolim ¥* — hocolim X’ = colim X’ =: X

is a levelwise weak equivalence as the homotopy colimits are constructed lev-
elwise.
By Corollary A.7.14 we obtain an exact sequence of sets

x —— lim![TY!, E] —— [V, E)) —— lim;[Y!, E]) —— =.
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As the maps fi: Y/ — Y*! in the sequential diagrams are stable equivalences,
the maps

[Yi+1,E]l i> [Yi,E]l
are isomorphisms. Hence the lim! term is trivial and both maps below are
isomorphisms

[Y,El' — lim[Y', E]' — [Y°, E]".
1
It follows that Yy — Y is a stable equivalence and hence sois Xo — X. O

We are ready to define a model structure on 8* where the weak equivalences
are the stable equivalences and the cofibrations are the g—cofibrations. We will
call this the stable model structure on symmetric spectra. We give the generat-
ing sets for this model structure.

Definition 6.3.18 We define two sets of maps

= L =S 5 DY | a,neN)
e = JE Uik, OGS - DY) a,neNy,

where k, was defined just before Lemma 6.3.9.

We can now give our main theorem for this section, namely that the desired
stable model structure on symmetric spectra exists. We prove this as a series
of lemmas which will also characterise the stable fibrations.

Theorem 6.3.19 The sets Iftab] . and Jiab] . and the stable equivalences define
a cofibrantly generated model structure on symmetric spectra called the stable
model structure.

The cofibrations of this model structure are the class of g-cofibrations, and
the fibrations are called the stable fibrations. An object is fibrant if and only if

it is an Q—spectrum.

Proof We have a category with all small limits and colimits. Following the
recognition theorem for cofibrantly generated model categories, Theorem A.6.9,
it suffices to show the following points.

1. The stable equivalences satisfy the two-out-of-three condition.

2. The domains of the generating sets are small with respect to the class of
levelwise cofibrations of spaces.

3. Maps in the class J=

Saple—Cell are g-cofibrations that are stable equivalences,
see Lemma 6.3.20.
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4. The class of maps with the right lifting property with respect to Isztable is
exactly the class of stable equivalences that also have the the right lifting

property with respect to J* . see Lemma 6.3.22.

stable?

The first point is immediate. For the second, we are only concerned with the
domains of the maps k, 0 (S4°! — D9),

FroS'aDy || Maasy
F):

n+l

SIASa-

To deal with these terms, we use the two facts, namely (F5 A) A B = F5(A A B)
and that pushouts of small objects are small by Lemma A.6.5. This proves the
second point.

The last two points will be proven in the following lemmas. O

The third point of the theorem is the following lemma.

Lemma 6.3.20 The elements of

2 .
I3 e —cofibrations.

Y .
Jae—Cell are stable equivalences and are

Proof The maps k,: Ff 1 S! — MQ, are g-cofibrations of spectra, hence
so are the maps k, O i by Lemma 6.3.6. It follows that Jszwlble consists of g-
cofibrations. In turn, any map formed by pushouts and sequential colimits of
g-cofibrations is also a g-cofibration. Equally we may use Lemma A.6.11.

The maps in leeve] are levelwise weak homotopy equivalences and therefore
stable equivalences. The maps k,, are stable equivalences by Lemma 6.3.9. It
remains to check that for a cofibration i of pointed spaces, the map k, O i
is a stable equivalence. By Lemmas 6.3.14 and 6.3.17 we know that stable
equivalences that are g-cofibrations are preserved by smashing with cofibrant
pointed spaces and taking pushouts.

The result then follows from Lemma 6.3.17. ml

For now, let us say that a map is a stable fibration if it has the right lifting
property with respect to wable. As with sequential spectra, we can characterise
such maps. Indeed, the proof is formally identical to Proposition 3.3.10.

Lemma 6.3.21 A map of symmetric spectra . X — Y is a stable fibration if
and only if f is a levelwise fibration and for each n € N, the map
X,— Y, x QX,
QYn-H
induced by the structure map oX and f is a weak homotopy equivalence of
pointed spaces. In particular, a spectrum X is stably fibrant if and only if it is
an Q-spectrum. O
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The second condition of the lemma is often phrased as saying that a map f
is a stable fibration if and only if it is a levelwise fibration and the square below
is a homotopy pullback square.

X, —" vy,

Qfosi

QXn+l — QYn+1

Recall from Proposition 6.3.5 that a map has the right lifting property with
respect to ISZt ble = 112ev o if and only if it is a levelwise acyclic fibration of pointed

spaces.

Lemma 6.3.22 A stable equivalence f has the right lifting property with re-

spect to Ji ol if and only if it is a levelwise acyclic fibration of pointed spaces.

Proof Let f: X — Y be a stable equivalence with the right lifting property

with respect to J*

.. Then f is a levelwise fibration, and
stable

X, —" v,

an-v—l

QXnH — QYn+1

is a homotopy pullback square for each n € N. We must show that each f; is a
weak homotopy equivalence.

Consider the kernel F of f: X — Y, i.e. the pullback of f over . This
spectrum is constructed levelwise, and the map F' — = also has the right lifting
property with respect to Jszlable. This means that F is stably fibrant and therefore
an Q-spectrum by Lemma 6.3.21. Moreover, F is the homotopy fibre of f.

We can then construct Ci, the (levelwise) homotopy cofibre of the map
i: F— X
There is a natural map Ci — Y and a map of cofibre sequences

X——Ci——XF

!

XT>Y—>Cf.

The map XF — Cf is a m,—isomorphism by Corollary 3.2.12, hence the map
Ci — Y is a m.—isomorphism by the Five Lemma applied to the long exact
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sequences of homotopy groups of underlying sequential spectra. It follows that
X — Ci is a stable equivalence.
The long exact sequence of the cofibre sequence F — X — Ci =Y

[F.E]l « [X,E] & [Ci,E]' « [EF,E] « ---

shows that [EF, E]' is isomorphic to [#,E]' = 0. Thus F — = is a stable
equivalence, and so is F — *. By Lemma 6.3.13 the map F — = is a levelwise
weak equivalence.

Hence each level of F is weakly contractible, and

g(Xn) — 1g(Y)

is an isomorphism for each ¢ > 0 and n € N by the long exact sequences of
homotopy groups of the spaces X,, Y, and F,. We still need to show that the
above is an isomorphism for g = 0. The map

Qf,: QX, — QY,
is a weak homotopy equivalence for all n € N. We can write f,, as the composite

X,—Y, x QX,.1 —Y,.
QY1

As the first map is a weak homotopy equivalence (f is a stable fibration) and
the second map is the pullback of the acyclic fibration of spaces Qf, 1, we see
that f, is a weak equivalence.

For the converse, assume that f: X — Y is a levelwise acyclic fibration.
Then f is a stable equivalence and X,, — Y, and QX,,,; — QY are weak
homotopy equivalences (and fibrations). Consider the diagram

« P—,

Qfml

QX)H] — QYnJrl-

Since Qf;+1 is an acyclic fibration of spaces, so is P — Y, hence it follows
that X;, — P is a weak homotopy equivalence. Therefore, f has the right lifting

property with respect to JSZt nle Dy Lemma 6.3.21. O

This completes the proof of Theorem 6.3.19.
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It remains to show that this model category is stable and is Quillen equiv-
alent to the stable model structure on orthogonal spectra. We could prove the
first point directly, but it will follow from the second.

Recall that at the beginning of this section we defined a forgetful functor
from symmetric spectra to sequential spectra U§]X as follows. Level n of U§X
is X, (forgetting the X, -action), and the structure maps are those of X. We may
compare symmetric spectra and orthogonal spectra in a similar way.

Definition 6.3.23 Given an orthogonal spectrum Y, we can define a symmet-
ric spectrum UgY by forgetting structure as follows. Level n of UXOY is Yy,
with ¥, acting through the standard inclusion ¥, — O(n). The structure maps
are those of X.

As limits and colimits are constructed levelwise, it follows both forgetful
functors preserve them. It therefore follows that the left adjoints called prolon-
gation functors exist, and we have a diagram

Py Py
st > §* » 89
—— O ——°
Uz ug
The composite adjunction between 8" and 89 is the adjunction (Po,Ug ) of
Theorem 6.2.18, which we have already shown to be a Quillen equivalence.
We give a construction of the prolongation functors in Proposition 7.3.22.

Theorem 6.3.24 The category of symmetric spectra equipped with the sta-
ble model structure is Quillen equivalent to the category of sequential spectra
equipped with the stable model structure and to the category of orthogonal
spectra equipped with the stable model structure.

Hence we have equivalences of triangulated categories

Ho(8%) = Ho(8*) = Ho(8") = SHEC.

Proof We prove that (P%, U%) is a Quillen adjunction and that (P, UY) is a
Quillen equivalence. Theorem 6.2.18 will then imply that the first adjunction
is also a Quillen equivalence.

The forgetful functors Ué, and Ug send stable fibrations to stable fibrations,
as in all three model categories stable fibrations are defined as levelwise fibra-
tions that satisfy a pullback diagram, see Proposition 3.3.10, Corollary 6.2.17
and Lemma 6.3.21. The forgetful functors also preserve acyclic stable fibra-
tions, as these are just levelwise acyclic fibrations of pointed spaces in each
case. Hence we have Quillen adjunctions. Moreover, the forgetful functors pre-
serve m,—isomorphisms.

We prove that (P9, Ug ) is a Quillen equivalence by showing that the right
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adjoint reflects isomorphisms and that the derived unit of the adjunction is an
isomorphism.

We claim that if f: X — Y is a map of orthogonal spectra such that Ug f
is a stable equivalence, then f is a m.—isomorphism. Take a fibrant replace-
ment Y’ of Y in the stable model structure of orthogonal spectra and factor the
composite

x—L sy =y

as an acyclic cofibration followed by a stable fibration in the stable model
structure

X— X —f» Y.

Then Ug f’ is m,—isomorphic to Ug f and hence is also a stable equivalence
of symmetric spectra. As UY X" and U’ are Q-spectra, UY f” is a levelwise
acyclic fibration, hence so is f” itself. Thus, f is a m,—isomorphism.

All that remains is to prove that for a cofibrant symmetric spectrum X, the
derived unit map

X — U9P2X — U @Yx)"

is a stable equivalence. In fact it suffices to check this for the strict unit
X — UJPOX,

as the second map is Ug applied to a m.—isomorphism and hence is itself a
m,—isomorphism.

The rest of the proof follows the same argument as the proof of Theorem
6.2.18. Any cofibrant spectrum is a retract of a sequential colimit of pushouts
of coproducts of the generating cofibrations. The functors Ug and ]P;9 commute
with sequential colimits, pushouts and smash products with pointed spaces. By
Lemma 6.3.17 it suffices to prove that the (strict) unit of the adjunction is a
stable equivalence for spectra of the form F> 5. As a map is a stable equiva-
lence if and only if its suspension is, we consider the unit of the adjunction at
X =F-S"forneN.

The map Ff S" - FgS 0'is the composite of suspensions of maps of the
form A4, and hence is a stable equivalence. The prolongation of such a map is
a m,—isomorphism by Ken Brown’s Lemma. Now consider the commutative
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square
F§"—— UJPYF, "
FQ&O———+UQPQL55Q
The bottom map is the identity map of the sphere spectrum, hence a stable
equivalence. The right hand map is Ug applied to the m.—isomorphism
F)S" — Fg §°

and hence is a m.—isomorphism of symmetric spectra. Thus the unit map is a
stable equivalence of symmetric spectra. |

As for orthogonal spectra and sequential spectra, we can relate the stable
model structure on symmetric spectra to the levelwise model structure and the
Serre model structure on pointed spaces.

Lemma 6.3.25 The identity functor from the levelwise model structure on
symmetric spectra to the stable model structure is a left Quillen functor

Id: SIE :SZ :1d .
If E is an Q—spectrum, then
[X,E] = [X,E]'.
[m]

Lemma 6.3.26 For d € N, the shifted suspension spectrum functor F§ and
the evaluation functor EV§ form a Quillen adjunction

F5: Top, = 8¥ :Ev} .
In particular; there is a Quillen adjunction
2 Top, = 8 :Evj .

O
One may ask if the levelwise model structure on symmetric spectra is Quillen
equivalent to the levelwise model structure on sequential spectra, but this is ir-
relevant. We are only interested in the levelwise model structures as a stepping
stone to the stable model structures, whose purpose is to model the stable ho-
motopy category.
Since we can define stable equivalences for sequential spectra and orthogo-
nal spectra using their respective levelwise model structures, we may ask how
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the stable equivalences are related to m.—isomorphisms in those categories. The
satisfactory answer is the following.

Lemma 6.3.27 A map in sequential spectra or orthogonal spectra is a stable
equivalence if and only if it is a w.—isomorphism.

Proof We work in the case of sequential spectra as the other case is similar.
Let f: X — Y be a map of sequential spectra. Furthermore, let Z be a spec-
trum with fibrant replacement Z/%, which is an Q-spectrum. Then there is a
commutative square

v,z —— [x.7]

vz s x. 2y

The map f is a weak equivalence of the stable model structure (i.e. a m,—
isomorphism) if and only if the top map is an isomorphism for all Z. That
is equivalent to the bottom map being an isomorphism for all Z/". This occurs
if and only if

v, E —— [X, EY

is an isomorphism for all Q-spectra E, that is, if and only if f is a stable
equivalence. O

6.4 Properness of Spectra

There are a number of model-categorical results that apply to all three kinds
of spectra that we have seen so far. For this section, we let 8 denote any of
the three categories of spectra S, 8% or 89. As we have shown that each of
these model categories is stable, Theorem 5.2.1 tells us that their homotopy
categories are triangulated. This implies all kinds of useful properties. In par-
ticular, Theorem 4.6.4, Theorem 4.6.1 and Corollaries 5.4.1 and 5.4.2 gives
us four long exact sequences involving fibre and cofibre sequences. Also, the
natural map X VY — X [] Y is a stable equivalence by Lemma 5.4.4.

We can use these properties to show that the categories of spectra & are
proper.
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Definition 6.4.1 Consider a commutative square in a model category C

f
—

O——
S

—
8

1. We say that C is left proper if whenever the square is a pushout square,
i is a cofibration and f is a weak equivalence, the map g is also a weak
equivalence.

2. We say that C is right proper if whenever the square is a pullback square, j is
a fibration and g is a weak equivalence, the map f is also a weak equivalence.

3. We say that C is proper if it is both left and right proper.

Many familiar model structures are proper.

Examples 6.4.2 The category of (pointed) spaces with either the Serre model
structure of the Hurewicz model structure is proper. The category of (pointed)
simplicial sets is proper, see [Hir03, Section 13.1].

The category of chain complexes with either the injective or projective
model structure is proper [HovOla].

Lemma 6.4.3 The stable model structure on 8 is proper.
Proof Consider a commutative square in 8

A%B

1l

C—g>D.

Assume that this is a pushout square with i a h—cofibration and f a stable
equivalence (noting Lemma 6.3.27).

Corollary A.5.4 says that j is also a h-cofibration. We then use the same
argument as for the first statement of Lemma 3.2.13 and the second statement
of Lemma 6.2.11 to give the homotopy equivalences (see Lemma A.5.6) and
the isomorphism below.

Ci~C/A=D/B=Cj.

Applying the functor [—, E] to the cofibre sequences of i and j gives a long
exact sequence by our previous remark. The Five Lemma shows that

g:C—D
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is a stable equivalence. Every g—cofibration is a h—cofibration by Theorem
6.2.16 (whose proof also applies to sequential spectra) and Lemma 6.3.16.
It follows that 8§ is left proper.

Now assume that the square is a pullback, with j a levelwise fibration of
pointed spaces and g a stable equivalence. Then i is also a levelwise fibration
of pointed spaces. Since the Serre model structure on pointed spaces is right
proper, a similar argument to the above gives levelwise weak equivalences and
isomorphisms

Fi=il'(x)= j'(x) = Fj.

Applying the functor [—, E] to the fibre sequences of i and j gives another long
exact sequence. The Five Lemma shows that f: A — B s a stable equivalence.
Since every fibration is a levelwise fibration, it follows that § is right proper.

O

Note that the proof uses slightly weaker assumptions: we only require s—
cofibrations for left properness and levelwise fibrations for right properness.

6.5 Other Categories of Spectra

There are many other categories of spectra. We discuss a few below and move
on to mention the existence of other stable model categories which are related
to spectra but which are not a model for the stable homotopy category.

6.5.1 Spectra of Simplicial Sets

Chapter 3 and Section 6.3 could just as easily be written using pointed sim-
plicial sets in place of pointed topological spaces. The primary reference is
Hovey, Shipley and Smith [HSS00]. We give a summary of the main results as
the proofs are similar to the techniques used in earlier sections.

Definition 6.5.1 A sequential spectrum in simplicial sets X is a sequence of
pointed simplicial sets X,, n € N, with structure maps

O'ff: 22X, — X1

A morphism f: X — Y in sequential spectra in simplicial sets is a sequence
of pointed maps of simplicial sets f,: X, — Y,, such that for each n € N the
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square below commutes.

Zfa
XX, —— Y,

X Y
lo—” la—"
ﬁH]

Xn+l — Yn+1
We denote this category 8"(sSet,).

This category has all limits and colimits created levelwise in simplicial sets.
The evaluation functors Ev)' have left adjoints F.' as in the topological case.

Proposition 6.5.2 The category of sequential spectra in simplicial sets has
a levelwise model structure where the weak equivalences and fibrations are
the levelwise weak equivalences and fibrations of simplicial sets. We call the
cofibrations the g—cofibrations.

Amap f: X — Yis a g—cofibration if and only if each f, is injective and the
maps

Xpor | [ 2¥n — Yo
X,

induced by f and the structure maps of X and Y are injective.
This category is cofibrantly generated, with generating sets analogous to
those for the levelwise model structure in the topological case (Proposition

3.1.6), where the generating sets of topological spaces have been replaced with
the generating sets of pointed simplicial sets. In other words,

Leet = {F}dA[n], — Fy Alnl, | n,d € N}
Jive = {FyA'[nl. — F/Alnly |1deN, 0<n, 0<r<nh

Definition 6.5.3 An Q-spectrum in 8" (sSet,) is a spectrum X such that each
level X, is a Kan complex and the adjoint structure maps

X, — QX1
are weak equivalences of simplicial sets.

For the rest of this section we write 8"(Top,) for the category of sequen-
tial spectra in topological spaces. Given such a spectrum Y, we can apply the
singular complex functor levelwise and obtain a sequential spectrum sing Y in
simplicial sets. The structure maps are defined by

Q(sing Y), = Q(sing Y, = sing(QY,,) Z, sing(Yy,+1) = (sing ¥),41.

Equally we may apply the geometric realisation functor | — | levelwise to a
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sequential spectrum in simplicial sets X and obtain an object |X| of 8"'(Top,).
The structure maps are defined by

X

0_’1
Z(1XDn = Z0X1,) = ZIX,| = 12X, — 1 Xpe1] = 1X]ne1-

Using geometric realisation we may define a m.—isomorphism of sequen-
tial spectra in simplicial sets as a map whose geometric realisation is a m.—
isomorphism of sequential spectra in topological spaces.

Theorem 6.5.4 The category of sequential spectra in simplicial sets has a
stable model structure with weak equivalences given by the m.—isomorphisms
and cofibrations given by the g—cofibrations.

The fibrations are the levelwise Kan fibrations f: X — Y such that the
commutative square

Xn;)Yn

Q

f
QXn+1 E— QYn+1
is a homotopy pullback square of pointed simplicial sets for each n € N.

We may compare the stable model structure on sequential spectra in sim-
plicial sets with the stable model structure on sequential spectra in topological
spaces using geometric realisation—singular complex adjunction.

Theorem 6.5.5 Geometric realisation and the singular complex functor in-
duce a Quillen equivalence

| - |: 8"(sSet,) —— 8"(Top,) :sing .

Proof Both functors preserve all levelwise weak equivalences and the sin-
gular complex functor preserves levelwise fibrations and levelwise acyclic fi-
brations. The stable fibrations of §"(Top,) are defined as levelwise fibrations
satisfying a homotopy pullback square property in pointed spaces analogous to
Theorem 6.5.4. As sing is a right Quillen functor, it sends homotopy pullback
squares in pointed spaces to homotopy pullback squares in pointed simplicial
sets. Hence we have a Quillen adjunction on the stable model structures.

We now prove it is a Quillen equivalence. Let X be a cofibrant spectrum
in simplicial sets and Y a fibrant spectrum in topological spaces. The derived
counit of the adjunction at Y is the composite of a pair of levelwise weak
equivalences

|(sing Y)*/| — |sing Y| — Y.
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The derived unit of the adjunction at X is the composite
XS sing |X| — sing X7,

The first map is a levelwise weak equivalence and the second map is levelwise

weakly equivalent to the ,—isomorphism

X — X'?, o

We may repeat the above for symmetric spectra in simplicial sets. The start-
ing point is simplicial sets with an action of the symmetric group on 7 letters,
%,. An action of £, on a pointed simplicial set A is an action of X, on each
set Ay that preserves the basepoint, and these actions should commute with the
face and degeneracy maps.

Definition 6.5.6 A symmetric spectrum in simplicial sets X is a sequence of
pointed simplicial sets X, along with the following data and conditions, for
neN.,

1. X, has an action of Z, which fixes the basepoint.
2. There are maps of pointed simplicial sets o7, : S' A X, = X,,,1.
3. The composite map o given by

IdAo, IdAG 41 T pik-1

Sk A Xn Sk_l A Xn+1 Xn+k

is compatible with the X; X Z,-actions on domain and target. Here we treat
%, X X, as a subgroup of X, where X; permutes the first k letters and X,
the last n letters.

A morphism of symmetric spectra f: X — Y is a collection of X,,-equivariant
maps
fn: Xn - YV!
(so fu(ax) = af,(x) for each x € X and « € %)) such that the square

: AAfy 4
SIAX, —2STAY,

lo—x J/a—y
fn+1
Xnyt ——— Yoy

commutes for each n € N. We denote the category of symmetric spectra in
simplicial sets as $¥(sSet,).

Just as for sequential spectra, we get levelwise and stable model structures
on symmetric spectra in simplicial sets.
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Proposition 6.5.7 There is a levelwise model structure on symmetric spectra
in simplicial sets where the weak equivalences are the levelwise weak equiva-
lences of simplicial sets and where the fibrations are the levelwise fibrations of
simplicial sets. We call the cofibrations the q-cofibrations.

This category is cofibrantly generated with generating sets analogous to
those for the levelwise model structure in the topological case (see Definition
6.3.4) but using the generating sets of pointed simplicial sets, i.e.

Le = {(F5(0A[n]. — F5Alnly) | n,d € N}
Jiewe = {F5(A’[n]ly — F3A[nl) [deN, 0<n, 0<r<n}.

Similarly, there is a stable model structure on 8*(sSet,). We omit the proofs
that the levelwise and stable model structures exist as they are similar in nature
to those of Section 6.3.

Theorem 6.5.8 There is a stable model structure on the category of symmet-
ric spectra in simplicial sets 8*(sSet,) with weak equivalences given by the
stable equivalences and cofibrations by the q-cofibrations.

The fibrations are the levelwise Kan fibrations f: X — Y such that the
commutative square

x,— vy,

Q

f
QXn+l — QYn+1
is a homotopy pullback square of pointed simplicial sets for each n € N.

The primary reference for symmetric spectra in simplicial sets is [HSS00].
That reference takes a slightly different approach, using injective Q—spectra to
define stable equivalences, see [HSS00, Definition 3.1.1].

As with the topological case, there is a forgetful functor U§I from symmetric
spectra to sequential spectra. It has a left adjoint P%r

Theorem 6.5.9 There is a diagram of Quillen equivalences

I
8N(sSet,) > $M(Top,)

sing
pr | |u pE | |u
-

$*(sSet,) ‘ 8%(Top,)
sing
such that the square of left adjoints commutes up to natural isomorphism (and
hence so does the square of right adjoints).



6.5 Other Categories of Spectra 211

Proof The left hand vertical pair is a Quillen adjunction as the right adjoint
Uﬁ, preserves levelwise (acyclic) fibrations and preserves the homotopy pull-
back squares defining stable fibrations.

We have seen that the right hand vertical pair is a Quillen equivalence by
Theorem 6.3.24. The top horizontal adjunction is a Quillen equivalence by
Theorem 6.5.5. A similar argument applies to show that the lower horizontal
pair is also a Quillen equivalence.

The result follows from the two-out-of-three property for Quillen equiva-
lences. O

A direct proof of the Quillen equivalence between symmetric spectra (in
simplicial sets) and sequential spectra (in simplicial sets) is given as [HSS00,
Theorem 4.2.5].

6.5.2 Diagram Spectra

We describe two other constructions from Mandell, May, Schwede and Shipley
[MMSSO01]. The first, 8”', is another model for the stable homotopy category.
The category 87, along with sequential spectra, symmetric spectra and orthog-
onal spectra, is an example of diagram spectra as we discuss in more detail in
Chapter 7.

The second construction, 87, is a model for that part of the stable homotopy
category whose objects have trivial homotopy groups in negative degrees, also
known as connective spectra. A thorough treatment is given in [Sch99].

The first construction uses a very complicated category to define its category
of spectra. While this is an obvious drawback, the suspension functor appears
naturally from the definition.

Definition 6.5.10 We define % C Top, to be the full subcategory consisting
of pointed spaces isomorphic to finite CW-complexes. A # —spectrum is a
functor from # to Top, that is enriched over Top,.

A morphism of W —spectra is a natural transformation of Top,-enriched
functors. We denote the category of # —spectra by §”".

It is not immediately clear why 87 deserve to be called “spectra”, so we
show how to define a sequential spectrum from a % —spectrum. Let

F: W — Top,

be a Top,-enriched functor, and let A and B be finite CW—complexes. Since F
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is an enriched functor, there are maps of pointed spaces

Fag: % (A, B) —> Top,(F(A), F(B))
Fap: F(A) AW (A,B) — F(B)

which correspond to each other under the adjunction of smash product and
function spaces. The smash product functor of pointed spaces also induces a
map

ann: B2 WS, B) 25 w(A,A A B).
Combining these maps gives the assembly map of F
IdAag g fA.A/\B
F(A)AB —— F(A)A W (A,ANB) —— F(A A B).
We may now define a sequential spectrum UK{ F by (UK{/ F), = F(8"). Its
structure maps are the assembly maps defined above with A = S* and B = S,
giving a map
TF(S™) — F(S"™).

We can think of the assembly map as allowing us to suspend with respect to
any finite CW—complex.

Theorem 6.5.11 There is a stable model structure on the category 8” of
W —spectra where the weak equivalences are the m.—isomorphisms of under-
lying sequential spectra. The fibrations are defined termwise. The cofibrations
are those maps with the left lifting property with respect to termwise acyclic
fibrations.

The functor UK{ : 8”7 — 8N has a left adjoint, and this adjunction is a
Quillen equivalence with respect to the stable model structures. O

This model structure is called the absolute stable model structure in
[MMSSO01]. In the other direction, we may take a very simple category and
obtain a model for the category of connective spectra, i.e. spectra whose ho-
motopy groups are zero in negative degrees. Thus, we do not obtain a model
for the stable homotopy category, but the resulting homotopy category is still
interesting. Consequently we do not use the term “spectra” for these objects.

Definition 6.5.12 We define .# to be the category of finite pointed sets
n, =1{0,1,...,n}

with basepoint 0, for n € N. The morphisms are the pointed maps of sets.

An F—space is a Top,—enriched functor from .# to Top,. A morphism of
F—spaces is a Top,—enriched natural transformation. The category of .#—
spaces is denoted by 87 .
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The category of .% —spaces can also be found in literature as the category of
I'—spaces.

Since a finite pointed set is a finite CW—complex, any % —spectrum defines
an .#—space. There is an adjunction

W . QF —— W ¥
PY 87 87 U%.

Given an .%-space X, we may define the homotopy groups of X to be the
homotopy groups of the sequential spectrum underlying PZX . This gives us
the notion of m.—isomorphisms of .%—spaces.

Theorem 6.5.13 The category of % —spaces has a model structure with the
weak equivalences being the m.—isomorphisms. The cofibrations are those maps
that have the left lifting property with respect to levelwise acyclic fibrations of
pointed spaces.

The prolongation—forgetful functor adjunction

PY .87 28" UY%

is a Quillen adjunction with this model structure.

If X is a cofibrant ¥ —space, then PZX is a W —spectrum with ﬂk(PZX) =0
for all k < 0. If Y is a W —spectrum with m,(Y) = 0 for all k < 0O, then the
derived unit map at Y

PL UL Y BRIy — vy
is a m,—isomorphism.

We view the last two statements as saying that .%—spaces are a model for
connective spectra. By Remark 3.4.6, connective spectra are strongly related
to infinite loop spaces. In [Seg74], Segal uses .7 —spaces (I'-spaces) to examine
this relation in detail.

6.5.3 More Spectra

S —Modules
We briefly mention the category of S—modules of Elmendorf, Kriz, Mandell
and May, [EKMMO97]. We leave the (lengthy) definition to the reference and
concentrate on the main theorem. Our reason for including S-modules on
such a brief scale rather than omitting them altogether is that they provide a
model for the stable homotopy category where every object is fibrant, which
can sometimes provide a technical advantage.



214 Modern Categories of Spectra

Theorem 6.5.14 There is a stable model structure on the category of S—
modules which is Quillen equivalent to the category of orthogonal spectra
equipped with the positive stable model structure of Proposition 7.7.1.

Every object of the stable model structure on S—modules is fibrant.

The Quillen equivalence statement can be found in [MMO2, Chapter 1], see
also [SchO1la] for a Quillen equivalence between S—modules and symmetric
spectra rather than orthogonal spectra. In fact, these Quillen equivalences are
strong symmetric monoidal and pass to Quillen equivalences of rings, modules
and commutative rings.

Spectra in General Model Categories
Hovey [HovO1b] provides a theory of how to generalise the notion of spectra
and symmetric to spectra to more general model categories.
The base idea is that one takes a model category C and a left Quillen functor
T: € — C with right adjoint U and makes a category

sYe, 1)

where an object X is a collection X,, € C, n > 0, with maps 0,: TX,, = Xy41.

A map of spectra f: X — Y is then a sequence of maps f,: X, — ¥,
commuting with the structure maps.

After making a levelwise model structure, one constructs a stable model
structure via a left Bousfield localisation, see Chapter 8. This requires C to
be left proper and cellular (in the sense of [Hir03, Chapter 12]). The fibrant
objects are the U-spectra, i.e. those spectra which are levelwise fibrant and
where the adjoints of the structure maps

Xn — UXn+1
are weak equivalences.

Theorem 6.5.15 Let C be a left proper and cellular model category, with a
Quillen adjunction (T, U) between C and itself. Then, using the stable model
structure, the functor T extends to a Quillen equivalence

T: 8V, 1) — 8@, 7).

Similar statements are proven for symmetric spectra in the case that € is a
symmetric monoidal model category and 7 = K ® — for K a cofibrant object
of C.
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Equivariant Spectra

Equivariant homotopy theory is a means of discussing homotopy theory “with
symmetries” via incorporating group actions. Rather than introducing group
actions to the constructions that we already performed, one would have to start
the whole book again from the category of pointed spaces with an action of a
compact topological group G. The weak equivalences of G—spaces are maps
f: X — Y such that for each closed subgroup H of G, the induced map on
fixed points f¥: X" — Y is a weak homotopy equivalence. In this category,
one would look for stable phenomena, construct equivariant (co)homology the-
ories and then develop categories of equivariant spectra. We will only give the
starting points of equivariant stable homotopy theory and direct the interested
reader to [LMSM86], [May96] and [MMO02].

A G-spectrum is not indexed over N like a sequential or orthogonal spec-
trum, but is indexed over real G-representations V. We do not index over
all representations but rather a particular ser of representations called a G-
universe. A representation sphere SV is the one-point compactification of a
representation V. The maps g: V — V induce maps g: SV — SV and thus
SV is a G-space. A G-spectrum consists of the following data

e a G—space X(V) for every representation V in the G-universe,
e structure maps of G—spaces S"~V A X(V) — X(W), with the domain
equipped with the diagonal action of G.

Morphisms of G-spectra are then defined as a collection of G-maps between
G-spaces that commute with the structure maps. We say that a morphism
f: X — Y of G-spectra is a weak equivalence if the maps

2 (f): 2 X)) — 7 ()

are isomorphisms for all subgroups H of G. Here,

7 (X) ={

where [—, =] denotes the homotopy category of G—spaces. This leads to a
model structure on G-spectra which is very rich in structure as it incorporates
all concepts of the homotopy theory of spectra, as well as inheriting a wealth
of constructions from representation theory such as induction, restriction, in-
flation, fixed points, transfer maps and norm functors.

colimy[G/H, A SV X(V)]° if
colimy-pe[G/H. A SV, X(V)IC  if

Motivic Spectra
Motivic homotopy theory [MV99] is the study of schemes up to a notion of
homotopy, with the role of the unit interval taken by the affine line A!. To help
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study these schemes and their homotopy theory, one develops cohomology the-
ories. From here, it is logical to construct motivic spectra, representing objects
for cohomology theories of schemes. Interestingly, there are two different sus-
pension coordinates for these spectra. This gives an extra grading in homotopy
groups.

From here one may develop motivic stable homotopy theory. This is inter-
esting from the point of algebraic geometry and has applications in “classical”
stable homotopy theory. For example, the motivic Adams spectral sequence
has been used to calculate stable homotopy groups of spheres far beyond the
range that they have previously been known, see e.g. [IX15]. The extra grading
on suspensions provides crucial extra algebraic structure on the E,-term. This
again shows how the general machinery of spectra and stable homotopy theory
encompasses and brings together a huge variety of interesting mathematical
fields.

6.6 Compact Objects

A very useful feature of triangulated categories is the notion of generators,
i.e. objects that “generate” a whole triangulated category using exact triangles
and coproducts. When these generators are “compact”, we can understand the
whole of the triangulated category by looking at those generators and the maps
between them. This then leads to vital structural results for the stable homotopy
category.

Definition 6.6.1 Let T be a triangulated category with all small coproducts,
and let

S={Xiliel}

be a set of objects in T, where I denotes an indexing set. Then G is a set of
generators for T if the only full triangulated subcategory of T which is closed
under coproducts and contains G is T itself.

Our prime example is of course the case of T being the homotopy category of
a stable model category. In this case, the objects X; are often called “homotopy
generators” of €. While we will not make this distinction, it is important to
avoid confusion with the notion of a generator (separator) of a category as in
[Mac71, Section V.7].

Definition 6.6.2 Let T be a triangulated category with all small coproducts.
We say that an object A € T is compact if the functor T(A, —), commutes with
arbitrary coproducts.
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The above definition relates to the definition of compactness of topological
spaces, because if a space A is compact, the functor [A, —] commutes with
arbitrary coproducts.

Lemma 6.6.3 Let T be a triangulated category with all small coproducts.
The class of compact objects is closed under finite coproducts, suspension and
desuspension. [

Lemma 6.6.4 For a set of compact objects {X;} in a triangulated category T
with all small coproducts, the following two statements are equivalent.

o The set G ={X; | i€ I} is a set of generators of T.
e A morphism f: A — Bin T is an isomorphism if and only if

TX;, )« T(Xi, A)e — T(X, B
is an isomorphism of groups for all X; € G.

Proof Assume that G is a set of generators and that T(X;, f). is an isomor-
phism for all i € I. We want to show that f itself is an isomorphism. Let J”
denote the full subcategory on those objects K such that T(K, f). is an isomor-
phism. By the Five Lemma, J” is a triangulated subcategory of 7. It is closed
under coproducts and contains all of G, hence 7" is equal to T by the definition
of a set of generators. The Yoneda Lemma implies that f is an isomorphism.

Now assume the second condition. Note that this assumption is equivalent
to assuming that Z = O for an object Z € 7 is equivalent to J(X;, Z) = 0 for all
X;e€G.Let X € Tand

W ={x— X;|i€ll

Then Example 8.1.5 (which only requires a triangulated category with all small
coproducts) applied to this set gives an exact triangle

Weo — X — Xoo — W
with W, built from G using coproducts, triangles and (de)suspensions, and
T(X;,X) =0 forall i€l

By our assumption, X, = 0, and so We — X is an isomorphism in TJ. Thus
X is in the full triangulated subcategory generated by G. O

Remark 6.6.5 Having a set of compact generators is a non-trivial condi-
tion. For example, the triangulated categories Ho(Lyz8) and Ho(Lyr,S) which
will be introduced in Chapter 8 have no non-zero compact objects by [HS99,
Corollary B.13].
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Let us look at the example of T = SHC = Ho(8Y).

Proposition 6.6.6 Let X be a sequential spectrum and k € N. There are
natural isomorphisms of abelian groups

m(X) = [E°S5X] and  m_(X) = [F] S°, X],
where FkN SO denotes the shifted suspension spectrum.
Proof We begin with the case of [°S¥, X]. Using the adjunction
£*: Ho(Top,) = SHE :Q*

from Lemma 6.1.1, we can work in the homotopy category of pointed spaces.
That adjunction and our explicit description of fibrant replacement in Section
3.4 shows that [E°S¥, X] is isomorphic to the abelian groups

[S¥, hocolim Q“X,] = colim[$**, X,] = mu(X).

The first isomorphism follows since S* is a compact space. For the second
isomorphism we note that we only need to consider the basepoint components
of the X,, as the adjoint structure maps X, — QX,.; only depend on the
basepoint components of the X,,;. Equally, the structure map XX, — X,
has image in the basepoint component of X, .

For the case of [FIE 59, X] we use stability of the stable model structure on
sequential spectra to suspend k times and get the first isomorphism below. The
second isomorphism is the m,—isomorphism FkN SK — F§ S0, The remainder
are as for the previous case.

[F' S X] [F) Sk, =kx]

[Fy S0, =¢X]

[S°, hocolim, Q*Z*X,]
colim,[S%, Z¥X,]
colim, 7,(Z*X,)

7o (ZKX)

1L 1P | 2 | P 1

The result then follows from the formula
mo(EX) = 71_1(X)
used in the proof of Lemma 3.2.7. O

Since m,—isomorphisms are the weak equivalences of the stable model struc-
ture on sequential spectra, our definition of graded maps in the homotopy cat-
egory gives the following.



6.6 Compact Objects 219

Corollary 6.6.7 Let X be a sequential spectrum. Then [S, X]. = 0 if and only
if X ~ % O

As a consequence of the above and Lemma 3.2.9, we have the following.
Corollary 6.6.8 The sphere spectrum is a compact generator for SHC. O

We will encounter compact generators in various places in this book. In
any case, there is a very useful comprehensive list of examples of compact
generators in stable homotopy theory in [SS03b].

Having a set of compact generators makes it much easier to check if exact
functors which preserve arbitrary coproducts are equivalences.

Lemma 6.6.9 Let T be a triangulated category with infinite coproducts and
a set of compact generators G = {X; | i € I}. Furthermore, let F: T — T be
an exact endofunctor that commutes with arbitrary coproducts. If

{(FX)liel}=§
and
F: T7(X;, X;) = T(F(X;), F(X;)) forall i,jel,
then F is an equivalence of categories.

The idea is that all of T is “generated” from the X; using exact triangles
and coproducts, so a functor respecting exactly those must inevitably be an
equivalence.

Proof We are going to show that F' is fully faithful and essentially surjective.
Consider the full subcategories of T for each i € 1

T ={YeT|F:7X;,Y) — T(F(X)), F(Y)) is an isomorphism}.

As F is exact, T; is triangulated. As X; and F(X;) are compact foreachi € I, J;
is closed under coproducts. By assumption, X; € J; for all j € 1. This means
that J; = T for all i. Similarly, the full subcategory

F=(XeT|F: T(X,Y) — T(F(X), F(Y)) forall Y € T}

is triangulated and closed under coproducts, and we have just shown that it
contains all the X;. Thus, T = T, so our functor is fully faithful.

It remains to show that F is essentially surjective. Let T denote the essential
image of F, i.e. all X’ € T for which there is an X with F(X) = X’. We claim
that T is closed under exact triangles. For this, let X", Y’ € F,andlet X,Y € T
with F(X) = X" and F(Y) = Y’. If X’ and Y’ are part of an exact triangle

X’ ! Y’ z X',
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then we must show that Z’ € T. As F is fully faithful, there is a morphism f
with F(f) equal to the composite

FX)——x Ly — =, k).

The map F(f) is part of an exact triangle

FoO —2 Fy) z SF(X)

for some Z. By the axioms of triangulated categories, we have a morphism of
exact triangles

7

b'd Y’ z X’
F(X) F(Y) z TF(X)

where the third vertical arrow Z’ — Z is an isomorphism because the other
vertical arrows are.
We can complete f to an exact triangle

x Ly —cr—sx

As F is exact, we have that

F(f)
F(X) F(Y) F(Cf) — SF(X)

is an exact triangle. Comparing with the exact triangle

F(f)
F(X) F(Y) Z 2F(X)

yields that Z' = Z = F(Cf), which implies that Z’ lies in the essential image
of F. Thus, T = T, which was our original claim. O

Corollary 6.6.10 Consider an adjunction between compactly generated tri-
angulated categories with all small coproducts

F: 7—>< T :G.
If G commutes with small coproducts and the unit and counit
ny: Y —(GoF)Y), e:(FoG)X)—X

are isomorphisms on the generators, the adjunction is an equivalence of trian-
gulated categories. O
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Definition 6.6.11 Let T be a triangulated category, and let J be a full trian-
gulated subcategory of T. Then & is thick if F is closed under retracts.

If in addition J is closed under arbitrary coproducts, then JF is a localising
subcategory.

Proposition 6.6.12 Let T be a triangulated category with all small coprod-
ucts and a set of compact generators

S=Xiliel}.

Then an object of T is compact if and only if it lies in the thick subcategory
generated by G, i.e. in the smallest thick subcategory of T containing S.

Proof First, we show that the compact objects of J form a thick subcategory.
Let

Al—)A2—>A3—>2A1

be an exact triangle with two of the objects being compact. Now let X; be a set
of objects in J. Applying

&;T(—, X)) — T(—,1IX)).

gives us a morphism of two long exact sequences.

@ T (AL X))ot —— &T (A3, X)) —— O T (A2, Xi) —— & T (A1, Xi)s —— -+

l l l l

s —— T(A X))o —— T(Az, X)), —— T(Ag, X)), —— T(A, X)), —— - -+

By the Five Lemma all vertical maps are isomorphisms, hence the class of
compact objects is closed under exact triangles. Now let A be compact and B
a retract of A. We have a morphism of two retracts of graded abelian groups,

&, 7B, X)) — & T(A, X)), —— &;T(B, X)).

|

TJ(B,11X;), —— T(A,1IX;), —— T(B, 11X)),.

The middle vertical map is an isomorphism. As retracts of isomorphisms are
isomorphisms, the other two vertical maps are isomorphisms too, and we can
conclude that retracts of compact objects are compact. Thus, the compact ob-
jects of T form a thick subcategory containing the generators G, which are
compact by assumption. Thus we have

(thick subcategory generated by §) C (compact objects of 7).
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The converse is [HPS97, Corollary 2.3.12]. We will give a sketch proof. Let
JF denote the thick subcategory of T generated by the elements of G. Let

H: F — Ab,

be a homology functor, i.e. a functor that takes exact triangles to long exact se-
quences , which also takes coproducts to direct sums. Then H can be extended
to the entire category of J by

H: T — Ab,, H(X) = colim H(X,),

where the colimit is taken over {X, — X | X, € F}. This A is again a homol-
ogy functor, and every other extension of H onto T is canonically isomorphic
to A [HPS97, Corollary 2.3.11].

Now let X be a compact object of T. We would like to show that it is in J.
Because X is compact, the functor H = J(X, —). defines a homology functor
on F. As before, let

H(X) = colim H(X,) = colim T(X, X,,).,

which extends
T(X,—-)s: F—> Ab,

uniquely to 7. Since X is compact, the functor T(X, —). is already a well-
defined homology functor on J. So uniqueness of the extension implies

T(X, X), = H(X) = colim T(X, X,)..

This means that the identity of X is an element of this colimit and thus factors
through some X,. In other words, X is a retract of X,,. As X, lies in &, which
is closed under retracts, X lies in F too. O

In Definition 3.1.8 we defined a CW-spectrum as a sequential spectrum X
such that

e cach space X, is a pointed CW-complex,
e cach structure map o: £X,, — X,,+1 is a cellular map that is an isomorphism
onto a subcomplex of X,,1.

