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We show that the isometry group of a polyhedral Hilbert geometry coincides with its
group of collineations (projectivities) if and only if the polyhedron is not an n-simplex
with n > 2. Moreover, we determine the isometry group of the Hilbert geometry on
the n-simplex for all n > 2, and find that it has the collineation group as an index-
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1. Introduction

In a letter to Klein, Hilbert remarked that every open bounded convex subset X of
R™ can be equipped with a metric dx : X x X — [0,00) defined by

dx(z,y) =log[2',z,y,y], (1.1)
where 2,9y’ € 0X, the points 2/, x,y, 3y’ are aligned in this order, and

2"yl ly'x]

1.2
|2’z |y'y] 1-2)

[ 2,y,9'] =
is the cross-ratio. This metric is called the Hilbert metric and (X, dx) is said to be
the Hilbert geometry on X.

As Hilbert noted [13], if X is an open n-dimensional ellipsoid, then (X, dx) is
a model for the hyperbolic n-space. On the other hand, if X is an open n-simplex,
then (X,dx) is isometric to a normed space. More precisely, let V = R"t1/ ~
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where z ~y if z =y+«(1,1,...,1) for some o € R, and equip the vector space V'
with the variation norm:

[|Z]|var = max x; — min z;.
4 J

It is known [19] that if X is an open n-simplex, then (X,dx) and (V| - ||var) are
isometric.

Hilbert geometries display features of negative curvature and are of interest
in metric geometry. The extent to which the shape of the domain X affects the
geometry of (X, dx) has been the subject of numerous studies, for example [4-6,8,
11,16, 22,23, 25]. The Hilbert metric also has striking applications in the spectral
theory of (nonlinear) operators on cones in a Banach space; see, for instance, [7,9,
17,19,21].

We study the group of isometries Isom(X) of the Hilbert geometry when the
domain X is a polyhedron in R", in other words, when X is the intersection of
finitely many open half-spaces. For simplicity, we call such Hilbert geometries poly-
hedral. Natural isometries arise from collineations (projectivities) of X. Indeed, let
P" = R"UP"! be the real n-dimensional projective space. Suppose that X is con-
tained in the open cell R™ inside P”, and let Coll(X) = {h € PGL(n+1,R): h(X) =
X} be the group of collineations that map X onto itself. As every collineation pre-
serves the cross-ratio, we have that Coll(X) C Isom(X).

In [14], de la Harpe raised a number of questions concerning Isom(X) and its
relation to Coll(X). In particular, he conjectured that Isom(X) is a Lie group, and
that Isom(X) acts transitively on X if and only if Coll(X) does. He also asked
for which sets X the groups Isom(X) and Coll(X) coincide. Of course, if the two
groups are equal, then Isom(X) is a Lie group, since Coll(X) is a closed subgroup of
PGL(n+1,R). De la Harpe [14, Proposition 3] proved that if the norm closure X of
X is strictly convex, then the groups are equal. He also determined Isom(X) when
X is an open 2-simplex and showed that Isom(X) = Coll(X) when X is an open
quadrilateral in the plane. Our main results are the following two theorems, which
imply de la