We also noted that if we apply the structure map to a cell in X,,, we obtain a
cell in X,,,1. The colimit of such a sequence of cells is called a stable cell.

Now Proposition 6.6.12 helps us identify the compact objects of the stable
homotopy category.

Theorem 6.6.13 For an object X in the stable homotopy category SHC, the
following are equivalent.
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e X is compact.
e X is in the thick subcategory generated by the sphere spectrum.
e X is isomorphic in SHC to a CW-spectrum with finitely many stable cells.

Proof The first two points are equivalent by Proposition 6.6.12.

The class of spectra isomorphic to finite CW-spectra is a thick subcategory
of S8HC. Furthermore, it contains the sphere spectrum. Therefore, it contains
the thick subcategory generated by the sphere spectrum, i.e. the class of com-
pact objects.

Conversely, let us show that a spectrum that is isomorphic to a finite CW-
spectrum is compact. Let X be a CW-spectrum with finitely many stable cells.
Without loss of generality, we assume that the smallest dimension of a stable
cell is 0. We construct a CW-approximation to X. The O-skeleton X con-
sists of Fy () (the basepoint) and a finite wedge of spectra of the form F} D4,
one for each stable O—cell. We choose the indices d so that there is a map
D? — X, representing each stable O—cell. By adjunction, these representa-
tives give a map map X©© — X.

A stable 1—cell of X is represented by a map of pointed spaces D"*! — X,
(a cell of the CW—complex X,,). The attaching map of this cell S’} — X, lands
in the n—skeleton of X,,. By increasing n, we may assume that the image of the
attaching map lands in the image of the stable O—cells. By adjunction, we have
amap F\'S” — X. After repeating this for each stable 1—cell, we may form
the pushout diagram

Vo Fy 4 ——X©

|

N ryda+l 1
Vo Fy D —— x®

where a runs over the finite set of stable 1—cells of X. This pushout defines an
exact triangle

\/ FEL Si“ — X0 - xO 2(\/ Fli Sflr“).
a @

We continue in this way until all stable cells are added. As X only has finitely
many stable cells, this process will terminate at X for some m. As with
spaces, there is a map X — X which is a ,—isomorphism.

Thus, up to isomorphism in 8HEC, X can be constructed using finitely many
coproducts and cofibre sequences of objects of the form FdN S”. Applying FdN
to the cofibre sequence of spaces

S:l— Dﬁ+1 Sn+1
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gives an exact triangle
F/s" —F/s’ - F/s"™ — s s
Since spectra of the form F§ §"*1 are shifts of the sphere spectrum, every finite

CW-spectrum is in the thick subcategory generated by the sphere. O

Corollary 6.6.14 The homotopy groups of a compact spectrum X are finitely
generated over Z in each degree, and only finitely many negative homotopy
groups are non-zero.

Proof This is true for the sphere spectrum, see e.g. [Ser53] or [Spa81, Chap-
ter 9.7], so it holds for any CW-spectrum with finitely many cells. O

The following result is phrased for sequential spectra, but similar results
hold for any orthogonal spectra and, where appropriate, symmetric spectra.

Lemma 6.6.15 Let
X0 Ly L
be a sequential diagram of cofibrant sequential spectra. If each X; is an Q-
spectrum, then so is the homotopy colimit of the diagram.
Furthermore, there is an exact triangle

1d-V,, f, .
\/ X, 14V s, \/Xn — hocolim X,, — E(v Xn).
n n "

For any compact spectrum A there is a natural isomorphism
colim[A, X,,] = [A, hocolim X, ].

Proof The first statement follows from Corollary A.7.10:  commutes with
homotopy colimits as loops and homotopy colimits are constructed levelwise.

Using Example A.7.12 and Lemma A.7.13 we may write the homotopy col-
imit as the homotopy cofibre of

Id - \/f,,: \/X,, — \/Xn
Applying [A, —] for a compact spectrum A to this exact triangle gives a short
exact sequence

1d-EP, (/-

0—— D,[A. X, @, [A, X,] — [A, hocolim, X,,] — 0.

Note that this is in fact a short exact sequence because Id— EBn( [a)s 1s injective.
The cokernel of the map Id — @n(fn)* is colim,[A, X, ]. O
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We may think of this as understanding maps from a compact object of the
stable homotopy category into a sequential homotopy colimit. Maps out of a
sequential homotopy colimit are examined in Corollary A.7.14, with the case
of maps into a sequential homotopy limit appearing as Corollary A.7.23.

6.7 Rigidity of Spectra

Previously in this chapter we got to know several different model categories
of spectra, which all have their individual technical advantages and disadvan-
tages. What they all have in common is that their homotopy category is the
stable homotopy category SJHC. We have also seen that each individual cate-
gory of spectra that we discussed is Quillen equivalent to sequential spectra,
and thus those categories of spectra are also Quillen equivalent to each other.

However, there is a wealth of different categories of spectra all modelling
S8JHC, and it would be tedious to compare them individually. The following
result by Schwede [Sch07a, SchO1b] tells us that in fact, all such categories of
spectra are Quillen equivalent. This means that all higher homotopy structure
of spectra is captured by the triangulated structure of SHC alone.

Theorem 6.7.1 (Schwede) Let C be a stable model category. If there is an
equivalence of triangulated categories

¥: SHEC — Ho(C),
then C is Quillen equivalent to sequential spectra SV.

This phenomenon is known as rigidity, i.e. the stable homotopy category is
rigid.

In particular, we can replace sequential spectra in the statement with any
other model category of spectra. The idea of the theorem stems from a time
when lots of categories of highly structured spectra were being developed, the
construction of which usually involved a manually constructed Quillen equiv-
alence with a previously known category of spectra. The Rigidity Theorem
removes the necessity of this step as it says that all stable model categories
modelling the stable homotopy category are automatically Quillen equivalent
on a model category level.

Providing a complete proof of Schwede’s Rigidity Theorem would be be-
yond the scope of this book, but we are going to present some of the key ideas
as they will demonstrate the use of many tools in triangulated categories and
indeed spectra.

The model category C of the theorem could be any stable model category for
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now, which makes it awkward to work with. So the first step will be to refor-
mulate the problem in order to remove C. The construction of stable framings
from Subsection 7.9.2 tells us that for any (fibrant and cofibrant) object X in a
stable model category C there is a Quillen adjunction

XA—-:8" "€ :Map(X,-)

which sends the sphere to X. (A weaker version had been previously devised
by Schwede and Shipley [SS02] as the “universal property of spectra”.)

In the situation of the theorem, let X be a fibrant and cofibrant replacement
of ¥(S?). Denote by F the composite

F: Ho(8") X5 Ho(e) X5 Hos™).
Note that
F(S) =¥ (X A*S) = ¥ 1(¥(S)) = S.

We see immediately that X A — is an equivalence of categories if and only
if F is, and as X Al — is the left derived functor of a Quillen functor, this
would prove the theorem. Thus, we have reduced the Rigidity Theorem to the
following statement:

Theorem 6.7.2 Let F: SHC — SHE be an exact endofunctor which sends
the sphere spectrum to itself. Then F is an equivalence of categories.

The rest of this section will outline the proof of this result.

Homotopy groups of spheres

Because the sphere spectrum is a compact generator for the stable homotopy
category, a consequence of Lemma 6.6.9 is the following.

Corollary 6.7.3 Let F: SHC — SHC be an exact endofunctor such that
F(S)=S. If

F:[S,S], — IS, Sl
is an isomorphism for all n, then F is an equivalence of categories. O
To prove the Rigidity Theorem it is sufficient to show that for each prime p,
F:[S,S], ®Zy — [S,S], ® Z,

is an isomorphism for all n, where Z, denotes the p—local integers. We are
going to give an extremely brief outline of the steps towards this.
The statement is proved by induction on the Adams filtration of the elements
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of 7, (S)®Zp). This is based on the idea that the exact endofunctor preserves not
just composition but also Toda brackets, see Section 5.6, and each element of
m.(S) is “built” from elements of Adams filtration 1 using higher Toda brackets
[Coh68].

For p = 2, the elements of 7.(S) ® Z,) of Adams filtration one are the
Hopf elements 1, v and o, and for each odd prime the only element in Adams
filtration 1 is @y € mp,-3(S). Thus, the statement is reduced to checking that,
up to a p-local unit,

Fn)=nFv)=v,F(oc) =0 and F(a;) = a; forall p.

Again, as v and o satisfy strong Toda bracket relations with 7, the statement
for those last two elements can be deduced from the statement for 7 with some
brief calculations. So it remains to show that

F(n)=n and F(a)) = a;.

The proof that F(a;) = «; is very lengthy and technical, and it occupies the
majority of [Sch07a]. However, the proof that F(5) = 7 is a very neat argument.
Consider the mod-2 Moore spectrum M as part of the exact triangle

R SN VAL

Its identity map Id,, satisfies
2Idy = incl o 57 o pinch,

see Lemma 5.6.6. As an exact endofunctor F has to send 2Idy, to 2Id,, again
(because it is in particular additive), it cannot send 7 to 0, otherwise F(21dy,) =
2Id,; would also be trivial. Hence,

F@) =nem(®) =2/2.

Therefore, the key aspect of the Rigidity Theorem is the various reduction
steps in the proof:

e from checking that F': [X, Y] 5 [F(X), F(Y)] forall X,Y € T to only check-
ing that F'is an isomorphism on [S, S] ® Z,, using compact generators,

e from asking that F is an isomorphism on all of [S,S] ® Z,, to checking
this only on the Hopf elements and on @; using induction on the Adams
filtration,

o finally reducing the previous statement to just one element for each p, namely
n for p = 2 and «a; for p odd.

We return to the question of rigidity in Subsection 8.4.2.
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Monoidal Structures

The aim of this chapter is to investigate symmetric monoidal products on our
categories of spectra and the stable homotopy category. After motivating this
monoidal product in terms of the smash product on spaces and the Spanier-
Whitehead category SW, we show that symmetric spectra and orthogonal spec-
tra are symmetric monoidal model categories. As a consequence, the stable ho-
motopy category is a closed symmetric monoidal category, and this monoidal
structure is compatible with the triangulated structure in the sense of Theorem
7.1.14.

The remainder of the chapter is investigating the consequences of this
monoidal structure at both the homotopy category and model category level. At
the homotopy level we can give a modern interpretation of Spanier—Whitehead
duality. At the model category level, we discuss model categories of ring spec-
tra, modules over ring spectra and commutative ring spectra.

We end the chapter with an overview of some of the fundamental proper-
ties of spectra and the stable homotopy category, demonstrating that they are
central to the study of stable homotopy theory. At the model category level,
Theorem 7.8.1 states that the positive stable model structure on symmetric
spectra (see Proposition 7.7.1) is initial amongst stable simplicial monoidal
model categories. At the homotopy level we show that the homotopy category
of any stable model category has an “action” of SHC in Theorem 7.9.28.

7.1 Monoidal Model Categories

A particularly useful piece of structure for a category to have is a monoidal
structure. In this section we give a categorical definition, examples and nec-
essary conditions for the monoidal product to interact with the model struc-
ture and pass to the homotopy category. We focus on the case of symmetric

228
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monoidal structures as this is the structure we aim to give to the stable homo-
topy category.

Further reference for this material are Hovey [Hov99], along with Borceaux
[Bor94] and Kelly [Kel05] for the categorical underpinnings.

Definition 7.1.1 A symmetric monoidal category is a category C with a func-
tor
®:CxC—C

called a monoidal product, an object J called the monoidal unit and isomor-
phisms

e a: (X®Y)®Z — X® (Y ®Z) (associativity)
e 1:J®X — X (unit)
e T: X®Y — Y ®X (symmetry)

which are natural in X, Y and Z and satisfy the coherence diagrams given be-
low. We often omit the maps from our notation and refer to (C,®, J) as a sym-
metric monoidal category. We also refer to the product ® as being commutative
and call 7 the twist functor.

The four coherence diagrams are as follows. The first says that four-fold
associativity is coherent.

(WeX)®eY)®Z—25WeX)®(Y®Z) —— We(X®(Y®2))
a®ld Id®a

(We(X®Y)eZ

We(X®Y)®Z)

a

The second says that the twist is self-inverse.

T T

X®Y YoX X®Y

Id

The third gives a coherence between the twist map and associativity.

XoY)®Z—25X®(Y®Z)

Z®(X®Y) Ye2)eX

Id®‘rl l‘r@ld

ZR(Y®X)+—(Z3Y)®X
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The fourth gives a coherence between the unit, the twist and associativity.

X®HNeY ——=Xe({aY)

T®IdJ/ Id®ul

JexX)oY M L xev
Many other coherence diagrams will follow from these, such as n-fold asso-
ciativity and that 7 is the identity on J ® J. A discussion on coherence is given
in [Mac71, Sections VII.1 and VIL7].
Many of standard categories have a symmetric monoidal structure.

Examples 7.1.2 The category of sets is a symmetric monoidal category with
the Cartesian product as the monoidal operation. The one-point set is the
monoidal unit. This product extends to simplicial sets, with the product act-
ing levelwise

(AXB), = A, X B,

and face and degeneracy maps given by the products of those for A and B. Sim-
ilarly, the category of pointed simplicial sets is a symmetric monoidal category
under the smash product. Its unit is the simplicial set S°.

Topological spaces (that is, compactly generated weak Hausdorff spaces) are
a symmetric monoidal category under the Cartesian product, using the Kelly
product topology with the one-point space as the unit. Pointed spaces are also
symmetric monoidal categories with the smash product as the monoidal prod-
uct. The unit is S°.

Chain complexes over a commutative ring R are a symmetric monoidal cat-
egory with monoidal product — ® — given by

X&V)y= P Xa® Yy 0xa®yp) = (9x0) @y + (~1) x4 @ Oy

a+b=n

We will see later that each of these examples is a closed symmetric monoidal
category, i.e. that there is a function object related to the monoidal product.
Another source of examples is the category of maps in a monoidal category.
We will introduce two monoidal products on maps.

Definition 7.1.3 Let (C,®,J) be a symmetric monoidal category. For maps
f:A — Band g: X — Y in C we define their pushout product to be the
natural map

fog: B®XUA®Y—>B®Y.
ARX
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Letg: X — Y be amap in C and A be an object of C. Then
IdADgzldA®y:A®Y—)A®Y.

In particular, Idg O g = Idy. Assume that C has an initial object ) and that
0®X = 0 for all X in C. (This will hold when C is a closed symmetric monoidal
category.) Let iy : ® — A be the unique map from the initial object. Then

iL08=AQRg:A®RX — AQY.
In particular, iy O g = g.
Examples 7.1.4 Let (C,®,J) be a symmetric monoidal category. The cate-
gory of maps in € with commuting squares as the morphisms has a symmetric

monoidal product given by the termwise product. Given maps f: A — B and
g: X — Y, we define their termwise product as

f®g:A®X — BQ®Y.

The monoidal unit is the identity map of the unit.

Now assume that € has an initial object @ and that ) ® X = @ for all X in C.
The category of maps in € is a symmetric monoidal category with the monoidal
product given by the pushout product. The monoidal unit is the map @ — J.

Definition 7.1.5 Let (C, ®,J) be a symmetric monoidal category. We say that
C is closed symmetric monoidal if there is a functor

Hom: C? xC — C
and a natural isomorphism
¢: C(A® B,C) — C(A,Hom(B, C)).

We call Hom the internal function object. Omitting the natural isomorphisms
as previously we refer to (C, ®,J, Hom) as a closed symmetric monoidal cate-

gory.
The addition of an internal function object adds a great deal of structure to
the category. In particular, we see that for any A in C there is an adjunction
A®—: € C:Hom(4,-)

so that A ® — will preserve colimits and Hom(A, —) will preserve limits. More-
over, the functor Hom(J, —) is adjoint to Ide = J ® — and hence is (naturally
isomorphic to) the identity functor of C.

For A, B and C in C, the sequence of natural isomorphisms

C°?(Hom(A, B),C) = C(C,Hom(A, B)) = C(C® A, B) = C(A, Hom(C, B))
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implies that there is an adjunction
Hom(—, B): C —H C°? :Hom(—, B) .

It follows that for any B in C, the functor Hom(—, B) sends colimits to limits.
For any A and B in € the isomorphism

CO®A,B) = C(0,Hom(A, B))

says that there is a unique map ) ® A — B. Hence we have a unique map
0 ® A — (0 and the two composites

IRA—0—0®A 0 —0A—0
are the identity maps. Thus, ) — 0 ® A is an isomorphism.

Examples 7.1.6 Sets, simplicial sets and topological spaces are all closed
symmetric monoidal categories. For sets, the function object is given by the
set of maps. For simplicial sets, the function object Hom(K, L) has n-simplices
given by

Hom(K, L), = sSet(K x A[n], L)

with face and degeneracy maps coming from those for A[n]. For topological
spaces, we use the modified compact-open topology on the set of continuous
maps from a space X to a space Y, as introduced in Section 2.1.1.

Pointed spaces and pointed simplicial sets are also closed symmetric
monoidal categories, using smash products and function spaces defined via
pointed maps.

We now investigate symmetric monoidal categories that are also model cat-
egories. Given a model category C that is a symmetric monoidal category, we
want conditions on the model structure so that the monoidal product and inter-
nal function object pass to derived versions on the homotopy category. A first
condition is that the adjunction

(A® —,Hom(A, -))

should be a Quillen adjunction when A is cofibrant. We may also like to have
that the adjunction

(Hom(_’ B)3 Hom(_v B))
is a Quillen adjunction (using the opposite model structure on C°”) when B

is fibrant. The definition of a monoidal model category gives a much stronger
requirement that will imply both of these conditions.
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Definition 7.1.7 Let (C,®,J, Hom) be a closed symmetric monoidal category
such that C is also a model category. We say that the pushout product axiom
holds for C if the following conditions are satisfied.

1. For some cofibrant replacement of the unit 3/ — J and any cofibrant A in
€ the map

JITRA>TRA=A

is a weak equivalence.
2. For cofibrations f: A — Band g: X — Y in C, the map

fog: B®XUA®Y—>B®Y
A®X
is a cofibration.
3. For cofibrations f and g in C with one of f or g a weak equivalence, the map
f O g is an acyclic cofibration.

By Lemma 7.1.10, if the first condition on the unit holds for some cofibrant
replacement of J, then it holds for every cofibrant replacement of J.

There are several adjoint versions of the above conditions involving fibra-
tions as well as cofibrations. These may be easier to check in some specific
examples where the fibrations are well-understood.

Lemma 7.1.8 Let (C,®,J,Hom) be a closed symmetric monoidal category
with a model structure. The following two conditions are equivalent.

1. Given cofibrations f: A — Band g: X — Y in C, the map

fog: B®XUA®Y—>B®Y.
AQX

is a cofibration that is acyclic if one of f or g is.
2. Given a cofibration f: A — B and a fibration h: P — Q in C, the map

Homg(f, h): Hom(B, P) — Hom(B, Q) " >(<A Q) Hom(A, P).
om(A,

is a fibration that is acyclic if one of f or g is.

Proof This follows from how the adjunction relation between — ® — and
Hom(—, —) interacts with pushouts and pullbacks. O

Definition 7.1.9 A symmetric monoidal model category is a closed symmet-
ric monoidal category (C, ®, J, Hom) with a model structure on € which satis-
fies the pushout product axiom.
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We will see that this definition gives us the desired Quillen adjunctions and
a symmetric monoidal structure on the homotopy category.

Lemma 7.1.10 Let (C,®,7J, Hom) be a symmetric monoidal model category.
Then when A is cofibrant and B is fibrant, the adjunctions

(A® —,Hom(A,-)) and (Hom(-,B), Hom(-, B))
are Quillen adjunctions.

Proof Consider the cofibration f: & — A from the initial object to A, and
an (acyclic) cofibration g: X — Y. The pushout product axiom states that

fog: A®XEA®XLI®®Y—>A®Y
5
is an (acyclic) cofibration. Hence A ® — is a left Quillen functor. The other
case follows using the adjoint descriptions of the pushout product axiom from
Lemma 7.1.8 with the fibration B — s from B to the terminal object. O

Theorem 7.1.11 Let (C,®,J, Hom) be a symmetric monoidal model category.
Then (Ho(C), ®%, 3, RHom) is a closed symmetric monoidal category.

Proof Let f: A— Band g: X — Y be weak equivalences between cofi-
brant objects. Then, as A ® — and — ® Y are Quillen functors, the maps

A®g:A®X —>A®Y and fQY:AQY — B®Y

are weak equivalences, hence so is f®g. It follows that ® has a derived functor.
A similar argument shows that Hom also has a derived functor. We must show
that the functors

—®"—: Ho(C) x Ho(C) — Ho(R)
R Hom(—, —): Ho(€)? x Ho(C) — Ho(€).

induce a closed symmetric monoidal structure on the homotopy category.

We begin by constructing the unit, symmetry and associativity isomorphisms.
We use the model category versions of these statements, but we must check
they pass to homotopy categories. This will follow from two facts. Firstly,
when A is cofibrant, the functor A ® — preserves cylinder objects on cofibrant
objects, therefore it preserves homotopies. Secondly, — ® — preserves all weak
equivalences between cofibrant objects. It follows that a, T and u induce maps
at the level of homotopy categories.

We have assumed that for any A in € the map

T A =70 @ A 5 J@ A L pcof 5 A
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is a weak equivalence. Hence J is a unit for ®". The twist isomorphism on €
induces one on the homotopy category

7: AQ" B = A @ B®f — B/ @ AT = Bg" A.

We may define an associativity isomorphism via the sequence of maps

Ae-Be-C = Ao gces
S (A @ B @ ¢
EN Acof®(Bcof®Ccof)
& A @ (B g C)!
= AQ"(B®" Q).

The two maps labelled “~” come from choices of cofibrant replacements and
are weak equivalences. Hence the last arrow is an isomorphism in the homo-
topy category.

We next show that the adjunction isomorphism

¢: C(A® B,C) — C(A,Hom(B, C))

passes to the level of homotopy categories. As already mentioned, when A is
cofibrant, the functor A ® — preserves cylinder objects on cofibrant objects.
Similarly, when B is cofibrant, Hom(B, —) preserves path objects on fibrant
objects, and for C fibrant, Hom(—, C) sends cylinder objects on cofibrant ob-
jects to path objects on fibrant objects. It follows that for A and B cofibrant and
C fibrant we obtain an isomorphism

[A® B,C] — [A,Hom(B, C)]

after one takes quotients by the homotopy relation. Since the functors involved
preserve weak equivalences between suitably cofibrant and fibrant objects, we
have an adjunction at the level of homotopy categories.

It remains to consider the coherence diagrams. These all follow from the
model category versions, using the explicitly described associativity, unit and
twist maps given above. O

Examples 7.1.12 Simplicial sets and topological spaces (with the Serre or
Hurewicz model structure) are all symmetric monoidal model categories. The
same is true of the pointed versions.

The projective model structure on chain complexes is a symmetric monoidal
model category. However, the category of chain complexes with the injective
model structure is not symmetric monoidal: the pushout product axiom fails.
Recall that the cofibrations of this model structure are the monomorphisms.
Consider the monomorphisms 0 — Z/2 and Z — Q, viewed as chain
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complexes in degree 0. Their pushout product is Z/2 — 0, which is not a
monomorphism.

When C is cofibrantly generated, it suffices to check conditions 2. and 3. of
the pushout product axiom on the generating sets.

Lemma 7.1.13 Let (C,®,J,Hom) be a closed symmetric monoidal category
with a cofibrantly generated model structure with generating sets I and J. As-
sume that for some cofibrant replacement of the unit 3/ —s I and any cofi-
brant A in C the map

JTRA—>ITRA=A

is a weak equivalence.
If every map in 1 O I is a cofibration and every map in I O J is an acyclic
cofibration, then C is a symmetric monoidal model category.

Proof By Lemma 7.1.8, the maps in I have the left lifting property with re-
spect to maps of the form Homy(i, #), where i € I and 4 is an acyclic fibration.
Hence maps of the form Homg(i, /) are acyclic fibrations. As every cofibration
has the left lifting property with respect to such maps, Lemma 7.1.8 implies
that any map of the form f O/ is a cofibration for f a cofibration and i € I.
Using symmetry and repeating this argument shows that f O g is a cofibration
whenever f and g are cofibrations.

The case of an acyclic cofibration paired with a cofibration is similar. O

We note there is an adjoint version of the unit condition for a monoidal
model category: the map

X = Hom(7, X) — Hom(7°/, X)

must be a weak equivalence for any fibrant X.

Now that we have defined stable model categories (whose homotopy cat-
egories are triangulated) and closed symmetric monoidal model categories
(whose homotopy categories are closed symmetric monoidal), it is logical to
ask how these two definitions interact.

A proposed list of axioms for a triangulated category with a compatible ten-
sor product can be found in [HPS97]. The following theorem is based on that
list. Further axioms for compatibility of a tensor product with a triangulated
category are given in [MayO1]. In particular, that reference considers axioms
for a tensor products of an exact triangle with another exact triangle.

Theorem 7.1.14 Let (C,®,J,Hom) be a symmetric monoidal stable model
category. Then (Ho(C), ®",J, R Hom) is a triangulated category with a closed
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symmetric monoidal structure satisfying the following list of properties for all
A, X, Y and Z in Ho(C).

1. There is a natural isomorphism
exy: ZX)®" Y — I(X @ Y).

2. The functor — ®" A is an exact functor.
The functor RHom(A, —) is an exact functor.
4. The functor RHom(—, A) sends an exact triangle of the form

w

xLy2z M sx

to the exact triangle

R Hom(h,Ids) R Hom(g,Id,) R Hom(f,Ids)
RHom(2X,A) ——— > RHom(Z,A) ——— RHom(¥,A) ———— R Hom(X, A).

5. Let a and b be integers, and let (—1) denote the additive inverse of the iden-
tity map in the ring [J,J]. Then the diagram below commutes, where the
horizontal isomorphisms are induced by e and 7.

24) @ ¥PJ —=— 54+bg
"
2P @l 34J —=— 5+bg
6. The following diagram commutes.

EXY) " Z

WW}

CX"Y)®"Z (X" Y)e"2Z)
azx,y.zJ lEa XY,z
X & (Y @" Z) - (X " (Y & Z))
X.yelz

where axyz denotes the associativity isomorphism of ®".
7. The following diagram commutes, where u denotes the unit isomorphism of

the monoidal structure.

Xekg L 3x

%

(X ®“J)
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Proof When Y is cofibrant the functor — ® Y is a left adjoint which preserves
cylinder objects between cofibrant objects. It follows that for cofibrant X, there
is an isomorphism

exy:SX®Y — (X ®Y).

This induces the natural map ey y in Ho(C), see Definition 4.1.2. The last two
coherence diagrams in the theorem follow as the suspensions are defined us-
ing pushouts, and the natural transformation e is defined using the universal
property of pushouts.

Let X — Y — Z — ZX be an exact triangle in Ho(C) and let A € Ho(C).
Since — @ A is the left derived functor of a Quillen functor, it is exact by
Theorem 5.5.2. Hence, the sequence

X"A—YehA—Ze"A—3sxetA

is also an exact triangle, and the natural isomorphism ex 4 shows that there is
no ambiguity in the last term.

Similarly, R Hom(A, —) is exact. We may use the isomorphisms induced by
the natural transformation e

R Hom(ZX,A) = T'RHom(X,A) and RHom(X,Z 'A)= X 'RHom(X,A)

to see how X interacts with this functor.
The functor R Hom(—, B) takes cofibre sequences to fibre sequences, which
we can see as follows. The sequence

.-+ > [A,RHom(ZX, B)] 4 [A,RHom(Z, B)] — [A,RHom(Y, B)]
— [A,RHom(X, B)] — ---

is exact as it is isomorphic, by adjunction, to the long exact sequence

> [EXQ"A,Bl > [Z&“A,B] - [Y®"A, Bl > [X®"A,B] - --- .
Moreover, the boundary map 0 in the first exact sequence is induced by a map
R Hom(ZX, B) — RHom(Z, B)

(which in turn is induced by the map Z — ZX). By Remark 5.2.3, such a
boundary map in a long exact sequence is equivalent to the action of a fibre
sequence. Therefore,

R Hom(g,Idg) R Hom(f,Idg)
RHom(Z, B) ——— RHom(Y, B) ———— R Hom(X, B)
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is a fibre sequence whose action is induced by the coaction of the cofibre se-
quence

xLvsz

Therefore, we have the exact triangle of point 4.
The remaining point is the sign convention 5. Given two exact triangles

xLy5zsxand 45 BS54,
we can apply the 3 X 3 Lemma, Lemma 5.1.13, to the square

Id®"
A®LXLf>A®LY

a®;ldl la@LId
1de™
Bt x 2 paly

In the resulting large grid, the lower right hand corner commutes up to a sign
of —1. This corner is

eold®“h

ce-z 3(C @ X)
e’oc®LIdJ/ 2] le'oc@‘ld
eold®™
(A & Z) Mok 524 gk 7)

where ¢’ is the natural transformation (- ®" X—) — X(— ®" —) induced by e
and 7. Taking both triangles to be

J— % —Z] ., ]
gives the result. o

Remark 7.1.15 We will refer to the homotopy category of a symmetric
monoidal stable model category as a tensor-triangulated category.

We now consider functors between symmetric monoidal (model) categories
that interact well with the monoidal structures. We focus on the case of most
interest, where we consider adjunctions between closed symmetric monoidal
categories. Our approach is based on [SS03a].

Definition 7.1.16 Let (C,®¢,Je, Home) and (D, ®p,Jp, Homp) be sym-
metric monoidal categories. A functor G: € — D is said to be lax symmetric
monoidal (also known as weak symmetric monoidal) if there is a natural trans-
formation

$ee: G(c) ®p G(c") — G(c®e ¢')
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and a map
Vv j@ — G(Je)

satisfying three coherence diagrams describing the interaction with the unit,
twist map, and associativity isomorphism.

We say that F is strong symmetric monoidal if ¢ is a natural isomorphism
and v an isomorphism.

A functor F: € — D is said to be op-lax symmetric monoidal if there is a
natural transformation

$ee: Fle®e ) — F(c) ®p F(c)
and a map
V:F(Je) — Ip

satisfying three coherence diagrams describing the interaction with the unit,
twist map, and associativity isomorphism.

As the coherence diagrams in the above definition are very similar to those
of Definition 7.1.1, we do not spell them out here.

Remark 7.1.17 A lax symmetric monoidal functor F lifts to a functor from
commutative monoids in € to commutative monoids in D. An op-lax symmet-
ric monoidal functor lifts to the level of commutative co-monoids.

If the morphisms ¢ and ¥ of an op-lax symmetric monoidal functor F are
isomorphisms, then the functor F is strong symmetric monoidal. The notation
¢ and ¥ has been chosen to reflect the standard example: op-lax symmetric
monoidal functors tend to be left adjoints to lax symmetric monoidal functors.

Lemma 7.1.18 Let (C,®¢, e, Home) and (D, ®p,Ip, Homyp) be symmetric
monoidal categories with an adjunction

F:€e__D:G.
Then the right adjoint G is lax symmetric monoidal if and only the left adjoint

F is op-lax symmetric monoidal.

Proof We only show one direction of the proof as the other one is dual. We
first consider the maps relating the monoidal units. As (F, G) is an adjunction,
a map

v:Je — G(Jp)

corresponds to a map
v: F(de) — Ip.
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Assume that G is lax monoidal, so there is a natural map
baa: G(d)®e G(d') — Gdep d')

satisfying certain coherence conditions. The adjoint ¢’ of ¢ is the composite

Féau
F(G(d) ®c G(d')) —S F(Gd®p d')) > dep d.
We define ad,d' to be the composite below.

F(ne®ene Prren
_—

F(c®e ) s F(GF(¢) ®e GF(¢)) —"", F(¢) @y F(c')

The coherence conditions for G imply the coherence conditions for F. )

Definition 7.1.19 Let (C,Q¢,Je, Home) and (D, ®p,Jp, Homp) be sym-
metric monoidal model categories. Let

F:€% * DG

be an adjunction such that G is lax symmetric monoidal with structure maps ¢
and v. The adjunction is a weak symmetric monoidal Quillen adjunction if the
adjoint structure maps ¢ and v satisfy the following conditions.

1. For a cofibrant replacement J¢“/ — J¢ of the unit of €, the composite
F(Je®") — F(Je) — o

is a weak equivalence in D.
2. For cofibrant ¢ and ¢’ in €, the map

bt Fle®e ) — F(c)®p F(c')
is a weak equivalence in D.

We say that (F, G) is a strong symmetric monoidal Quillen adjunction if, in
addition, v is an isomorphism and the adjoint structure ¢ is an isomorphism for
all cand ¢’.

If the unit condition of a weak symmetric monoidal Quillen adjunction holds
for one cofibrant replacement of the unit Je, then it holds for any cofibrant
replacement.

Examples 7.1.20 The primary example of a weak symmetric monoidal Quillen
adjunction is the rational Dold-Kan adjunction, as explained in detail in [SSO3a].
Given a map of commutative rings f: R — S, the adjunction

S ® —: Ch(R) — Ch(S) : f*
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on chain complexes with the respective projective model structures is a strong
symmetric monoidal Quillen adjunction.

The Quillen adjunction given by geometric realisation and the singular func-
tor

| —1: sSet, ; * Top, :sin
p* g
is strong symmetric monoidal.

Theorem 7.1.21 Let (C, ®¢, e, Home) and (D, ®p,Ip, Homyp) be symmet-
ric monoidal model categories. Let

F:C__D:G

be a weak symmetric monoidal Quillen adjunction. Then LF is a strong sym-
metric monoidal functor and RG is a lax symmetric monoidal functor.

Proof We prove that LF is a strong symmetric monoidal functor. Lemma
7.1.18 will then give the statement for RG.

Similar arguments to those in the proof of Theorem 7.1.11 show that the
natural transformations v and a pass to the homotopy category. The unit map
on homotopy categories is induced by the inverse of the composite

LF(J) = FJe*) — F(Je) > I,

which is a weak equivalence by assumption.
The monoidal map on homotopy categories is the composite

F(e) @ F(eeoh)™

F(Ccof) ®p F(C/wf)
F(ccof Qe C/caf)
F((Ccof ®€ C/cof)
LF(c®% ¢')

LF(c) ®, LF(c")

cof)

I l Tll Il

where the middle map is ¢, which is a weak equivalence by assumption.
The coherence conditions follow from the model category versions, using
the explicit maps above. O

Remark 7.1.22 It seems to be more common that the left adjoint of an ad-
junction is strong symmetric monoidal, rather than the right adjoint. Of course,
when one has an equivalence of categories, the left adjoint is strong symmetric
monoidal if and only if the right adjoint is strong symmetric monoidal. This
follows from the relation between ¢ and ¢ of Lemma 7.1.18.

This applies to show that the derived functors of a weak symmetric monoidal
Quillen equivalence are strong monoidal.
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We now review the concept of an enriched category and how an enrichment
can interact usefully with model structures. The ideas are similar to those we
have already seen for monoidal model categories.

Definition 7.1.23 Let (C,®,J,Hom) be a closed symmetric monoidal cate-
gory. An enrichment of a category D in C is a functor

mapy(—,—): D’ xD — €
satisfying the following conditions and properties.

1. Foreach A € D there is amap J — map, (A, A) called the identity element.
2. For each triple A, B, C € D there is a composition map

map, (B, C) ® map (A, B) — mapq, (A, C).
3. The composition is associative and unital.
We have encountered this concept before.

Example 7.1.24 An additive category is a category with an enrichment in
abelian groups.

A closed symmetric monoidal category is enriched in itself, with the func-
tion object providing the enrichment.

In the cases of interest to us we have more structure, namely a tensor and
cotensor that are compatible with the enrichment.

Definition 7.1.25 Let (C,®,J, Hom) be a closed symmetric monoidal cate-
gory. A category D is a closed module over C (or a C—module) if there are
functors —®— called the fensor and (=) called the cotensor

-®—:ExD — D
)P CxDP — D
mapn(—,—): D?P’xD — C

together with the following,

1. an associativity isomorphism a: (C ® C")®D — CR(C’'®D),

2. aunit isomorphism u: I®D — D,

3. acoherence diagram for associativity,

4. acoherence diagram relating the unit isomorphism of the tensor and the unit
isomorphism of C,

5. a coherence diagram relating the two unit isomorphisms and the symmetry
of G,
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6. compatibility isomorphisms
D(D, E€) = D(C®D, E) = C(C, map, (D, E))
forCe Cand D,E € D.

We can think of the tensor as giving an action of € on D. The functor ® and
its adjoints are known as an adjunction of two variables.

Examples 7.1.26 For aring R, the category of R—modules is a closed module
over the category of abelian groups.

A closed symmetric monoidal category is a closed module over itself. The
function object gives the enrichment and cotensor, and the tensor is the
monoidal product.

The category of sequential spectra is a closed module over the category of
pointed spaces, see Definition 3.3.1.

Just as we passed from closed symmetric monoidal categories to symmet-
ric monoidal model categories with Definition 7.1.7, we can define a model
category version of closed modules.

Definition 7.1.27 Let (C,®,J,Hom) be a symmetric monoidal model cat-
egory. A model category D is a called a C—model category if it is a closed
module over € and the following conditions hold.

1. For a cofibration i in € and a cofibration j in D, the pushout product i O j is
a cofibration of D that is a weak equivalence if one of i or j is.
2. For a cofibrant replacement J°°/ — J of the unit of €, the map

J°/&D — I&D = D
is a weak equivalence for any cofibrant D € D.

One can use an analogue of Lemma 7.1.8 to give equivalent characterisa-
tions of the above in terms of the enrichment or cotensor.

Definition 7.1.28 When C is the category of pointed simplicial sets, a C—
model category is often called a simplicial model category.

When C is the category of pointed topological sets, a C—model category is
often called a topological model category.

Analogously to Theorem 7.1.14, the homotopy category of a C—model cat-
egory has an action of Ho(C). We do not include a proof as it would be very
similar.

Theorem 7.1.29 Let (C,®,J, Hom) be a symmetric monoidal model category.
and D a C—model category. The Ho(D) is a closed module over Ho(C). O



7.2 A Smash Product on the Stable Homotopy Category 245
7.2 A Smash Product on the Stable Homotopy Category

The category of pointed topological spaces is a symmetric monoidal model
category with the smash product providing the monoidal product. Its unit is
the two point space S°, and the internal function object is given by the space
of continuous maps (with a suitable topology).

It makes sense to extend this smash product to the Spanier—Whitehead cate-
gory SW and further to the stable homotopy category SHC, where we denote
it — AY — We want the functor

¥*: Ho(Top,) — SHC
to be strong symmetric monoidal, so that
S®A A I°B = I°(A A B)

for any pointed CW-complexes A and B. This will also imply that the unit of the
smash product of spectra will be the sphere spectrum S = £*S°. Furthermore,
for any spectrum X we want the smash product of spectra to be related to the
smash product of a pointed CW-complex with a spectrum

XAFEZ®A=XAA
where the second term has
(XANA), =X, NA.

Finally, we want an internal function object making the stable homotopy cate-
gory into a closed symmetric monoidal category.

This extension (and defining the internal function object for spectra) took a
long time to construct as it does not come from a symmetric monoidal product
on the model category of sequential spectra. Indeed, the primary reason for the
development of symmetric spectra or orthogonal spectra is that these are sym-
metric monoidal model categories and hence their monoidal structures pass to
the level of homotopy categories.

We can define an operation on sequential spectra that behaves like a symmet-
ric monoidal product, up to (coherent) homotopy. We will call this the “handi-
crafted smash product”. Keeping track of the homotopies and coherence is a
substantial task, see Adams [Ada74, Section II1.4]. The starting idea is that the
smash product should use the spaces and structure maps from both inputs. Let
X and Y be sequential spectra. We can define a new spectrum by

X, ANY, k=2n
X A Y)=
hand X1 ANY, k=2n+1
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with structure maps given by
aXAY,
SXoAY)=2CEX)ANY, — Xy A Y,
Tslx,,,Nd IdAc)

Z( X1 AYy) = s! AXpt ANYy — X A Sl ANY, — X1 AY .
We leave the proof that this product gives a symmetric monoidal product on
S8THEC with the sphere spectrum as the unit to [Ada74]. We will instead show
that 8* and 8§ are symmetric monoidal model categories and hence their ho-
motopy categories have closed symmetric monoidal products. For now we con-
tinue to investigate this handi-crafted smash product in order to motivate the
constructions of the symmetric monoidal products on symmetric and orthogo-
nal spectra.

One can see that the definition of the handi-crafted smash product is not
going to be associative. There are many other similar choices one could make,
but none of these will be strictly associative. One solution often employed by
mathematicians is to take all choices. We define an operation — ® — as

(X®Y), = \/ X, A Y.

We make no claim that this object is a spectrum as it is not clear how to define
the suspension in a way that makes use of the structure maps of both X and Y.
While this operation is associative, the unit is the spectrum with S in degree
zero and * elsewhere.

Interestingly, we see that a sequential spectrum X has an “action” of the
sphere spectrum in the sense that the structure maps of X induce maps of each
level

Uxn: (S®X), = \/ SYA X, — X,
a+b=n
Again the category in which we are working is left undefined. If we pretend
that a spectrum is a “module” over S, then we can make X ® Y into a module
over S: we follow algebra and take the monoidal product over S

X®s Y =coeq(X®S®Y—=XQ®Y).

For this to make sense, we need the sphere spectrum to be a “commutative ring
object” with regards to the operation — ® —. We can see that this is not true for
sequential spectra, even before we attempt to improve the categorical setting
for — ® —. Consider the map of spaces

Us2: (S®S)H = 'ASHVESIASHV(SIASY — 82

induced by the structure map of the sphere spectrum. The component map
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a: S'AS' — S? is precisely the standard isomorphism. If S were a commu-
tative object with respect to ®, then we would have a commutative diagram

SIAst 2 52

TSI'SII /
a

StAS!
In particular the two maps labelled a have to be the same. Taking singular
homology, we obtain the diagram

Hy(a)
—Z

which cannot commute, regardless of whether the isomorphism H,(a) is rep-
resented by 1 or —1. We can view the problem as coming from a lack of sym-
metries on the sphere spectrum itself. This can be resolved in symmetric and
orthogonal spectra.

7.3 Closed Monoidal Structures on Spectra

The solution to the difficulties we encountered previously is to recast the def-
inition of spectra in a very categorical manner. We will see that this approach
to constructing a commutative smash product will work for symmetric and or-
thogonal spectra. Our approach is based on that of Mandell et al. [MMSSO01].

We will need the notion of enriched categories, enriched functors, enriched
ends and coends, enriched Kan extensions and the enriched Yoneda Lemma.
Our primary sources are [Kel05] and [Bor94]. In all cases we will use pointed
topological spaces Top, for our enrichment.

We define three enriched categories, each with the same object set but dif-
ferent spaces of morphisms.

Definition 7.3.1 We define three enriched categories with objects given by
the non-negative integers

N={0,1,2,3,...}.
(N) The Top,—enriched category N has morphism spaces given by
SO ifa=b

N(a, b) =
(@5) {* ifa # b.
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() The Top,—enriched category X has morphism spaces given by

) ifa=>b
S(a,b) = (Za)+ 1 a
* if a # b.
(O) The Top,—enriched category O has morphism spaces given by
0] ifa=»b
O(a, b) = (@)+ 1 a
* ifa #b.

In the case of X, it may be helpful to think of n as the set {1, 2, ..., n} and the
morphism spaces given by (discrete) spaces of isomorphisms, with a disjoint
basepoint. For O, it may be helpful to think of n as the inner product space R”
and the morphisms spaces given by spaces of linear isometries, with a disjoint
basepoint.

There are maps of enriched categories

N—X—O0

which send n to n. On morphism spaces these maps are given by the identity
when a # b, and for a = b they are induced by the inclusion maps

x* — X, — O(a)

where the first sends the point to the identity of ¥, and the second is the stan-
dard inclusion of %, into O(a), which sends a permutation to the corresponding
permutation of the axes.
We now define some categories of enriched functors and natural transforma-
tions. We will use these to define spectra in terms of modules over a monoid.
Recall that a Top,—enriched functor F: & — Top, from an enriched cate-
gory € to Top, is a collection of maps of pointed spaces

F(a,b): &a,b) — Top,(F,, Fy)

for each a,b € €. These maps are required to be compatible with composition
and satisfy associativity and unital coherence conditions. We may rewrite the
map F(a, b) as a map

E(a,b)NF, — F,
and think of € acting of F.
Definition 7.3.2 We define three categories of enriched functors.

(N) A sequential space is a Top,—enriched functor from N to pointed topolog-
ical spaces. The category of sequential spaces and enriched natural transfor-
mations is denoted NTop.,.
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(Z) A symmetric space is a Top,—enriched functor from X to pointed topologi-
cal spaces. The category of symmetric spaces and enriched natural transfor-
mations is denoted XTop, .

(O) An orthogonal space is a Top,—enriched functor from O to pointed topo-
logical spaces. The category of orthogonal spaces and enriched natural trans-
formations is denoted OTop,.

In other words, a sequential space is a sequence of pointed topological
spaces. A symmetric space X is a sequence of spaces X,, with maps

(Zn)+ A Xn — Xn

which are associative and unital. These maps are precisely the data of an action
of X, on the pointed space X,. A symmetric space is also called a symmetric
sequence in [HSS00].

An orthogonal space X is a sequence of spaces X,, with maps

o), NX, — X,

which are associative and unital. These maps are precisely the data of an action
of O(n) on the pointed space X,,. One may also call an orthogonal space an
orthogonal sequence.

Lemma 7.3.3 The enriched categories N, £ and O have symmetric monoidal
products. We use + to denote all three of them, as the three operations are very
similar. On objects it sends (a,b) to a + b.

(N) There is a symmetric monoidal product +: N X N — N, which on map-
ping spaces
+: N(a,b) AN(c,d) — N(a+c,b+d)
is either the identity + — x, the identity S° A S — S° or the initial map
x* — 80,
(X) There is a symmetric monoidal product +: XXX — X, which on mapping
spaces

+: 2(a,b) ANX(c,d) — Z(a+c,b+d)
is only non-trivial when a = b and ¢ = d. In this case it is induced by the
block inclusion
Ea X Ec — 2a+c

where (0, T) is sent to the permutation which acts as o on the first a letters
and T on the last c letters.
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(O) There is a symmetric monoidal product +: O X O — O, which on map-
ping spaces

+: O(a,b) AN O(c,d) — O(a+c,b+d)

is only non-trivial when a = b and ¢ = d. In this case it is induced by the
block sum of matrices

O(a)x0() — O(a+c)

A0
(A,B) +— (T'—)

Proof We see that the products are unital and associative.
For commutativity, we need to give an enriched natural transformation from
+ to + pre-composed with the swap map. We give the components in each case.

(N) The map S° — N(a + b, b + a) = S? is the identity map.

(X) The map S® — Z(a + b,b + a) = (Zq1s)+ sends the non-basepoint to the
block permutation map, i.e. the permutation which swaps the first a letters
with the last b letters.

(©) The map S® — O(a + b, b + a) = O(a + b), sends the non-basepoint to
the block permutation matrix

0 |Id,
( Id, | O ) ’

We then need to see that these maps induce a commutative square as below.
We start with O. The only non-trivial case is where @ = b and ¢ = d.

O(a,b) A O(c,d) —— O(a+c,b +d)
Oe,d) A O(a,b) —— O(c + a,d + b)

The right hand vertical map is given by conjugation by the block permutations.
Commutativity follows from the equation

Bl|O)\ (0 |1d\(A]O\( 0 |Id,
0]Aa) \1d]| 0 0|B/\1d. | 0 )
The symmetric case follows by restriction. The sequential case follows as
the twist map is the identity. O

Note that for N, the elements of the natural transformation in the proof have
domain and codomain S°, so the only sensible choice is the identity map.
We can use these symmetric monoidal products on our enriched categories
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to produce an symmetric monoidal product on the categories of enriched func-
tors to pointed spaces. The original reference is [Day70].

Before we construct our smash products, we will give the definitions of en-
riched ends and coends and recap how they relate to the Yoneda Lemma and
left Kan extensions. Let V denote a closed symmetric monoidal category with
all small limits and colimits. We use ® for the monoidal product of V and hom
for the internal function object.

Definition 7.3.4 Let C be a small V—enriched category and D a V—enriched
category with all small limits and colimits. Let

M:CPxC— D

be an enriched functor. We define the enriched coend of M as
[ M(c,0) = coeq( 11 Ma,b)® C(b,a) == [ Mlc, c)).
a,beC ceC

The two maps are the two different actions of € on M.
We define the enriched end of F to be

Jree M(e.0) = eq( [1 M(c,c)== [] hom(€(a.b), M(a, b))).
ceC a,beC
The two maps are adjoints to the action maps.
Let € be a small V—-enriched category. Given two V—enriched functors

F,G:C— D,

we can define the V object Nat(—, —) of enriched natural transformations from
F to G in terms of an enriched end

Nat(F,G) = f hom(F,,G,).
ceC

Lemma 7.3.5 (Yoneda) Let C be a small V—enriched category. For any V-
enriched functor F: C — V and any c € C, there is a natural isomorphism in
v

Nat(C(c, —), F) = F..

We may write the object Nat(C(c, —), F) € V in terms of an enriched end so
that the Yoneda Lemma becomes

F5 hom(C(c,d), F,)).
deC

This description of the Yoneda Lemma suggests the following adjoint form.
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Lemma 7.3.6 Let C be a small V—enriched category. For any V—enriched
Sfunctor F: € — V and any d € C there is a natural isomorphism

eC -
f Cle,d)®F, — Fy
given on term ¢ by using the action of C(c,d) on F..
We can describe enriched left Kan extensions in terms of an enriched coend.

Lemma 7.3.7 Let C, D and & be V—enriched categories. Further, assume
that C and € small categories. Given enriched functors

F:C— D and G: € — €,

the left Kan extension LangF of F along G is given by the enriched coend

ceC
(LangF), = f E(G(c),e)Q F..
Let us return to sequential, orthogonal and symmetric spaces.

Definition 7.3.8 Let € be some Top,—enriched symmetric monoidal category.
The convolution product F ® G of two enriched functors F' and G from & to
Top, is defined to be the left Kan extension of A o (F, G) along +.

ExE ﬂ) Top, X Top, A—ﬁ) Top,

Note that we do not ask for the diagram to commute, instead we require the
universal property

ETop, (F® G, H) = (€ x E)Top,(A o (F,G),H o +)

which in terms of ends is given by

f TOP*((F ® G)a’ Ha) = f TOP*(FIJ A Gc, Hh+c)~
ae€ b,ce&

Using Lemma 7.3.7 we can write the Kan extension as a coend

b,ceE
(F®G)a:f &b +c,a) A Fy AG,.

In our case the neatness of enriched categories leads to the following alternative
descriptions of the monoidal products.
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Lemma 7.3.9 The categories NTop,, XTop, and OTop, are symmetric
monoidal. The unit in each case is the functor which sends 0 to S° and ev-
erything else to a point.

(N) If F and G are in NTop,, then
b,ceN
(F®G)a=f N +c,a) A Fp A G, = \/Fb/\GC.
(X ) If F and G are in ZTop,, then

b,ceEX
(F®G), = f (b +c,a) A Fy AG, = v (o) A Fi AGe.

b+c=a

(0) If F and G are in OTop,, then

b,ce©
F®G), = f Ob+c,a) NFpy NG, = b+\c/:a O(a), O(b)/x\o(c) FyAG.. O

Definition 7.3.10 We can define a sphere spectrum for each of these cate-
gories.

(N) The sphere spectrum in NTop, sends n to S”.

(2) The sphere spectrum in XTop, sends n to S”, which we may think of as
(S, The group X, acts on S” by permuting the factors.

(O) The sphere spectrum in OTop, sends nto S”, which we may think of as the
one-point compactification of R”. The group O(n) acts on S” by the standard
action of O(n) on R”.

Note that the action of ¥, on S” = (S ) is equal to the action of X, on the
one-point compactification of R” via the standard inclusion X, — O(n).

Lemma 7.3.11 [n XTop, and OTop, the sphere spectrum is a commutative
monoid with respect to ®.

Proof We give the multiplication map for each of our two cases.
(£) The multiplication map of the sphere spectrum is given by
(S®9S), = \/b+c:a(2a)+ A SPASE
ZpXZ,

& A Sbre
\/b+c—a( a)+ xS,

IR

— g4

where the last map is evaluation using the X,-action on S¢ = §¥+¢,
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(O) The multiplication map of the sphere spectrum is given by

S®S), _, 0 A SPASC
( ® ) \/b+c—u (a)+ 0hXO(C)

_,O(a A She
\/h+cfa ()+ OBYXO(E)

IR

_ S a
where the last map is evaluation using the O(a)-action on §¢ = §b+¢.

We leave the unit and associativity conditions to the reader.

The coend description is the easiest way to see that these are commutative
monoids. It suffices to check that the following diagram commutes when a =
b+c.

Ob+c,a) NSEASC—— 57

l

O(c+b,a) NSNS

The vertical map is defined to be pre-multiplication by the block permutation
matrix for » and ¢ on O(b + ¢, a) and the twist map on the spheres. The other
maps are then evaluation maps and the natural isomorphisms S¢ A §? = §¢.
The diagram commutes as the block permutation cancels out the twist map.
The case of symmetric spectra holds by restriction. O

Lemma 7.3.12 In NTop, the sphere spectrum is a monoid with respect to ®,
but it is not commutative.

Proof We focus on the case where a = b + ¢. Recall that
N(c+b,a) =N +c,a) = S°.

The action map is given by the natural isomorphism of smash products of
spheres

NGB +c,a) ANSPASC =8P A 8¢ — §°.

One can check this is associative and unital. However, this monoid is not com-
mutative. Consider the following diagram.

N(b+c,a)AS"ASC—>S”ASC7S“
N(c+b,a)ASCASP — S ASP

The vertical maps are the identity on S® = N(b + ¢, a) and and the twist maps
on S” A S¢. This diagram does not commute when b = ¢ = 1, and does not
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even commute up to homotopy as the twist map has degree -1 and the action
maps have degree 1, as we saw in Section 7.2. O

We may view the above result as saying that the sphere spectrum in sequen-
tial spectra lacks the symmetries to make it a commutative monoid. This is
resolved for symmetric spectra by using the symmetric groups and for orthog-
onal spectra by using the orthogonal groups.

We are now able to relate our constructions to the original categories of
spectra.

Theorem 7.3.13 In each case, the category of S—modules is a category of
spectra.

(N) The category of S—modules in NTop, is isomorphic to the category of
sequential spectra, 8.

() The category of S—modules in ZTop, is isomorphic to the category of sym-
metric spectra 8.

(O) The category of S—modules in OTop, is isomorphic to the category of
orthogonal spectra 8°.

Proof We start with NTop,, then the other cases build on this by considering
the additional information of the symmetric and orthogonal group actions.

(N) An enriched functor F from N to Top, is an S—module if and only if there
is an associative and unital map u: S ® F — F. At level a this map takes
the form

Ma - \/ Sb/\Fc—>Fh+c:Fa~
b+c=a
Associativity implies that the component S® A F, — Fy,,, is the composite
of maps S' A F, — F,,,. The unit condition implies that SOANF, — F,
acts as the identity. Therefore, such a map is equivalent to having structure
maps
ol S'AF,=%F, — F,

for each n.
(2) Following the same proof as for N, we look at the components of the S-
action on a module F € XTop,

HMa - \/ (Ea)-'-ZQE Sb/\FC — Fp.o = F,.
b+c=a b7 e

As before, associativity implies that each map SP A F. — Fp,. is a com-
posite of structure maps a’f : 2F, — F,11. The (b, c) component of y, is
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required to be £,—equivariant. This precisely says that
SPAF, — Fp,.

is X, X Z.—equivariant, regarding the right hand side as a ¥;, X £.-module via
block sum of permutations.
(O) This is similar to the case of X. O

Following the original plan of Section 7.2 we can define a monoidal product
on S—modules via the tensor product over S.

XAY=X® Y =coeq(X®@S®Y=—=XQY)

The first map of the coequaliser is induced by the action S® ¥ — Y of the
sphere spectrum on Y. The second map is induced by the action of the sphere
spectrum on X, but pre-composed with a twist map

X®S —SeX — X
Just as in the world of algebra, the smash product is symmetric monoidal.

Corollary 7.3.14 The category of symmetric spectra 8* has a symmetric
monoidal smash product A with the sphere spectrum as the unit. For X and
Y in 8%, the smash product is defined to be

XANY=X®sY

The category of orthogonal spectra 8° has a symmetric monoidal smash
product A with the sphere spectrum as the unit. For X and Y in 8©, the smash
product is defined to be

XANY=X®sY
]

We can incorporate the S—module structure of our categories of spectra into
the enriched categories and obtain a description of spectra as enriched functors
from some enriched category to pointed topological spaces. This description
will give very compact formulae for the shifted suspension functors and the
smash product of symmetric spectra and orthogonal spectra.

If € is a Top,—enriched category, then any element a of € defines a functor

&(a,-): &€ — Top,
b +— &a,b).

Similarly one has a functor £(a,—) A A given by the termwise smash with a
pointed topological space A.
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In the case of N (and X and O), we can use the functor N(a, —) to define an
S—-module S ® N(a, —) in NTop,, We have seen these functors before.

Lemma 7.3.15 Let A be a pointed topological space.
(N) Fora € N, there is a natural isomorphism
(S®N(a,-)AA=F, A

of sequential spectra.
(X) For a € %, there is a natural isomorphism

(S®Z(a,-) ANA=F>A

of symmetric spectra.
(0) Fora € O, there is a natural isomorphism

(S®0@,-NAA=F2A
of orthogonal spectra.
Proof For symmetric spectra,
(S®Z(a,-)ANA)p=S®Z(a,-)p NA = \/ Ep)+ A S AXE(a,d) AA.
X2y
b=c+d

There is only one factor which is non-trivial, namely d = a, where it takes
value

(Ep)s As,, STUNA

if b > a and = otherwise. This is precisely the definition of the shifted suspen-
sion.
For sequential and orthogonal spectra similar calculations apply. O

Using ends and coends, we show directly that the adjoint to

(S®N(a,-) A(=): Top, — 8"
A — (S®N(a,-)AA

is evaluation of a sequential spectrum at level a. A map from this functor to
an S—module X in 8" is precisely a map from the functor N(a, —) A A to the
object of NTop, that underlies the sequential spectrum X. Now consider the
following sequence of isomorphisms.

NTop,(N(a, =) NA,X) = [, Top,(N(a,b) A A, X;)
Jyex Top..(A, Top, (N(a, b), X))
Top, (A, |, . Top,(N(a, b), X))
Top, (A, Xa)

1R

IR
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The first is the definition of the set of maps, the second is the standard smash
product—function space adjunction, the third is moving a limit into the second
variable. The final isomorphism is an instance of the enriched Yoneda Lemma.
Formally similar arguments can be applied to symmetric and orthogonal spec-
tra.

We can use these functors S ® N(a, —) to make new enriched categories,
giving a description of spectra as enriched functors without needing to mention
S—modules.

Definition 7.3.16 We define three enriched categories, one for each of our
three cases. The object set in each case remains the non-negative integers.

(N) Define a Top,—enriched category N by setting Ns(a, b) = = fora > b and
the following for a < b.

Ns(a, b) $M(S ®@ N(b,-),S ® N(a, -))
(S@N(@, =)

[N Na+c,b) A S = 5

1R

IR

Composition is given by composition in 8.
(2£) Define a Top,—enriched category Zg by setting Xs(a, b) = * for a > b and
the following for a < b.

Ss(a.b) = SHS®I(b,-),S®(a,-))
= (S®XZ(a,-)h
= [“FSa+ceb)AS = (E). Ay, SPE

Composition is given by composition in 8.
(0) Define a Top,—enriched category Og by setting Os(a, b) = * for a > b and
the following for a < b.

Os(a,b) = 89(S®0(b,-),S® 0(a,-))
S®0(a, -
fceO O(a+c,b) NS¢ = 0O), No(b-a) §b-a

R

IR

Composition is given by composition in 8§°.

We may consider Top,—enriched functors from these categories to Top,.
This gives three categories

NsTop,, ZsTop, and OgTop,.
Theorem 7.3.17 There are equivalences of categories

8" = NsTop,, 8% = ZTop, and 8° = OsTop,.
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Proof The proof is the same in each case. We use the notation of 8¢ for
definiteness.

For one direction, we use Theorem 7.3.13, namely that the category of or-
thogonal spectra is isomorphic to the category of S—modules in OTop,. Now
let X: O — Top, be a Top,-enriched functor. We want to show that X is an
S-module in OTop,.

The natural isomorphism

O(a,a) = Os(a, a)

shows that X, has an action of O(a,a). Since O(a,b) = = when a # b, this
shows that X has an underlying enriched functor from O to Top,, so X € OTop,.
For any b € N there is a map

S? — O(a + b), Aog) S® = Os(a,a + b)

which sends x to the class of (e, x), where e is the identity of O(a+b). Smashing
this map with X(a) gives a map

S A X(a) — Os(a,a + b) A X(a) — X(a + b).

It follows that X defines a S—module in OTop, and thus an orthogonal spec-
trum.

For the converse, let X be an orthogonal spectrum and a < b. The structure
maps of X and the action of the orthogonal groups induce a map

Ob)s Ao S”% A X(@) —> Ob). Nop-a) X(b) —> X(b).
This map is unital and associative, so this gives a Top,-enriched functor
Og — Top,. O

Using this new description of the various kinds of spectra we obtain a com-
pact description of the symmetric monoidal product via Lemma 7.3.7.

Lemma 7.3.18 The smash product of symmetric spectra is given by the for-
mula

b,ceXs
X A Y)azf Ss(b+c,a) NXp A Y,.
The smash product of orthogonal spectra is given by the formula
h,CEOg
XAY), =f Os(b+c,a) NXp AN Y.

Proof Let X and Y be symmetric spectra. Recall that

XAY=X® Y
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by Corollary 7.3.14. Lemma 7.3.6 gives isomorphisms
beXs ceXg
X = f s(b,-) AN X, Y = f Xs(e,—) A Y.
Using these and the operation — ®s — gives an isomorphism

b,c€Ls
XQsY = f Xs(b,—) ®s Zs(c,—) A Xp A Y.

The result then follows from the isomorphisms

Xs5(b, —) ®s Zs(c,—-)

S®Z(b,-)) Qs (S®XZ(c,—))
S® (b, -)®2(c,—))
SZ(b +c,-)

2s(b+c,-).

R

An analogous proof gives the case of orthogonal spectra. O

Our next aim is to show that these symmetric monoidal structures are closed
and related well to the smash product of spaces with spectra and the enrichment
of spaces in spectra.

Definition 7.3.19 For G and H symmetric spectra, the internal function ob-
Jject from G to H is a symmetric spectrum Fs(G, H) defined by

Fs(G, H)b = f Top*(Gch+b)~
ceXg

For G and H orthogonal spectra, the internal function object from G to H is
an orthogonal spectrum Fs(G, H) defined by

Fo(G. H), = f Top,(Ge. Hea).
ceQOg

The structure maps are given by the sequence of maps below. We use sym-
metric spectra for definiteness, the case of orthogonal spectra is formally iden-
tical.

Fs(G,H)y A2s(b,d) = ([, Top.(Ge, Hess)) A Za(b, d)
— [ s, (Top.(Ge, Herp) A Zs(b,d)
- cese TOp* (Gc’ Hc+d)
=  Fs(G,H),

The first brings the smash product (a left adjoint) inside an enriched end (a
limit) and the second map is induced by the maps

Hep NEs(b,d) — Hesp NEs(c+ b, c+d) — Heg.
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The first map comes from the monoidal structure on Xs. For any a, b and ¢
in X we may combine the unit S® — Zg(c, c) with the monoidal product to
obtain the map

Zs(a,b) — Zs(a,b) N Zs(c,c) — Zs(a+c¢,b + ¢).

We can also recognise an internal function object Fy on the symmetric
monoidal categories ZTop,, OTop,. Then we can define the internal function
object F's of spectra as one would do for algebra, namely as an equaliser of

Fo(X,Y) —= Fo(X®S, Y).

As we have already shown, the various descriptions of the smash product agree,
and so too do the descriptions of the function objects.

Lemma 7.3.20 The categories of symmetric spectra $* and orthogonal spec-
tra 8° are closed symmetric monoidal.

Proof We need to prove that for symmetric spectra X, ¥ and Z there is a
natural isomorphism

SEX AY,Z) = S¥(X, Fs(Y,2)).

This is done by manipulating enriched ends and coends. We start by writing
the smash product in terms of the universal property

R

S XAY,Z) = [ o Top, (XpAYe,Zpsc)

L’CEZS Top, (Xb’ Top, (Y, Zb+c))

fbezg Top, (Xb, fc e, Top.(Ye, Zy +C))
hes. ToP. (Xb, Fs(Y, Z)5)

$*(X, F5(Y,2)).

1R

13

1R

]

We can use our understanding of the smash product to see how the adjoints
to the evaluation functors interact with the smash product.

Lemma 7.3.21 [n the categories of symmetric spectra and orthogonal spec-
tra there are natural isomorphisms of spectra

FFAAFEB=F-, (AAB) and FOAANFY B=F?

n+m n+m

(AAB)
for all m,n € N and all pointed spaces A and B.

Proof From the original description of the shifted suspension functors of
Chapter 6 and the smash product over the sphere spectrum of Corollary 7.3.14
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this is difficult to see. Instead we argue using the description in terms of rep-
resentable functors of g and Og of Lemma 7.3.15. We choose Xg for definite-
ness. One then has

FFAANFEB = f”’“zg Ss(b+c,—) AZs(n,b) NA A Zs(m,c) A B
s(m+m,—-)NAANB
Fron(A A B).

IR

The isomorphism in the middle is two applications of Lemma 7.3.6. O

We also obtain a precise description of the prolongation functors originally
introduced in Chapter 6. We will see that Pg is strong symmetric monoidal in
Theorem 7.4.9.

Proposition 7.3.22 The prolongation functors from sequential spectra to
symmetric spectra and symmetric spectra to orthogonal spectra are given by
the formulas

ceNg cE€Xg
(IPiIX)a = f Xs(c,a) AN X, and (Pg Y), = f Os(c,a) N Y,.

Proof Using Theorem 7.3.17 to describe spectra as categories of enriched
functors, we can identify the adjoint forgetful functor Ug as a pullback along
a map of enriched categories

e — Og
a — a

Z5(a,b) = ()i As,, S"¢ — Ob)s Aop-a S"™ = Os(a, b).

Here, the map on spaces is induced by the standard inclusion of the symmetric
group into the orthogonal group. This map g — Og is a morphism of sym-
metric monoidal categories. The key fact is that the block permutations of Z,
are sent to block permutations matrices of O(n) via the standard inclusion.
Since left adjoints are unique (up to natural isomorphism) we recognise the
left adjoint ]P’;9 on a symmetric spectrum X as the left Kan extension of X along
Ys — Og. The result follows from Lemma 7.3.7. O

Remark 7.3.23 The categories ~ and O have larger versions that can also
be used to construct equivalent categories of spectra. Instead of £ one could
use the category of finite subsets of N and bijections, and one could use finite-
dimensional subspaces of R™ instead of O. This is useful when constructing
equivariant spectra.
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7.4 Monoidal Model Categories of Spectra

7.4.1 Homotopical Properties of the Smash Product

We are going to prove that orthogonal spectra and symmetric spectra are sym-
metric monoidal model categories. The key results concern the interaction of
the smash product with stable equivalences and m,—isomorphisms in symmet-
ric spectra and orthogonal spectra.

Lemma7.4.1 The levelwise model structures on orthogonal spectra and sym-
metric spectra are symmetric monoidal model structures.

Proof We prove that these model categories satisfy the pushout product ax-
iom from Definition 7.1.7 by showing that the assumptions of Lemma 7.1.13
hold.

We work in orthogonal spectra for definiteness, the case of symmetric spec-
tra is the same. Let F© i and F¥ j be two generating cofibrations of orthogonal
spectra, where i and j are generating cofibrations of pointed topological spaces.
Then

FOioF? j=F% (ioj)

by Lemma 7.3.21. The model category Top, with the Serre model structure is
symmetric monoidal, and F®, is a left Quillen functor from pointed spaces
to the levelwise model structure. Therefore, we see that FY, (i O j) is a g—
cofibration.

The case of a generating cofibration and generating acyclic cofibration fol-
lows by the same argument. The unit part of the pushout product axiom holds

as the unit is already cofibrant. O

Theorem 7.4.2 If f: X — Y is a stable equivalence (or m,—isomorphism)
of symmetric spectra, then X N Z — Y A Z is also a stable equivalence (or
n.—isomorphism) for any cofibrant symmetric spectrum Z.

Proof Assume that we know the result for Z = F> S”. Lemma 6.3.14 gives
the result for the cases Z = F~ S% and Z = F= A.

Now let Z be a Iiable—cell complex, so Z = colim;(Z;) with Zy = *, and each
map Z; — Z; is a pushout of coproducts of maps in Iiable. By Lemma 7.4.6,
X A Z is the colimit of a sequence of h—cofibrations and hence is a homotopy
colimit. By Lemmas 3.2.13 and 6.3.17, each map

XNZi— YNZ

is a stable equivalence (or mr,—isomorphism). Hence the induced map on homo-
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topy colimits

XNZ—YANZ

is a stable equivalence (or m.—isomorphism). The general case follows by pass-
ing to retracts.

We now return to the case of — A F>S" and m.—isomorphisms of symmetric
spectra. The smash product with a shifted suspension spectrum is given by
tensoring with a representable functor by Lemma 7.3.15

FES"AX =(S®Z(n,—)AS)® X = (Z(n,—-)AS")®X.
We then calculate the value of this tensor product at a € N to be
(Za)+ Asa-n Xan A S".
Ignoring the group actions, this space is homeomorphic to
(Za/Za-n)+ N Xa-n NS

where the isomorphism is given by choosing coset representations. This iso-
morphism requires X, to be discrete. We may then choose the cosets induc-
tively, leading to a commutative square

IdAo4—n AId

Ea)s Ny EXaon NS —————— o)+ Az, Xar1-n AS”

| |

(Ea/za—n)+ A 2:Xva—n AS" (2a+1/2a+1—n)+ A Xa+1—n NS

IdAo -, Ald

Taking homotopy groups shows that 7,(F=S" A X) is a countable direct sum
of copies of m,(X) and that this isomorphism is natural in X. It follows that
— A F2 S" preserves m,—isomorphisms.

It remains to show that — A F> S” preserves stable equivalences of symmet-
ric spectra. Since the cofibrant replacement X°/ — X is a levelwise weak
equivalence, it is also a m.—isomorphism. Hence

XPNZ—XANZ

is a m,—isomorphism and thus a stable equivalence. We conclude that it suffices
to prove that — /\FE S" preserves stable equivalences between cofibrant spectra.
Let E be an Q—spectrum. Recall from the proof of Proposition 6.3.12 that

Fs(FXS",E) = R'E

is an Q-spectrum which at level m is the space Q"E,,.,,.
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By Lemma 7.4.1, there is a natural isomorphism
(X AFES" El' = [X, Fs(F S, E)|'
which shows that X A F=S”" —s ¥ A F> S is a stable equivalence. O

We have the analogous result for orthogonal spectra, recalling that for or-
thogonal spectra the class of stable equivalences is equal to the class of m.—
isomorphisms by Lemma 6.3.27.

Theorem 7.4.3 If f: X — Y is a m.—isomorphism of orthogonal spectra, then
X ANZ — Y A Zis a m.—isomorphism for any cofibrant orthogonal spectrum
Z.

Proof We follow the same plan as for Theorem 7.4.2. Assume that — A F,(? N
preserves m.—isomorphisms, then Lemmas 3.2.7, 3.2.13 and 6.2.11 give the
general case.

Let Cf be the homotopy cofibre of f. Then (Cf) A F §” is the homotopy
cofibre of

FAEOS": X AFO 85" — Y AFY 5™,

Thus it suffices to prove that W A FY S” is m,—isomorphic to * for any W with
. (W) = 0.

We prove this directly, arguing via elements of homotopy groups. Recall that
the map A,,: FO_ §' — FY 50 is the adjoint of the map

n+l

1 (V]
St = EVn+l

FOS%=0@m+ 1), Aony S!

which is t — [Id, 7], see Definition 6.2.12. The central point is that the two
maps

A,Ald
Fy S = FY S" AFQ S" —=F. §"
IdAd,
are homotopic. These maps are determined by their adjoints
82" == 0(2n)+ Now S = (0(2n)/O(n));+ A S*".

The top map sends ¢ € S?" to the equivalence class [Id, ], the lower map
sends it to the equivalence class [7,,,, ], where 7,, is the block permutation
matrix exchanging the first n coordinates with the last n. As O(2n)/O(n) is
path-connected, these two maps are homotopic. Hence 4, A Id and Id A 4, are
homotopic.
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Let a € m,(FY S™ A W) be represented by f: FO §9*" — FY §" A W. Our
calculation on 4,, shows that the two composites

o o WAf o o A, AIdAId o
F,)S" AR S4" —— F) S"AF,) S" AW _————F S"AW
IdAA, Ald

are homotopic. The lower composite is Id A g, where

NG
g=WU, Ald)o f: F;EDS[IHLF,?S"/\WAM W

We may choose r large enough so that g, and hence Id A g, is homotopic to
zero. The upper composite of our pair of maps is equal to

A, AId f
FO  §matr = FO §n AFO §ar L FO g0t 3 FO g1 A W

which is another representative for a, as

FO

n+q+r O ¢g+r
n+rS - Fr N

induced by A4,, is a m.—isomorphism. Putting this together, we have shown that
a = 0 and thus

m (FY S" AW) =0
as claimed. O

Corollary 7.4.4 Working in either orthogonal spectra or symmetric spectra,
let X — Y be a stable equivalence of cofibrant spectra. Then

XANZ—YNANZ

is a stable equivalence for any spectrum Z. Furthermore, let W be an orthog-
onal spectrum and n,m € N. Then

Tn(FY 8" A W) = 7 n(W).

Proof For the first statement, let 7 — Z be a cofibrant replacement of Z,
which is a levelwise weak equivalence and hence a stable equivalence. There
is a commutative square

XNZ—YNZ

[

X ANZS —— Y ANZT,

We have seen that the vertical maps and the lower horizontal map are stable
equivalences, so the result follows by the two-out-of-three axiom.
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By the first part, the map A,,: F® §" —s F(? S induces a stable equivalence
FOS"AW —E) SO AW =W
Therefore, one has isomorphisms of homotopy groups of orthogonal spectra
Tnin(W) = Tin(EO S" AW) = 7, (FO SO AW A S™) = 7,(FO SO AW). O

Remark 7.4.5 Inalgebra, amodule M over aring R is said to be flat if M®— is
exact. Hence tensoring with a flat module preserves homology isomorphisms.

Therefore, we may describe the previous theorems as saying that a cofibrant
spectrum is “flat”. Or more simply, “cofibrant implies flat” in the stable model
structures of symmetric and orthogonal spectra.

Before we prove the pushout product axiom for spectra, we show that smash-
ing an acyclic cofibration with a spectrum gives a h—cofibration that is a stable
equivalence. This result is needed to prove the existence of model structures of
modules and rings. The statement is known as the monoid axiom in [SS00].

Lemma 7.4.6 Let 8 denote either symmetric spectra or orthogonal spectra.
If f: X — Y is a h-cofibration in § and Z is a spectrum in 8, then the map

fAId: XAZ—YANZ
is a h—cofibration.

Proof A h—cofibration is defined using a pushout and smashing with spaces
(see Definition 6.2.7 and Appendix A.5). Both these operations are preserved
by — A Z. Tt follows that for a h-cofibration f, the map f A Z will be a h—
cofibration too. O

Corollary 7.4.7 (The monoid axiom) Let 8 denote either symmetric or or-
thogonal spectra. Let X — Y be a stable equivalence and g—cofibration of
spectra and Z a spectrum. Then

XANZ—>YNZ

is a stable equivalence and a h—cofibration.
Pushouts and sequential colimits of such maps are also stable equivalences
and h—cofibrations.

Proof Let X — Y be a stable equivalence and g—cofibration. Since every
g—cofibration is a h—cofibration,

XNZ—YANZ

is a h—cofibration. Let C = Y/X be the cofibre of X — Y. By Lemmas 6.2.9
and 6.3.16, C is homotopy equivalent to the homotopy cofibre of f.
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The spectrum C is cofibrant and stably equivalent to % because f is a sta-
ble equivalence. We know that — A Z%/ preserves stable equivalences, so the
homotopy cofibre of

fFAZOT X ANZOT — ¥y Az

is also stably equivalent to * as well as stably equivalent to C AZ%/. Now C A—
preserves stable equivalences, so C A Z¢/ ~ x in turn is stably equivalent to
C A Z. This implies that

XANZ—>YNZ

is a stable equivalence too, because it is a h—cofibration whose homotopy cofi-
bre is stably equivalent to .
The last statement is a consequence of Lemmas 3.2.13 and 6.3.16. O

Theorem 7.4.8 The stable model structures on orthogonal spectra and sym-
metric spectra are symmetric monoidal model structures.

Proof We work in orthogonal spectra for definiteness. The case of symmet-
ric spectra is the same. We have seen that the levelwise model structure is
monoidal in Lemma 7.4.1. The levelwise model structure and the stable model
structure have the same cofibrations. Therefore, all that remains is to prove
the pushout product axiom for a g—cofibration and an acyclic g—cofibration
ji X—Y

By Lemma 7.1.13 we may assume that the g—cofibration is a generating
cofibration

FOi: F9A — FYB.
The pushout product is now

IdAE? i
XAFOA—""" . XAF°B

1T

YAFPA—=XAFOB [ | YARYA

IdAED i

Since FY A and FY B are cofibrant, Theorem 7.4.3 implies that both maps la-
belled j Ald are stable equivalences and g—cofibrations. Therefore, the pushout
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h is a stable equivalence (and a g—cofibration). It follows that j DFf? iis a stable
equivalence.

As the unit is cofibrant, the other point of the pushout product axiom holds.

O

Theorem 7.4.9 The Quillen equivalence between symmetric spectra and or-
thogonal spectra

PY: 8 —89: UY
is a strong symmetric monoidal Quillen equivalence.
Proof We want to give a natural isomorphism

POXAY)=PIX APYY

for symmetric spectra X and Y. We use the formulae of Lemma 7.3.18 and
Proposition 7.3.22 to obtain this isomorphism. Starting at one side we have
POXAY) = [“0se,-)AXAY),
= [ 05(c,~) AZsa+b,c) A Xy A Y,
= fa,bezs Os(a+b,—) AN X, N Yy,

where the last isomorphism is (a contravariant version of) Lemma 7.3.6.
Starting at the other end we use the same formulae to obtain the first two
comparisons.

POX ABOY

[4% 05(d + e,=) A BOX)4 A (POX),

<% 0cd + e, -) A ( [ 0s(a, d) A xa) A ( [ 05(b,0) A Yb)
[4052 2% 05(d + e,=) A Os(a,d) A Xy A Os(b,€) A Y

fa,hEZS os(a + b, _) A Xa A Yb

I3

I3

The third isomorphism follows as colimits commute with colimits, and the
last is Lemma 7.3.6. Thus we have our desired natural isomorphism and Pg is
strong monoidal. It is strong symmetric monoidal as the map Xg — Og is a
morphism of symmetric monoidal categories. O

Hence at the level of derived categories, we have strong symmetric monoidal
equivalences of triangulated categories

LPY: Ho(8%) = Ho(8"): RUY.

Since the monoidal structures on Ho(8*) and Ho(8°) agree, we have con-
structed a single closed symmetric monoidal structure on SH{C. Moreover, this
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monoidal structure has the properties listed in Theorem 7.1.14. Summarising,
we have the following.

Corollary 7.4.10 The stable homotopy category is a tensor-triangulated cat-
egory. O

Similar arguments to the above apply to symmetric spectra in simplicial
sets, see Hovey et al. [HSSOO0] for a complete treatment. Therefore, the stable
model structure on symmetric spectra in simplicial sets, $*(sSet, ) is a symmet-
ric monoidal model category whose homotopy category is strong symmetric
monoidally equivalent to SHC.

7.4.2 Homotopy Groups of a Smash Product

In this section we prove that the handi-crafted smash product of sequential
spectra is related to the smash products of orthogonal and symmetric spectra
and we give a formula for the homotopy groups of a smash product.

Since symmetric spectra and orthogonal spectra are symmetric monoidally
Quillen equivalent, it suffices to compare the handi-crafted smash product on
sequential spectra with the smash product of orthogonal spectra. Note that the
implied relationship to symmetric spectra will have to phrased carefully as not
every stable equivalence of symmetric spectra is a m.—isomorphism.

We start by proving that for cofibrant orthogonal spectra X and Y there are
natural isomorphisms

T,(XAY)=colimm, ,(X, AY) = col})m Tprarh(Xa A Yp).
a a,

In the first and second terms, . indicates homotopy groups of spectra, in the
last term 7, denotes homotopy groups of spaces. Note that the second isomor-
phism follows automatically from the definition of homotopy groups of spec-
tra, and note that we need to move S! past X, (a twist map) before we may
use the structure maps of Y. We will then relate this formula to the homotopy
groups of a handi-crafted smash product.

Proposition 7.4.11  For cofibrant orthogonal spectra X and Y, there is a nat-
ural isomorphism of abelian groups

COlim 7.0, (Xa A Yy) — (X A Y).

Proof The map of orthogonal spectra

A: FY

a+l

X, AS' — FIX,

of Definition 6.2.12 is a m,—isomorphism. Since Y is cofibrant, — A Y preserves
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m.—isomorphisms by Theorem 7.4.3. Consequently, there is a natural isomor-
phism

TaEC Xy ASYAY) 5 mu(FO X, A Y).

a+1

We have a commutative diagram

Eh o
FO X, AS! —— FO Xuu
FO x, X

where the unlabelled maps come from the counit maps FO, Ev® . — Id and

a+l a+l
FO Ev® — Id. The top map is induced by the structure map on X.
As the map A is a m,—isomorphism, there are natural maps
o A 0 1 0
7 (Fy Xo) — ma(F X AST) — ma(Fyy Xav1)

a+l1

and thus

T (FO X, AY) — m,(FO Xy ASTAY) — m,(FO Xur1 AY).

a+1 a+l1

By Corollary 7.4.4 these induce a natural map on colimits

Yn(X,Y): colimm, (X, AY) = colimn’n(FS) X, ANY)—> m,(XAY).
a a

We want to prove that this map is an isomorphism. It is true for ¥ = S = F(()9 50
by the definition of homotopy groups of an orthogonal spectrum.

Consider the class of those Y in the homotopy category of orthogonal spectra
where (X, Y) is an isomorphism. Both colim, 71,,,,(X,A—) and 7,(XA—) com-
mute with coproducts and send exact triangles to long exact sequences. (For
the second, we note that X A — and Ff? X, N\ — preserve cofibre sequences, that
7, sends cofibre sequences to long exact sequences and that exact sequences
are preserved by sequential colimits.) Therefore, this class defines a full tri-
angulated subcategory of 8HC which is closed under coproducts and contains
the sphere spectrum.

By Corollary 6.6.8 it follows that the class of Y such that y,(X,Y) is an
isomorphism is the entire stable homotopy category. In other words, ¢, (X, —)
is an isomorphism on every object in the homotopy category of orthogonal
spectra. Therefore, for all cofibrant X and Y,

COlim 7. (Xy A ¥) = oM ysgp(Xa A Yp) = (X AY). o
a a,
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Using the symmetric monoidal model structure on orthogonal spectra, we
can follow Proposition 6.1.7 and define a cohomology theory on the homotopy
category of spectra from any cofibrant orthogonal spectrum E by

E, =n.(E A" ).
Similarly, we can define a reduced homology theory on the category of pointed
spaces by
E. = n(E A" T%-),
see Proposition 6.1.7. Using the formula for the homotopy groups of a smash

product, we can see a relation between the values of E* on the levels of a
spectrum X and E.(X).

Corollary 7.4.12 Let E and X be cofibrant orthogonal spectra. Then
E,(X) = colim En(X)).

Proof The result follows from the isomorphisms

E (X) = m,(E AV X) 7.(E A X)
COlima,b ﬂn+a+h(Ea A Xb)
colimy, 71, 5(E A Xp)

colimb En+b (X},)

e 1

1R

Here, A™ denotes the derived smash product in S$J{C. We have the second
equality as the spectra are all cofibrant. O

Since the smash product preserves colimits, the derived smash product in-
teracts well with homotopy colimits. This allows us to give a neat formula for
the homology of a sequential homotopy colimit. We start by looking again at
sequential homotopy colimits.

Let A € 89 be cofibrant. Then, for a sequential diagram of orthogonal spec-
tra

XL B B
there is a weak equivalence
A A hocolim X,, ~ hocolim(A A X,,).

This follows by replacing the sequential diagram with a cofibrant diagram (see
Example A.7.9) and from the fact that A A — preserves cofibrant diagrams as it
is a left Quillen functor.

If the maps of the diagram were h—cofibrations, then Corollary A.7.10 says
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that it suffices to take the colimit without performing any cofibrant replace-
ments. In this case the above weak equivalence becomes an equality as A A —
preserves h—cofibrations by Lemma 7.4.6.

Lemma 7.4.13 Let E be a cofibrant orthogonal spectrum representing the
homology theory E.. Then

E.(hocolim(X},)) = colim E.(X},)
Proof This follows from the above discussion and Lemma 6.6.15. O

Let X and Y be cofibrant orthogonal spectra. If we forget down to sequential
spectra, we may take the homotopy groups of the handi-crafted smash product

m,(U9X A UlY) = colim 7,.24(Xa A Ya) = cOIM 01X A V).

Hence we see that the homotopy groups of the underlying handi-crafted smash
product agree with those of the smash product of orthogonal spectra.
We could further ask for a map

UoX A UJY — US(X A Y).
an

It is possible to make a map on each level. For example on the even levels,
the map S — Os(2n,2n) = O(2n), sends the non-basepoint to the identity
matrix. This induces a natural map

a,bEOg
Xn/\Yn—>(X/\Y)2n=f Os(a+b,2n) ANX, N Y,

as any term of a colimit admits a preferred map to the colimit itself. Similarly
on odd indices we have S® — Og(2n + 1,2n + 1) = O(2n + 1),, which sends
the non-basepoint to the identity matrix. This induces a natural map

a,beOg
X ANY, — X AY)ps = f Os(a+b,2n+ 1) A X, A Y.

However, the square involving these maps and the structure maps of the do-
main and codomain is commutative only up to homotopy. Further details are
given in [MMSSO01, Section 11]. The relation between the handi-crafted smash
product of sequential spectra and the smash product of symmetric spectra is is
discussed in [HSS00, Remark 4.2.16].

7.5 Spanier—Whitehead Duality

Spanier—Whitehead duality is a relation between the homology and cohomol-
ogy of finite CW complexes. It was the original motivation for constructing the
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Spanier-Whitehead category SW, see [SW55]. Now that we have a closed sym-
metric monoidal structure on the stable homotopy category, we can place those
early results in a more formal framework which shows that compact spectra in-
teract exceptionally well with the closed monoidal structure on SHC. In this
section we give a brief account of the concepts. A discussion of historical ver-
sions can be found in [Ada74, Section III.5] and further details can be found
in [LMSM86, Chapter III] and [DP80].

We work in the stable homotopy category and use “spectrum” to mean an
object of SHC and “map” to mean a map in SHC. While one can translate
the following to statements about symmetric or orthogonal spectra, one would
then need to keep track of fibrancy and cofibrancy conditions.

Definition 7.5.1 The Spanier—Whitehead dual of a spectrum X is
DX = RHom(X, S)

where R Hom is the internal function object of SJH{C. This is often shortened
to just the dual of X.

Given a spectrum X, the adjoint of the identity map of DX gives an evalua-
tion map

e: DX AP X — S,
A spectrum X is strongly dualisable if there is a map
n: S — X AF DX
such that the two composites below are the identity maps.

L1d &
X=SAEX 2 X ALDX AL X 25 x ALs = X

IdAk &
X=XALS —5 DX AL X AFDX ZS s Al X = X
Example 7.5.2 The dual of S” is S™ for n € Z. This follows from the more
general case D F,? Sl = Flo Sk for k,1 € N. We have isomorphisms

[A,RHom(F? S, S)] ANFD S S]

A NFD Stk 3kg]
A NS EFS]
ANSLFY 5K
AASLEP Sk
A,FpP .

1R

13

13

13

— — —_ — —

13

In particular we can conclude that the sphere S and all of its (de)suspensions
are strongly dualisable.
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Let M denote the mod-p” Moore spectrum. We have an exact triangle in
SHE

s s M

We know that R Hom(—, S) is an exact functor by Theorem 7.1.14, so we have
an exact triangle

ps' 2 ps' — DM — Ds.
Using that DS! = S7!, the above becomes
s s DM — s
and thus DM = X' M.

We can give an alternative characterisation of strongly dualisable spectra.
For any spectra B and X there is a natural map

vpx: B A X — RHom(DX, B)
induced by
L L IdAMT L L & L
BAN*XAN"DX —— BAN"DXAN"X— BA"S =B.

Lemma 7.5.3 When the spectrum X is strongly dualisable, there is an ad-
junction

- AEDX: SHE 2 8HEC - AV X
A spectrum X is strongly dualisable if and only if the natural map
vex: B A¥ X — RHom(DX, B)
is an isomorphism for all B.

Proof After tensoring with a spectrum A, the maps 77 and £ from Definition
7.5.1 form the counit and unit of the adjunction. The triangle identities of an
adjunction then follow from the two conditions relating r and €.

Assume that X is strongly dualisable. Then we have natural isomorphisms

[A, B A~ X] = [A A" DX, B] = [A,RHom(DX, B)]

for every A, which shows that the map vp x is an isomorphism.
Conversely, the natural isomorphisms

[A, B A" X] = [A,RHom(DX, B)] = [A A" DX, B]

give an adjunction. The unit 17 comes from the case of A = S and B = DX and
corresponds to the identity of DX under the given isomorphisms. O
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Corollary 7.5.4 Let X be a strongly dualisable spectrum. Then
vsx: X — DDX

is an isomorphism. Furthermore, for strongly dualisable X and for any spectra
A and B, the map

R Hom(A, B) A¥ X — RHom(A4, B A" X)

induced by the adjoint to the evaluation R Hom(A, B)A*A — B is an isomor-
phism. O

Theorem 7.5.5 A spectrum is strongly dualisable if and only if it is compact.

Proof Consider the class of strongly dualisable spectra, thought of as those
spectra X such that

vpx: BAX — RHom(DX, B)

is an isomorphism for all B. This class forms a thick subcategory of SJ(C as it
is closed under retracts and because the functors

B® — and RHom(D(-), B)

are exact by Corollary 7.4.10. This thick subcategory contains S and hence
contains all compact objects by Theorem 6.6.13.
Conversely, assume X is strongly dualisable. We have a natural isomorphism

[DX, -] =[S, - A" X],

and the right hand side commutes with coproducts. Therefore, DX is compact.
By the previous step, as DX is compact, it is also strongly dualisable. Thus
DDX = X is compact. O

As a consequence, we obtain the following.

Theorem 7.5.6 (Spanier—Whitehead duality) Let E and X be spectra, and let
X be compact. Then there is a natural isomorphism

E.(X)=[S,E A X], = [DX, E], = ET/(DX).
[m}

Remark 7.5.7 1If we let X = A, we can try to use this to apply Brown
representability to homology theories. This works for finite CW-complexes,
but we must be cautious when using infinite complexes due to phantom maps,
see Remark 6.1.8.
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7.6 Ring Spectra and Modules

Using our symmetric monoidal product on orthogonal and symmetric spectra,
we can define ring spectra (monoids), commutative ring spectra (commutative
monoids) and modules over a ring spectrum. We prove that there are model cat-
egories of modules over a ring spectrum in symmetric spectra and orthogonal
spectra and that these categories are Quillen equivalent (in a suitable sense).

We then turn to ring spectra and discuss model categories of ring spectra
in symmetric spectra and orthogonal spectra and compare them via Quillen
equivalences.

Let 8§ denote either orthogonal spectra or symmetric spectra.

Definition 7.6.1 A ring spectrum is a spectrum R € 8§ with maps in &
U:RAR— R and : S — R

such that y is associative and unital with respect to . A map of ring spectra
f: R — S is a map of spectra that commutes with the multiplication and unit
maps.

A spectrum R is called a commutative ring spectrum if it is a ring spectrum
and the following diagram commutes

where 7 is the twist map. A map of commutative ring spectra f: R — T is a
map of ring spectra.

Ring spectra are also often called algebras.

Examples 7.6.2 We have already seen some examples of ring spectra. We
recap these examples here.

Sphere spectrum The sphere spectrum is a commutative ring spectrum in
symmetric spectra and orthogonal spectra.

Eilenberg-Mac Lane spectra For R a (commutative) ring, the Eilenberg—
Mac Lane spectrum HR from Examples 6.3.2 is a (commutative) ring spec-
trum in symmetric spectra. Level n of HR is given by

HR,=|S)"®R|.
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The (commutative) ring structure comes from the natural map
(KQR)A(L®R) — (KAL)®R

induced by sending the simplex (k- r,/-s)to (kA l)-rs.

Endomorphism spectra For any spectrum X, the spectrum Fg(X, X) is a ring
spectrum. The composition map

Fs(X,X) A Fs(X, X) — Fs(X,X)
is defined via its adjoint map
Fs(X,X)ANFs(X,X\)AX — X

which is two instances of the evaluation map Fs(X,X) A X — X, which is
adjoint to the identity of Fs(X, X). The unit map S — Fs(X, X) is defined as
the adjoint of the identity map on X. In general, there is no reason for this ring
spectrum to be commutative.

Dual spectra For an unpointed space A, the spectrum DA, = Fs(A4,YS) is
a commutative ring spectrum. The unit map is induced by the terminal map
A — = in unpointed spaces. The multiplication map is given by the composite

Fs(A+,S)ANFs(A1,S) — Fs(AL AAL, SAS) = F((AXA),,S) — Fs(As,S)

where the last map is induced by the diagonal A — A X A. Since the diagonal
on unpointed spaces is co-associative and co-commutative, the spectrum DA,
has an associative and commutative multiplication.

More examples of ring spectra can be found in [Sch07b, Chapter 1.2]. Con-
structing point-set models for commutative ring spectra can be quite involved.
As an example of some of the complexities, a point set model for the spec-
trum of real K-theory KO (see Section 8.4.2) can be found in work of Joachim
[JoaO1].

Definition 7.6.3 A spectrum M is a left module over a ring spectrum R if
there is a map

ViRAM — M

which is associative and unital. A map of module spectra f: M — N is a map
of spectra that commutes with the module action maps. A right module over R
is defined similarly, but with R on the right of the module.

By default, a module will mean a left module.

Examples 7.6.4 We already know several examples of module spectra.
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e Every spectrum is a module over the sphere spectrum.

e If R is a ring spectrum, then it is a module over itself.

e For any spectrum X, the free R-module on X, R A X, is a left R-module, with
R acting on itself.

e If M is a module over a ring R, then the Eilenberg—Mac Lane spectrum HM
is a module over HR.

e The spectrum X is a module over Fs(X, X).

One motivation for the study of ring spectra is that they induce cohomology
theories with cup products.

Lemma 7.6.5 If E is a (commutative) ring spectrum and A is an unpointed
space, then E*(A.,) is a (commutative) graded ring.
If M is a module over E, then M*(A.) is a graded module over E*(A.).

Proof Similarly to the multiplication on dual spectra, we define the multipli-
cation using the multiplication i of E and the diagonal map A: A — A X A as
below.

E"(A)®E"(A,) = [A,E].®[A,,E].. — [A, NA,,EAE]_, — [A,E].

This is commutative when E has a commutative multiplication. The second
statement is similar. O

We may now consider the categories of ring spectra and the category of
modules over a fixed ring spectrum. We leave commutative ring spectra to
Section 7.7 and turn to modules over a ring spectrum.

Definition 7.6.6 For a ring spectrum R € 8, the category of (left) R—modules
is denoted R—mod.

As with algebra, there is an adjunction
RA-:8] * R-mod : U

where the right adjoint U is the forgetful functor and the left adjoint sends a
spectrum X to the free R—module R A X. There is a right adjoint to U denoted
Fs(R, —). The action map

R A Fs(R, M) — Fs(R, M)
is defined to be the adjoint of multiplication followed by evaluation
1d
RARA Fs(R, M) 225 R A Fs(R, M) — M.

The category of R—modules has all small limits and colimits. Colimits are
defined as the colimit of the diagram of underlying spectra, with action map
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given by commuting R A — past the colimit (which is an isomorphism). The
case for limits is similar, and it follows that the functor U preserves all limits
and colimits.

The category of R—modules is tensored, cotensored and enriched over pointed
spaces. The tensor M A A is given by smashing a module M with a space A
and by letting R act on M as before. The cotensor Top, (A, M) has the same
underlying spectrum as for the cotensor of spectra, with action map adjoint to

TAR Id M
A AR A Top, (A, M) D RAA ATop,(A,M) — RAM — M.
The enrichment over pointed spaces is given by an equaliser
TopR(M, N) = eq(Top, (M, N) == Top,(R A M, N)).

The two maps are defined by their adjoints, with the unmarked maps being the
evaluations.

/ X
R A M A Top,(M,N) \N
% /

M A Top, (M, N)

We give the main result on modules over ring spectra. This is similar to the
part of [SS00, Theorem 4.1] which relates to modules, but we do not make the
strict smallness assumptions of that result.

Theorem 7.6.7 Let R € S be a ring spectrum. There is a model category of
modules over R where f is a weak equivalence or fibration if Uf € 8 is a weak
equivalence or fibration.
This model category on R—mod is cofibrantly generated, proper and stable.
If R is commutative, R—mod is a closed monoidal model category.
Furthermore, if R is cofibrant, then a cofibration of R—modules forgets to a
cofibration of 8.

Proof We use the lifting lemma A.6.12 to obtain the model structure. The
most complicated part is verifying the smallness conditions. The generating
sets of R—mod are given by applying R A — to the generating sets for §, see
Definitions 6.2.15 and 6.3.18. Lemma 7.4.6 says that the generating cofibra-
tions of R—mod are h-cofibrations. As U preserves all colimits, the smallness
conditions will hold if the domains of the generating sets of § are small with
respect to the class of 4—cofibrations in the category S.

By Lemma A.5.7, shifted suspension spectra FEA and FSJ A are small in 8
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with respect to the class of h—cofibrations when A is a pointed compact topo-
logical space. The domains of the generating sets of S are defined in terms
of pushouts of shifted suspension spectra on compact spaces, hence they are
small with respect to the class of h—cofibrations by Lemma A.6.5.

The final condition to verify for the lifting lemma is the condition on acyclic
cofibrations. Lemma 7.4.6 and Corollary 7.4.4 show that R A — takes the gen-
erating acyclic cofibrations of 8 to stable equivalences that are A—cofibrations.
As these are preserved by pushouts and sequential colimits, the results follows.

Properness follows as colimits, limits, fibrations and weak equivalences are
given in the underlying category of spectra and every cofibration of R—-modules
is a h—cofibration by Lemma 7.4.6. Stability also follows from considering
underlying spectra.

When R is commutative, the tensor product over R given by

Ald
M/\RNzcoeq(M/\RAN:::;MAN)
AvN

defines a monoidal product just as with rings and modules in algebra. The
internal function object is given by an equaliser. Proposition 7.6.8 will show
that R—mod satisfies the unit statement of the pushout product axiom. The rest
of the pushout product axiom follows as the (co)domains of the generating
sets are free R—modules. The monoid axiom follows from that for spectra as
the generating acyclic cofibrations are free R—modules.

When R is cofibrant, the functor R A — preserves cofibrations. Hence the gen-
erating cofibrations of R—mod, and thus all cofibrations, forget to cofibrations
of 8. O

We have the module equivalent of “cofibrant implies flat”.

Proposition 7.6.8 Let M be a cofibrant R—module in S, where R is a com-
mutative ring spectrum. Then — Ar M preserves stable equivalences and m,—
isomorphisms.

Proof When M = R A X for a cofibrant spectrum X, this follows from The-
orems 7.4.2 and 7.4.3. The same method as the proof of those theorems gives
the general case. O

Now that we have categories of modules over a ring, it is natural to ask
about change of rings functors. Let f: R — R’ be a map of rings and M an
R’—module. Let

Ur:RAR— R and ug: R AR — R’
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denote the multiplication maps of R and R’, with the action map of M denoted
vu:RAM — M.

We may define an R—module f*M by taking the same underlying spectrum as
M with action map given by pre-composition with f

fAld vt
RAM — R ANM — M.

This functor f*: R’~mod — R-mod has both left and right adjoints and hence
preserves all limits and colimits. Let N be an R—module with action map

vw: RAN — N.

Then the left adjoint is given by

proldA fAId
R’ Agr N = coeq (R’ /\R/\Nld:$R’ AN).

AVN

The right adjoint is given by a similar formula, namely
Fr(R',N) = eq(Fs(R',N) == Fs(R' AR, N)).

Theorem 7.6.9 Let S denote either symmetric spectra or orthogonal spec-
tra and let f: R — R’ be a map of ring spectra. Then the change of rings
adjunction is a Quillen adjunction

R’ Ag —: R-mod 7 R'-mod : f* .

Furthermore, if f is a stable equivalence, this adjunction is a Quillen equiva-
lence.

Proof The right adjoint f* preserves and detects fibrations and weak equiva-
lences, so (R’ Ag—, f*) is a Quillen adjunction. When f is a stable equivalence,
the derived unit on a cofibrant R—module M

MZR/\RM—>R’/\RM
is a weak equivalence by Proposition 7.6.8. O

We now show that the homotopy category of R—modules does not depend
on whether we work in orthogonal or symmetric spectra. In the following we
use the fact that the functor Pg from symmetric spectra to orthogonal spectra
is strong monoidal to produce the displayed functors at the level of module
categories.

Let R be a cofibrant ring spectrum in symmetric spectra, and let R’ be a ring
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spectrum in orthogonal spectra. If M is an R—module in symmetric spectra,
then PY M is a PY R-module with action map

PYR APIM = PQ(R A M) — PY M.

If Nis a UgR'—module in symmetric spectra, then Pg N is a module over
Pg Ug R’, hence we define an R"—module LN in orthogonal spectra by

LN =R’ Apoyog PN

The right adjoint Ug passes to the various module categories in a similar fash-
ion, using the monoidal structure on the functor and the unit map. More details
on these adjoints can be found in [SS03a].

Theorem 7.6.10 Let R be a cofibrant ring spectrum in symmetric spectra
and R’ a ring spectrum in orthogonal spectra. Then there are commutative di-
agrams of Quillen adjunctions in which the horizontal adjunctions are Quillen

equivalences.
By L
_— _—
R-mod Pg R-mod Ug R’'—mod R’'—mod
Uy oy
RA-| | U PORA-| |U UPRA-| |U RA-| |U
Py Py
8* §9 §* §9
#
Uy Uy

Proof The squares of right adjoints commute, hence so do the squares of
left adjoints. The functors labelled UEo are right Quillen functors at the level
of spectra. They are also right Quillen functors at the level of modules as the
fibrations and acyclic fibrations of modules are defined in terms the functors
labelled U.

To see that the upper adjunctions are Quillen equivalences we only need
consider the derived units. For the left hand square this follows from the fact
that

PY: 8§ —=28Y:uf.

is a Quillen equivalence: the derived unit and counit of the top adjunction are
weak equivalences of module spectra because the underlying maps of spectra
are weak equivalences.

For the right hand square, we use the same argument to see that

P : UPR'~mod = PYUYR'~mod : UY
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is a Quillen equivalence, and then we compose it with the change of rings
Quillen equivalence of Theorem 7.6.9. O

We will now turn our attention to the category of ring spectra in 8. As with
commutative ring spectra later, we sketch some of the key constructions and
results. We leave details to our references.

The category of rings has all small limits, which are constructed by forget-
ting to the underlying category 8 as follows. Take a diagram of ring spectra

‘pi,jz Ri — Rj'
for i, j in some indexing set. Then the smash products of the canonical maps

limR; AlimR; — Ry ARy — Ry
i J
induce a map to the limit lim; R;. This defines a multiplication map on the
limit. The construction of colimits is more complicated. One can either show
that filtered colimits of ring spectra can be constructed in 8§ and use Borceux
[Bor94, Section 4.3] or take the approach of Elmendorf et al. [EKMM97,
Propositions I1.7.2 and VII.2.10].

The initial object in the category of ring spectra is the sphere spectrum S,
the terminal object is *. Hence the category of ring spectra is not pointed, so in
particular the model structures we will put on these categories are not stable.

Definition 7.6.11 The category of ring spectra in 8 is denoted ring—8. The
free ring spectrum TX on X € § is defined by

TX = \/XA”

n>0
with X0 := §.

Let U denote the forgetful functor from ring spectra to spectra. This is the
right adjoint to the free functor

T: S<_’ ring-8 :U .

The main theorems on ring spectra are the existence of the model structures
as well as the Quillen equivalences between ring spectra in symmetric spectra
and ring spectra in orthogonal spectra.

Theorem 7.6.12 There is a model structure on the category of ring spectra
where f is a weak equivalence or fibration if Uf € 8 is a weak equivalence or
fibration.

If f: X — Y is a cofibration of ring spectra then Uf is a h—cofibration of
spectra. If X is a cofibrant ring spectrum, then U f is a g—cofibration of spectra.
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In particular, a cofibrant ring spectrum is cofibrant as a spectrum. For the
proof of the theorem, one applies the lifting lemma to the adjunction

T:8 —H ring-8 : U

and follows the strategy of [SS00, Theorem 4.1], see also [MMSSO01, Theorem
12.1]. One ingredient for this is [SS00, Lemma 6.2], which can be modified
to drop the smallness assumption of the original result by using A—cofibrations
similarly to Theorem 7.6.7.

Since PY:8* 89 :UY is a strong symmetric monoidal Quillen ad-
junction, it passes to the level of ring spectra.

Theorem 7.6.13  There are commutative diagrams of Quillen adjunctions in
which the horizontal adjunctions are Quillen equivalences.

PO
ring-8* ring-8°©
uy

pY
&89

uy
Proof Since the fibrations and weak equivalences in our model structures on
ring spectra are defined in terms of the underlying model categories of spectra,
we have a Quillen adjunction. Since a cofibrant ring symmetric spectrum is a
cofibrant symmetric spectrum, the derived unit and counit are stable equiva-
lences at the level of ring spectra. O

Given a commutative ring spectrum R, one can define the category of R—
algebras to be the category of ring spectra under R. This has a model structure
by [DS95, Remark 3.10]. As with Theorem 7.6.10, one can then compare R—
algebras in symmetric spectra with Pg R-algebras in orthogonal spectra. The
adjoints in this result become more complicated, so we refer to Schwede and
Shipley [SS03a] for details.

7.7 Commutative Ring Spectra

There are model structures on the categories of commutative ring symmetric
spectra and commutative ring orthogonal spectra. These model structures are
even harder to construct than those for ring spectra. The problem arises from
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the X,—action of the n-fold smash of a spectrum. As an example of the extra
difficulties caused by symmetry, consider the case of chain complexes over the
integers. The chain complex D* is given by

Dkz(...<_0<_z<iz<_0<_...)

with the copies of Z in degrees k and k — 1. It is therefore acyclic. However,

PDk — @(Dk)‘@n/zn

n>0

is not acyclic. This implies that there is no model structure on integral commu-
tative differential graded algebras with the homology isomorphisms as weak
equivalences and with surjections as fibrations.

For spectra this problem is resolved by Lemma 7.7.4, which implies that the
analogous free commutative algebra functor P preserves weak equivalences
between cofibrant spectra. A complete account of the existence of the model
structure of commutative ring spectra would take us too far afield and would be
best placed alongside a comprehensive account of E.—ring spectra and oper-
ads. We leave these to the numerous references on the subject, such as Elmen-
dorf et al. [EKMMO97], Harper [Har09, Harl5], and May [May77b]. Instead,
we give an overview of the properties of the model structure on commutative
ring spectra, which is lifted from the “positive stable model structure” on sym-
metric spectra and orthogonal spectra.

The positive stable model structures are required to avoid a problem origi-
nally identified by Lewis in [Lew91]. The problem is that if S is a cofibrant—
fibrant spectrum that is also a commutative ring spectrum, then level zero of
this spectrum would be a strictly commutative model X for QS, see Definition
2.1.14. By [Mo058, Theorem 3.19] the basepoint component of X is a product
of Eilenberg—Mac Lane spaces, but this is not true of the basepoint component
of 0S°.

The following result summarises Mandell et al. [MMSSO01, Section 14].

Proposition 7.7.1 There are positive stable model structures on symmetric
spectra and orthogonal spectra. The weak equivalences are given by the stable
equivalences. The cofibrations are called the positive g—cofibrations, which are
precisely the class of g—cofibrations that are homeomorphisms in degree zero.
The fibrations are called the positive fibrations. We denote the positive stable
model structures by 8% and 89 .

These model structures are cofibrantly generated proper model structures.
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Furthermore, there is a commutative square of Quillen equivalences

PP o
y —
8% 8¢
up
d| |1d d| [I1d
Y
S* 89
« "o
uy

We give the generating sets for the positive stable model structures. They are
the generating sets of the stable model structures, but with maps in the image
of Z* removed.

wber = Diovere = (FJST — DY) |a €N, d >0

JO = {FQ(D? — (D*%[0,1]),) |a €N, d > 0}

level+

IO er = Iy, Ulkeo(S4! 5> DY) a€eN, d> 0}
Lavier = ligrr = Fg(S§™ > D) la e, d>0)

JE = {F3(D¢ — (D*x[0,1]);) |a €N, d > 0}

level+
Jx = J2 , Ulko$s! 5D aeN, d>0}

stable+ level+

From these sets we see that a positive cofibration is a g—cofibration, so every
fibration of the stable model structure is a positive fibration. We also see that
the sphere spectrum is not cofibrant in either positive model structure.

As with ring spectra, a limit of a diagram of commutative ring spectra may
be constructed in the underlying category of 8. The proof that all small colim-
its exist can be found in Elmendorf et al. [EKMM97, Propositions 11.7.2 and
VIIL.2.10] or Borceux [Bor94, Section 4.3]. While an arbitrary colimit in the
category of commutative ring spectra can be very complicated, filtered colim-
its are given by colimits in the underlying category of spectra. The pushout of
a diagram

B—A—C

is given by the smash product B A4 C over the initial term. The initial object
of commutative ring spectra is the sphere spectrum S, and the terminal object
is %, so again this category is not pointed and hence cannot support a stable
model structure.

Lemma 7.7.2 There is an adjunction

P: § " comm-ring-§ : U
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where U denotes the forgetful functor from commutative ring spectra to spectra
and

PX = v XMz,

n=0

with X0 == S. The Z,—action commutes the factors of the smash product.

We may now give the first main result for this section, namely the existence
of model structures on commutative ring symmetric spectra and commutative
ring orthogonal spectra. The proof is particularly difficult and is left to the
references given at the start of the section and [MMSSO01, Section 15].

Theorem 7.7.3 There is a model structure on the category of commutative
ring spectra where f is a weak equivalence or fibration if Uf is a weak equiv-
alence or positive fibration.

The model structure is cofibrantly generated, with generating sets given by
applying P to the generating sets for the positive stable model structures.

Work of Shipley [Shi04] gives an alternative model structure on symmetric
spectra and orthogonal spectra that has better compatibility properties between
commutative ring spectra and their underlying spectra.

The key fact that allows the model structure to exist is the following lemma.
It says that the n-fold smash product of a cofibrant spectrum is X,—free up to
stable equivalence. The proof uses a small amount of equivariant homotopy
theory, see [May96, Chapter 1] for an introduction.

Lemma 7.7.4 For X a positive cofibrant symmetric spectrum or a cofibrant
orthogonal spectrum, the natural map

pX,n: (Ezn)+ /\En XAn i XA”/Zn
is a stable equivalence for any cofibrant X.

The functors Pg and Ug pass to the level of commutative ring spectra and
form a Quillen equivalence by [MMSSO01, Theorem 0.7].

Theorem 7.7.5 There are commutative diagrams of Quillen adjunctions in
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which the horizontal adjunctions are Quillen equivalences.

PO

z
comm-ring—§* comm-ring—§°
Uy
Pl |U p| |U
Py
§* 89
UO

z

This statement is the commutative analogue of Theorem 7.6.13. It says that
we can work with either symmetric spectra or orthogonal spectra. However,
there are sometimes small differences in the behaviour of these model cate-
gories. An example is given by Kro [Kro0O7] which gives a symmetric monoidal
fibrant replacement functor for the positive stable model structure on orthog-
onal spectra. The corresponding construction for symmetric spectra does not
give a fibrant replacement functor.

We can repeat the above with symmetric spectra in simplicial sets, obtain-
ing categories of rings, modules and commutative rings. Geometric realisation
and the singular complex functor give Quillen equivalences between the vari-
ous model categories of rings, modules and commutative rings. Details can be
found in Mandell et al. [MMSSO01, Section 19].

7.8 Applications of Monoidality

We now have commutative smash products on model categories of spectra and
the stable homotopy category as well as model categories of rings, modules and
commutative rings. This is a major improvement on 8", and these structures
have major consequences and applications.

The primary place for such results is Elmendorf et al. [EKMM?97], which has
chapters on the algebraic K-theory of ring spectra and topological Hochschild
homology and cohomology. We leave that material to the reference (see also
Baker and Richter [BR04]) to focus on a number of results on the structure
of the stable homotopy category. They make fundamental use of the monoidal
structure of spectra.

The following result of Shipley [ShiO1] is related to Theorem 7.9.31. This
theorem makes use of the monoidal structure on the model category rather
than on the triangulated homotopy category. It states that the positive stable
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model category of symmetric spectra in simplicial sets is initial among stable
simplicial symmetric monoidal model categories.

Theorem 7.8.1 (Shipley) Let 8%(sSet.) denote symmetric spectra in simpli-
cial sets with the positive stable model structure, and let C be any stable sim-
plicial symmetric monoidal model category. Then there is a simplicial strong
symmetric monoidal left Quillen functor

SE(sSet*) — C.

Much of this book is focused on categories of spectra rather than on stable
model categories in general. The following pair of theorems of Schwede and
Shipley from [SS03b] shows that this is in fact no restriction at all: under some
reasonable assumptions, any other stable model category can be considered as
a category of spectra.

Theorem 7.8.2 (Schwede—Shipley) Let C be a simplicial cofibrantly gener-
ated proper stable model category with a compact generator P. Then there
exists a chain of simplicial Quillen equivalences between C and the model cat-
egory of End(P)-modules. Here, End(P) is a ring spectrum satisfying

7. (End(P)) = [P, PI;
as graded rings.

The ring spectrum can be constructed using the framings of Section 7.9.
With that technology, one can consider the case where C has a set of compact
generators P rather than a single generator. In this case, there is a category
E(P) with objects given by the elements of P. This category is enriched over
8%(sSet,). There are natural isomorphisms

m.(E(P)(A, B)) = [A, B]¢

in a manner that is associative and unital. One can then define an E(P)—
module to be a functor, enriched over symmetric spectra, from E(P) to S*(sSet,).

Theorem 7.8.3 (Schwede—Shipley) Let C be a simplicial cofibrantly gener-
ated proper stable model category with a set P of compact generators. Then
there exists a chain of simplicial Quillen equivalences between C and the model
category of E(P)—modules.

The next results of Shipley [Shi07] and Richter and Shipley [RS17] can be
thought of as extensions of Theorem 7.8.2 in the case where C is the category
Ch(R) of chain complexes of R—modules for a commutative ring R. These re-
sults are extremely significant as they allow us to view the world of algebra as
a special case of spectra.
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Theorem 7.8.4 (Shipley) There is a chain of weak symmetric monoidal Quillen
equivalences between Ch(R) with the projective model structure and HR-module
spectra in symmetric spectra, where HR denotes the Eilenberg—Mac Lane
spectrum of R.

The ring version also holds.

Theorem 7.8.5 (Shipley) There is a chain of Quillen equivalences between
differential graded R—algebras (ring objects in Ch(R)) and ring spectra under
HR in symmetric spectra.

The analogue of the above for commutative algebras is more complicated
due to the difficulty of constructing a model structure on that category. How-
ever, when R = Q, the projective model structure on rational chain complexes
does lift to the level of commutative differential graded algebras.

Theorem 7.8.6 (Richter—Shipley) There is a chain of Quillen equivalences
between E.—monoids in Ch(R) and commutative ring spectra under HR in
symmetric spectra.

There is a chain of Quillen equivalences between commutative differential
graded Q-algebras (commutative ring objects in Ch(Q)) and commutative ring
spectra under HQ in symmetric spectra.

Versions of these last two results were known for some time at the homo-
topical level, see Elmendorf et al. [EKMM97, Section IV.2] and Robinson
[Rob87].

7.9 Homotopy Mapping Objects and Framings

7.9.1 Unstable Framings

Let € be a pointed simplicial model category (see Definition 7.1.28). Then the
homotopy category of C is tensored, cotensored and enriched over the homo-
topy category of pointed simplicial sets by Theorem 7.1.29. In particular, let
X € C be cofibrant and Y € C be fibrant. Then the enrichment gives a Kan
complex mape (X, Y) such that

m(mape(X, ) = [S", mape(X, V)] = [X ® 5", Y]°.

We can think of mape(X, Y) as a “mapping space” as it is a space (simplicial
set) consisting of maps from X to Y.

It would be desirable to have similar structures when C is not simplicial, at
least at the level of homotopy categories. We will see in this chapter that for
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any model category C, Ho(C) is a closed Ho(sSet)-module. In other words, we
can always achieve well-behaved homotopy mapping objects. This technique
is known as framings. We give an outline of the constructions, results and prop-
erties using [Hov99, Chapter 5], [Hir03, Chapters 16-17] and [BR11]. We will
furthermore see that for a stable model category C, Ho(C) becomes a closed
module over the stable homotopy category [Len12]. In particular, we obtain
mapping spectra.

In [Dug01], Dugger creates a Quillen equivalence between any left proper
and cellular (or combinatorial) model category and a simplicial model cate-
gory. While these assumptions on the model category are often satisfied in
practice, they are nontrivial nonetheless, whereas the method of framings we
present in this chapter requires no such assumptions at all. Furthermore, the
concept of framings classifies all Quillen adjunctions between simplicial sets
and an arbitrary model category € up to homotopy, making simplicial sets “ini-
tial” among model categories.

The general idea of framings is the following. If € is not simplicial, then for
A, B € C, the set C(A, B) is not necessarily a simplicial set in any meaningful
way. However, we can “include” A and B into a bigger model category that
is simplicial. We use the enrichment in this category to obtain a simplicial
mapping object.

Recall the category A, whose objects are finite ordinals [n] = {0, 1,--- ,n},
and whose morphisms are the order-preserving maps.

Definition 7.9.1 Let C be a category. The category of cosimplicial objects C*
in € is defined as the category of functors

A — C.

Dually, the category of simplicial objects @*" in C is defined as the category
of functors

A% — C.

Analogously to (co)simplicial sets, this means that a cosimplicial object
A* € @2 (respectively a simplicial object B, € CA") consists of an object
A" (resp. B,) for each n € N and structure maps (face and degeneracy maps)
between those levels. Given A® € C2 and B, € C2”, we write A*([n]) = A" and
B.([n]) = B,.

The category C2 is very useful for describing adjunctions between simplicial
sets sSet and €, see [Hov99, Proposition 3.1.5].

Lemma 7.9.2 Let C be a category containing all colimits. Then the category
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of cosimplicial objects C is equivalent to the category of adjunctions
F:sSetZ—_——C:G.
Proof Given an adjunction
F:sSet_—_~C:G

we obtain a cosimplicial object X* in the following way. Let A[n] € sSet denote
the standard n-simplex, i.e. the functor given by

Aln]: [k] = A([k], [n]).
Then the composite
A — sSet iR C

is the object of X* of C* where the first functor is given by [1n] — A[n], so
X" = F(A[n]).
Conversely, given X* € 2, we would like to construct an adjunction

FX:sSet—>€€:GX.

Let K € sSet. By AK we denote the category of simplices in K: the objects are
maps of simplicial sets

Aln] — K,

and the morphisms are induced by the maps [k] — [r] such that the resulting
triangle commutes. The functor

AK — A, (A[n] — K) & [n]

. .. res . . ..
induces a restriction functor C* — €K, which we compose with the colimit
over AK to obtain

Fy: @ 15 @Ak S o 0 B (K = (colim o res)(X*).
Because a morphism of simplicial sets K — L induces

AK —— AL,

A
Fy is indeed functorial in K.

Before we examine the right adjoint of this functor Fy, we note that A(A[n])
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has a cofinal object (namely the identity of [n]), therefore the above construc-
tion gives
Fx(Aln]) = X".
The right adjoint of F is given by
C(X*,-): € —> sSet.
The n™ level of the simplicial set C(X*, Y) is given by
C(X*,Y), = C(X", Y),

and the structure maps of X* € G induce the structure maps of C(X*,Y), in
sSet. The adjunction isomorphism is given by

C(Fx(K),Y) = G(C()Alli(mX°, Y)
=~ 11%1 C(x*,Y)
= lim sSet(A[-], C(X*, Y))
AK
= sSet(colim A[-], C(X*, Y))
AK
= sSet(K, C(X*,Y)).

We now show that we have an equivalence of categories between adjunctions
and C*. Given a left adjoint F: sSet — C, the corresponding cosimplicial
object is given by

X" = F(A[n]).

Constructing the functor Fy: sSet — C out of X* as before, we see that
Fx = F, as both functors agree on A[n] and commute with colimits. Con-
versely, given X°, we construct Fy. This satisfies Fx(A[n]) = X", therefore the
cosimplicial object arising from F is again X°. This concludes our proof. O

We have seen in the proof of Lemma 7.9.2 that for X* € C, the thus con-
structed

Fy:sSet — @
has the following properties.

o Fx(A[n]) = X",
o the right adjoint of Fy is C(X*,—): € — sSet.

The standard notation for Fx(—) is X* ® — as this functor will be the basis
for defining our tensor (at the level of homotopy categories) of simplicial sets
with C.
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Remark 7.9.3 An analogous proof shows that there is an equivalence be-
tween the category of simplicial objects G2 and adjunctions

sSet?” ¢ . C.

Now that we have a convenient description of adjunctions between simpli-
cial sets and a category C, we can ask how to identify those adjunctions that
are Quillen adjunctions in the case of € being a model category. In order to do
so, we need to introduce a model structure in C2.

Definition 7.9.4 A Reedy category is a small category [ together with a func-
tion d: Ob(/) — A for an ordinal 4, called a “degree function”. Furthermore,
there are two subcategories I, and I_ of [ satisfying the following. The cate-
gory I, consists of those morphisms of [ raising degree, and the category /_
consists of those morphisms lowering degree. In addition, every f € I can be
factored uniquely as f = f; o f_, where f, raises degree and f_ lowers degree.

Reedy categories are useful for defining model structures on functor cate-
gories C/. In this chapter, we would like to apply this to C2. The category A
is a Reedy category, where A, are the injections and A_ are the surjections.
Similarly, A°? is also a Reedy category, with I, and I_ swapped.

Definition 7.9.5 Let C be a category and / a Reedy category. Then for i € /
we define a functor

Li: @ — ¢l — o % .

Here, the category (/); consists of those morphisms of /, with codomain i,
and the first two functors are the restrictions induced by the inclusions

Iy);cl. cl.
For X € €/, the object L;X is called the latching object of X at i.
Similarly, we have the following.

Definition 7.9.6 Let C be a category and / a Reedy category. Then for i € 1
we define a functor

M;: ¢l — el — et I e,
Here, the category (I_) consists of those morphisms of I_ with domain i, and
the first two functors are the restrictions. For X € C, the object M;X is called
the matching object of X at i.
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As all functors in the definition of the latching object factor over the evalu-
ation functor at i, we have natural transformation L;X — X; for every i € I,
where X; denotes the value of X at i € I. Analogously, the constant functor
gives us a natural transformation X; — M, X for each i € I. For a morphism
f: X — Yin €/, we obtain pushout and pullback diagrams

O\,

MiX Xyy Yi —— Y

|

Y; MX —— MY,

LX —X; X;

|

LY ——LY I_[LiX X;

Now we have all the ingredients to describe a model structure on C/. The
proof can be found e.g. in [Hov99, Theorem 5.2.5].

Theorem 7.9.7 Let C be a model category and I a Reedy category. Then there
is a model structure on C! called the Reedy model structure with the following
properties. A morphism f: X — Y in Clisa

e weak equivalence if f;: X; — Y; is a weak equivalence in C for alli € I,
e cofibration if the map L;Y |1 ;,x X; — Y, is a cofibration in C for all i € I,
o fibration if the map X; — M;X Xy Y; is a fibration in C for all i € I.

Recall that we showed in Lemma 7.9.2 that for a category C, the category of
adjunctions

sSet ¢ ” C

is equivalent to the category C2. If € is in addition a model category, we can
now identify those adjunctions that are Quillen adjunctions.

Lemma 7.9.8 Let C be a model category. An adjunction
F: sSet | *C:G

is a Quillen adjunction if and only if the corresponding X* € C2 satisfies the
following.

o The map L,X* — X" is a cofibration for all n.

o All structure maps in X* are weak equivalences.

In other words, X* € C® is cofibrant as well as weakly constant.
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Proof The category of simplicial sets sSet is cofibrantly generated (see Ex-
ample A.6.8) with generating cofibrations

I ={0A[n] — A[n] | n € N}
and generating acyclic cofibrations
J={An] — An]|0<n0<r<n}

As F is a left adjoint, it commutes with colimits. Asking for F' to be a left
Quillen functor is equivalent to asking for F to send the elements of [ to cofi-
brations in € and the elements of J to acyclic cofibrations in €. The morphism

F(0A[n]) — F(A[n])

is identical to the map L,X* — X" by [Hir03, Lemma 16.3.8]. By the char-
acterisation of the Reedy model structure (see Theorem 7.9.7), asking for this
map to be a cofibration for all 7 is equivalent to X* being cofibrant in C2.

If F is a left Quillen functor, then F sends the acyclic cofibrations

A[0] — A[n]

to acyclic cofibrations X° — X", which implies that all structure maps of X*
are weak equivalences.

Conversely, assume that all X° — X" are weak equivalences and that X*
is cofibrant. As stated at the beginning of the proof, the assumption that X* is
cofibrant means that F' sends the generating cofibrations of sSet to cofibrations
in C and therefore sends inclusions of simplicial sets to cofibrations. In partic-
ular, X° — X" is not just a weak equivalence but also an acyclic cofibration,
and

X* ® A'[n] = F(A'[n]) — F(A[n]) = X* ® A[n]

is a cofibration. We still need to show that it is also a weak equivalence. This is
an inductive argument. By [Hir03, Lemma 16.4.10], there is a finite sequence
of inclusions of simplicial sets

AJ0] = Ko — Ki — -+ — Ky = A'[]

arising from pushouts

Nin] —— K;

| ]

Aln)] —— Ky,

for i < rand n; < n. We note that A°[1] = A![1] = A[0], and that the functor



298 Monoidal Structures

F = X* ® — commutes with pushouts. Thus, the assumption that X° — X! is
a weak equivalence implies that F(A[0]) — F(A[2]) is a weak equivalence,
because this map arises as a finite sequence of pushouts of cofibrations. As the
composite

F(A[0]) — F(A'[2]) — F(A[2])

is assumed to be a weak equivalence, the two-out-of-three axiom tells us that
F(A'[2]) — F(A[2]) is. Continuing this argument inductively completes our
proof. O

We now have half of the structure we need.

Theorem 7.9.9 Let C be a model category, and X € C a cofibrant object.
Then there is a Quillen adjunction

X ® —: sSet —>< € :map,(X, -)
such that X ® A[0] =~ X.

Proof By Lemma 7.9.8, the statement is equivalent to creating a cosimplicial
object in € which is weakly constant and whose zero degree object is weakly
equivalent to X. Therefore, we can take a cofibrant replacement of the constant
cosimplicial object on X. O

Again, we would like to stress that the notation (X ® —, map,(X, —)) is simply
notation justified by some of the functors’ properties. It is not implying that €
is tensored or enriched over simplicial sets. We will discuss the difference later
in this section and see the justification of the subscript in map,;.

Remark 7.9.10 The results outlined in this chapter so far also work in the
pointed context. The left adjoint in the pointed analogue of Theorem 7.9.9 is
usually denoted X A — and has the property that X A §* = X. The pointed and
unpointed functors are related via X A K, = X ® K, where K is an unpointed
simplicial set, and K is K with a disjoint basepoint.

A very useful consequence of Theorem 7.9.9 is the following.
Corollary 7.9.11 Let C be a model category, and let
F,G: sSet — C
be left Quillen functors with F(A[0]) = G(A[O]). Then the left derived functors
LF, L: Ho(sSet) — Ho(C)

agree.
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Proof Both F and G correspond to weakly constant cofibrant cosimplicial
objects with the same object X in level zero. Any two such objects are weakly
equivalent in G2, as they are both weakly equivalent to the constant cosimpli-
cial object on X. [

Example 7.9.12 Let C be a simplicial model category and X € C be a cofi-
brant object. Then we can define the canonical cosimplicial object on X as

X" = X ®Aln].

where ® is now the tensor that is part of the simplicial structure of €. Thus we
see that the left Quillen functors

X®—:sSet — C

given by either tensoring with X as part of the simplicial model category struc-
ture or by evaluating X* induce the same left derived functors in the respective
homotopy categories.

Remark 7.9.13 In [Hov99], the Quillen adjunction of Theorem 7.9.9 is as-
signed to object in C functorially. This works because [Hov99] assumes that all
model categories satisfy functorial factorisation, in particular functorial cofi-
brant replacement. We do not assume this for this book. However, if € is cofi-
brantly generated, functorial cofibrant replacement holds by Corollary A.6.14.
In this case, the resulting functor assigning a Quillen adjunction to an object in
C is called a framing functor.

Note that sometimes the functor X +— X* is called a cosimplicial frame, and
sometimes this term is used just for the object X* itself.

We can apply this machinery to adjunctions

sSet?? £ , C.

For a model category C, one can identify which of those adjunctions are Quillen
adjunctions using the model category CA”, rather than C* in Lemma 7.9.2. Fur-
thermore, the analogue of Theorem 7.9.9 holds, namely that for fibrant X € C
there is a Quillen adjunction

X sSet” & € :map,(—, X)

with X2 ~ X. If we assume functorial factorisation for € (such as in the case
of C being cofibrantly generated), these Quillen adjunctions can be assigned
functorially, as before, which is called a simplicial framing functor.
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Using both simplicial and cosimplicial framing functors together, we obtain
bifunctors

-®— : CxsSet— C, (A, K)— A*®K
map,(—,—) : C?xC-—sSet, (A,B)+— C(A*,B)
(=) 1 sSet? xC— €, (A K)— AK
map,(—,—) : C?xC—sSet, (A,B)+— C(A,B.).

The following is [Hov99, Theorem 5.4.9].
Theorem 7.9.14 The bifunctors
—®@—: CxsSet — € and (=)7:sSet” xC — €
possess total left derived functors.

We mentioned before that in an ideal situation, the above bifunctors would
satisfy the conditions of Definitions 7.1.25 and 7.1.27. Unfortunately, this fails
in two significant aspects.

e The mapping spaces map,; and map, do not generally agree- they only agree
up to a zig-zag of weak equivalences [Hov99, Proposition 5.4.7].

e The functor — ® — is not in general associative, i.e for an object X € C
and simplicial sets K and L, the objects X ® (K ® L) and (X ® K) ® L are not
necessarily identical. In [Hov99, Theorem 5.5.3], Hovey provides an explicit
associativity weak equivalence to relate them.

Thus, one can achieve the following.

Theorem 7.9.15 (Hovey) Let C be a model category with functorial cofibrant
replacement. Then Ho(C) is a closed Ho(sSet)-module category.
We define

mape(X,Y) = Rmap,(X,Y) = Rmap,(X, Y)
and call this the homotopy mapping space.

Note that this result also holds without the functorial factorisation discussed
earlier. In the general case, there may not be a functorial way to assign to an
X € C a cofibrant, weakly constant X* € CA. However, any two such choices
give the same result in the homotopy category, see Remark A.3.4.

Example 7.9.16 If C is a simplicial model category, then the simplicial struc-
ture makes Ho(C) into a closed Ho(sSet)-module category by Theorem 7.1.29.
We saw previously that we can also define a framing functor on € by sending
a (cofibrant) X € C to X* with X" = X ® A[n] in a way that is unique up to
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homotopy. Consequently, the Ho(sSet)-module structure on Ho(C) from fram-
ings agrees with the Ho(sSet)-module structure coming from the simplicial
structure on C.

In particular, the simplicial enrichment home(—, —) gives a suitable homo-
topy mapping space object, that is, if X is cofibrant and Y is fibrant,

mape(X, Y) =~ home(X, Y).
In any case, our constructions give us the following.

e For an arbitrary model category C, we have a very well-behaved notion of a
homotopy mapping “space” functor.

o For any cofibrant object X € C, there is a left Quillen functor Fx: sSet — C
with Fx(A[0]) = X. Thus, the model category of simplicial sets is initial
among model categories in this sense.

e This left Quillen functor Fy is unique up to homotopy, meaning that any
other left Quillen functor with the above properties has the same left derived
functor.

e Therefore, a left Quillen functor F: sSet — C is uniquely determined by
F(A[O]).

Lastly, we stress again that the results of this section all have pointed ana-
logues. If C is a pointed model category, we replace sSet with sSet. and see
that a left Quillen functor sSet, — C is entirely determined by its value on
the simplicial sphere S°. This will be important in the next section.

We finish this subsection with three useful lemmas on homotopy mapping
spaces and the tensor with simplicial sets in the case of a pointed model cate-
gory. Recall that in the pointed case we write A instead of ®.

Lemma 7.9.17 Let C be a pointed model category with X cofibrant and Y
fibrant. Then in Ho(C) there are natural isomorphisms

IX=S'AX  Qx=x5.
Proof We may write S' as the pushout of the square

OA[1], —— A[l]+

Applying the left adjoint X A — gives a pushout square in €. Since

—Sh

XAOA[l]l, =2=XVX

and the object X A A[1]. is a cylinder object for X, the result follows.
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The case of Q is dual. O
As a consequence, we obtain the following.
Lemma 7.9.18 For X andY in C, there are natural isomorphisms in Ho(sSet,.)
mape(ZX,Y) = mape(X, QY) = Qmape(X, Y).

Proof By the previous lemma we can recognise X and € in terms of framings.
The result follows from the associativity of the action of Ho(sSet,) on Ho(C).
O

We can relate the homotopy groups of mapping spaces to maps in the homo-
topy category. In the following we always take the basepoint of the homotopy
groups to be the element arising from the zero map.

Lemma 7.9.19 For X and Y in C, there is a natural isomorphism
ma(mape (X, ¥)) = [2'X, Y]°.

If C is stable then
mp(mape(X, Z"Y)) = [X, Y]$

n—-m:*
Proof By the previous lemmas we have isomorphisms

mp(mape(X, Y)) = [S", mape(X, NS = [X A 8", ¥]¢ = [2"X,Y]®. O

7.9.2 Stable Framings

As our focus generally lies on stable homotopy theory, we would like results
analogous to the previous section for stable model categories C. Specifically,
we will show that for stable C, the homotopy category Ho(C) is a closed module
category over the stable homotopy category SHC. Furthermore, we will study
and classify all Quillen adjunctions
§_—_"¢C,

which will lead to the notion that spectra (specifically, sequential spectra in
simplicial sets, denoted &) are initial among stable model categories. We will
be closely following work of Lenhardt [Len12] in this chapter for our outline.

In this section, all categories € are pointed, and we work with sequential
spectra in simplicial sets (see Subsection 6.5.1). Thus a spectrum X consists of
a sequence of pointed simplicial sets X,,, n € N, together with structure maps

0’5: Xy — Xusts
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where X is smashing with S! = A[11/0A[1], the simplicial circle. For every
n € N, there is an adjunction

N. e
F, : sSet, } S :Ev, ,

where Ev;lN is the evaluation of a spectrum X in degree n. The left adjoint F§ is
the shifted suspension functor from Example 3.1.2.

Again, we start by describing all adjunctions between spectra and an arbi-
trary category. This can be related to (unstable) framings from the previous
section by precomposing an adjunction (L, R) between spectra and a category
€ with (Ev}, F}),

Ln:=LOFnN:sSetH ’8€ > C:Evl'oR =: R,

to obtain an adjunction between pointed simplicial sets and €, which is pre-
cisely the subject of Lemma 7.9.2. Therefore, for an adjunction

F:8__C:G

we obtain a cosimplicial object X,, for every n € N. These objects X,, € C* are
linked as follows. By definition of the shifted suspension spectrum, there is a
natural transformation F, of — FEI_I. This gives us natural transformations

T Ln 0¥ — Ln—1~

Translating this back into cosimplicial objects C* with Lemma 7.9.2 gives us
a morphism XX, — X,_; in C%. More precisely, X, is (L o FY')(S?), and so
¥X, — X, is the canonical map

SLEYN(S%) — LEY (S%).

Here, the suspension of a cosimplicial object is obtained by tensoring with
the simplicial circle at every level, using pointed framings. Altogether, there is
a name for this type of object arising from the above discussion.

Definition 7.9.20 Let C be a pointed category. A X-cospectrum is a sequence
of objects X,, € €4, n € N, together with structure maps

o X, — X,

for n > 1. A morphism of X-cospectra is a morphism in C* at each level n
commuting with the structure maps. The resulting category of X-cospectra is
denoted CA(X).

Thus, we have already shown the following.
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Lemma 7.9.21 Let C be a pointed category with all colimits. Then the cate-
gory of adjunctions
83 Y

is equivalent to the category of X-cospectra C*(X) in CA. O
For a X-cospectrum X, we denote the corresponding adjunction by
XA-:87 > @ :Map(X, -) .

This is justified as X A S = X, and the right adjoint in level n is given by the
simplicial set C(X,, —). The adjoint structure maps of this mapping spectrum
are induced by the cospectrum structure maps

CX,-1,Y) — C(ZX,,Y) = QC(X,, Y).

Now if C is not just a category but a model category, we can seek to iden-
tify those adjunctions that are Quillen adjunctions. For this, we need a model
structure on X-cospectra. The following is [Len12, Theorem 4.6]. We use the
Reedy model structure on G2,

Theorem 7.9.22 The category of 2-cospectra C*(Z) admits a model structure
called the level model structure with the following properties.

o A morphism f: X — Y is a weak equivalence if f,,: X, — Y, is a weak
equivalence in C* for every n € N.

e A morphism f: X — Y is a (trivial) cofibration if f,: X, — Y, is a
(trivial) cofibration in C* for every n € N.

o A morphism f: X — Y is a (trivial) fibration if fo: Xo — Yy is a (trivial)
fibration in C®, and

Xn —> Yn XQYn—l QXn—l
is a (trivial) fibration in C* for alln > 1.

Before we get to describe the Quillen adjunctions between sequential spectra
and other stable model categories, we need the following.

Lemma 7.9.23 Let C be a model category and G: C — 8 be a functor. If G
satisfies the following points

1. G preserves acyclic fibrations,
2. G(Y) is an Q-spectrum for all fibrant Y € C,
3. G sends fibrations between fibrant objects to level fibrations,

then G is a right Quillen functor.
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Proof We use Lemma A.4.3, which says that G is a right Quillen functor if
and only if it preserves acyclic fibrations and fibrations between fibrant objects.
Therefore, all that is left to do for us is to show that level fibrations between
fibrant spectra are fibrations. Let f: A — B be a level fibration between Q-
spectra. This means we have commutative squares (which are also homotopy
pullback squares) for each n € N

Ay, —» B,
QA11+1 — QBn+1-

By Proposition 3.3.10, this implies that f is a fibration in sequential spectra,
which is what we wanted to prove. O

With this in mind, we are now in a position to describe Quillen adjunctions.
Lemma 7.9.24 Let X be a -cospectrum . Then the corresponding adjunction
XA-:8__—"C:Map(X,-)

is a Quillen adjunction if and only if all structure maps £X, — X, of X are
weak equivalences and all levels X, are weakly constant and cofibrant in C2.

Proof We prove that Map(X, —) satisfies the three points of Lemma 7.9.23:

1. Map(X, —) preserves acyclic fibrations,
2. Map(X, Y) is an Q-spectrum for all fibrant ¥ € C,
3. Map(X, —) sends fibrations between fibrant objects to level fibrations.

We have that Map(X, Y),, = C(X,, Y) with adjoint structure maps
CXy-1,Y) — C(ZX,, Y) = QC(X,, V).
Thus, the three points above are equivalent to the following

1. C(X,,—): € —> sSet. preserves acyclic fibrations for all n,

2. C(Xp-1,Y) — QC(X,, Y) is a weak equivalence for all fibrant ¥ € € and all
n,

3. C(X,,—) sends fibrations between fibrant objects to fibrations for all n.

Those three points are again equivalent to the following

e C(X,,—): € — sSet, is a right Quillen functor for every n,
e XX, — X,_; is a weak equivalence in G2 for all n,

which is precisely our claim. O
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Theorem 7.9.25 Let C be a stable model category. Then for any fibrant and
cofibrant A € C, there is a Quillen adjunction
L:8 —>< C:R
with L(S) ~ A.
Proof We begin with a cosimplicial frame X, corresponding to
LOF§: sSet, — C.

We can take this to be a cofibrant replacement of a constant cosimplicial object
on A. We furthermore take a fibrant replacement of this cosimplicial object so
that we can use the following result of Schwede and Shipley [SS02, Lemma
6.4]: If Y € G2 is fibrant and € is stable, then there is an X € G2 which is
cofibrant and weakly constant such that

2X—Y

is a weak equivalence in G2, Continuing this inductively gives us all the X,, to
obtain a X-cospectrum that is a cosimplicial frame on every level and whose
structure maps are weak equivalences. O

Theorem 7.9.25 gives us Quillen adjunctions (X A —, Map(X, —)) for every
X. We would like to see what happens if we vary X.

Lemma 7.9.26 Let C be a model category and B € 8 be a cofibrant spectrum.
Then the functor

—AB:€ANZ) — €
is a left Quillen functor.
Proof We show thatif f: X — Y is a cofibration in X-cospectra and
g:A— B
is a cofibration in spectra, then the pushout product of f and g

X/\BUY/\A—>Y/\B
XAA

is a cofibration which is trivial if f is. It is enough to show the above for g
being the generating cofibrations of sequential spectra in sSet,

Fl 0A[n], — F, Alnl,,
see Section 6.5.1. Using that (X A =) o F', = X,,, the pushout product becomes

X" ]_[ (Ys A OA[R],) — Y.

X NOA[n],
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We have assumed that f: X — Y was a (trivial) cofibration in X-cospectra.
By Theorem 7.9.22, this means that f,,: X,, — Y,, is a (trivial) cofibration
in C*, which by the Reedy model structure is precisely asking for the above
pushout product map to be a (trivial) cofibration. Our claim now follows from
taking g: * — B. O

Let X be an object of a stable model category C . By wX we denote a -
cospectrum corresponding to a left Quillen functor L: § — € sending the
sphere spectrum to X. We call wX a stable framing on X. Note that we say
“a X-cospectrum” and “a Quillen functor” rather than “the Z-cospectrum” and
“the Quillen functor”. This is because so far we have no reason to assume
that either is unique in any sense. However, with a lot of attention to technical
detail this issue can be resolved. We will not prove this theorem here as it goes
beyond the scope of this chapter.

Theorem 7.9.27 (Lenhardt) Let C be a stable model category, X € C cofi-
brant, Y € C fibrant and cofibrant. Let wX € CX(Z) be a stable framing on X,
and let wY € CA(T) be a fibrant stable frame on Y.

e Any morphism f: X — Y in C extends non-uniquely to a morphism
F:owX — oY
and therefore corresponds to a natural transformation
XA-)— X A-)

such that the map
XAS=X—>YAS=Y

is again f.
o [f f': X — Y is homotopic to f as before, then the thus constructed

F': wX — wY
is homotopic to F, and the induced derived natural transformations
X AF—) — (¥ A" o)

agree.
o If f: X — Y is a weak equivalence in C, then the map

F:wX — wY

from the first point is a weak equivalence in C*(Z).
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e FEvaluation at level 0 and degree 0 induces an equivalence of categories
Ho(€A(2);,) — Ho(©),

where Ho(C2(Z) rr) 18 the full subcategory of Ho(CA(X)) on those objects that
are stable frames.

Because of the subtleties arising in the proof of this theorem, it would not
be reasonable to aim for the four bifunctors between spectra and € we saw in
the unstable case. However, the previous theorem tells us that whilst w is not a
functor from € to X-cospectra in C, it at least gives us a functor

w: Ho(C) — Ho(CA(Z),).
The theorem also tells us that we have a bifunctor
Ho(CA(Z),) X 8HEC — Ho(C).
Combining this with the equivalence
Ho(CA(Z)s,) — Ho(€)

in the last point of the theorem gives us a bifunctor

— A —: Ho(@) x 8HC — Ho(C).
Theorem 7.9.28 (Lenhardt) Let C be a stable model category. The bifunctor

— AY —: Ho(C) x 8HEC —> Ho(C).
makes Ho(C) into a closed module over the stable homotopy category.

In particular, for a stable model category we have the nicely behaved ho-
motopy mapping spectra which we will use in several places throughout this
book.

Since symmetric spectra (in simplicial sets) is a symmetric monoidal model
category, we can consider categories enriched (tensored and cotensored) over
symmetric spectra.

Definition 7.9.29 Let $*(sSet,) be the category of symmetric spectra in sim-
plicial sets. A 8¥(sSet,)-model category is called a spectral model category.

Combining the previous two theorems gives the following result.

Corollary 7.9.30 Let C be a spectral model category. Then the SHC—module
structure on Ho(C) from the derived spectral structure on C agrees with the
SHC—module structure from Theorem 7.9.28. O
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Additionally, stable frames induce another very useful piece of structure on
a stable model category C: using — A™—, the stable homotopy groups of spheres
asable(s) =[S, S1. act on morphisms in Ho(C) via

mEle(S) @ [A, BIY — [A, B, a®f=fA"a.

Now let € and D be stable model categories, and let F: € — D be a left
Quillen functor. By the uniqueness part of Theorem 7.9.27, we have a natural
weak equivalence

Fo(XA-)=FX)A-

for X € C. Applying this to the action of 7%!(S) yields that a left Quillen
functor induces an exact functor

LF: Ho(C) — Ho(D),
that is also “7%4?'°(S)-linear” in the sense that we have a commutative diagram

bl (¢ (¢
P(S) @ [A, BIE ————— [4, BIS,,

Id®LF J{ J/]LF

mble(S) ® [LF(A), LF(B)ly — [LF(A), LF(B)]¢

n+k*

This 7%2P'e(S)-linear structure can be useful in proving uniqueness results. For
example, Schwede and Shipley apply it in [SS02, Theorem 3.2] to prove Mar-
golis’ Uniqueness Conjecture.

Theorem 7.9.31 (Schwede-Shipley) Let T be a symmetric monoidal trian-
gulated category whose product — A — is exact in each variable. Furthermore,
T should satisfy the following.

e T has infinite coproducts.
o The unit S of — A — is a compact generator of J.
o There is an exact strong symmetric monoidal equivalence

(OF S/Wf — T°,

where 8/\\/\7f is the full subcategory of finite CW—complexes in 8/\\/\7, and T¢ is
the full subcategory of compact objects in 7.

If there is a stable model category € and a 1*P'°(S)-linear exact equivalence
J — Ho(C),

then C is Quillen equivalent to 8% and in particular, T = 8HC.
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In other words, if there is a stable model category C whose homotopy cate-
gory Ho(C) satisfies the bullet points of the theorem (which are the points from
Margolis® original conjecture), then the n5®Pe(S)-linear structure on Ho(@) is
enough to prove that Ho(C) is in fact the stable homotopy category SHC.



8
Left Bousfield Localisation

Bousfield localisation, or more specifically, left Bousfield localisation, is an
established tool to formally add more weak equivalences to a model cate-
gory. The most common setting is localisation of spaces or spectra with re-
spect to a homology theory E.,: rather than the weak equivalences being .-
isomorphisms, one constructs a model structure with the E.-isomorphisms
as the weak equivalences. As a consequence, the E.-isomorphisms become
strict isomorphisms in the corresponding homotopy category. Therefore, we
can think of Bousfield localisation as a good formal framework for inverting
maps in the homotopy category.

Typically, information is lost in this process, but some specific aspects may
stand out clearer after localisation. We will see an example of this behaviour in
the final section when we show that the p-local stable homotopy category has
vast computational advances over working with the stable homotopy category
itself. We will also see how Bousfield localisation can help us gain insight into
the deeper structure of the stable homotopy category.

8.1 General Localisation Techniques

We start by giving some general definitions and examples before moving on to
proving that, under some assumptions, we can form a “local” model structure
from an existing one. When we work with stable model categories, we will see
that the main existence result is a lot simpler to obtain than in the general case.

The aim of this localisation is to add weak equivalences to a given model
structure. The first point to address is that adding a class of maps W to the
weak equivalences of a model category C may make more maps than just W
into weak equivalences.

311
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Recall that mape(—, —) denotes the homotopy mapping space construction
introduced in Section 7.9.

Definition 8.1.1 Let € be a model category and W be a class of maps.

e We say that an object Z € C is W-local if
mape(f,Z): mape(B,Z) — mape(A, Z)

is a weak equivalence of simplicial sets for all f: A — Bin W.

e A morphism g: X — Y in C is a W—equivalence if
mape(g,Z): mape(Y,Z) — mape(X, 2)

is a weak equivalence of simplicial sets for all W-local objects Z € C.
e Anobject X € Cis W-acyclic if

mape(X,Z) =~ *
for all W-local objects Z.

We may think of this definition as giving a procedure to define the weak
equivalences of LywC from W. We start with a class of maps W, from which
we construct W-local objects. We then use the W-local objects to construct the
‘W-equivalences. In particular,

W € W-equivalences.

The process stabilises at this point, meaning that further steps will not change
either the set of local objects nor the set of equivalences. In other words,

(W-equivalences)-equivalences = W-equivalences.

Some references including [Hir03] define a W—local object to be a fibrant
object of C satisfying the mapping space condition above. We find it more
convenient to separate these two conditions.

We have the following lemma.

Lemma 8.1.2 Every element of W and every weak equivalence in C is a
W—equivalence.

If g: Z — 7' is a weak equivalence in C, then Z is W—local if and only if
Z" is W-local.

A W—equivalence f: X — Y between W—local objects is a weak equiva-
lence of C.
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Proof The first two statements are a direct consequence of Definition 8.1.1.
The third statement is a local version of the Whitehead Theorem and will be
proved in a similar way to Proposition 2.2.3 and Lemma 6.3.13. Let

fi X—Y
be a W-equivalence between W-local objects. Then
f*: mape(¥, X) — mape(X, X)

is a weak equivalence. In particular, thereisa g: ¥ — X with go f = Idy in
Ho(C). We also have that

f: mape(Y,Y) — mape(X,Y)

is a weak equivalence which sends fog to fogo f, which is isomorphic to f in
Ho(€). This map also sends Idy to f, therefore f o g = Idy in Ho(C), meaning
that f is a weak equivalence. O

The definitions also imply that only the equivalence class of W in the homo-
topy category of € matters. That is, if f and g are weakly equivalent maps (see
Example A.7.2), then the maps mape(f, Z) and mape(g, Z) are weakly equiv-
alent, so one is a weak equivalence if and only if the other is. Hence one can
replace W by a class of weakly equivalent maps. In particular, one may always
assume that W consists of cofibrations between cofibrant objects.

We may now define left Bousfield localisations. The idea is to have a new
model structure that focuses on the W-local objects and W-equivalences and
has a suitable universal property, see Remark 8.1.7. Since the definition speci-
fies a category, a class of cofibrations and a class of weak equivalences, we see
that left Bousfield localisations are unique. Note that we do not claim that any
given left Bousfield localisation exists.

Definition 8.1.3 Let C be a model category and W be a class of maps. The
left Bousfield localisation of C is a model structure Ly C on the same category
as C with the weak equivalences given by the class of W-equivalences and with
the same cofibrations as C.

The fibrations of Ly C are usually quite complicated and often have no ex-
plicit characterisation outside of the right lifting property. However, in the case
where C is left proper, we have a clear description of the fibrant objects of
Ly C: they are the W—local objects that are fibrant in € by [Hir03, Proposition
3.4.1].

This leads to the following definition.
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Definition 8.1.4 Let C be a model category and W a class of maps. We say
that a morphism f: X — Y in C is a W-localisation if

o the map f is a W-equivalence,
o the object Y is W-local.

In the above situation, Y satisfies the following universal property in Ho(C).
If Z is another W-local object and g: X — Zis a map, Definition 8.1.1 implies
that g uniquely factors over f in Ho(C), because

mape(f,Z): mape(Y,Z) — mape(X, Z)

is an isomorphism in Ho(sSet.). Therefore, it is common at this stage already
to speak of Y as “the” W-localisation of X and write ¥ = LywX, although we
would like to specify Ly X further later in this chapter.

X%Z

Y = LyX

Example 8.1.5 The following example is known as finite localisation and
was discussed by Miller in [Mil92]. This localisation can be described explic-
itly. Let C be a stable model category, and let W be a set of maps f in C where
each f has a compact homotopy cofibre (see Definition 6.6.2). Let A denote
the set of (cofibrant replacements of) these cofibres. Note that W is assumed
to be a set rather than a class, but W does not have to be finite. Furthermore,
assume that W and therefore A is closed under suspension and desuspension.
The resulting localisation is often denoted by LwX = LﬁlX and called finite
A-localisation rather than W-localisation. The choice of letter A refers to the
fact that its elements are W-acyclic.
Let X be a fibrant object of C. We start with Xj := X and set

w=]] |] 4

A€A fe[AX]C

the coproduct over all the maps A — X in Ho(C) and A € A. Choosing
representatives for the maps in this coproduct we obtain a map

W0—>X0

by sending the factor A corresponding to a representative g: A — X to X via
g. We now set X to be the (fibrant replacement of the) cofibre of this map.
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Continuing, we set

w=1] 1] 4

AeA felAX]1®
which gives us a map

W, — Xi,

where we call the cofibre X, and so on. We thus obtain a cofibre sequence
Wi —> X; =5 Xipy forall i > 0.
The maps j; induce a map
11X, 2 11X;.
We define X, to be the homotopy cofibre of the map
Id-j: X, — X,

where Id denotes the identity of the coproduct. Our claim is that the canonical
map

X — Xo
is a W-localisation. For this we have to show that

o the object X, is W-local,
e the map X — X, is a W-equivalence.

For the first point, we check that [A, X,] = O for all A € A. This is sufficient by
Lemma 8.2.7 and by the long exact sequence of the cofibre sequence defining
A, see Theorem 4.6.4.

Since X, is defined as the cofibre of a map, there is a long exact sequence

Id—)).
e AN 2 AL X ] —— AL Xl —— -

Using compactness of A and injectivity of the maps Id — &;(j;)., the long exact
sequence splits into short exact sequences

Id- i( ‘1)*
0 —— A, Xilk — " §,[A, X — [A, Xy — 0

for each k € Z, just as with Lemma 6.6.15. Hence
[A, X 1€ = colim[A, X,]€.
Therefore, any map f: A — X, must factor over one of the X, i.e.

[V ES'ESS
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where i, is the canonical map. By construction,
Gt [AX0]® — [A, X, 11°

sends f, to 0, so f must be trivial in the sequential colimit.
For the second point, we show that there is an exact triangle

ch,—>XHXm—>ZWw

with W, a W-acyclic object. The long exact sequence of a cofibre will then
imply that

[Xeo, Z1¢ — [X,Z]¢

is an isomorphism for all W-local Z.

Since we assumed W to be closed under suspensions and desuspensions,
we can use morphism sets in Ho(C) rather than homotopy mapping spaces
to detect local objects, see Lemma 8.2.7. Hence the above isomorphism will
imply that X — X, is a W-equivalence.

We have that

[A,Z]° =0 forall A€ A,
as all the A are acyclic and Z is W-local. Therefore, we also have
(W;,Z]® =0 forall i>0

as the W; have been defined to be coproducts of the A.

Define Wi to be the fibre of X = X; — X;. The octahedral axiom shows
that WQ fits into an exact triangle with (suspensions of) W; and W,. The Five
Lemma gives that W, is W-acyclic (see Corollary 8.2.8). Continuing induc-
tively, each W, is W—acyclic. The maps j;: X; — X;;+; induce maps

/’l,‘i Wl' — W,'Jr].

We can repeat our construction of X, with the W; and h; to obtain We. This
gives the left-most column in the diagram below. The middle column below is
another instance of this construction using the identity map of X. In this case
the cofibre is just X itself. The 3 X 3 Lemma, Lemma 5.1.13, implies that we
have a commutative diagram with all rows and columns being part of exact
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triangles

aw, — 1IX — 1X;

‘N

OW, —— 1IX — 11X;

|

Weo —— X — X

The object W, is W-acyclic as it is part of an exact triangle with two other
W-acyclic objects. Moreover, W, is constructed from the objects of A using
(de)suspensions, coproducts and exact triangles.

The most commonly known existence result is the following, [Hir03, The-
orem 4.1.1]. Most notably, it requires W to be a set rather than a class. Recall
that a cellular model category is a cofibrantly generated model category sat-
isfying some additional conditions related to smallness, see [Hir03, Chapter
12].

Theorem 8.1.6 Let C be a left proper, cellular model category and let W be
a set of morphisms in C. Then there is a left proper, cellular model structure
LwC on the category C such that

e amap f: X — Y in C is a weak equivalence in LwC if and only if it is a
W-equivalence,

o amap f: X — Y in Cisa cofibration in LywC if and only if it is a cofibration
inC,

e the fibrant objects in LwC are precisely those objects in C that are fibrant in
C and W-local.

In particular, the last point implies that fibrant replacement in the model
structure Ly C provides a W-localisation. Another consequence is that the iden-
tity functor provides a Quillen adjunction

Id: G:LWG :1d,
which in turn induces an adjunction
Ho(C) : Ho(LwC) .
Hence for X and Y in C, there is a natural isomorphism

[X, LwY]® = [X, Y]"°.



318 Left Bousfield Localisation

The homotopy category of a model category M is equivalent to the full subcat-
egory of cofibrant-fibrant objects in M and maps up to homotopy. Therefore,
the above implies that the homotopy category of LwC is equivalent to the full
subcategory of Ho(C) on the cofibrant-fibrant and W-local objects in C.

Remark 8.1.7 Our construction gives a localisation functor of categories in
the following sense. Let

L: Ho(C) — Ho(LwC)
be the left derived functor of the Quillen functor

Then L takes the images of W in the homotopy category to isomorphisms in
Ho(LwC) and furthermore satisfies the following universal property. Let D be
another model category and

F.¢C—D
be a left Quillen functor such that the left derived functor
LF: Ho(C) — Ho(D)

takes the images of elements of W in Ho(C) to isomorphisms in Ho(D). Then
F passes to a left Quillen functor

F . Lwe—>D

(which on underlying categories is the same functor as F') making the diagram
of Quillen functors below commute.

e— * .

|

LwC

Further properties of Ly C are given in [Hir03, Section 3.3] and further proper-
ties of Ho(LwC) in the stable setting are discussed in [HPS97]. As it is not our
aim to provide a comprehensive reference for everything related to left Bous-
field localisation, we will only touch on those things when we have a concrete
need for them.

Remark 8.1.8 Note that the class of E,-isomorphisms (or “E-equivalences”)
of spectra for a homology theory E, does not form a set. However, it is pos-
sible (and highly non-trivial) to find a set Jg such that E,-isomorphisms are
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precisely the Jg-equivalences, see Section 8.3. Therefore, we can apply The-
orem 8.1.6 (or Theorem 8.2.17) to the set Jg to obtain a model structure on
spectra where the weak equivalences are the E.-isomorphisms.

In many cases, the main challenge to localising a model category lies in find-
ing a set, rather than a class of maps, which generate the desired equivalences
that one would like to formally invert in the homotopy category.

Example 8.1.9 The stable model structures on 8¥, 8* and 89 are left Bous-
field localisations of the levelwise model structures at the class of stable equiv-
alences.

If we wanted to use Theorem 8.1.6 to construct the stable model struc-
ture, we would need to give a set of stable equivalences W such that the W-
equivalences are the class of all stable equivalences, similar to Remark 8.1.8.
In this case we can give an explicit set at which to localise. Choosing sequen-
tial spectra for definiteness, we claim that the stable model is the left Bousfield
localisation of the levelwise model structure at the set of maps

W={1,: B, ' - F's%|neN}.

n+l1

To see this, we note that we can use the enrichment over pointed topological
spaces to give homotopy mapping objects, see Example 7.9.16. Since these
shifted suspension spectra are cofibrant in the levelwise model structure and
every object is fibrant, we see that X is W-local if and only if the map

X, = 8"(F) s X) — S"EL, S X) = QX1

is a weak equivalence of spaces for all n € N. This means that the W-local spec-
tra are precisely the Q—spectra, the fibrant objects of the stable model structure.
The claim then follows.

8.2 Localisation of Stable Model Categories

It is not surprising that the proof of the Existence Theorem 8.1.6 is very techni-
cal. However, a considerable amount of this complexity is removed if both the
underlying model category is stable and the desired localisation is also “stable”
in a certain sense. In this section we examine how this stability can make lo-
calisations better behaved. The main result of this section is Theorem 8.2.17, a
simpler existence result for left Bousfield localisations, which is a development
of [BR13, Remark 4.12].

By Lemma 7.9.18, the homotopy mapping complexes interact with suspen-
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sion and loop functors in the expected way. In particular,
mape(2X, Y) = mape(X, QY) = Qmape(X, Y).

From this we obtain the following.

Lemma 8.2.1 Let C be a model category and W a class of maps in C. Then
the class of W-local objects is closed under Q, and the class of W-equivalences
is closed under X.

Proof We have the following natural isomorphisms in Ho(sSet,.)
Qmape(X, Z) = mape(X, QZ) = mape(2X, Z).

Thus, if
mape(f,Z): mape(B,Z) — mape(A, Z)

is a weak equivalence for all f: A — Bin W, then so is
mape(f, QZ): mape(B, QZ) — mape(4, Q7).
Similarly, if
mape(g,Z): mape(Y,Z) — mape(X, Z)
is a weak equivalence of simplicial sets, then so is
mape(2g,Z): mape(XY,Z) — mape(ZX, Z). ]

If the class of W-equivalences is not just closed under X but also under €,
we call a localisation stable.

Definition 8.2.2 Let C be a stable model category and W a class of maps in
C. We say that W is stable if one of the following two equivalent conditions
hold.

e The class of W-local objects is closed under X.
e The class of W-equivalences is closed under Q.

Stability of € together with the (X, Q)—adjunction gives weak equivalences
mape(QX, Y) ~ mape(QX, QXY) ~ mape(XZQX,XY) ~ mape(X, XY).

Hence, when W itself is closed under Q (up to weak equivalence), an object
Y € Cis W-local if and only if £Y is, in which case W is stable.

Lemma 8.2.3 Let C be a stable model category, and let W be a class of maps
such that the model category Ly C exists. Then Ly C is a stable model category
if and only if W is a stable class of maps.
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Proof First, assume that W is stable, i.e. the class of W-local objects in
Ho(LwC) is closed under suspension and desuspension. As mentioned earlier,
the W-local homotopy category Ho(LwC) is equivalent to the full subcategory
of Ho(C) on its W-local objects. Therefore, the adjunction

3: Ho(C) Z— Ho(C) : Q

restricts to this full subcategory. The functor Q on Ho(LwC) is fully faithful as
it is the restriction of such a functor. It is essentially surjective by stability of
C, hence it is again an equivalence.

Now assume that Ly C is stable, and that X € € is W-local. Since Q is an
equivalence on Ho(LwC), there is a W-local ¥ with QY = X in Ho(LwC). Since
X and QY are W-local we see that QY = X in Ho(C). By stability of C, there
are isomorphisms in Ho(C)

Y =3QY = ¥X.
As Y is W-local, so is XX. O

Example 8.2.4 The prime example of a stable localisation is localisation of
spectra with respect to a homology theory. Let 8§ denote a suitable category of
spectra and E a (cofibrant) spectrum. Recall that an E-equivalence is defined
to be an E,.-isomorphism, i.e. a map of spectra that induces an isomorphism in
the homology theory E.. We want to localise & at the class

W = E-equivalences = E,-isomorphisms.

The model category Lw8 is more commonly called LgS. This choice of W is
stable as for a morphism of spectra f: X — Y,

E.Xf): E.(ZX) — E.(XY)

is an isomorphism if and only if E.(f) is. We will discuss further properties of
this localisation in Sections 8.3 and 8.4.

In this case, we have that the class of W-equivalences is exactly the class
W. That is, no further equivalences are introduced when we add the class W
to the weak equivalences of 8. This follows as the class W is proven to be
the Jg—equivalences for some set Jg, and the process of taking equivalences
stabilises.

Example 8.2.5 The finite localisation discussed in Example 8.1.5 is stable
by definition.

Example 8.2.6 Let 8 denote a suitable category of spectra, and let

fk: zooSkH N 200Dk+2
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denote the canonical inclusion of the (k + 1)-sphere into the (k + 2)—disc. By
definition, a spectrum Z is f;-local if and only if

mapg (fi, Z): mapg(E° D2, Z) — mapg(2°S*!, Z)

is a weak equivalence of simplicial sets. As £*DK*2 is contractible, Z is f;-
local if and only

Tn(Z)=0 for m>2k+1.
Thus, for a spectrum X, its localisation
X — LgX

is the k™ Postnikov section of X. For fi-local Z, we see that m,,(2Z) is only
guaranteed to be trivial for m > k + 2. Therefore, the class of local objects is
not closed under suspension and thus W = {f;} is not stable.

The definition of W-local objects and W-equivalences, Definition 8.1.1, is
written for general model categories and uses the homotopy mapping space
construction, mape(—, —). In the case of a stable model category and a stable
localisation an equivalent definition can be given in terms of [—,—]¢. This
formulation can often be more convenient.

Note that the statements of the next result still hold after replacing all graded
morphism groups [—, —]¢ with ungraded morphisms [—, —]¢ because of the
stability of W.

Lemma 8.2.7 Let C be a stable model category and W a stable class of
morphisms in C.

e Anobject Z € C is W-local if and only if
[£.217: [B,Z]7 — [A,Z)¢

is an isomorphism for all f: A — Bin W.

o A morphism g: X — Y in C is a W-equivalence if and only if
[, 215 V.21 — [X.Z1¢

is an isomorphism for all W-local objects Z € C.
o Anobject X € C is W-acyclic if and only if

[X,Z]¢ ~ «

for all W-local objects Z.
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Proof We only show the first part as the others very similar. By Lemma
7.9.19, for any n, m € N we have

n(mape(X,2"2)) = [X,Z1S,,

using the zero map as the basepoint. By the stability of C and W, we have the
only if direction.

For the converse, let f: A — B in W. Then Cf, the cofibre of f, is W—
acyclic. By Lemma 7.9.19,

0 =[Cf,Z], = my(mape(Cf, 2))

for all n € N. As mape(Cf,Z) is weakly equivalent to the homotopy fibre of
mape(f,Z), we see that

mp(mape(f, 2)): mu(mape (B, Z)) — my(mape (A, Z))

is an isomorphism for all n > 0, using the zero map as the basepoint for the
homotopy groups. Hence,

mape(B, QZ) ~ Qmape(B,Z) — Qmape(A,Z) ~ mape(4, QZ)

is a weak equivalence of pointed simplicial sets and so QZ is W-local. As W
is stable, the local objects are closed under suspension. Since C is stable, we
have the weak equivalence

07 57
which shows that Z is W-local. O

Corollary 8.2.8 Let C be a stable model category and W a stable class of
morphisms. Furthermore, let

A—B—C—ZA

be an exact triangle in Ho(C). If two out of the objects A, B and C are W-local,
then so is the third. If two out of the objects A, B and C are W-acyclic, then so
is the third.

A map X — Y is a W—equivalence if and only if the homotopy cofibre (or
homotopy fibre) is W—acyclic. [

Corollary 8.2.9 Let C be a stable model category, and let W be a stable class
of morphisms such that LwC exists. For a diagram of W—local objects

X1<—fl—X26fz—X3<;fs—~--

the homotopy limit X = holim, X,, is W-local.
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Proof This follows from Corollary A.7.23 and Lemma 8.2.7. O

Stable localisations also interact well with pullbacks. Recall that the fibre of
amap f: X — Y in a model category C is the pullback of

X i) Y — =
The homotopy fibre of f is the pullback of
Y’ L) Y — x,
where Y’ is given by factoring f into an acyclic cofibration and a fibration
X——Y —»Y.

If C is right proper and f is a fibration, then the fibre is weakly equivalent to
the homotopy fibre F f by Lemma A.7.20.

Lemma 8.2.10 Let C be a stable model category, W be a stable set of maps
and A, B, C and P be objects in C. Furthermore, let

f
—

o —— v

—
8

be a commutative square.

If the square is a homotopy pullback square and A, B and C are W-local,
then P is also W-local.

If C is right proper, the square is a pullback square, g is a fibration and j is
a W—equivalence, then i is also a W—equivalence.

Proof A homotopy pullback square gives rise to a long exact sequence
- — [X,Pl, — [X, Al ®[X,Bl, — [X,Cl, — [X,Pli-1 — -+

for X € C by Lemma A.7.21. If A, B and C are W-local and X is W-acyclic,
then

[X,Al, = [X,B], = [X,C], =0

and thus also [X, P],, = 0 for all n. This means that P is also W-local as claimed.

For the second statement, as we have a pullback square, the fibres Fr and Fg
of f and g are isomorphic. Moreover, the fibres are weakly equivalent to the
homotopy fibres F f and Fg.
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This gives a map of homotopy fibre sequences in C

Ff—>PL>A

Tl

Fg—>B—g>C.

Applying [—, Z]¢ for a W—local object Z gives a map of long exact sequences.
The Five Lemma shows that i is also a W—equivalence. [

We now turn to our existence theorem for left Bousfield localisations in the
stable context. We begin by constructing the maps which will be our generating
acyclic cofibrations of the localised model structure.

Let C be a cofibrantly generated stable model category and W be a set of
cofibrations between cofibrant objects. Let f: X — Y be in W and
in: OA[n]y — A[n]: be the standard inclusion of simplicial sets. The con-
struction of framings from Section 7.9 gives us a bifunctor

- A—: CxsSet, — C.
In particular, f induces a natural transformation
FA=:(XA-)— (Y A-)

of functors from pointed simplicial sets to € that is a cofibration in €2. Then
f O, is the indicated map out of the pushout

X A 0AIn], — sy A dAn],

] |

X A A[n], — X A Aln], ]_[ Y A 8A[n],

XAGA[n].

Y A Aln],.

fAId

th

Recall from Lemma 7.9.8 that the map from the n™ latching object of a cosim-

plicial frame on X to the n level of that cosimplicial frame is exactly
X AOA[n], — X A Alnls,

see also [Hir03, Lemma 16.3.8]. It follows that the map f O i, is a cofibration
between cofibrant objects by the definition of the model structure on cosimpli-
cial frames, Theorem 7.9.7.
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Definition 8.2.11 Let W be a set of cofibrations between cofibrant objects in
a cofibrantly generated model category C. We define a set of horns on W to be
the set

AW ={f0oi,| feW, neN}
where i,: 0A[n]; — A[n], is the standard inclusion.
The set of horns on W is strongly related to localisations.

Lemma 8.2.12 Let W be a set of maps in a model category C. Then the set
of horns satisfies the following properties.

o Every element f O i, of AW is a W-equivalence.

e A fibrant object Z € C is W-local if and only if Z — = has the right lifting
property with respect to the maps in AW.

o If C is left proper and J is a set of acyclic cofibrations of C, then every
element of (J U AW)—cell is a cofibration and a W-equivalence.

As the proof of these statements is very set-theoretic, we refer to [Hir03,
Propositions 3.2.11 and 3.2.10] and [Hir03, Propositions 4.2.3 and 4.2.4]. Note
that first two points do not require the model category to be left proper or cel-
lular. The last point is essentially the statement that map,(—, Z) sends colimits
to limits and W-equivalences to weak equivalences of simplicial sets when Z
is W-local.

We give some technical lemmas needed for our existence theorem. These
lemmas require that C is stable.

Lemma 8.2.13 Let C be a stable model category and W a stable set of maps
in C. Assume we have a commutative triangle

X%Y
N A
B

such that the homotopy fibres of p and q are W—local. Then u is a W—equivalence
if and only if it is a weak equivalence in C.

Proof We only need to prove one direction of the statement as the other fol-
lows straight from the definition. The commutative triangle gives a map of
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exact triangles in Ho(C)

p

QB Fp X B
QB Fq Y B.

Applying the functor [—, Z]. for Z a fibrant object we obtain a diagram of long
exact sequences

—>[FP,Z]n+1 [B’Z]n [X,Z]n—>[Fp’Z]n—>
i — [Fq’Z]n+1 [BsZ]n [Y’Z]n — [Fq’Z]n —r .

Assume that u is a W—equivalence. Then u* is an isomorphism for each W-
local Z, and so is v* by the Five Lemma. Lemma 8.2.7 then implies that v is
a W-equivalence. Since W-equivalences between W-local objects are weak
equivalences by Lemma 8.1.2, it follows that v is a weak equivalence. Thus v*
is an isomorphism for any fibrant Z, and by the Five Lemma u* is a isomor-
phism for any fibrant Z. Therefore, u is a weak equivalence. O

The following definition is necessary for the section’s main result.

Definition 8.2.14 We say that a model category C is acceptable if there are
sets of generating cofibrations / and generating acyclic cofibrations J such that

1. the codomains of [ are transfinitely small with respect to I,
2. the domains of J are cofibrant.

Examples 8.2.15 The levelwise and stable model structures on the various
kinds of spectra we have studied are acceptable.

Other examples include chain complexes with the projective model struc-
ture, (pointed) topological spaces and (pointed) simplicial sets.

Note that being acceptable is a considerably weaker condition than being
cellular. We are particularly interested in the following property: every cofi-
brant object in an acceptable model category is transfinitely small with respect
to the class of cofibrations (see Lemma A.6.15).

We can now give our key lemma.

Lemma 8.2.16 Let C be a proper, acceptable stable model category, and let
W be a stable set of cofibrations between cofibrant objects in C.
If f: X — Y is a fibration in C, then following statements are equivalent.
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1. The map f has the right lifting property with respect to AW.
2. The fibre F of f is W—local.
3. The homotopy fibre F f of f is W—local.

Proof We show each condition implies the next.

(1 = 2) : Assume f has the right lifting property with respect to AW. By the
properties of pullbacks, the terminal map F — = also has the right lifting
property with respect to AW. Hence, F is W—local by Lemma 8.2.12.

(2 = 3) : Now assume that F, the fibre of f, is W-local. Since f is a fibration
and C is right proper, the strict fibre F is weakly equivalent to the homotopy
fibre F f. Hence F f is also W—local.

(3 = 1) : Now assume that F f, the homotopy fibre of f, is W—local. As the
domains of J U AW are cofibrant, they are transfinitely small with respect
to the class of all cofibrations (see Lemma A.6.15), and hence transfinitely
small with respect to J U AW. By the small object argument (Proposition
A.6.13) we may factor f as an element of (JUAW)—cell j: X — B followed
by a fibration g: B — Y with the right lifting property with respect to AW.

By the earlier parts of the proof, the homotopy fibre of g is also W-local.
By Lemma 8.2.12, j is a cofibration and W—equivalence. Applying Lemma
8.2.13 we see that j is a weak equivalence. Then we have a lifting square as
on the left (with lift g), and hence a retract diagram as on the right.

l\_

e

|

m ~.
~<<T><

o
Q
o
o

~<<T><
~<<T><
N,

Since f is a retract of g, it also has the right lifting property with AW. O

We may now give an existence theorem for the W-local model structure in
the stable case, which, unlike in the unstable case, that does not require the
model category to be cellular, and provides explicit generating sets.

Theorem 8.2.17 Let C be a proper acceptable stable model category, and let
W be a stable set of maps in C.

Then the left Bousfield localisation LwC of C at W from Theorem 8.1.6 exists
and is a proper, acceptable stable model structure. The generating cofibrations
are given by the generating cofibrations I of C. The generating acyclic cofibra-
tions are given by the set J U AW, where J denotes the generating acyclic
cofibrations of C.
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Proof We start by replacing W with a weakly equivalent set of cofibrations
between cofibrant objects.

We follow the recognition theorem Theorem A.6.9. The W—equivalences
satisfy the two-out-of-three property.

As for the smallness conditions, we have not changed the generating cofi-
brations /. Because every element of J U AW is a cofibration, every map in
(J U AW)—cell is a cofibration. The domains of J U AW are cofibrant, hence
they are transfinitely small with respect to the class of cofibrations by Lemma
A.6.15, hence they are transfinitely small with respect to (J U AW).

Now that the smallness properties have been dealt with, let us move on to the
rest of the recognition theorem. Every element of (JUAW)—cell is a cofibration
and a W—equivalence by Lemma 8.2.12.

Let a morphism f in C have the right lifting property with respect to 1.
Then we know that f is a weak equivalence in C (hence a W—equivalence)
and a fibration. Since the maps J U AW are cofibrations, f has the right lifting
property with respect to J U AW. Thus, we have shown that

I-inj € (J U AW)-inj N (W-equivalences).

Let f have the right lifting property with respect to J U AW. Then we know
that f is a fibration in C. In addition, by Lemma 8.2.16 the homotopy fibre
Ff of fis W-local. If we assume that f is also a W—equivalence, then F f is
a W-local object that is W—equivalent to * by Corollary 8.2.8. Hence Ff is
weakly equivalent to = in C. As C is stable, f is a weak equivalence in € and a
fibration. Thus, f has the right lifting property with respect to 1. Therefore, we
have shown

(J U AW)—inj N (W-equivalences) C I—inj.

We have proved that the model structure exists and is cofibrantly generated.
It is an acceptable model category because we have not changed the set of
generating cofibrations, and the domains of J U AW are cofibrant. Lemmas
8.2.3 and 8.2.10 imply that the model structure is stable and right proper. Left
properness of Ly C is a dual proof to Lemma 8.2.10. O

Remark 8.2.18 We have required C to be acceptable in order to give check-
able conditions that J U AW will satisfy the conditions of the small object
argument. The minimum requirement is that the domains of J U AW are trans-
finitely small with respect to J U AW, see [BR13, Remark 4.12].

Since the standard examples of stable model categories (e.g. the various
model categories of spectra, and chain complexes with the projective model
structure) are acceptable model categories, we find the requirements quite ac-
ceptable.
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However, if we remove stability from the assumptions above, the result will
fail, as with [BR13, Example 4.13].

Combining Corollary 8.2.8, Lemma 8.2.16 and Theorem 8.2.17 gives the
following result.

Corollary 8.2.19 Let C be a proper, acceptable stable model category, and let
W be a stable set of maps in C. Let f: X — Y be a fibration between W—local
objects. Then f has the right lifting property with respect to all cofibrations
that are W—equivalences. O

Remark 8.2.20 Let W be a stable set of maps in a proper acceptable stable
model category C. Then LwC exists and is cofibrantly generated with weak
equivalences given by the W—equivalences. It can be hard to give a good char-
acterisation of the W-equivalences beyond the definition and description in
terms of maps in the homotopy category.

However, up to weak equivalence in €, every W—equivalence is a transfinite
composition of pushouts of maps in J U AW, where J is a set of generating
acyclic cofibrations of C. This is due to the fact that we may factor a W-
equivalence f asi € (J U AW)—cell followed by a fibration p. Since p is also a
‘W-equivalence, it is an acyclic fibration in Ly C. Consequently, p is an acyclic
fibration of C.

8.3 Localisation of Spectra With Respect To Homology
Theories

Recall from Proposition 6.1.7 that E € 83{C defines a homology theory on
STHC by

E,(X) = m,(E A X).

A map f: X — Y in 8HC is called an E,—isomorphism, or E-equivalence, if
E.(f) is an isomorphism of graded abelian groups. In this section we concen-
trate on localising the stable homotopy category at the E.—isomorphisms for
fixed E € SHC.

We work in the model category of orthogonal spectra for convenience. Let
E be a cofibrant orthogonal spectrum. Then for any cofibrant spectrum X,

E(X) = m,(X A E) = colim Ej,14(X,),

see Corollary 7.4.12. Since E is cofibrant, Theorem 7.4.3 implies that E, pre-
serves all weak equivalences. By Example 8.2.4 we know that the E-
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equivalences are stable, hence the resulting localised model structure on or-
thogonal spectra will also be a stable model category by Lemma 8.2.3.

Definition 8.3.1 We say that an orthogonal spectrum Z is E—local if for any
E—equivalence f: A — B, the induced map

(B, Z] — [A,Z]

is an isomorphism. We say that an orthogonal spectrum A is E—acyclic if A is
E—equivalent to .

Because E-localisation is stable, we see that an orthogonal spectrum A is
E-acyclic if and only if [A, Z] = O for every E-local Z.

Let 8 be any of our models for the stable homotopy category, i.e. sequential
spectra, symmetric spectra or orthogonal spectra.

Definition 8.3.2 We define LgS to be the localisation of § at the class of
E—equivalences. We call this the E-localisation of spectra.

The existence of this model category does not follow from Theorem 8.2.17
as the E—equivalences are a proper class, not a set. Instead we must prove that
there is a set of maps W such that the class of W—equivalences equals the E—
equivalences. This is essentially a set-theoretic argument and we follow the
approach of [EKMM97, Chapter VIII], which is based upon [Bou75, Section
11]. It is also known as the Bousfield—Smith cardinality argument.

Theorem 8.3.3 The left Bousfield localisation of orthogonal spectra at the
class of E—equivalences exists.

Proof Recall that the stable model structure on orthogonal spectra is cofi-
brantly generated by the following sets from Definition 6.2.15

pe = 11(3\(,961 ={F)(S*! — D%) | a,d € N)}
IO = {EQ(DL — (D% [0,11),) | a,d € N}

Uk, 0 (S%! > D) | a,n € NJ.

Let us call a map which is a cofibration and an E.—isomorphism an E—
acyclic cofibration, and let us call a map which has the right lifting property
with respect to the E—acyclic cofibrations an E—fibration.

We will construct a set of generating E—acyclic cofibrations J,?. This re-
quires the transfinite small object argument, see Remark A.6.4 and Proposition
A.6.13.

Let « be a fixed infinite cardinal that is at least the cardinality of E.(S). Let
* —> X be a map in orthogonal spectra which is in I —cell (a transfinite

stable
composition of pushouts of maps in Igable). We call X a cell complex. In this
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transfinite setting we do not need to use coproducts due to [Hov99, Lemma
2.1.13].

Given a cell complex X, we regard each pushout over a map in / S‘?able as one
cell and let #X be the cardinality of the set of cells of X. We define Jg to be
the following set.

J={f: X— 7Y in I

qable—C€ll | Xis a cell complex,

#Y < kand f is an E—equivalence}

Note that each map in J:?able is in Jg. We claim that the domains of Jg are

x—small with respect to Jg. Let A be a k—filtered ordinal and

Yo — Y =colim Yy
p<a

a transfinite composition of pushouts of elements of J, where the composition
is indexed by A. Consider a map A — Y such that A is a cell complex with
#A < k.

Since spheres are compact topological spaces, a map from F,f) S" into Y
lands in some finite subcomplex. That is, each cell of A must be mapped into
some finite subcomplex of Y. Since there are at most k—many cells, the image
of X must be mapped to some subcomplex of Y of size at most «. This is
precisely the required smallness condition.

We use the Recognition Theorem A.6.9 to show that Is‘?able and Jg are gen-
erating sets for a model structure on orthogonal spectra where the weak equiv-
alences are the E.—isomorphisms. The two-out-of-three property holds and we
have shown the smallness conditions. It remains to show the lifting properties.

Since the maps in Jg are g—cofibrations, every map in Jg—cell is a g—
cofibration. The functor E A — commutes with colimits and sends E,—acyclic
cofibrations to acyclic cofibrations. Hence Lemma 6.2.11 implies that E,.—
acyclic cofibrations are preserved by pushouts and transfinite compositions.
It follows that every map in J](:?—cell is an E,—acyclic cofibration.

This shows that

Jg—cell c W IQ,, —~cof.

stable

The maps in Jé? are cofibrations, hence every acyclic fibration has the right
lifting property with respect to J,?. Moreover, an acyclic fibration is a m.—
isomorphism and therefore an E,—isomorphism. In other words,

10

leve

—inj € W N J—inj.

It remains to show that any E-acyclic g—cofibration is in Jg—cof. That is,
any E—acyclic g—cofibration has the left lifting property with respect to J g —inj.
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We show this in two steps. First, we show that every map in Jg)—inj has the
right lifting property with respect to every inclusion of cell subcomplexes that
is an E,—isomorphism. Secondly, we show that every map in Jg)—inj has the
right lifting property with respect to every E—acyclic g—cofibration.

We put the first step into Lemma 8.3.5. The second step we give below. Take
a g-cofibration

it X—Y
that is an E,—isomorphism. Then we construct a cofibrant replacement
X -X
using the transfinite small object argument on [ s(?abl .- By construction, X" is a

cell complex. We then use the transfinite small object argument again to factor
X’ — Y into a g-cofibration

i X —Y

followed by an acyclic fibration Y’ — Y. The map i’ is an E,—acyclic inclu-
sion of a cell subcomplex and hence has the left lifting property with respect
to any map in Jg—inj by the first step. We then use technical result on left
proper model categories, [Hir03, Proposition 13.2.1]: if in a left proper model
category a map has the right lifting property with respect to a cofibrant approx-
imation of a map, then it also has the right lifting property with respect to the
original map. This implies that i itself has the left lifting property with respect
to any map in Jg—inj and thus

70

O e—cof €W N JP—cof
which is the final condition required for the Recognition Theorem. O

Corollary 8.3.4 In the E-localisation of orthogonal spectra, the class of E.—
isomorphisms is the class of Jg—equivalences. m

Since Jé? consists of inclusions of cell complexes, the generating acyclic
cofibrations of the E—local model structure have cofibrant domains and codomains.

Lemma 8.3.5 Leti: A — B be an E—acyclic inclusion of a cell subcomplex
of orthogonal spectra. Then i has the left lifting property with respect to any
map in Jg—inj.

Proof Let f: X — Y be a map with the right lifting property with respect to
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Jg and consider a square

—X

A
il f
B——Y

Let T be the set of all pairs (B, k;) with the following properties.

e B, is a subcomplex of B containing A,
e i;: A— B;is an E,—isomorphism,
e the map k,;: B, — X provides a lift in the square

A X

B B——Y.

We define a preorder on T by (By, ks) < (B, k;) if By C B, and the restriction
of k; to By is k. If aset T’ C T is totally ordered, define

B, = colim B, k, = colim k;.
teT’ teT’

It follows that (B, k,,) is in T and is an upper bound for 7".

This means that we can apply Zorn’s Lemma, showing that there is a maxi-
mal element (B,,, k,,). We show by contradiction that B,, = B, hence k,, is a lift
in the original square, which would prove our claim. Assume B, is not B, then
choose a cell ¢ of B not in B,. There is a finite cell complex K of B containing
this cell.

Recall that « is a fixed infinite cardinal that is at least the cardinality of E.(S).
For each x € E.(Kp) that is not in the image of E.(Ky N B,,) (that is, an element
of E.(Ko/(Ko N By,))) we can attach finitely many cells of B to “kill” x, i.e.
make x trivial in the E-homology of the resulting pushout. Repeating for all
such x gives a cell complex K;, where we have added at most k—many cells to
Ko, as E.(Ky /(Ko N By,)) has cardinality at most . For successor ordinals we
repeat the above process: for a limit ordinal A we define

K, = colim Kj.
p<
Taking the colimit
K = colim K
B<k
gives a subcomplex K of B such that

KNB, — K
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is E,—acyclic and #K < k. The pushout of this map along KN B,, — B,, gives
an E.—acyclic inclusion of subcomplexes B,, — K U B,,. This map has the
left lifting property with respect to Jg—inj (with a lift k) as it is the pushout of
such a map. This means that we have

(KU By, k) > (B, ki),
so B,, is not maximal. O
We can now prove directly what the fibrant objects in E-local spectra are.
Corollary 8.3.6  The fibrant objects of LgS® are the E-local Q—spectra.
Proof Let Z be fibrant in Lz8®. Since

Id: 8°© —H Lg8P :1d

is a Quillen adjunction, Z is also fibrant in §°. In particular, Z is an Q-spectrum.
It remains to show that Z is E-local.

As the model categories have the same cofibrations, the Quillen adjunction
gives us an isomorphism

[A,Z]. = [A,Z]F

for any orthogonal spectrum A, where the right hand side denotes the E—local
stable homotopy category. Now if f: A — B is an E-equivalence, it induces
an isomorphism

[B.Z); — [A.Z])
and because of the previous isomorphism,
[B.Z). = [A.Z]..

Thus, we have shown that Z is an E-local Q—spectrum.
Now assume that X is an E-local Q—spectrum. Taking a fibrant replacement
in the E-local model structure gives an E—acyclic g—cofibration

qg: X — LgX

between E—local objects. By Lemma 8.1.2, ¢ is an acyclic g—cofibration. Since
q has the left lifting property with respect to X — =, it follows that the termi-
nal map X — = is a retract of LgX — *. Consequently, X is a retract of an
E—fibrant object and therefore itself E—fibrant. O

We now consider sequential spectra and symmetric spectra and show that
they have E-local model structures, which are all Quillen equivalent to the
E-local model structure on orthogonal spectra.

The following lemma is [Hir03, Theorem 3.3.20].
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Lemma8.3.7 Let F:C —“ D :G be a Quillen equivalence of model cat-
egories. Let S be a set of maps in C, and let " = LF(S). Then, assuming both
model structures exist, the adjunction

F: LSG ¢ Ly@ G
is a Quillen equivalence.

Starting with a set of maps 7 in D, we can obtain the analogous result, using
the fact that for a Quillen equivalence LF(RG(T)) =~ T, and that localisations
only depend on the homotopy type of the maps.

Corollary 8.3.8 Let F:C —>€ D :G be a Quillen equivalence of model
categories. Let T be a set of maps in D, and let T' = RG(T). Then, assuming
both model structures exist, the adjunction

F: L@ " LD:G
is a Quillen equivalence. m}

Theorem 8.3.9 There are E-local model structures on sequential spectra,
symmetric spectra and orthogonal spectra and Quillen equivalences

B By
L8 7 LpS8* —— Lg8°.
Uy uy

Proof Starting with the set Jg in orthogonal spectra, we can use Theorem
8.2.17 with the sets U Jy for 8* and UZJY for 8" to obtain E-local model
structures L;8* and Lr8" on symmetric spectra and sequential spectra. The
result then follows from Corollary 8.3.8. O

Definition 8.3.10 The E-local stable homotopy category Ho(Lg8) is the ho-
motopy category of the E-localisation of a category of spectra from Theorem
8.3.9.

The monoidal structure of the stable homotopy category passes to that of the
E-local stable homotopy category.

Theorem 8.3.11 Let E be a cofibrant orthogonal (respectively symmetric)
spectrum. Then the E-local model structure on 8© (respectively 8¥) is a sym-
metric monoidal model structure and hence the E-local stable homotopy cat-
egory is symmetric monoidal. The Quillen equivalence

P
Lp8* " Lg8°
ug
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is a strong symmetric monoidal Quillen equivalence.

Proof Since the stable model structure on 8¢ is monoidal and the cofibrations
are unchanged, we only need check that for a cofibration and E—equivalence
f: X — Y and a generating cofibration g: A — B of orthogonal spectra, the
pushout product map j

Idang
ANX —ANANY

f/\Idxl li
FAIdy
BAX—% sBA XUA AY
\

ANX
IdgAg BAY

is an E—equivalence. Since A and B are cofibrant, the maps Idq A g and Idg A g
are E—equivalences and cofibrations. Since pushouts preserve acyclic cofibra-
tions in any model structure, the map k is an E—equivalence. Thus, j is an
E—equivalence.

The unit condition also holds as before as cofibrant replacement in the E—
local model structure is given by cofibrant replacement in the stable model
structure.

The adjunction is a Quillen equivalence by Theorem 8.3.9. It is a strong
symmetric monoidal adjunction, and cofibrant replacement has not changed,
s0 it is a strong symmetric monoidal Quillen equivalence. m

We finish this section with a small result relating module structures to local
spectra.

Proposition 8.3.12 If E is a cofibrant ring spectrum, then every E—module is
E-local.

Proof Let E be a cofibrant orthogonal ring spectrum with unit map 7, let X
be a module over E in orthogonal spectra with E—action map v, and let A be
an orthogonal spectrum. Given any map f: A — X, we have a commutative
square
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It follows that the composite

AX] 25 AL E XAV E] D [A.X AR E]T D [A.X]

is the identity. When A is E—acyclic, the second term is zero, so [A, X] = O.
Consequently, X is E-local. O

8.4 Examples of Left Localisation

In this section, we are going to look at some common examples of localisation
of spectra. As all the calculations presented take place in the stable homotopy
category, we do not have to worry about what kind of spectra we are using, so
throughout the section we let S denote a suitable category of spectra. Further-
more, the smash product A will denote the smash product in SHC.

Many of the examples we will encounter satisfy the following property,
which equips them with a wealth of technical advantages.

Definition 8.4.1 Let S be a category of spectra and W a stable set such that
L8 exists. We say that the localisation at W is smashing if

X — X A LyS
is a W-localisation, i.e. the map is a W-equivalence and X A LS is W-local.

We could make this definition with any monoidal stable model category
C such that the stable localisation LwC exists and replace the sphere in the
definition with the monoidal unit. However, we chose to only discuss spectra
in this section.

Example 8.4.2 We will encounter the following examples and counterexam-
ples of localisation of spectra.

e Miller’s finite localisation (Example 8.1.5) is smashing.

e Localisation of spectra at a set of primes is smashing. In particular, rational-
isation is smashing, see Corollary 8.4.11.

e Completion at a prime p is not smashing, see Corollary 8.4.14.

e Localisation with respect to topological K-theory is smashing, see Theorem
8.4.37.

e Localisation at the Johnson-Wilson theories E(n) is smashing, see Theorem
8.4.46.

e Localisation at the Morava K-theories K(n) is not smashing, see Proposition
8.4.50.
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In general, left localisation does not commute with sequential homotopy
colimits. For example, the homotopy colimit of p-complete spectra is not nec-
essarily p-complete itself. However, in the smashing case these two operations
do commute.

Proposition 8.4.3 Let S be a category of spectra and W a stable set such that
Lw3 exists. Then the localisation at W is smashing if and only if the (transfi-
nite) sequential homotopy colimit of W-local spectra is again W-local.

Proof We formulate the proof for orthogonal spectra. By the discussion above
Lemma 7.4.13, we have

hocolim(X,, A A) = (hocolim X,,) A A

for a sequential diagram of spectra f;,: X,, — X,+1, n € N. This extends to the
transfinite case giving one direction of the result.

For the converse, assume that W-localisation commutes with transfinite se-
quential homotopy colimits. Since we have a stable localisation,

YLy X = Ly X" X

for any m € Z and any X € SHC. By transfinite induction and our assumption
that Ly commutes with transfinite sequential (homotopy) colimits it follows
that Ly commutes with arbitrary (small) coproducts of cofibrant spectra.
Now consider the class of those X € SHC such that X — X A LS is a W-
localisation. This class contains the sphere spectrum, is closed under suspen-
sions, triangles and coproducts and hence is the whole of the stable homotopy
category by Corollary 6.6.8. o

As a consequence of the proof of Proposition 8.4.3 we have the following.

Corollary 8.4.4 If localisation at W is smashing then Ly commutes with
coproducts and preserves compact objects. m]

Corollary 8.4.5 Let Ly be a smashing localisation. Then the W-local sphere
LwS is a compact generator for Ho(Ly8).
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Proof We have the following sequence of equivalences.

X — Y is a weak equivalence in Ly8
— LwX — LwY is a weak equivalence in Ly8
& LwX — LwY is a weak equivalence in § by Lemma 8.1.2
— [S, LwX]. — [S, LwY]. is an isomorphism
— [LwS, LwX]. — [LwS, LwY]. is an isomorphism

= [LWS,X]fW S [LwS, Y]fWS is an isomorphism
O

Remark 8.4.6 There are plenty more good properties of smashing localisa-
tions of spectra to study and exploit. We refer the interested reader to
[EKMMY97, Chapter VIII]. For example, Wolbert’s Theorem says that if a lo-
calisation Ly is smashing, then Lw8 and the model category of modules over
the W-local sphere spectrum LwS are Quillen equivalent.

8.4.1 p-Localisation and p-Completion

Localisation and completion at a prime p or at a set of primes is often one
of the first (left) Bousfield localisations one encounters. We will give some
explicit constructions of p-localisation and p-completion as in [Bou79]. Then
we will conclude the section by collecting some useful related results.

The spectra we will use for localisation and completion at a prime p are
more general versions of the mod-n Moore spectra.

Example 8.4.7 For G an abelian group, the Moore spectrum M(G) of G is
constructed as follows. Assume that G is obtained via a short exact sequence

O—>F2i>F1—>G—>0,

where F| is a free group on a generating set /; and F is a free group on a
generating set /. We think of /; as the generators of G and of p(/,) as the
relations. We then construct a cofibre sequence

\/s N \/s — M(G),
b I

where r is a map satisfying mo(r) = p. Such a map exists as [S,S] = Z and
[S, =] commutes with coproducts by Corollary 6.6.8.

Applying homology to the above cofibre sequence gives rise to a long ex-
act homology sequence which implies that M(G) has the following homology
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groups
G, i=0

H(M(G)) =
(e {o, i #0.

One can check that different choices of resolution give weakly equivalent spec-
tra.

We would like to study the M(G)-localisation of a spectrum X. We start with
the following computational tool.

Lemma 8.4.8 Given a spectrum X and abelian group G, there is a homolog-
ical universal coefficient short exact sequence

0 — Gr.(X) — m.(M(G) A X) — Tor’(G, .1 (X)) — 0,
and a cohomological universal coefficient short exact sequence
0 — Extz(G, 1.11(X)) — [M(G), X]. — Homgz(G, 71.(X)) — 0.
These sequences are natural in X.
Proof Following Example 8.4.7 we take a free resolution of G
O—>F21>F1—>G—>O,

where F; is a free group on a generating set /1, and F is a free group on a
generating set I,. We then construct a cofibre sequence

\/s AN \/S — M(G).
b I

Applying the functor [S, — A" X]. to this cofibre sequence gives a long exact
sequence

s EIB”"(X) N EIBnn(X) 5 (MG)AVX) -5 EIBnn_l(X) —

We split this long exact sequence into the desired short exact sequence by
taking the cokernel of s and the kernel of ¢.
A map of spectra f: X — Y induces a natural transformation

i IS, - A XL, — [S,— A Y],

so naturality of the short exact sequence follows.
The cohomological case is dual. O

Let us now turn to localisation with respect to Moore spectra.
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Definition 8.4.9 Let P be a set of primes, and let
Zip) = {% | ptbforall peP)CQ.

Then the localisation Ly z,)X is called the P-localisation of X and is de-
noted X(p). The P-local stable homotopy category Ho(Lyz,,,)3) is denoted
HO(S(p)) = S}Ce(p).

Quite often we only care about localisation at one prime at a time and write
X(p for X(,)). Note that for the case P = () we obtain Zp) = Q and thus we call
this localisation rationalisation. In this case, we write Xq for Xg).

The p-local stable homotopy category still has much the same “complexity”
as the entire stable homotopy category itself. However, working in a p-local
context often makes things easier in practice, such as when dealing with stable
homotopy groups. Furthermore, there are powerful results about the structure
of 8HC,), which we will talk about in Subsection 8.4.3.

Proposition 8.4.10 Let X be a spectrum and P a set of primes. Then the
P-localisation of X is given by

X(p) = LM(Z“:))X =XA M(Z(p)).
Furthermore, m.(X(p)) = m.(X) ® Z(p).

Proof Since Zp) is torsion-free, the homological universal coefficient short
exact sequence of Lemma 8.4.8 gives an isomorphism

Zip) ® m(X) = 1. (X A M(Zp)).

It follows that a M(Zp))—equivalence is precisely a map of spectra inducing an
isomorphism on P-local homotopy groups and that a spectrum A is M(Zp))—
acyclic if and only if its P-local homotopy groups are trivial.

We also see that p - Id: X — X is a M(Zp))—equivalence for a spectrum
X and a prime p not in P. If X is M(Zp))-local spectrum, then p - Id is a
m.—isomorphism. Hence the homotopy groups of M(Zp))-local spectra are
uniquely p—divisible for each prime p ¢ P.

We may assume that in the resolution of Zp) as a Z-module there is a gener-
ator corresponding to the unit 1. This gives a preferred map r7: S — M(Zp)),
and we claim that

nAld: X — X A M(Z(p))
is P-localisation. The map

M AId).: m (X)) — Zpy ® m.(X)
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is induced by the unit map of the ring Zp) and hence n A Id is a M(Zp))-
equivalence.

It remains to prove that X A M(Zp) is M(Zp))-local. Let X — X(p) be
the fibrant replacement of X in the M(Zp))-local model structure on spectra.
Consider the commutative square below

=Zp)
X——— X ANMZwp)

:Z(P)l J/~
=7,
X(py ——— Xipy A M(Zip),

where the arrows labelled =~ Zp are Zpy ® m.-isomorphisms. As the homo-
topy groups of X(py and Xpy A M(Zp)) are uniquely p—divisible, the bottom
horizontal map is a m.—isomorphism. Hence X A M(Zp)) is M(Zp))-local and
ﬂ*(X(p)) =m.X)® Z(p). ]

Corollary 8.4.11 For a set of primes P, P-localisation is smashing, and the
P-local sphere is Sipy = M(Zp)). o

Now we turn to the case G = Z/p for a prime p.

Definition 8.4.12 Let X be a spectrum and let p be a prime. Then the p-
completion of X is given by Ly z,p)X and is denoted by X};. The p-complete
stable homotopy category Ho(Lyz/p)8) is denoted by HO(S;}) = 83{62.

Proposition 8.4.13 Let X be a spectrum and p be a prime. Then the p-
completion of X is given by

X, = Lua/pnX = R Hom(Z™'M(Z/p™), X),
where R Hom denotes the function object in SHC, and
Z/p™ = ZI3)/Z = colim(Z/p — Z/p* — ---).

Proof We start with the cohomological universal coefficient short exact se-
quence from Lemma 8.4.8

0 — Extz(G, m41(Y)) — [M(G), Y], — Homz(G, 7.(Y)) — 0.

Let us putin G = Z/p. If Y has uniquely p-divisible homotopy groups (i.e. for
every a € m,(Y) there is a b € n.(Y) with pb = a), then both the Ext-term and
the Hom-term are trivial, and therefore Y is M(Z/p)-acyclic. We apply this to
the following case. Let X be a spectrum. The exact triangle in SHC

LMZ/p) — S — MZI31) — M(Z/p®)
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induces an exact triangle of homotopy mapping spectra
RHom(M(Z[ﬁ]),X) — RHom(S,X) = X —

— RHom(Z'M(Z/p™), X) — ZRHom(M(Z[%]),X).

Let A be an M(Z/p)-acyclic spectrum. Using exact triangles and induction,
ANMZIp) ==
implies that A A M(Z/p") ~ = for all n and thus,
ANMZ[pT) = =,
see the proof of Theorem 8.4.39 for the full argument. The spectrum
R Hom(Z™'M(Z/p*), X)
is M(Z/ p)-local because for A as above,
[A,RHom(EZ 'M(Z/p>), X)] = [A A" 'M(Z/p™), X] = [*,X] = 0.

The homotopy groups of R Hom(M (Z[I—ly]),X) are uniquely p-divisible, hence
this mapping spectrum is M(Z/p) acyclic as explained above. Therefore the
map from the previous exact triangle

X — RHom(Z™'M(Z/p™), X)
is a M(Z/ p)-equivalence and thus a M(Z/p)-localisation as claimed. O
Corollary 8.4.14  As a functor, p-completion is not smashing.
Proof Proposition 8.4.13 says that
Sy = RHom(Z™'M(Z/p™).S).
Thus, for p-localisation to be smashing, we would have to have
RHom(Z'M(Z/p*™),X) = X ARHom(E"'M(Z/p™),S)

for any spectrum X. The above is equivalent to the spectrum M(Z/p®™) being
strongly dualisable by Lemma 7.5.3. However, a spectrum is only strongly
dualisable if and only if it is compact by Theorem 7.5.5. Since compact spectra
have finitely generated homotopy groups in each degree by Corollary 6.6.14
and Z/p™ is not finitely generated over Z, we conclude that M(Z/p®) is not
compact. O
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Proposition 8.4.15 For a spectrum X and a prime p, the p-completion of X
is given by
X)) = holim(M(Z/p) A X «— M(Z/p*) NX «— MZ/p) A X — ---),
where the maps are induced by the projections Z|p" — Z]p"~'.
Proof The Moore spectrum of Z/p®™ is given by
M(Z/p™) = hocolim(M(Z/p) — M(Z/p*) — MZ/p’) — ---),

where the maps are induced by multiplication by p on Z/p"~! —s Z/p".
Since the dual of M(Z/p") is Z~'M(Z/p") and these spectra are strongly
dualisable,

M(Z/p") A X = RHom(S, M(Z/p") A X) = RHom(Z™'M(Z/p"), X).
Consequently,

holim,(M(Z/p") A X) holim, R Hom(Z~' M(Z/p"), X)

R Hom(hocolim, Z~'M(Z/p"), X)
RHom(EZ ' M(Z/p™), X).

R IR

We will need the following statement in Theorem 8.4.39.

Lemma 8.4.16 Let X be a g-local spectrum for a prime q. Then, for any
prime p different from q, the p-completion X1/7\ is trivial.

Proof By Proposition 8.4.15, we have that
X)) =holim(M(Z/p) A X «— M(Z/p*) ANX — MZ/p’) AN X — ---).

We will show that all terms in the homotopy limit are trivial. The universal
coefficient short exact sequence tells us that

0 — Z/p" ® 1.(X) — m(M(Z/p") A X) — Tor™(Z/p", 71(X)) — O

is exact. As X is g-local, all homotopy groups of X are of the form G ® Z,),
see Proposition 8.4.10. This means that the first and third term of the short
exact sequence are zero. Thus, M(Z/p™) A X =~ « for all n. Therefore, by the
properties of homotopy limits listed after Definition A.7.16, X ]’,\ ~ %, O

The homotopy groups of a p-completion have a nice algebraic characterisa-
tion as described below. However, it is not quite as straightforward as in the
p-local case. We now have to make the extra assumption that the homotopy
groups are finitely generated. By Corollary 6.6.14, this assumption holds for
compact spectra.
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Proposition 8.4.17 Let X be a spectrum and p a prime. If n,(X) is finitely
generated for all n € Z, then the homotopy groups of the p-completion of X
are

m(le) =1.X)® ZIA,

where ZIA, denotes the p-adic integers.
Proof By Proposition 8.4.13, the p-completion of X is

X = RHom(X™' M(Z/p™), X).
The homotopy groups of R Hom(Z~'M(Z/p*), X) are

[S,RHom(Z"'M(Z/p*), X)] = [~ M(Z/p™), X].
Thus, the short exact sequence
0 — Extz(G, 141 (Y)) — [M(G), Y] — Homgz(G,7.(Y)) — 0
gives us the following short exact sequence for G = Z/p®™.
0 — Extz(Z/p™, 1.(X)) — m.(X},) — Homz(Z/p™, m.—1(X)) — 0

As the homotopy groups of X itself are finitely generated in each degree, the
Hom-term of this sequence is trivial: a finitely generated abelian group is a
finite coproduct of copies of cyclic groups (either infinite, of order p* or of
order ¢! for ¢ # p), and in all those three cases Homz(Z/p®™, —) is indeed zero.
Thus,

Extz(Z/p”, 7.(X)) = m.(X))

Let us calculate this Ext group. We have that Z/p™ = colim, Z/p", where the
maps in the colimit are multiplication by p. Therefore, we get the short exact
sequence

0 — lim' Homz(Z/p", n.(X)) — Extz(Z/p~, 7.(X)) — lim Extz(Z/p", n.(X)) — 0.
The system
-+ — Homgz(Z/p", 7.(X)) — Homz(Z/p"™", m.(X)) — ---

satisfies the Mittag-Leffler condition [Wei94, Proposition 3.5.7], which we can
verify directly by either assuming 7, (X) = Z, 7.(X) = Z/p* or 7.(X) = Z/4'
for g # p. This implies that the lim'-term is zero, and consequently

Extz(Z/p®, m.(X)) = lim Extz(Z/p", 7.(X)) = lim7.(X)/(p") = 7.(X) ® Z;,.

]
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Sometimes it is also useful to have the following algebraic characterisation.

Proposition 8.4.18 A spectrum X is p-complete if and only if 7.(X) is Ext-p-
complete, i.e.

Extz(Z[ ], 7.(X)) = 0 = Homz(Z[ 1], 7.(X)).
Proof We use the universal coefficient short exact sequence again for G =
ZL5],
0 — Extz(Z[51, 7001 (X)) — [M(Z[}]). X]. — Homz(Z[}].7.(X) — 0.

If X is p-complete, then X = R Hom(Z~' M(Z/p™, X) by Proposition 8.4.13.
Thus,

[MEZILD), X] = [MEZIL]), R Hom(=™ M(Z/p™, X)) = [ MEZILDAM(Z/ p™), X].

The spectrum E’IM(Z[I%]) A M(Z/p®) is trivial by the universal coefficient
short exact sequence, and therefore 7. (X) is Ext-p-complete.

Conversely, if the groups 7. (X) are Ext-p-complete, the short exact sequence
forces [M (Z[%]), X] = 0 and consequently,

X — RHom(Z™'M(Z/p™),X) = X
is weak equivalence as in the proof of Proposition 8.4.13. O

We can also generalise completion in the following way. Let P be a set of

primes again, and let Z/P := € Z/p. Then we can set
peP

Xﬁ = LM(Z/P)X = HXI/;
peP

Our results about localisation and completion now allow us to characterise
Ly for all abelian G. Recall that an abelian group G is uniquely p-divisible
if for all g € G there exists exactly one & € G with ph = g.

Definition 8.4.19 Let G, and G, be two abelian groups. Then we say that G,
and G, are of the same acyclicity type if

e @ is torsion if and only if G, is.
e For every prime p, G is uniquely p-divisible if and only if G, is.

Every abelian group G is of the same acyclicity type as Zpy or Z/P for ex-
actly one set of primes P. First, note that the groups Z/p and Z, are uniquely
g-divisible for all primes g # p. Therefore, if G is torsion and

P = {all primes p for which G is not uniquely p-divisible},
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the group G has the same acyclicity type as Z/P. Likewise, if G is not torsion,
then it has the same acyclicity type as Zp). The term “acyclicity type” refers
to the following.

Theorem 8.4.20 (Bousfield) Let G| and G, be two abelian groups. Then G
and G, are of the same acyclicity type if and only if M(G) and M(G,) give
rise to the same Bousfield localisation, i.e. a spectrum X is M(G1)-local if and
only if it is M(G»,)-local.

Proof The full proof uses lengthy arguments involving the arithmetic of
abelian groups, so we only provide an outline of [Bou74]. Let E be a con-
nective spectrum. Then the class of groups

Mg = {GB m(X) | X is an E-acyclic spectrum}

satisfies the following.

e 0e Mg.

e Mp is closed under direct sums.

e Let Gy —» G2 —» Gz — G4 — Gs be an exact sequence of abelian groups
such that Gy, G,, G4 and G5 are in Mg, then so is G3.

Then it is possible to prove that a class of groups M satisfying the points above
can only be one of the two following cases.

1. M consists of all p-divisible groups, where P is a fixed set of primes and
pEP.

2. M consists of all P-torsion groups for a set of primes P. (A group G is P-
torsion if for every x € G there is an n with nx = 0, where n is a product of
elements of P.)

This means that all groups in M have the same acyclicity type. In the first case,
M contains Zg, for Q all primes not in P, in the second case Z/Q. In particular,
this holds for My, for any group G. O

Putting these pieces together, we see that P-localisation and P-completion
describe all instances of localisation at M(G).

Corollary 8.4.21 Let X be a spectrum and G an abelian group. Then either
LM(G)X = LZ(p)X = X(P) or LM(G)X = Lz/pX = X?
for a set of primes P. O

There is the following nice result for connective spectra.
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Proposition 8.4.22 Let X be a connective spectrum. Then X is HZ-local.

Proof The Postnikov tower of a connected spectrum X describes how a spec-
trum can be successively constructed from fibre sequences

Ki—Xi— X, i21,

where the fibres K; are Eilenberg—Mac Lane spectra. Any Eilenberg—Mac Lane
spectrum HG is HZ-local as HG can be constructed as a module over the
ring spectrum HZ, see Examples 7.6.4 and Proposition 8.3.12. Furthermore,
Corollary 8.2.8 states that if two out of the three spectra in an exact triangle
are H7Z-local, then so is the third.

In the Postnikov tower, X, is an Eilenberg—Mac Lane spectrum itself, as is
K. Hence, X, is HZ-local. Continuing inductively, we see that all the Post-
nikov sections X; are HZ-local. We then have X = holim, X,,, so by Corollary
8.2.9, X itself is HZ-local. The result for connective spectra follows as a con-
nective spectrum is a shift of a connected spectrum. O

By Lemma 8.1.2 we have the following.

Corollary 8.4.23 A map between connective spectra that induces an iso-
morphism on integer homology groups (i.e. HZ—homology) is a stable equiva-
lence. m}

We are going to conclude this section by collecting a few more related re-
sults. As most of the proofs are involve lengthy arithmetic arguments differen-
tiating between various types of abelian groups, we are only going to include
the statements of the results and refer to literature for proofs.

In [Bou79], Bousfield shows that for any spectra E and X, there are homo-
topy pullback squares

LEX — [1 Leamz/pX

pprime

LQLEX —_— LQ( I_I LE/\MZ/pX)

p prime

as well as

LgX —— LE/\Z(p)X

| ]

LE/\Z(R)X —_— LQLEX,
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where P is a set of primes, and R is the set of all primes not in P. These are
often referred to as Bousfield arithmetic squares. These two squares can be
used to deduce the following.

Proposition 8.4.24 (Bousfield) Let E and X be spectra, and let G be an
abelian group. If in addition G is either a torsion group or E N HQ # x, then

LeamcyX = Ly (LeX).

The arithmetic squares together with the results on acyclicity types can be
combined to discuss all localisations with respect to connective spectra.

Theorem 8.4.25 (Bousfield) Let E be a connective spectrum, and let m,(E) =
®,m,(E) be of either acyclicity type G = Zpy or G = Z/P for a set of primes
P. Then for another connective spectrum X, the E-localisation of X is LgX =
Ly)X, i.e. either

LEX = X(p) or LEX = XQ

The following useful result arises from the proof of the previous theorem,
see [Bou79].

Proposition 8.4.26 (Bousfield) For any connective spectrum X and abelian
group G, LygX = Ly@)X.

So in particular, we have some understanding of localisation at Eilenberg—
Mac Lane spectra. We can also consider localisation of Eilenberg—Mac Lane
spectra at any other spectrum. While this is not immediately related to
P-localisation and P-completion, it is nevertheless an interesting result. De-
tails and applications can be found in [Gut10].

Theorem 8.4.27 (Gutiérrez) Let E be any spectrum, and let G be an abelian
group. Then LgHG is again related to a generalised Eilenberg—Mac Lane
spectrum, i.e. a product of wedges of Eilenberg—Mac Lane spectra. Specifi-
cally, let P be the set of primes p such that E.(HZ/p) # 0 and G is not uniquely
p-divisible. Define

A, = Extz(Z/p®,G) and B, = Homz(Z/p*,G).

If E.(HQ) =0, then

LyHG = | | HA, v IHB,
peP

otherwise, there is a cofibre sequence of spectra

LpHG — H@Q®G) A | | HA, vEHB, — HQ A | | HA, v ZHB,.
pep peP



8.4 Examples of Left Localisation 351

8.4.2 Localisation With Respect To K-Theory

In this section, we are going to describe Bousfield localisation with respect
to topological K-theory. We could simply start with a definition of K-theory
using nothing but spectra, but we feel that it would not be fitting to omit its
geometric interpretation. For more details about K-theory, [Ati89] and [Hus94]
are excellent sources, but we also think that [Gra75, Chapter 29] provides a
very good introduction.

Background on K-Theory
The K-theory of a space is defined in terms of the vector bundles over that
space. Let X be a compact Hausdorft topological space, and let k be either
the field R or C. By Vect,(X) we denote the set of equivalence classes of n-
dimensional k-vector bundles over X. Here, two vector bundles

Sl Ef— X and & Ey — X

are equivalent if there is a map f: E; — E, inducing an isomorphism on
each fibre and satisfying &, o f = &).
Take two vector bundles

& Ef— X and &: E; — X

The Whitney sum & @&, is given by the pullback of the diagonal of the product
of &1 and &, i.e. it is the left vertical arrow in the pullback square

ANE X&) — E\ X Ep

ﬂl l‘fl X&

X X %X,

where

A*(&1 x &) ={(e1,e2,x) € Ey X Ey X X|&1(e1) = &x(ep) = x},
and

AN xE) — X

is the projection. This construction is well-defined on equivalence classes and
therefore provides

Vect(X) = @ Vect,,(X)

with the structure of a semigroup. We now define K;(X) to be the Grothendieck
group of the semigroup (Vect(X), ®). It has the universal property that if G is
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a group and f: Vect(X) — G a semigroup homomorphism, then f factors
uniquely over Ki(X),

Vect(X) - G.

Kk(va

More concretely, K;(X) is the quotient of the free group F(Vect(X)) on Vect(X)
by the subgroup generated by all [¢ & 7] — [€] — [77]. In other words, the
Grothendieck construction formally adds inverses to a group in a “minimal”
fashion.

If X is a pointed space, the information of the fibre over the basepoint is
redundant, so one discards it by taking reduced K-theory

K (X) = coker(Ki(x) — Kp(X)).
Now we can define the K-theory group of a pointed space X by
K°(X) = Ko(X) and KO(X) = Kr(X)
and forn € N,
K(X) = Kc(Z"X) and KO™'(X) = Kp(Z"X).
We will soon see that for n € N there are natural isomorphisms
K™(X) = K" 2(X) and KO'(X) = KO 3(X).
We use this periodicity to define K-theory for positive indices,
K'(X) = K(X) and KO"(X) = KO"®(X), 8k > n.

In the first case one speaks of complex topological K-theory, in the second
case of real topological K-theory. For reasons of convenience, we will not dec-
orate those K-theory groups with a tilde. In literature K is sometimes denoted
by KU. The groups K*(X) and KO*(X) form reduced cohomology theories, so
we would like to look at the representing spectra.

It can be shown that for paracompact spaces, every n-dimensional vector
bundle is a pullback of the canonical bundle & over BU(n) in the complex case,
respectively BO(n) in the real case. We see that every map f: X — BU(n)
gives us a vector bundle over X with total space

1@ ={(x,e) e XX EU| f(x) = &(e)}.
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A map homotopic to f gives an equivalent vector bundle. Conversely, con-
structing a bundle map from a vector bundle over X to the canonical bundle
over BU(n) is point-set topology. Thus one obtains

[X,BUm)], k=C
Vect,(X) =
[X,BO(n)], k=R
and after taking the colimit over n,
[X,BU], k=C
Vect(X) =
[X,BO], k=R.

Therefore, a spectrum K representing K* would have to satisfy K, = Q"BU,
but how would we get its structure maps? The answer comes from the famous
Bott periodicity theorem.

Theorem 8.4.28 (Bott) There are homotopy equivalences Q’BU ~ BU X Z
and Q¥BO ~ BO X Z.

Thus, we have spectra K and KO via

BU X7Z neven
K, =
U n odd

and
KO, =Q(BOXZ), n=28s+Ii.
So now for a topological space X, we have that
K'(X) =[X,K,] and KO"(X) = [X,KO,].
As a consequence,

Z n=8s,n=8s+4
KO"(S%={7/2 n=8s+1,n=8s+2

0 otherwise.

Z neven

K"(S°) = {
0 nodd

The tensor product on vector bundles gives rise to an associative multiplica-
tion on Vect(X), which corresponds to the multiplicative structure on BU and
BO. These multiplicative structures allow one to construct multiplications (cup
products) on K* and KO*. Schwede [Sch07b, Example 1.2.10] and Joachim
[Joa0O1] give constructions of K and KU as commutative ring spectra which
induce these multiplications.
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From now on, when discussing K-theory, we will be talking only about K-
theory of spectra instead of spaces, using the representing K-theory spectra to
do so.

Because we would like to consider Bousfield localisation with respect to
K-theory, the following lemma tells us that we do not have to worry about
working over R or over C.

Lemma 8.4.29 Let X be a spectrum. Then K*(X) = 0 ifand only if KO*(X) =
0. Equivalently, a spectrum X is K-local if and only if it is KO-local.

Proof There is an exact triangle

IdAn b
KO — KO — K — X°KO,

where i: S' — § is the Hopf map, see [Ada74, p.206]. Consequently,

IdAnAld )
SJKOANX —— KOANX —- KAX —XKOANX
is exact. Therefore, if KO A X =~ x for a spectrum X, we must have K A X =~
too. Conversely, if K A X =~ %, the map

IdAnAld
SJKOANX —— KOANX

is an isomorphism in 8HC. However, it is also nilpotent as 774 = 0, so it can
only be an isomorphism if KO A X =~ * as well. O

In [Ada66b, IV, Corollary 8], Adams showed that one can split up K-theory
into smaller parts.

Theorem 8.4.30 (Adams) Let X be a space, and let K (*p) denote complex topo-
logical K-theory at the prime p, i.e. Ky = K AS(p). Then there are idempotent
maps

Eq: K, (X) — K(,(X), a€Z/(p-1)
such that there are natural isomorphisms
Ky (X) = @D Ea(K;, (X)),
a
Furthermore, the functors E, o Kz‘p) are cohomology theories and therefore are
representable.

It was shown that the summands also satisfy the following. Let G denote the
spectrum representing E; o K(*p). Then

K= @ Pem

O<igp-1
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i.e. K-theory splits into shifted copies of G. This G is known as the Adams
summand, and its homotopy groups are

7.(G) = Z[vi,v{'], Ivil=2p-2.

The Adams summand also appears in literature denoted by L. A more contem-
porary notation for the Adams summand is E(1) because it is the special case
of some E(n) for n = 1, as we will see in Subsection 8.4.3. Note that the prime
p is absent from the notation, and for p = 2, K(,,) = E(1). As a consequence of
Adams’ result we obtain

Corollary 8.4.31 A spectrum X is K(p)-local if and only if it is E(1)-local. O

K-Localisation
We can now study K-localisation of spectra. We will actually study localisation
with respect to p-local K-theory, K,y = K A S(;). Throughout this section, p
denotes a prime, and M = M(Z/p) the mod-p Moore spectrum. Note that M is
p-local.
In [Ada66a], Adams constructed K(,)-equivalences

viiZ*M — M (p=2) and v;: T 2M — M (p odd).

In [Bou79], these maps are denoted by A,. The notation v‘l1 respectively vy is
a more contemporary notation and refers to the element v; € E(1).. The map
in each case is called a v;-self map. In the case p = 2, v‘l1 is not, however, the
fourth power of another map v;. The notation merely alludes to the fact that it
has degree 8. For convenience, in this section we will write

v XM — M

to denote both instances.
The mod-p Moore spectrum plays a big role in understanding and construct-
ing K-localisations. First, we define

M® := hocolim(M —5 T4y 25 s-2dp1 2 o),
Lemma 8.4.32 The map M — M® is a K,-equivalence.

Proof We have that K. (M*) = colim(K).(M) 5 Kpy(M) 5 --+), see
Lemma 7.4.13, therefore K,).(M) — K,.(M*) is an isomorphism. O

The homotopy groups of this spectrum have been calculated by Mahowald
[Mah70] and Miller [Mil81].
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Theorem 8.4.33 (Mahowald, Miller) For p = 2, the order of the group
(M) is

4, i=0mod 8,
8 i=1modS8,
8, i=2mod38,
4, i=3 mod 8,
2, i=4 mod 8,
1, i=5mod 8,
1, i=6modS8,
2, i=7modS8.

For odd primes, one has
mi(M®)=2Z/p fori=0,-1 mod 2p—2)
and m;(M*) = 0 otherwise.

To study K-localisation, we need to know the stable homotopy groups of
the K(,)-local sphere, which were computed in e.g. [Ada66a] and [Rav78].
The actual calculations and reasonings leading up to them are too extensive to
include in this book.

Theorem 8.4.34 (Adams, Ravenel) The stable homotopy groups mi(Lk,,S) of
the K)-local sphere are

Z(z) ® Z/2, i=0,

7]2%, i=-2,

Z/2, i=0mod38,i#0

(Z/2)?, i=1mod S8,

Z/2, i =2 mod 8,

Z/8, i =3 mod 8,

0, i=4,5,6 mod 8,

Z]2, i=7mod8,i+1= 2"‘1q,q0dd.

For odd primes, ni(Lg,S) is given by

Ly, i=0

Z/p®, i=-2

Z/p¥, i=-1mod (2p-2),i#-1,i+1=2p-2)qp" ', p1q
0, else.

Furthermore, the map n.(S) — m.(Lk,,S) is a split epimorphism in degrees
greater than 1 for p = 2 and in non-negative degrees for p odd.
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Since localisation at K, is the right derived functor of the identity functor
from L, 8 to 8, Lk, is an exact functor on SHC by Theorem 5.5.2. Hence it
preserves the cofibre sequence defining M

P
LK(F)S - LK(F)S - LK(F)M
and so we have an isomorphism in SHC
Lg,M =M A Lg,,S.

This cofibre sequence and our knowledge of .(Lg,,S) allows us to calculate
the order of the homotopy groups of M A Lk, S. We see that the homotopy
groups of M* and M A Lk, S have the same order, a key step in the proof of
the next proposition.

Let us consider the map

M — M A Lg,S.

As M A Lk, S is K-local and M — M®* is a K(,)-equivalence by Lemma
8.4.32, the map M — M A Lk, S factors over M* as follows.

M———— MALg,S

e
Lemma 8.4.35 The map 6: M® — M A Lk, S is an isomorphism in SHC.
Proof We would like to show that

m.0): 1. (M™) — m . (M A Lk,,S)

is an isomorphism. We already remarked that the groups on either side have
the same finite order in each degree, therefore it is enough to prove that x.(9)
is surjective. Theorem 8.4.34 says that

m.(S) — m.(Lg,,S)

is a split epimorphism in degrees greater than 1. We have a commutative dia-
gram of long exact sequences,

p

mi(S) mi(S) mi(M) i1 (S) ——— -

S S

p
cer—> ﬂi(LK(p)S) — ﬂi(LK(p)S) — (M A LK(]))S) — ﬂi_l(LK(]))S) —_—
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The Five Lemma tells us that for i > 2, the map m(M) — m(M A Lg,,S) is
also an epimorphism. We furthermore have a commutative diagram

Vi Vi Vi

M >4M > M

| l |

M A LK([))S L}E_dM/\ LK([))S L}Z—2dM/\ LK(,))S —_— .,

This means that we have a morphism between the homotopy colimits of the
top and the bottom row. The homotopy colimit of the top row is again M, and
the homotopy colimit of the bottom row is M A L, S as all horizontal maps in
the bottom row are isomorphisms in SHC. The previous diagram induces

mi(M) +>7'l'i+d(1w) +)71'14_'_201(M) Vl—) ..

(M A L, S) —= Tira(M A Ly, S) —=— Tioa(M A Ly, §) — -+ .

As i + kd will eventually be greater than 2 for any i, the vertical maps in this
diagram will eventually become epimorphisms. Therefore, the map

n(M%) — m(M A Lk, S)
is also an epimorphism, which is exactly what we wanted to prove. O
Together with Lemma 8.4.32 we obtain the following.
Corollary 8.4.36 The map M — M is a K,)-localisation.

Proof 'We saw in Lemma 8.4.35 that M™ = M A L, S. This means in partic-
ular that M* is K(p)-local. We already saw in Lemma 8.4.32 that

M — M*
is also a K(,)-equivalence. These two things together prove our claim. O

In fact, smashing with the K(,)-local sphere provides a Kp)-localisation of
any spectrum. However, the proof of this requires extensive knowledge of the
K(p)-local sphere again. Therefore, we will just state the result.

Theorem 8.4.37 (Ravenel) For any spectrum X, the map
X— XA LK(]))S

is a K(,)-equivalence, i.e. K(,)-localisation is smashing.
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Corollary 8.4.38 Let X be a rational spectrum, i.e. X = Xq. Then X is also
Kp-local.

Proof The only torsion-free homotopy group of the K,)-local sphere is in
degree 0, where it contains a copy of Z,), see Theorem 8.4.34. Hence,

Sq = (Lk,,S)a
and therefore
Lg, (X) = Lk, (Xo) = X ASg A Lg,S = X A Sg = X,
which proves our claim. O

Finally, we have collected the necessary information to take on the main
result of this section, namely that K,)-localisation is detected by the v;-self
map v;: 2YM —s M of the mod-p Moore spectrum.

Theorem 8.4.39 Let X be a p-local spectrum for p a prime and let M denote
the mod-p Moore spectrum. The following are equivalent.

1. The spectrum X is K -local.
2. The map v : [M,X]. — [M, X].+q is an isomorphism.
3. The map (v1).: me(M A X) — morq(M A X) is an isomorphism.

Proof The second and third points are equivalent as M is strongly dualisable
by Example 7.5.2 with DM = 7' M.
If X is K(,)-local, then

f 1 [B,X] — [A, X]

is an isomorphism for all K(,)-equivalences f: A — B. In particular, it is an
isomorphism for the K()-equivalence

v M — M.

This proves that (i) implies (ii).

Lastly, assume that (v1)..: m.(M A X) — m..q(M A X) is an isomorphism.
Let X be a p-local spectrum. We first show that M A X is K(p)-local. Consider
the sequence

MAX 2D sy A x 2 w2y g 2
Its homotopy colimit is
hocolim(M -5 =9M -5 .. YA X = M® A X,

see Lemma 7.4.13. However, as all the maps in the sequence are isomorphisms
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in SHC by assumption, the homotopy colimit is also isomorphic to its first
term, namely M A X. Altogether, we have

MAX=M"AX,
which, by Lemma 8.4.35 is also equal to
M A Lk, S ANX = Lk, (M A X).

Thus, M A X is K(,)-local.
We use induction to verify that M(Z/p") A X is also K,)-local for all n. It is
part of an exact triangle in SHC,

MZ/p" YAX — MZ/p") ANX — M(Z/p) A X — SMZ/p"") A X.

To see this, we can use the octahedral axiom applied to the following diagram.

X2 .x MIZ/p"™" YA X —— 3X
x—2 .x MZ/p") AN X —— 3X
MAX MAX

X ——IMEZ/pH A X,

We know that the first two rows and the first column are exact triangles. The
octahedral axiom tells us that so is the second column. We also know that if
two out of three spectra in an exact triangle are K,)-local, then so is the third,
see Corollary 8.2.8. Consequently, M(Z/p") A X is K(,)-local for all n.

By Proposition 8.4.15, we have

X)) =holim(M(Z/p) A X «— M(Z/p*) NX «— MZ/p) A X — ---).

‘We now know that all terms in the homotopy limit are K(p)-local. By Corollary
8.2.9, the homotopy limit of K{,)-local spectra is also K,)-local, so X}, is K-
local.

Recall that we have the Bousfield arithmetic square

X—— ]_[pX;,\

|

XQ _ (Hp X[/)\)Q
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As in our case the spectrum X is p-local, all its g-completions are trivial except
for ¢ = p (see Lemma 8.4.16). Therefore, the top right corner is simply X%,
which we have just shown is K(p)-local. We also know from Corollary 8.4.38
that the rational terms in the square are also K,)-local. Lemma 8.2.10 tells us
that this means that X itself is K,)-local as well, which is what we wanted to
prove. O

In particular, we see that Bousfield localisation with respect to p-local com-
plex K-theory is the same as localisation with respect to just

v XM — M

and its (de)suspensions. Therefore, K(j,)-localisation is a special case of Miller’s
finite localisation LQS, which we encountered at the beginning of Section 8.1,
where in this case A consists of the cofibre of

v XM — M

and its (de)suspensions.
A lovely feature of the K-local stable homotopy category at the prime p = 2
is that it is rigid in the sense of Theorem 6.7.1, see [R0i07].

Theorem 8.4.40 (Roitzheim) Let C be a stable model category and let L, S
denote the model category of sequential spectra with the Kpo)-local model
structure. If there is an equivalence of triangulated categories

¥: Ho(Lk,8) — Ho(C),
then Lg,, 8" and € are Quillen equivalent.

The first challenge presents itself immediately, as the stable framings from
Theorem 7.9.25 give us a Quillen adjunction

XA-:8" "€ :RHom(X,-)

between spectra and €, but not necessarily between K(»-local spectra and €.
Therefore, the following has to be verified first.

Lemma 8.4.41 Let G: C — D be a right Quillen functor, and LwD a left
Bousfield localisation of D. Then G: C — LwD is a right Quillen functor if
and only if G(X) is W-local for all fibrant X € C.

Proof The functor G sends acyclic fibrations to acyclic fibrations as D and
LwD have the same cofibrations. If X € € is fibrant, then G(X) is fibrant.
Furthermore, G(X) is W-local by assumption and therefore fibrant in LyD.
We still have to show that G sends fibrations to fibrations in Ly D. By Lemma
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A.4.3 it is sufficient to show that G sends fibrations between fibrant objects to
fibrations.
Let g: X — Y be a fibration in € between fibrant objects. This implies that

G(g): G(X) — G(Y)

is a fibration in D between Ly D-fibrant objects. We can factor G(g) in LwD
as an acyclic cofibration followed by a fibration

GX)—— ¢ L% G(1).

As C and G(X) are fibrant in LywD and i is an W-equivalence, i is also a weak
equivalence in D. As it is also a cofibration, it is thus an acyclic cofibration in
D. This implies that there is a lift H in the following diagram

G(X) G(X)

oo
i lG(g)

C —p> G(Y).

This means that there is a retract in Ly D

i H

G(X) C G(X)
G(g)J pl JG(g)
G(Y) G(Y) G(Y).

Therefore, G(g) is a retract of a fibration in LwD and thus is a fibration itself.
O

In the case of K(y)-localisation, Theorem 8.4.39 gives us a criterion to check
whether a spectrum is local. In our case, we take X a fibrant-cofibrant replace-
ment of ¥(Lg,, S) with

¥: Ho(Lg, 8) — Ho(C)

as in Theorem 8.4.40. A very laborious calculation in [Roi07] shows that for
Y any object in €, the mapping spectrum R Hom(X, Y) is always K()-local.
This is done by examining the behaviour of v‘l‘ on its mod-2 homotopy groups.
Therefore, one obtains a Quillen adjunction

XA—: LK(Z)SN —H C :RHom(X, -)

which one can now prove to be an equivalence.
The K)-local sphere is a compact generator of Ho(Lk,, 8") as localisation
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with respect to Kz is smashing. As outlined in Section 6.7, the K(-local
Rigidity Theorem can therefore be reduced to showing the following.

Proposition 8.4.42 Let F': Ho(Lk, 8) — Ho(Lk,,8) be an exact endofunc-
tor of the K)-local stable homotopy category. Then

F: my(Lk,,S) — mu(Lg,,S)
is an isomorphism for all n.

Like the proof of Theorem 6.7.1, the above statement in turn needs to be
reduced to checking where F sends just a manageable list of generators of
7, (Lk,,S). However, this reduction argument does not involve the Adams spec-
tral sequence as in the non-local proof. In the K()-local case one manually
verifies that F' is an isomorphism in degrees —1 through to 9, using again that
2 -1dp # 0 and Toda bracket relations. The claim for the other degrees follows
from using the 8-periodicity of the homotopy groups of Lk, M and homolog-
ical algebra. Finally one arrives at Theorem 8.4.40, namely that all K(,)-local
higher homotopy information is encoded in the triangulated structure of the
K(»)-local stable homotopy category.

There is no such result at odd primes. In [Fra96], Franke constructs a sta-
ble model category whose homotopy category is triangulated equivalent to
Ho(Lg,,S) for p > 5, but this model category is not Quillen equivalent to
K(p)-local spectra. (For example, one can show that the respective homotopy
mapping spaces disagree.) It is baflling that one should obtain such different
results at p = 2 and odd primes. This is partly due to the fact that m.(Lk,,S)
is much more densely equipped with algebraic relations than its odd primary
counterpart. The phenomenon still holds many open questions for future study.

8.4.3 A Brief Introduction to Chromatic Homotopy Theory

So far, we have only sporadically touched on the practical uses of left Bousfield
localisation. In this section, we are going to give an overview of how locali-
sation with respect to certain homology theories gives great insight into the
overall structure of the stable homotopy category. This section’s intention is to
provide a first point of introduction to this type of result to a novice, proofs
and details are left to the references, which we would encourage the reader to
follow up.

For the rest of the section, we fix a prime p and work in the p-local stable
homotopy category SHC,). Let us introduce our main tools. Ravenel [Rav92a]
is a good introduction to these, but also see [Rav84].
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Definition 8.4.43 Forn > 1, the n* Johnson-Wilson spectrum E(n) gives rise
to a multiplicative homology theory E(n). with

EM). = Zgy[vi,va, ..oV vy ' 1, vil =2p" = 2.

Definition 8.4.44 For n > 1, the n" Morava K-theory spectrum K(n) gives
rise to a multiplicative homology theory K(n). with

K(n), = Z/P [Va, VZI], [Vl = an -2.

By convention, one sets K(0) = E(0) = HQ and vy = p. Also, note that the
prime p is absent from notation — there is an E(n) and a K(n) for every p.

It is somewhat inappropriate to call the above “definitions” as it is by no
means assumed that these are the only spectra with these properties. We will
give a summary of the construction of the spectra E(n) and K(n).

Start with the complex cobordism spectrum MU, see [Ada74]. Its coeffi-
cients are

MU, =Z[x1,x2,...], |xi| =2i.

The p-localisation of MU splits into p — 1 copies of a “smaller” spectrum, the
Brown-Peterson spectrum,
p—2
MUy, = \/ =" BP,
i=0

where BP is a p-local spectrum with
BP, = Z[vi, v, -+ 1, vl =2p' - 2.

We can see from the notation that the rings E(n). and K(n). are modules over
the ring BP.. The spectra E(n) and K(n) are constructed as module spectra
over BP to realise exactly this.

The Morava K-theories K(n) are constructed from BP by first “killing” the
unwanted elements v;,i # n, of the homotopy groups by taking homotopy
cofibres to obtain a spectrum k(n) with k(n). = Z/p[v,]. Then one inverts v,
by taking a “telescope” to obtain

K(n) = colim(k(n) — 27" 2k(n) — £22" Dp(p) 225 .. ),
see e.g. [Rav86, Chapter 4.2]. Similarly, one obtains a spectrum BP (n) with
BP (n), = Z[vi, ..., val,

where one formally inverts v, to arrive at

E(n). = colim(BP (n) — Y"%"2BP (n) % ¥ 22" Dpp () 15 .. ),
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Despite the similarity of their construction, the spectra E(n) and K(n) exhibit
very different behaviour in places. For a spectrum X, we obtain a BP.-module
via

E(n).(X) = BP.(X) ®pp, E(n)..
However, it is not at all clear for which BP.-modules M the functor
M.(X) := BP.(X) ®pp, M

actually defines a homology theory. The Landweber exact functor theorem
gives conditions on M making M, a homology theory. The coefficient ring
E(n). satisfies Landweber exactness, see e.g. [Rav86]. This gives an alterna-
tive way of constructing E(n) as the representing spectrum of that cohomology
theory.

Contrastingly, K(n). is not Landweber exact. Nonetheless, K(n). has several
useful algebraic properties. For example, it is a graded field in the sense that ev-
ery module over it is free. Furthermore, it comes with a Kiinneth isomorphism
for any spectra X and Y,

K.(X) k(). K.(Y)=K.(XAY).

For n = 1, E(1) and K(1) are closely related to K-theory (see Subsection
8.4.2). Comparing their coefficient rings, we see that

E(1). = Zplvi,vi'] and K(1). = Z/p[vi,v}'],

so in fact K(1) = E(1) A M(Z/p). The spectrum E(1) is the Adams summand
of p-local K-theory, see Theorem 8.4.30, and therefore L) = I Thus, by
Proposition 8.4.24, for a spectrum X we have

LxkyX = LecyamainX = (Leay(X)), = (Lk,, (X)),

i.e. localisation with respect to E(1) is K-localisation, and localisation with
respect to K(1) is K-localisation followed by p-completion.

Definition 8.4.45 Localisation with respect to E(n) is denoted by L, := Lg,).

In particular, L; = L, . Localisation with respect to E(n) enjoys the follow-
ing property, see [Rav92a, Theorem 7.5.6].

Theorem 8.4.46 (Ravenel) Localisation with respect to E(n) is smashing.

We saw that as a consequence of Theorem 8.4.39, L, is a finite localisation
as introduced at the beginning of Section 8.1, i.e. it can be constructed as the
localisation at a set of maps with finite cofibre. However, it has been unclear
for decades if the same can be said about L,. The conjecture that L, is a finite
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localisation is known as the Telescope Conjecture. It was once thought to be
disproven by [Rav92b], but the proof has since been found to be insufficient
and the conjecture therefore remains open.

The following result relates the E(n) and K(n) in a very strong way, see
[Rav84, Theorem 2.1.(d)].

Theorem 8.4.47 A spectrum is E(n)-local if and only if it is local with respect
to (K(O)V K(1)V ---V K(n)).

Corollary 8.4.48 If a spectrum is E(n)-local, it is also E(n + 1)-local. Con-
sequently, there is a natural transformation L1 — L,.

If a spectrum is K(n)-local, it is also E(n)-local. Consequently, there is a
natural transformation L, — Lg ).

Theorem 8.4.47 tells us that the “difference” between E(n)-localisation and
E(n — 1)-localisation is governed by K(n). This has been made precise by the
chromatic square, see Dwyer [Dwy04, Section 3.9]: for every p-local spectrum
X, there is a homotopy pullback square

L, X ———— LgmX

L]

Ln—lx — Ln—lLK(n)X-

The left vertical arrow and the top arrow are given by the natural transfor-
mations from Corollary 8.4.48. The right vertical arrow is localisation with
respect to E(n — 1), and the bottom arrow is L,_; applied to the localisation
X — Ly X.

The following theorem says that for growing n, E(n)-localisation provides
a better and better “approximation” of the p-local stable homotopy category
itself. It also justifies the term “chromatic homotopy theory” as it hints at the
idea of decomposing 8HC,) into “chromatic layers” using the L, - we will see
more of this later on.

Theorem 8.4.49 (Ravenel) Let X be the p-localisation of a finite CW-spectrum.
Then
X =~ holim(LoX «— L1 X «— L)X «— ---).
This is known as the Chromatic Convergence Theorem. Note that the finite-
ness assumption is actually necessary. For example, Eilenberg—Mac Lane spec-

tra are not finite. By Theorem 8.4.27, the E(n)-localisation of an Eilenberg—
Mac Lane spectrum is its rationalisation, i.e. for all n,

L,HG = HGy,.
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Therefore, the homotopy limit of the chromatic tower would also be HGg, but
not every Eilenberg—Mac Lane spectrum is rational.

Returning to the Morava K-theories, we see that localisation with respect to
K(n) behaves very differently to the case of E(n)-localisation.

Proposition 8.4.50 Localising with respect to K(n) is not smashing.
Proof To show this, we need a spectrum E satisfying the following.

e Eis K(n)-local.
o 1.(E AN HQ) # 0, i.c. the rationalisation of E is nontrivial.

Then, if K(n)-localisation was smashing, we would have
E = L[((,,)E =EA L[((n)S

and also Lg)S A HQ = Lg,yHQ. The latter is trivial, because the K(n)-
localisation of an Eilenberg—Mac Lane spectrum is trivial by Theorem 8.4.27.
Combining these properties, we obtain

0 # 7.(E A HQ) = m,(E A LgnS A HQ) = m,(E A %) = 0,

which is a contradiction. For the above, we have to know that such a spectrum
E exists, which is highly nontrivial. For example, the " Morava E-theory (also
known as Lubin-Tate theory) satisfies the conditions, see e.g. Rezk [Rez98] O

Despite this deficit, K(n)-localisation is still a powerful tool. For example, it
helps us answer the following questions.

e Does a spectrum X carry a nontrivial nilpotent self-map, i.e. a map that
eventually becomes trivial when iterated?

e Does a spectrum X carry a nontrivial self-map that never becomes trivial
when iterated?

Definition 8.4.51 Letrn € N, and let X be a spectrum such that K(m).(X) =0
for m < n. Then a map

a: X — X
is called a v,-self map if

e K(n).(a) is multiplication by v’,‘l for some k,
e K(m).(a) =0 for m > n.

It is worth remarking (and nontrivial) that K(n).(X) = 0 for some n implies
that K(n — 1).(X) = 0, [Rav84, Theorem 2.11]. Because of the first point in the
definition, a v,-self map in particular never becomes trivial when iterated by
composition.
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Note that we already encountered a v;-self map on the mod-p Moore spec-
trum at the beginning of Subsection 8.4.2. It is an intriguing question whether
such maps exist on a given spectrum. This has been answered by Ravenel
[Rav92a, Theorem 1.5.4 and Chapter 6], see also Hopkins and Smith [HS98,
Theorem 9].

Theorem 8.4.52 (Periodicity Theorem) Let X be the p-localisation of a finite
CW-spectrum. If n is the largest integer such that K(m).(X) = 0 for m < n,
then X has a v,-self map.

Let us now look at the other extreme.

Definition 8.4.53 A map f: X — Y of spectra is smash nilpotent if there is
an n such that f*": X" — Y™ is nullhomotopic.
A self-map f: ’X — X of a spectrum X is nilpotent if

f”:fo---of:Ean—>X
is nullhomotopic for some n.

It can be shown that the Morava K-theories answer the question as to when
map is nilpotent in those ways, see [HS98, Theorem 3].

Theorem 8.4.54 (Nilpotence Theorem) Let X be the p-localisation of a finite
CW-spectrum, and let Y be a p-local spectrum. Then a map f: X — Y is
smash nilpotent if and only if

Kn).(f) =0 forall 0 <n < o
(where K(co) = HZ/p). A map f: XX — X is nilpotent if and only if
K(n).(f) =0 forall 0 <n < oo.

In fact, a spectrum E detects smash nilpotence as in the above theorem if
and only if K(n).(E) # 0 for 0 < n < co.

Let us now look at how the K(n) are vital for understanding the overall
structure of SHECp).

Recall the following definition. Let T be a triangulated category, and let I
be a full triangulated subcategory of J. Then J is thick if F is closed under
retracts, i.e. if

ASxDa
such that poi =1Id and X € J, then A is also in .

Note that if a coproduct of objects of T is contained in F, then all its sum-
mands are in JF too.
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Definition 8.4.55 Let J be a tensor-triangulated category (see Remark 7.1.15)
and let J be a thick subcategory of T. Then JF is an ideal in T if for X € T and
YeF, XAYisinTF.

Recall that a finite p-local spectrum is a spectrum which is isomorphic to
the p-localisation of a finite CW-spectrum.

We let 89{6?;) denote the full triangulated subcategory of SHC,) of finite
p-local spectra.

We can make a nontrivial example of a thick subcategory that is also an ideal
in SJ—CG{‘S) from these spectra.

J, = {X afinite p-local spectrum | K(n — 1).(X) =0}
The J), form a descending chain of ideals in 83—(6?1‘;),
FicFHc---cF,icF,c---.

In fact, the F, as defined above give us all thick subcategories of SJ{G?‘;‘), see
[Rav92a, Theorem 3.4.3], [HS98, Theorem 7] and also [HPS97, Section 5.2].
This means that the K(n)-acyclic spectra form the “atomic” part of 89{6?;).

Theorem 8.4.56 (Thick Subcategory Theorem) Let & be a nontrivial thick
subcategory of the homotopy category of finite p-local spectra. Then ¥ = F,
for some n > 1.

The Chromatic Convergence Theorem 8.4.49, the chromatic square and the
Thick Subcategory Theorem allow us to think of the stable homotopy category
as follows. For each prime p, the p-local stable homotopy category can be
thought of as a building with infinitely many floors. The n* floor is described
by Lk, and the first n floors together are described by L.

Visualising Ho(8) in relation to Ho(L,8):
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The “ground floor” is rationalisation, and the first floor is governed by K-
theory. The second floor is related to elliptic cohomology theories, which we
will not discuss in this book—we recommend Hopkins and Mahowald [HM 14]
for the interested reader. This second chromatic layer is already very difficult
to describe explicitly or to use for calculations, and beyond this even less is
known. The recently emerging transchromatic homotopy theory is aiming to
shed more light on how the different chromatic layers are related.

Because we have the notion of an ideal in a tensor-triangulated category, we
can also say what a prime ideal should be.

Definition 8.4.57 An ideal J is prime if X A Y € F implies that either X € F
orYed.

The notion of ideals and prime ideals in a tensor-triangulated category can
be combined with techniques from commutative algebra in order to study the
structure of other interesting homotopy categories as well. The set of thick
prime ideals in a tensor-triangulated category is known as the Balmer spectrum

Spc(T) ={P | P < T is a thick prime ideal in T},

see Balmer and Sanders [BS17]. It can be given a Zariski-style topology by
asking for the sets

supp(X) ={P e Spc(T) | X ¢ P}, XeT,

to be closed. For example, the Balmer spectrum of the homotopy category of
G-spectra for finite groups G is a particularly interesting object of study.



Appendix A
Model Categories

In this Appendix we give a short account of model categories, summarising the
definitions and results that we use in this book. With some exceptions, we will
not include proofs but instead provide references where those can be found if
desired.

A.1 Basic Definitions

A model category is a category with a notion of homotopy between morphisms.
The ideas of a homotopy between continuous functions of topological spaces
and a chain homotopy between chain maps of chain complexes are well estab-
lished. We will see that they are not just “morally” similar but that they are
special cases arising from the same formal definition, see [DS95].

Recall that a morphism f: X — Y is a retract of g: U — V if there is a
commutative diagram

Py

e

8

~
%%
<+———C
~<<T><

P ’
L r

such that r o i and 7’ o i’ are the respective identities.

Definition A.1.1 A model category is a category C equipped with three dis-
tinguished classes of morphisms, which are closed under composition and all
contain the identities:

e weak equivalences, denoted —
e cofibrations, denoted ——
e fibrations, denoted —» .

371
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This information satisfies the following axioms.

(MC1) The category C has all finite limits and colimits.

MC2) (2-out-of-3) Let f and g be composable morphisms in €. If two out of
f, g and g o f are weak equivalences, then so is the third.

(MC3) (Retracts) Weak equivalences, cofibrations and fibrations are closed
under retracts.

(MC4) (Lifts) Assume there is a commutative square in €

f
—

oy ———>
N(TX

—
8

where i is a cofibration and p is a fibration. If in addition either i or p is a
weak equivalence, then there is a lift #: B — X in the square, i.e. hoi = f
and p o h = g as below.

i P

o >
-
NE—T— X
=
o
~&— X

f
—
s

8

(MCS) (Factorisation) Every morphism f: X — Y can be factored as a
cofibration that is a weak equivalence followed by a fibration, and as a cofi-
bration followed by a fibration that is a weak equivalence, i.e.

fiX——U—>»Y, fiX——V—»Y

Some sources ask for the factorisations in (MC5) to be functorial. We do
not make this assumption in general, but it does hold for many of the model
categories we encounter in practice, see Corollary A.6.14.

The information of weak equivalences, cofibrations and fibrations together
with axioms (MC2) - (MC5) is often called a model structure on the category
C. We will see that there can be more than one different model structure on the
same underlying category.

First, some terminology for convenience’s sake.

Definition A.1.2 A morphism that is both a cofibration and a weak equiva-
lence is called an acyclic cofibration or trivial cofibration and denoted is by

»—— . A morphism that is both a fibration and a weak equivalence is called
an acyclic fibration or trivial fibration and is denoted by ——» .
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Definition A.1.3 Let C be a category. We say that a morphism i: A — B has
the left lifting property (LLP) with respect to another morphism p: X — Y if
for any commutative diagram

i p

oy — >
~ e

f
—_—
—

8

there is a morphism h: B — X such that hoi = f and p o h = g. Similarly,
p: X — Y has the right lifting property (RLP) with respect to i: A — B if
such a lift & exists for every commutative diagram of the above form.

Let us list some consequences of the definition of a model category. Proofs
can be found in [DS95], [Hov99] and [Qui67].

e Axiom (MC1) implies that a model category C has finite products and co-
products as well as an initial object @) and a terminal object *.

e Axiom (MC4) says that cofibrations have the left lifting property with re-
spect to acyclic fibrations, acyclic cofibrations have the left lifting property
with respect to fibrations, acyclic fibrations have the right lifting property
with respect to cofibrations, and fibrations have the right lifting property
with respect to acyclic cofibrations. However, one can show that these con-
ditions are also necessary, i.e. a morphism is a cofibration if and only if it
has the right lifting property with respect to all acyclic fibrations, and so on.

e The above remark tells us that the full axioms of a model category contain
more information than strictly necessary, as the fibrations could be defined
as those maps having the right lifting property with respect to all acyclic
cofibrations, and the cofibrations could be defined as precisely those maps
having the left lifting property with respect to all acyclic fibrations. In other
words, the weak equivalences and the cofibrations determine the fibrations,
and the weak equivalences and the fibrations determine the cofibrations.

e Cofibrations and acyclic cofibrations are closed under pushouts.

o Fibrations and acyclic fibrations are closed under pullbacks.

Remark A.1.4 We usually assume a stronger condition than Axiom (MC1),
namely that our model categories have all small limits and colimits. Recall that
a small (co)limit is a (co)limit over a diagram whose object class is a set.

There is a wealth of naturally arising model structures. We will list some of
the most common ones below. In each case, it is a nontrivial effort to prove that
the model category axioms are satisfied. We leave this to the references.
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Example A.1.5 There are many meaningful examples of model structures on
the category of topological spaces Top. A commonly used one (which we are
also using in this book) is the Serre model structure. In this model structure, a
continuous map f: X — Yis

e a weak equivalence if f is a weak homotopy equivalence,

e a cofibration if f is a retract of a map X — Y’, where Y’ is obtained from
X by attaching cells (i.e. (X, Y’) is a relative CW-complex),

e a fibration if f is a Serre fibration , i.e. f has the right lifting property with
respect to the inclusion

Ax{0} — Ax[0,1]
for any CW-complexes A.

The Hurewicz model structure on Top is given by the following. A continu-
ousmap f: X — Yis

e a weak equivalence if f is a homotopy equivalence,

e a cofibration if f has the left lifting property with respect to all fibrations
that are also homotopy equivalences,

e a fibration if f has the right lifting property with respect to the inclusion

Ax{0} — Ax[0,1]
for any topological space A. This is called a Hurewicz fibration.

In this book, the cofibrations in the Serre model structure are also called g-
cofibrations, and the cofibrations in the Hurewicz model structure are called
h-cofibrations.

Example A.1.6 Let A denote the category of finite ordered sets
[n]={0,1,---,n}, neN,

with the morphisms being the order-preserving maps, and let Set denote the
category of sets. The category of simplicial sets sSet is the category of functors
A°P — Set. There is an adjunction

| —1: sSet? > Top :sing

where | — | denotes the geometric realisation functor, and where for a space
A € Top, the set sing(A), is the set of continuous functions from the standard
n-simplex A, € R" into A. A model structure on sSet is given by the following
data. A map f: X — Y of simplicial sets is
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e a weak equivalence if |f]: |X| — |Y] is a weak homotopy equivalence in
Top,

e a cofibration if for every n € N, the map f([n]): X([n]) — Y([n]) is a
monomorphism,

e a fibration if f has the right lifting property with respect to all acyclic cofi-
brations.

The fibrations in this model structure are known as Kan fibrations.

Example A.1.7 Important algebraic examples of model categories come from
chain complexes. Let us denote the category of non-negatively graded chain
complexes of R-modules by Ch(R).. We say that a chain map f: C. — D, is

e aweak equivalence if H.(f): H.(X) — H.(Y) is an isomorphism of graded
abelian groups, i.e. f is a homology isomorphism,

e a cofibration if for each degree n, the map f,,: C,, — D, is injective with a
projective cokernel,

e afibration if for each n > 1, the map f,: C, — D, is surjective.

This is known as the projective model structure on Ch(R).,.
We can define another model structure on Ch(R)_, the non-positively graded
chain complexes of R-modules by asking for a chain map f: C, — D, to be

e a weak equivalence if f is a homology isomorphism,

e a cofibration if for each degree n < —1, the map f,: C,, — D, is injective,

e a fibration if for each n, the map f,,: C,, — D, is surjective with injective
kernel.

This is known as the injective model structure on Ch(R)_. There are also pro-
jective and injective model structures on unbounded chain complexes, although
they are not quite as straightforward to describe. We will do so in Section A.6.

Definition A.1.8 An object X in a model category C is cofibrant if the mor-
phism @ — X out of the initial object is a cofibration. An object X in a model
category is called fibrant if the unique morphism X — = to the terminal object
is a fibration.

Examples A.1.9 We see that in the Serre model structure on topological
spaces Top defined earlier, a retract of a CW-complex is cofibrant. Meanwhile,
every simplicial set is cofibrant.

In the projective model structure on Ch(R),, a chain complex is cofibrant if
and only if it is degreewise projective, and all chain complexes are fibrant. In
the injective model structure on Ch(R)_, every chain complex is cofibrant, and
a chain complex is fibrant if and only if it is degreewise injective.
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For many properties and proofs it is necessary to assume that an object is fi-
brant or cofibrant. However, this is not always a major restriction as any object
can be replaced by a fibrant and a cofibrant one.

Definition A.1.10 Let C be a model category, and X an object in C. We say
that an object Y is a cofibrant replacement for X if Y is cofibrant and there is a
weak equivalence Y — X. An object Z is a fibrant replacement for X if Z is
fibrant and there is a weak equivalence X — Z.

Fibrant and cofibrant replacements exist for every X € C by applying (MC5)
to the morphisms & — X and X — = respectively. They are unique up
to weak equivalence, therefore we can write X/ and X'™ for a cofibrant re-
spectively fibrant replacement of X even if we have not assumed functorial
factorisation in our model category as in practice, proofs will not depend on
this choice.

Examples A.1.11 In Top with the Serre model structure, cofibrant replace-
ment is given by C W-approximation.

Let A be an R-module, and let A[0] € Ch(R), be the chain complex con-
sisting of A in degree 0 and zero elsewhere. In the projective model structure
on Ch(R),, a cofibrant replacement of A[0] is a projective resolution of A. If
we consider A[0] as an object of Ch(R)_- with the injective model structure, a
fibrant replacement is an injective resolution.

A.2 Homotopies

In a model category, we can recreate the geometric notion of homotopy without
having a “unit interval” in our category.

Definition A.2.1 Let € be a model category and X € C. A cylinder object for
X is an object Cyl(X) together with a diagram

(io,i1)

X[[X ——————CylX) —— X
which factors the fold map (Id,Id): X [[ X — X.

We have to make some important remarks concerning this definition. Firstly,
the cylinder object is not just the object in the middle of this factorisation but
the entire diagram, although we are also going to abuse this wording. By the
axiom (MCS5), every object has (at least) one cylinder object, and it can be
chosen so that (i, i;) is a cofibration, iy and i; are weak equivalences and r
an acyclic fibration. This is known in the literature as a very good cylinder
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object. Furthermore, if X is cofibrant then iy and i; are acyclic cofibrations
[DS95, Lemma 4.1]. For this book, we will assume all our cylinder objects to
be very good. For X a topological space, an actual cylinder X X [0, 1] provides a
cylinder object in topological spaces. For a chain complex A, a cylinder object
is given by

Cyl(A*)n =A,®A,-1 ®A,, da,b,c) = (d(a) + b,—d(D),d(c) — b)
together with the evident inclusions and projection map.

Given a morphism f: X — Y, we have the following commutative dia-
gram.

.

X1Ix YIIY Cyl(Y)
Cyl(X) x—L .y

Axiom (MC4) says that there is a lift Cyl(X) — Cyl(Y), giving us a commu-
tative diagram

(io.i1)

X1IX Cyl(X) — X
l(ﬁf) l lf
Y1 Y—2 L cyly) L Y.

In particular, we see that two cylinder objects of the same object are weakly
equivalent.

Definition A.2.2 Let f,g: X — Y be two morphisms in a model category
C. A left homotopy between f and g is a morphism

H: CylX) — Y

such that H o iy = f and H o i} = g for some cylinder object of X. We say that
f and g are left homotopic.

This recovers the notion of homotopy between two continuous maps of CW-
complexes in topological spaces, and one can check that this also recovers the
definition of chain homotopy in chain complexes.

Dually, we can make the following definitions, where analogous remarks

apply.

Definition A.2.3 Let C be a model category, and let Y € C. A path object for
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Y is an object PY € C together with a diagram

(eo,e1)

Y ——PY—5YXY
which factors the diagonal map A: ¥ — Y X Y.

Again, when we write “path object” in this book we will actually mean a
very good path object where s is an acyclic cofibration, ¢y and e; are weak
equivalences and (eq, ;) is a fibration. If Y is fibrant, then ey and e; can be
chosen to be acyclic fibrations [DS95, Lemma 4.14].

Definition A.2.4 Let f,g: X — Y be two morphisms in a model category
C. A right homotopy between f and g is a morphism

H: X —PY

such that ey o H = f and e; o H = g for some path object of Y. We say that f
and g are right homotopic.

Definition A.2.5 Two morphisms f and g in a model category C are homo-
topic if they are both left and right homotopic. We denote this by f ~ g.

We will now list some properties of left and right homotopies. The proofs of
these can be found in [DS95, Section 4], except for (4.) which we prove below.

1. If X is cofibrant, then “being left homotopic™ is an equivalence relation on
CX,Y).

2. If Y is fibrant, then “being right homotopic” is an equivalence relation on
CX,Y).

3. If X is cofibrant and Y is fibrant, then “being homotopic” is an equivalence
relation on C(X, Y). An equivalence class is called a homotopy class of a
morphism f, denoted [ f].

4. If X is cofibrant and Y is fibrant, then f and g are left homotopic if and only
if they are right homotopic.

5. If X, Y and Z are both fibrant and cofibrant, then composition induces a well-
defined map on homotopy classes

Cx. Y/ ~)x(CX.2)/~)— CX2)/ ~, (fl.lgh [ge [l

6. If X and Y are both fibrant and cofibrant, then a map f: X — Y is a weak
equivalence if and only if it has a homotopy inverse.

Lemma A.2.6 Let f,g: X — Y be two morphisms in a model category C.
Furthermore, assume that X is cofibrant and Y fibrant. Then f and g are left
homotopic if and only if they are also right homotopic.
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Proof We will only show one direction as the other is very similar.
Let H: Y — PA be a right homotopy between f = ¢y o H and g = ey o H.
Consider the cylinder object

v| v O ey Sy
and the path object
(eo,e1)

A PA 2 AxA.

Because of our assumptions on X and Y, we can pick (iy, i1) to be a cofibration
and e to be an acyclic fibration, so there is a lift @ in the diagram

y L[ y (soegoH,H) PA
. l / l
(io,i1) €

egoH

Cyl(y) —/—Yy ——A.

The map H := e¢; o ®: Cyl(Y) — A is now a left homotopy between f and
g because

epro®oiy=ejos0egoH=¢yoH
(because e; o s = Id), and
eto®oii =e 0H. m]

Definition A.2.7 The map @ in the above proof is called a correspondence
between the right homotopy H and the left homotopy H.

As with topological spaces, we may concatenate (glue together) compatible
homotopies.

Let a,8: Cyl(A) — X be two left homotopies with @ o ij = 8 o iy. This
means that we can form the following pushout.

A—" L cyla)

7

Cyl(A) —— Cyl(AY

a X

Definition A.2.8 The concatenation of the homotopies @ and S is given by
a * 8 in the above diagram.
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Note that we read the notation @ * from left to right. The object Cyl(A)" is a
cylinder object for A with i;: A — Cyl(A)’ given by ¢j0ip, and i} : A — Cyl(AY
given by ¢; o ij.

If A is cofibrant, then i and i, are acyclic cofibrations, thus ¢; and ¢, are, and
therefore

(i), 1}): A UA —s Cyl(AY

is an acyclic cofibration. The structure map Cyl(A)’ — A is given by the
pushout of the structure map r: Cyl(A) — A with itself. While the pushout
of two fibrations is not necessarily a fibration, we can just factor r * r into an
acyclic cofibration with a fibration, and this factorisation gives us a very good
cylinder object. However, we will simply assume without loss of generality
that Cyl(A)’ is itself very good.

Thus, we have

(@xB)oi)=(a*B) o oig=aoi
and
(@xp)oi) =(axP)onoi=poi.
Foramap f: X — ¥ we get
fol@=p)=(foa)=(fop).

We can of course perform a dual construction for right homotopies using
pullbacks of path objects. These constructions satisfy some useful properties.
We omit the details of the proofs, which can be found in [Qui67, Chapter 1.1].

1. Two maps a,3: Cyl(A) — PB can be considered to be left homotopies as
well as right homotopies. The concatenation « * 8 as left homotopies is not
the same morphism as a *3 concatenated as right homotopies, but the results
are homotopic if A and B are both fibrant and cofibrant.

2. Let ®“ be a correspondence between a: Cyl(A) — B and some right ho-
motopy in the sense of Definition A.2.7 and @ a correspondence between
B: Cyl(A) — B and some other right homotopy. Then the correspondence
of their concatenation is homotopic to the concatenation of correspondences,
ie.

O 5« OF ~ VP,
3. For a morphism f: A — B, let

consty :=ro Cyl(f): Cyl(A) — B
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denote the constant homotopy. Then for a left homotopy H: Cyl(A) — B,
we have

H = consty,;, = H =~ consty,;, * H.
An analogous statement holds for right homotopies.

4. Given H: Cyl(A) — B, we can define the reverse H of H as follows.
Consider the cylinder object

A]_[ALA]_[AMCyl(A)—ﬁA,

where 7 is the switch morphism. This cylinder now satisfies

-new __ :old -new __ old
iy =1%ot and " =i o

Now H is the same morphism as H but considered on this new cylinder
object. Therefore, if H is a homotopy between f: A — Band g: A — B,
then H is a homotopy between

Hoil™ =Hoi=g and Hoi] =Ho i’ = f.

The respective concatenations between those two homotopies satisfy, for
fibrant and cofibrant A and B,

H « H ~const; and H * H =~ const,.

An analogous statement holds for right homotopies.

5. As taking pushouts (resp. pullbacks) is associative, the concatenation of left
(resp. right) homotopies is associative up to homotopy.

6. The previous three points can be summarised by saying that for cofibrant
and fibrant A and B, the set of morphisms from A to B are the objects of a
groupoid, with morphisms given by homotopies of maps (up to homotopy).

A.3 The Homotopy Category

We are now going to make the following important definition. Recall that for
an object X in a model category, X°°/ denotes the cofibrant replacement and
X7 the fibrant replacement.

Definition A.3.1 Let C be a model category. The homotopy category of C,
denoted Ho(C), is defined as follows:

o the objects of Ho(C) are the objects of C,
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e the morphisms of Ho(C) are given by
Ho(Q)(X, Y) = C(XY™, (x*))! ")/ ~,

i.e. by the homotopy classes between the respective fibrant-cofibrant re-
placements.

If there is no ambiguity over which model category we are working in, we
will denote Ho(C)(X, Y) by [X, Y].

Example A.3.2 An example of morphisms in the homotopy category comes
from chain complexes Ch(R),. Let A[m] and B[n] be those chain complexes
which consist of the R-modules A concentrated in degree m and B in degree
n, respectively, and which are zero elsewhere. Then, by applying the previous
definitions to this specific example, one can show that

Ho(Ch(R).)(A[m], B[n]) = Exty "(A, B).

This is [DS95, Proposition 7.3], and it beautifully highlights the interaction
between homotopy theory and algebra.

Further technical properties about homotopy categories can be found in
[DS95, Section 5] as well as [Hov99, Chapter 1.2], including the following.

Proposition A.3.3 A morphism [ f] € Ho(C) is an isomorphism if and only if
f is a weak equivalence in C.

Therefore, Ho(C) is equivalent to the category-theoretic localisation C[W~']
of C at the class of weak equivalences W, which is the free category on the
arrows in € together with added reversed arrows of the weak equivalences. It
is not initially clear why such a construction would result in a category with
morphism sets between objects rather than classes of morphisms, but our con-
struction using homotopies guarantees that this is in fact true in the model
category case.

Before we move on to functors, we have to make the following important
remark.

Remark A.3.4 The lifting axiom (MC3) for model categories does not make
any claims about the uniqueness of such a lift. However, two lifts in a square
such as

i p

f
—
.*""

8
—_—

oy >
~ 4=
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are identical in the homotopy category: assume that there are two lifts #; and
h, in the square above. Then

[hi] o [i] = [h2] o [i] = [f].

But as i is a weak equivalence, [i] is an isomorphism in Ho(C), thus [A;] = [A].
This means in particular that in Ho(C), the map

Cyl(X) — Cyl(Y)

from earlier in Section A.2 is unique. Similarly, choices of left (or right) ho-
motopies between morphisms and correspondences between left and right ho-
motopies from Definition A.2.7 are unique in the homotopy category.

A.4 Quillen Functors

Now that we have discussed some properties of model categories, it makes
sense to consider functors that respect this structure. We give a very simplified
outline of the basics—more details and proofs of the statements can be found
in e.g. [Hov99, Chapter 1.3].

Definition A.4.1 Let C and D be model categories. A functor
F:C— D

is a left Quillen functor if F preserves cofibrations and acyclic cofibrations. A
functor

G:D—¢C

is a right Quillen functor if it preserves fibrations and acyclic fibrations. An
adjunction of functors

F:G—><D:G

is a Quillen adjunction if F is a left Quillen functor and G is a right Quillen
functor.

Example A.4.2 The adjunction consisting of geometric realisation and the
singular complex functor

| —: sSet —H Top :sing

from Example A.1.6 is a Quillen adjunction.
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Lemma A.4.3 Let Cand D be model categories and
F:€__D:G

an adjunction of functors. Then the following are equivalent.

e F preserves cofibrations and G preserves fibrations.

e Fis a left Quillen functor.

e G is a right Quillen functor.

e (F,G) is a Quillen adjunction.

e F preserves acyclic cofibrations and F preserves cofibrations between cofi-
brant objects.

o G preserves acyclic fibrations and G preserves fibrations between fibrant
objects.

For the proof that the last two points are equivalent to the others see [Hir03,
Proposition 8.5.4].

The following result has been found to be quite useful. Note that it does not
require the functor F be a left or right Quillen functor.

Lemma A.4.4 (Ken Brown’s Lemma) Let C and D be model categories, and
let F: C — D be a functor.

o [f F takes acyclic cofibrations between cofibrant objects to weak equiva-
lences, then F takes all weak equivalences between cofibrant objects to weak
equivalences.

e [f F takes acyclic fibrations between fibrant objects to weak equivalences,
then F takes all weak equivalences between fibrant objects to weak equiva-
lences.

The primary reason for Quillen functors to be the “correct” notion of
structure-preserving functors between model categories is that they induce
functors on the respective homotopy categories.

Definition A.4.5 Let F: € — D be a left Quillen functor between model
categories C and D. Then the left derived functor

LF: Ho(C) — Ho(D)

is given by LF(X) := F(X°/). Dually, if G: D — C is a right Quillen functor,
then its right derived functor

RG: Ho(D) — Ho(C)

is given by RG(Y) := G(Y/™).
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As mentioned, this is an extremely simplified version of the real picture.
Nontrivial work goes into showing that the above actually describes well-
defined functors with the desired universal properties. We leave this to [Hov99,
Chapter 1.3.2] and [DS95, Section 9]. They also show the following important
result.

Theorem A.4.6 Let C and D be model categories and
F:C__D:G
a Quillen adjunction. Then the left and right derived functors
LF: Ho(€) —_—" Ho(D) :RG
form an adjunction.
Definition A.4.7 A Quillen adjunction
F:€_—_D:G
is called a Quillen equivalence if
LF: Ho(€) —_—" Ho(D) :RG
is an adjoint equivalence of categories.

The following characterisation is frequently used, see [Hov99, Corollary
1.3.16].

Proposition A.4.8 Let C and D be model categories, and let
F:C_—_—_D:G
be a Quillen adjunction. Then the following are equivalent.

e (F,G) is a Quillen equivalence.

e For every fibrant Y € D, the composite map
F(GY)™“) — FG(Y) — Y

is a weak equivalence in D, and whenever f: A — B is a morphism in C
between cofibrant objects such that

F(f): F(A) — F(B)

is a weak equivalence in D, then f is a weak equivalence in C.
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e For every cofibrant X € C, the composite map
X — G(F(X)) — G(F(X)'™)

is a weak equivalence in C, and whenever g: A — B is a morphism in D
between fibrant objects such that

G(g): G(A) — G(B)
is a weak equivalence in C, then g is a weak equivalence in D.
Let us continue with some examples.
Example A.4.9 The adjunction
| —1|: sSet:Top :sing

from Example A.1.6 is a Quillen equivalence. Therefore, we can consider sim-
plicial sets to be a “model” for topological spaces in this context.

Example A.4.10 Example A.6.10 gives a projective model structure and an
injective model structure on the category Ch(R) of unbounded chain complexes
extending the bounded case. The identity functor Id: Ch(R) — Ch(R) from
the projective model structure to the injective model structure is the left adjoint
of a Quillen equivalence.

The examples show the importance of Quillen equivalences: they allow us
to use different model categories to model the same homotopy category. This
is particularly useful when those models have technical advantages over each
other. As a simple example, every simplicial set is cofibrant, while not every
topological space is. As a more involved example, the model category of se-
quential spectra is not a monoidal model category, but Chapters 6 and 7 discuss
Quillen equivalent model categories with far better monoidal properties.

Quillen equivalences are more structured than equivalences of homotopy
categories. In general, one can use the slogan “Quillen equivalent model cat-
egories have the same homotopy theory”. We will see instances of this phe-
nomenon all over this book.

A.5 Homotopy Cofibrations

A useful notion in a model category is that of h—cofibrations, which is a gener-
alisation of h—cofibrations of topological spaces. We give a general definition
and some properties. Further references can be found in Cole [Col06], May
[May99a] and May and Ponto [MP12].
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Definition A.5.1 Let C be a model category. A map i: A — X is a h—
cofibration if for any map f: X — Y and any homotopy H: Cyl(A) — Y
such that the following square commutes

A—" cyl(A)

there is a homotopy G: Cyl(X) — Y with a map Cyl(A) — Cyl(X) such
that the following diagram commutes.

A o Cyl(A)

Cyl(X) "
, Y
f

This condition on i: A — X is also referred to as the homotopy extension
property.

i
X

Example A.5.2 The h—cofibrations of pointed spaces are the Hurewicz cofi-
brations. The functor AA— preserves h—cofibrations and thus sends g—cofibrations
to h—cofibrations for any pointed space A.

We may rewrite the definition of the homotopy extension property as a lift-
ing diagram for well-behaved topological model categories (including sequen-
tial, symmetric and orthogonal spectra).

Lemma A.5.3 Let C be a pointed topological model category such that
Y®—:Top, — C and Y: Top — @

send homotopy equivalences to weak equivalences for any Y € C.
Then amap i: A — X in C is a h—cofibration if and only if every square of
the following type admits a lift

H
—Yh

A

\1
il lp()
x—L

— Y.
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Proof The assumption implies that (=) ® I, and (—)’ are functorial cylinder
and path objects (though not necessarily very good ones). It follows that a ho-
motopy A ® I, —> Y corresponds to a homotopy A — Y+, without requiring
cofibrancy and fibrancy assumptions. |

Using this description of h—cofibrations in terms of lifting properties we
have the following.

Corollary A.5.4 Let C be a pointed topological model category satisfying the
assumptions of Lemma A.5.3. The class of h—cofibrations in C is closed under
pushouts, coproducts, retracts and (countable) sequential colimits. m}

There is a universal test case for a map to be a ~—cofibration.

Lemma A.5.5 Let Cbe amodel category. Amapi: A — X is a h—cofibration
if and only if it has the homotopy extension property with respect to the inclu-
sion of X into the mapping cylinder of i

X — Cyl(A) Uy X = Mi.
In this case, Mi is a retraction of Cyl(X).

The following result is well-established. A proof can be found in [May99a,
Section 8.4]. The proof given there can be extended to any topological model
category. We may think of this as saying that when i is a h—cofibration, X/A
has the “correct” homotopy type.

Lemma A.5.6 Leti: A — X be a h—cofibration of pointed spaces. Then the
pushout X /A of i over a point is naturally homotopy equivalent to the homotopy
cofibre Ci of i.

A related statement for a Serre fibration p: E — B of pointed spaces also
holds: there is a weak homotopy equivalence between the preimage of the base-
point and the homotopy fibre

p~'(bo) = Fp.

We also need a technical result about s—cofibrations and compact spaces. For
the proof see [Hov99, Proposition 2.4.2] and [May99a, Problem 1, Page 48]
which relates h—cofibrations to closed inclusions. Recall that a closed inclusion
is an injective continuous map f: A — B with closed image such that U is
open in A if and only if U = f~!(V) for some open V in B.

Lemma A.5.7 Compact spaces are small with respect to the class of h—
cofibrations.
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A.6 Cofibrantly Generated Model Categories

In many situations, it is very helpful to know that the cofibrations and acyclic
cofibrations in a model category are generated by specified sets in a certain
sense rather than knowing them as classes of maps. This often allows one to
prove technical results by checking statements on these generating sets. Details
can be found in [Hov99, Section 2.1].

We begin with some notation.

Definition A.6.1 Let C be a category with all small colimits and let / be a
set of morphisms in C. Then /—inj is the class of morphisms in C that have the
right lifting property with respect to all elements of /. Furthermore, /—cof is
the class of morphisms in € that have the left lifting property with respect to
all morphisms in /-inj.

The class of morphisms /—cell consists of all sequential colimits of pushouts
of elements of 1. Hence a map f: A — X is in I—cell if there is a sequence

A:X()ﬁ)Xli)XzE)

such that the canonical map A = Xy — colim, X,, = X is the map f, and for
each n € N there is a pushout square

[y Co—— Xa
Tl
I_[a/ D(I — Xn+1

with i, € I and @ in some small indexing set.
An I—cell complex X is an object of € whose map from the initial object is
in I—cell.

Since I—cof is defined by a lifting property, it is closed under coproducts,
pushouts and sequential colimits, hence we have the following.

Lemma A.6.2 Let C be a category with all small colimits and let I be a set
of morphisms in C. Then

I—ell C I—of.
O

We can now define a class of objects that interacts well with /—cell. This is a
generalisation of the relationship between compact spaces and CW—complexes.

Definition A.6.3 Let C be a category with all small colimits and let / be a
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class of morphisms in €. We say that Z is small with respect to I if for any map
i: A— X = colim, X,, in I—cell the map of sets

colim C(Z, X,,) — C(Z, colim X,,)
n n
is an isomorphism.

Taking Z and X = colim, X,, as in the definition, we see that a map from
Z — X factors as a map Z — X, followed by the map into the colimit
X, — X.

Remark A.6.4 We note that [Hov99, Chapter 2.1] calls such objects
“w-small”, and [MMSSO01] calls such objects “compact”. The first reference
considers smallness with respect to more general cardinals (see also [Hir03,
Chapter 10]) and introduces the notion of transfinite composition (a generali-
sation of sequential colimits) to define I—cell for I a set of maps. We call this
more general notion of smallness transfinitely small. We will use transfinite
composition in Sections 8.2 and 8.3, while for the earlier chapters we only
need sequential colimits.

In particular, our levelwise and stable model structures on spectra (and cat-
egories of rings, modules and commutative rings) only use sequential colimits
in the proofs of the model structures.

Small objects in the sense of the previous definition are preserved by general
colimits, see [Hir03, Propositon 10.4.8].

Lemma A.6.5 Let C be a category with all small colimits and let I be a class
of morphisms in C. If P is the pushout of a diagram of objects

B—A—C
that are small with respect to I, then P is also small with respect to 1.
We can now give the main definition of this section.

Definition A.6.6 A model category C is cofibrantly generated if there are sets
I and J such that the following hold.

e The domains of 7 are small with respect to 1.

The domains of J are small with respect to J.

The fibrations in € are precisely J—inj.

The acyclic fibrations in C are precisely /—inj.
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It can be shown that in a cofibrantly generated model category, the cofibra-
tions are exactly /—cof and the acyclic cofibrations are exactly J—cof. There-
fore, we often speak of I as the generating cofibrations of C and of J as the
generating acyclic cofibrations of C.

Example A.6.7 In the Serre model structure for topological spaces (Example
A.1.5), the generating cofibrations are

I={S""'—D"|neN},
where S ! = 0. The generating acyclic cofibrations are
J={D"— D"x[0,1] | n € N}.

The generating sets for the Serre model structure on pointed spaces Top, are
given by adding a disjoint basepoint to the maps in these sets.

Example A.6.8 Simplicial sets as in Example A.1.6 form a cofibrantly gen-
erated model category. Let us recall that the standard n-simplex is the functor

Aln]: A°? — Set

sending [k] to the set of order-preserving injections A([k], [#]). The simplicial
set dA[n] is the functor A°? — Set sending [k] to the set of order-preserving
nonidentity injections [k] — [n].

For 0 < r < n, the r-horn A”[n] of A[n] is the functor A’ — Set which
sends [k] to the order-preserving injections [k] — [n] but excluding both the
identity [n] — [n] and the map d": [n — 1] — [n] which avoids r. For the
geometric realisations we can picture dA[n] as the geometric n-simplex with
its interior removed and the horn A”[x] as the geometric n-simplex without its
interior and the (n — 1)-face opposite the vertex r.

The generating cofibrations of sSet are the inclusions

I = {0A[n] — A[n] | n € N},
and the generating acyclic cofibrations are the inclusions
J={A[n] = A[n]|n>0, 0<r<n}

Adding a disjoint basepoint gives the generating sets for a model structure on
pointed simplicial sets.

If we are given sets of morphisms / and J in a category C, we would like
to know if 7 and J make € into a cofibrantly generated model category. The
following recognition theorem [HirO3, Theorem 11.3.1], [Hov99, Theorem
2.1.19] gives a highly useful answer, which we use in several places in this
book.
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Theorem A.6.9 Let C be a category with all small limits and colimits. Let' W
be a class of morphisms which is closed under composition and contains all
the identity morphisms. Further, let I and J be sets of morphisms in C. Assume
that

o W satisfies the 2-out-of-3 property,

o the domains of I are small with respect to I,

o the domains of J are small with respect to J,

o J—cell € Wn I—cof,

e [-inj € W N J-inj,

o either W N I—cof C J—cof or W N J—inj C [-inj.

Then C can be given a cofibrantly generated model structure with W being
the weak equivalences, I the set of generating cofibrations and J the set of
generating acyclic cofibrations.

Example A.6.10 Let Ch(R) be the category of (unbounded) chain complexes
over a ring R. By §” we denote the chain complex that is R in degree n and
zero elsewhere. By D" we denote the chain complex which is R in degrees n—1
and n and zero elsewhere, with the identity differential between degrees n and
n— 1. Let I and J be the following sets of chain maps,

[={S"'—D'|\neZ) and J={0 — D" |n€Z}.

Then W = (H.-isomorphisms), / and J satisfy the conditions of Theorem A.6.9
and therefore define a cofibrantly generated model structure on Ch(R), namely
the projective model structure. With some extra work (see [Hov99, Chapter
2.3]), one can show that this model structure satisfies the following.

e The weak equivalences are the H,-isomorphisms.
e The fibrations are the surjections.
e A cofibration is an injection with a cofibrant cokernel.

Note that while a cofibrant chain complex is projective in each degree, this is
not a sufficient condition.

We could have restricted ourselves to non-negatively graded chain com-
plexes Ch(R), and used

L ={0 > SYu{s"™' —D"|n>1} and J, ={0 — D" |n>1).

This would recover the first part of Example A.1.7, where the characterisation
of cofibrations is more straightforward. The analogous injective model struc-
tures on Ch(R) and Ch(R)_ are also cofibrantly generated, but their generating
cofibrations and acyclic cofibrations are very difficult to make explicit, see
[Hov99, Definition 2.3.14].
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The next result is sometimes useful in verifying the conditions of the recog-
nition theorem.

Lemma A.6.11 Let C be a category with all small colimits and sets of maps
I and J. Assume that I-inj C J—inj. Then J—cell C I—cof.

Proof We know that J—cell ¢ J—cof. The assumption /-inj C J—inj implies
J—cof C [—cof. O

The following result is often known as the lifting lemma. It is a highly use-
ful method of creating new model structures from an adjunction and a cofi-
brantly generated model structure. Lifting results with the adjunction in the
other direction can be found in work of Hess et al. [HKRS17] and Garner et al.
[GKR18].

Lemma A.6.12 Let C be a cofibrantly generated model category and D a
category with all small limits and colimits. Given an adjunction

F: €y " DG,
assume that

e the domains of FI are small with respect to F1,
e the domains of FJ are small with respect to FJ,
e the right adjoint G sends maps in F J—cell to weak equivalences in C.

Then there is a model structure on D with fibrations and weak equivalences
defined via G, i.e. a map f in D is a weak equivalence or a fibration if and
only if G(f) is so in C. We call this model structure on D the lifted model
structure.

The next proposition is a very powerful tool when it comes to constructing
model structures and is often used in the context of cofibrantly generated model
categories. It works just as well in the case of transfinitely small objects and
transfinite composition.

Proposition A.6.13 (The Small Object Argument) Let C be a category with
all small colimits and let I be a set of maps in C. Assume that the domains
of the elements of I are small relative to I-cell. Then there is a functorial
factorisation

x5z5Ly
of everymap f: X — Y in C, where i is in I-cell and q is in I-inj.

As a consequence, we have the following.
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Corollary A.6.14 Let C be a cofibrantly generated model category. Then the
factorisations of axiom (MCS5) can be assigned functorially.

The following is a consequence of cofibrant generation, see [Hir03, Sec-
tion 11.2] but requires the notion of transfinitely small objects and transfinite
composition for its cofibrant generation. We will find it useful in Section 8.2.

Lemma A.6.15 Ler C be a cofibrantly generated model category with gen-
erating cofibrations 1. If K is an object that is transfinitely small relative to I,
then it is transfinitely small relative to all cofibrations. If the codomains of the
elements of I are transfinitely small relative to I, then every cofibrant object is
transfinitely small relative to all cofibrations.

A.7 Homotopy Limits and Colimits

One general problem with limits and colimits is that they are not as homotopy
invariant as one would ideally like. For example, the pushout of the diagram

* — S — %
in topological spaces is trivial. Meanwhile, the pushout of
Dn+1 PR v LN Dn+1

is §"*1 despite the two diagrams being termwise homotopy equivalent. Homo-
topy limits and colimits are one method of bringing some order to this problem.
We will give an overview of the techniques which we hope to be sufficient for
understanding the instances arising in this book. In some cases we will provide
references rather than explicit proofs.

Homotopy Colimits

Throughout this chapter, let C be a model category and / a category that is also
a poset. Furthermore, we require I to be simple, i.e. the function

d: I — NUo
with
d(i) = {sup(n) | there are nonidentity maps xo — x; — -+ — X, = i}

is required to only take finite values. The key examples we have in mind are
the categories

[=Q2—1—3)
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and
I=N=0—>1—052—---).

The following is [Hov99, Theorem 5.1.3].

Theorem A.7.1 Let C be a model category and I a simple category. Then
there is a model structure on C! called the projective model structure such that
a morphism f: X — Y is a weak equivalence (respectively fibration) if and
only if fi: X;i — Y; is a weak equivalence (respectively fibration) for every
iel

Example A.7.2 Let C be a model category, and / = (1 —> 2). Then ¢!
is the category of morphisms in C, often called the arrow category. A map
a: f — gin €' is a commutative square

!
_—

Q
PN

—
8

Theorem A.7.1 gives a model structure on this category and specifies that a
map a between morphisms in C is a weak equivalence if a; and a, are weak
equivalences in C.

Definition A.7.3 The homotopy colimit of a diagram X € C is given by the
colimit of a cofibrant replacement X°/ of X in G/ with the projective model
structure. For

I=Q2««—1—03),

the homotopy colimit is the homotopy pushout, for I = N we speak of the
sequential homotopy colimit.

This construction enjoys the following properties.

e There is a natural comparison map hocolim X — colim X.

o If F: X — Y € @ is a vertexwise weak equivalence of diagrams, then F
induces a weak equivalence hocolim X — hocolim Y.

e If our model category has functorial factorisation, then we have a functor
hocolim: @' — €. Any other functor ¢/ — € with the previous properties
factors through hocolim.

The following result helps to make the construction of homotopy colimits
explicit, see [Strl1, Theorem 6.36]. As our indexing category I is a poset, we
can define I.; to be the full subcategory of I on objects j with j < i.
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Theorem A.7.4 Let C be a model category and I be a simple category. As-
sume that X € C! is vertexwise cofibrant. If for all i € I the map

colim X]' e X,'
JelL<i ’

is a cofibration in C, then X is cofibrant in CL.

Example A.7.5 We will take a look at what the conditions of Theorem A.7.4
translate to in the example of

I=Q2—1—3),
i.e. a homotopy pushout. Let
Xg — X1 — X3

be a diagram of cofibrant objects in C. Then for i = 1, Theorem A.7.4 asks for
X to be cofibrant, which we assumed anyway. For i = 2 and i = 3, we obtain
that X; — X; and X; — X3 are supposed to be cofibrations. Thus, we can
construct the cofibrant replacement of a diagram by replacing all vertices with
cofibrant objects and replace the “legs” of the diagram with cofibrations.

In the case of a left proper model category (see Definition 6.4.1), it is suffi-
cient to replace just one of the legs in a pullback square with a cofibration.

Lemma A.7.6 Let C be a left proper model category, and X € C! for
I=Q2—1—3).

Then, if just one of the legs of the diagram X is a cofibration between cofibrant
objects of C, then its pushout is its homotopy pushout.

Proof Let

C<—<AL>B

be a diagram in C. We can write down another diagram that is vertexwise
weakly equivalent to this diagram and where both morphisms are cofibrations
by factoring f into a cofibration followed by an acyclic fibration.

C+——A——Z
C<—<A‘—f>B

As both diagrams are vertexwise weakly equivalent, their homotopy pushouts
agree. Furthermore, the homotopy pushout of the top row is just its pushout.
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Therefore, if we can show that the pushout of the bottom row is weakly equiv-
alent to the pushout of the top row, we have shown that the pushout of the
bottom row is also its homotopy pushout as claimed. Now let P be the pushout
of the top row. We thus have a diagram

C——P——0Q.

where both squares are pushout squares. Therefore, the outer square of the
diagram is a pushout, i.e. Q is the pushout of

C<—<A‘—f>B.

But as C is left proper, the map P — Q is a weak equivalence (it is the
pushout of a weak equivalence along a cofibration), which is what we wanted
to show. O

The following is not a statement about homotopy colimits, but it uses the
projective model structure of diagrams, which is why we found it fitting to
include it in this place.

Lemma A.7.7 (The Patching Lemma) Consider a diagram

B+—A—C

| ] ]

Y —X—7
such that
C—Z7Z and BlU4X —>Y

are cofibrations (respectively acyclic cofibrations). Then the map
BU,C —YlUxZ
is a cofibration (respectively acyclic cofibration).
Proof We may write the map in question as the composite
BU4,C — Bl Z=(BUyX)lIxZ — Y1y Z

By the assumptions, these maps are colimits of cofibrations in the projective
model structure for pushout diagrams of Theorem A.7.1. O

We give a sketch proof of the following.
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Lemma A.7.8 Let C be a stable model category, and let

be a homotopy pushout in C. Then

A BucYp_—sa

is an exact triangle in Ho(C).

Proof The homotopy pushout commutes with cofibres in the following sense.
Consider a commutative diagram

Xo+——X1— X3
fZl fll ﬁl
Yo+—Y ——7Y;.

Let Px be the homotopy pushout of the top row and Py the homotopy pushout
of the bottom row. Then the cofibre of the induced map Px — Py is the
homotopy pushout of the cofibres

Cf2 «— Cf] — Cf3

This is [Str11, Corollary 7.28], which follows from various results about ma-
nipulating and “composing” squares, which we do not wish to discuss in detail.
We will apply the above statement to the diagram

C——=x——B

C+—A—>B

e A — %

| l

2C4——x*—2B

The three columns are exact triangles, therefore their homotopy pushouts form
an exact triangle too. This is precisely

Buc8pr _sa™ o). O
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Let us now take a closer look at sequential homotopy colimits.

Example A.7.9 Let

X=X x Lx, B
be a diagram in C"'. Theorem A.7.4 says that if each f; is a cofibration between
cofibrant objects, then X is cofibrant. We can define a cofibrant replacement
X’ of X via the following inductive procedure. Assume X' has already been
constructed for i < n such that the squares

r

’ Ji-l ’
X _—X

pl pl

X,‘_] f—) X,‘
i—1

commute, the X are cofibrant, the vertical arrows are acyclic fibrations and

the f! are cofibrations. Then, for the next step, we factor f, o p, in the diagram

below

’
n—1

’ ’
X _— X,

pl pnr

Xn—l f—> Xn —f> Xn+1

n—1
as a cofibration followed by an acyclic fibration,

1 Pn+1
X — X

n+1 ~

Xl’l+1 B
which completes the next step of the diagram

N IR
X, X X

Pn-1 l~ Pnl~ Pn+1 l~

as desired.

The explicit construction of the sequential homotopy colimit gives the fol-
lowing result.

Corollary A.7.10 In the category of pointed topological spaces with the
Serre model structure we have the following.
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e If X is a sequential diagram of pointed spaces with non-degenerate base-
points where all maps in X are h—cofibrations, then the homotopy colimit is
homotopy equivalent to the colimit.

e The homotopy groups of a homotopy colimit of pointed spaces are the colimit
of the homotopy groups of the spaces in the diagram.

o There is a weak equivalence

hocolim QX,, — Qhocolim X,,.

Proof The assumptions of the first point are precisely saying that the diagram
is cofibrant in the Hurewicz model structure.
For the second point, let

%o 21 2o 3y 2 .

be a cofibrant diagram of pointed topological spaces. For xy € Xp, let
Xp = (ﬁl ° fn—l 0---0 fO)(-XO) € X,.
Let x, € colim, X,, be the image in the colimit. We must prove

colim (X, x,,) = mi(colim X, Xo).
n n

We can assume that the X,, are CW—complexes and that the maps f, are
inclusions of CW—subcomplexes. Choose a map

a: Sk — UX,, = colim X,, ~ hocolim X,,.
n n
n=0

As S*is compact, its image under « lies in a finite subcomplex of the codomain
and hence lies in some X,,.
The third point follows from the second. O

Example A.7.11 We consider how coequaliser diagrams interact with the
conditions of Theorem A.7.4. A coequaliser has the shape

I1=(1—=2).
Let

f
X=X g:?)(z)

be a diagram in C. Then Theorem A.7.4 asks for X to be cofibrant and the map
induced by f and g

X, ]_[ X, (f.8) X,
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to be a cofibration (which implies that f and g are cofibrations).
Since the coequaliser of f and g may be constructed as the pushout of the
diagram

fold (f.8)
x, & x mx, Y x,,

we may then construct the homotopy coequaliser using our construction of
homotopy pushouts.

When C is left proper, we may construct the homotopy coequaliser by re-
placing the fold map by the map to a cylinder object X; — Cyl(X;) and
taking the pushout.

Example A.7.12 The homotopy coequaliser gives an alternative construction
of the sequential homotopy colimit. Let

X=(Xoi>Xli>X2£>)

be a diagram in C'. The colimit is exactly the coequaliser of the maps

Id, Of,: OIX, — IIX,.
n=>0 n=0 n=0

It follows that the sequential homotopy colimit is (weakly equivalent to) the

homotopy coequaliser.

It may be helpful for the reader to sketch the homotopy pushout construction
of a homotopy coequaliser and the homotopy colimits of the previous exam-
ple in the case of topological spaces. Further details can be found in [MP12,
Section 2.2].

Lemma A.7.13 In a stable model category, the homotopy coequaliser of
f, g: X — Y is weakly equivalent to the cofibre of g — f: X — X.

Proof ByLemma A.7.8, the homotopy pushout construction of the homotopy
coequaliser CE(f, g) gives an exact triangle

(~fold, f1Ig)
XX —5 XUY — CE(f,g) — (X L X).

Since the fold map is the sum of the two projections X I X — X, we have a
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commutative diagram

Idy

X X %
i (=ldx.f)
(—fold, f11g)
xux M vy S CE(f.9)
p2 (f.Idy)
X e Y Cg-f)
X Mo X M

where C(g — f) is the cofibre of g — f.
The middle column is an exact triangle as it is isomorphic to the sum of two
exact triangles

X—X—Dx—03X and *x— Y —> Y — %,
as the diagram below demonstrates.

p2

X—" s xuy Y X
Ide (~ldy, f)ealdyl IdyJ/ Idle
X T;(,f)) Xy 1) Y ). ¢
The result then follows from the 3 X 3 Lemma, Lemma 5.1.13. O

Corollary A.7.14 Let C be a stable model category and consider a diagram

%o 2 xy 2y B

Then for any Y € C there is a natural short exact sequence
* —> lim' [£X,, Y] — [hocolim X,,, Y] — lim[X,,, Y] — =.
n n n

Proof Using the constructions of Example A.7.12 and Lemma A.7.13 we
may write the homotopy colimit as the cofibre of
d-1f: IOIX,— IX,.
n>0 n=0 n>0
Applying the functor [—, Y] to this exact triangle and splitting the resulting

long exact sequences gives the result. See [HPS97, Proposition 2.2.4 (d)] or
[MP12, Section 2.2] for details on the lim' term. O
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Homotopy Limits

Unsurprisingly, the set-up for homotopy limits is dual to what we discussed in
the previous section. Throughout this chapter, / will denote an opposite-simple
poset, i.e. its opposite category I°P is a simple category. The main examples
that we have in mind are

I=2—13)
and
N?7=0¢—1¢—2¢—---).
The following is the second part of [Hov99, Theorem 5.1.3].

Theorem A.7.15 Let C be a model category and I an opposite-simple cate-
gory. Then there is a model structure on C! called the injective model structure
such that a morphism f: X — Y is a weak equivalence (respectively cofibra-
tion) if and only if f;: X; — Y; is for everyi € I.

Definition A.7.16 Let X be an object in €/, where C is a model category and
I is opposite-simple. Then the homotopy limit holim X of X is the limit of a
fibrant replacement of X in the injective model structure. In the case of

I=2—13)
we talk about a homotopy pullback, and in the case of
N?7=0e—1¢—2¢—--+)
we speak of a sequential homotopy limit.

The homotopy limit satisfies the following properties.

e There is a natural comparison morphism lim X — holim X.

o If F: X — Y € @ is a vertexwise weak equivalence of diagrams, then F
induces a weak equivalence holim X — holim Y.

o If our model category has functorial factorisation, then we have a functor
holim: G/ — €. Any other functor ¢/’ — € with the above properties
factors over holim.

Again, we can characterise fibrant diagrams, see [Str11, Theorem 6.79]. For
an opposite-simple category I, we define I.; as the full subcategory on all ob-
jects j € I with j > i.
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Theorem A.7.17 Let C be a model category and I an opposite-simple cate-
gory. Assume that X € C! is vertexwise fibrant. If for all i € I the map

Xl' — lim Xj
JEL;

is a fibration in C, then X is a fibrant diagram.
Example A.7.18 In a very similar way to homotopy pushouts, if in a diagram
Xz —> X] — X3

all the X; are fibrant and the arrows are fibrations, then the pullback of the
diagram is a homotopy pullback.

Example A.7.19 The case of sequential homotopy limits is, unsurprisingly,
dual to homotopy colimits, see Example A.7.9. A diagram

X=X & x, & x, &

is fibrant if all the g; are fibrations between fibrant objects. In a general dia-
gram, the g; can inductively be replaced with fibrations between fibrant objects
analogously to Example A.7.9.

The first lemma below says that if C is right proper, then for the homotopy
pullback it is sufficient to replace just one leg of the diagram with a fibration.
As the following lemmas are dual to the corresponding statements about ho-
motopy colimits, we will not include their proofs.

Lemma A.7.20 Let C be a right proper model category, and
Xz — X1 — X3

be a diagram in C. If either X, — X or X3 — X\ is a fibration between
fibrant objects, then the pullback of the diagram is a homotopy pullback.

Lemma A.7.21 Let C be a stable model category. Then a homotopy pullback

P B
|l
C A

gives rise to an exact triangle in Ho(C)

P
—

—

r

PP BxC S A — 3P
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Remark A.7.22 The two types of exact triangles arising from Lemmas A.7.8
and A.7.21 are isomorphic as finite coproducts and finite products agree in the
homotopy category of a stable model category, see Lemma 5.4.4.

This leads to the slogan “homotopy pushouts and homotopy pullbacks agree
in a stable model category”. However one must take care in going from a tri-
angle of the form

PEYBxC 5 A — 3P
in the homotopy category to a (strictly commuting) homotopy pullback square
in the model category.

The duals of Example A.7.12 and Lemma A.7.13 also hold, giving the dual
to Corollary A.7.14.

Corollary A.7.23 Let C be a stable model category and consider a diagram

X0 o x, ey

Then for any A € C there is a natural short exact sequence

* —> liml[EA,Xn] —> [A,holim X,] — lim[A, X,] — =*.
n n n
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vi-self map, 355, 359, 362
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Adams-Novikov spectral sequence, 85
additive category, 96, 96, 98, 123, 163, 243
additive functor, 96, 96, 98, 227
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Chromatic Convergence Theorem, 366, 369
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cofibrantly generated, 34, 58, 177, 183-185,
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exact functor, 147, 275, 357
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fibrant object, 375
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forgetful functor, 170, 171, 181, 186, 201, 210,

213,262, 269, 279, 284, 285, 288, 289
framing, 226, 290, 292, 299, 299-303, 306,
325
free algebra on a spectrum, 284, 284, 285
Freudenthal Suspension Theorem, 1, 6,7, 8, 9,
12
functorial factorisation, 62, 299, 372, 376,
393-395, 403

generator, 216, 217, 220, 221, 290
compact, 216, 217, 219, 221, 226, 227, 290,
309, 339, 363
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geometric realisation, 182, 207, 208, 242, 289,
374,383, 391
graded maps, 95
Grothendieck group, 351

homological degree, 10, 10-12
homology isomorphism, 375
homology theory, 311, 318
reduced, 13, 13, 14, 21, 166, 167, 272
homotopy cartesian square, 54
homotopy category, 381
homotopy coequaliser, 401, 401
homotopy cofibre, 5, 45, 45-48, 145, 172,
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323, 324, 326, 328, 329, 388
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Hopf algebra, 75, 75, 76, 78, 80

Hopf element, 86, 153, 227

Hopf map, 8, 86, 95, 153, 155, 157, 157, 158,
227,354

hopfian, 157, 157-159
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Hurewicz fibration, 45, 374
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375, 376, 392
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Kelly product topology, 3, 230

Ken Brown’s Lemma, 179, 202, 384
Kiinneth isomorphism, 68, 70, 73, 365

Landweber exactness, 365

latching object, 295, 296

left derived functor, 384, 385

left homotopy, 377

left Kan extension, 252, 252
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left localisation, see localisation
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51-54, 56, 60, 61, 168, 179, 183, 184,
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313-315, 317-319, 328, 331, 340, 351,
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stable, 95
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free, 279, 279, 281
moment, 72, 72
monoid axiom, 267, 267
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Moore spectrum, 43, 69, 153, 157, 158, 227,
275, 340, 345, 355, 357-359, 363, 368
Morava K-theory, see K(n)

nilpotent, 367, 368, 368
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274,277, 279-286, 288, 289, 330, 331,
333, 335, 336
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Patching Lemma, 56, 139, 397
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phantom maps, 167, 276
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287, 288-290
Postnikov section, 322, 349
Postnikov tower, 349
prime ideal, 370, 370
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on chain complexes, 92, 95, 205, 235, 242,
291, 327, 329, 375, 375, 376, 392
on diagrams, 395, 395, 397
prolongation functor, 170, 171, 174, 177, 179,
201, 202, 213, 262, 269, 285, 289
proper, 204, 205, 205, 280, 281, 286, 290, 292,
326, 327, 330
left, 205, 206, 214, 313, 317, 330, 333, 336
right, 205, 206, 324, 328, 329
Puppe sequence, 4, 17, 24, 45, 46, 83, 108,
119, 121, 154, 167, 195
pushout product, 185, 230, 231, 233, 244, 268,
306, 307, 337
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263, 267-269, 281

Quillen equivalence, 385
Quillen functor, 383

rationalisation, 338, 342, 359, 366, 367, 370

Recognition Theorem, 34, 184, 197, 329, 333,
391, 392

Reedy category, 295, 295, 296

Reedy model structure, 296, 297, 304, 307

representation sphere, 215

retract, 221, 368, 371, 372

right derived functor, 384, 385

right homotopy, 378

right lifting property, 373

rigid, 225, 227, 361, 363

ring spectrum, 228, 277, 277, 279, 280,
282-285, 290, 337

commutative, 277, 277, 278, 285-289

sequential homotopy limit, see homotopy
limit, sequential

sequential space, 248, 249

sequential spectrum, 31, 32, 32-34, 36, 40, 44,
45,47, 51, 53, 56, 58-63, 91, 95, 96, 146,
160, 161, 163, 164, 166, 168, 170,
172-174, 176, 178, 180-183, 186, 187,
201, 203, 204, 208, 210-212, 218, 219,
222,224,225, 244-246, 255, 257, 262,
270, 273, 331, 335, 336, 361, 386

in simplicial sets, 206, 206-208, 210, 302,
304

Serre cofibration, see g-cofibration

Serre fibration, 34, 46, 374, 388

Serre model structure, 3, 35, 37, 51, 61, 203,
205, 206, 235, 263, 374, 375, 376, 391,
400

set of horns, 326, 326

shifted suspension, 33, 33, 42, 61, 63, 170,
170, 171, 180, 182, 183, 203, 218, 256,
257, 261, 264, 280, 281, 303, 319

simple category, 394, 395, 403
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simplicial model category, 244, 290-292, 299,
300

simplicial object, 292, 292

simplicial set, 91, 180, 182, 205, 206, 230,
232,235, 244, 291-295, 297, 298,
300-304, 312, 325, 327, 374, 375, 383,
386, 391

singular cohomology, 19, 66, 81

singular complex functor, 207, 208, 289, 383
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356, 358, 359, 362
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stable homotopy category, 1, 20-22, 26, 28,
30, 31, 60, 60, 61, 65, 66, 122, 149, 153,
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308, 310, 311, 330, 331, 336, 338, 342,
363, 369

stable homotopy class, 12

stable homotopy groups, 9, 9, 12, 14, 19,
23-25,29, 31,41, 47, 176, 342

of spheres, 10-12, 32, 80, 153, 216, 226,
309
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op-lax, 240
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210, 224, 228, 245, 246, 254-257,
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Toda bracket, 86, 122, 149, 150, 151-153,
227,363
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trivial cofibration, see acyclic cofibration
trivial fibration, see acyclic fibration
twist functor, 229

weak Hausdorff, 2, 2, 230

weak symmetric monoidal functor, see
symmetric monoidal functor, lax

Whitney sum, 351

Wolbert’s Theorem, 340
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Zariski topology, 370
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Zorn’s Lemma, 334
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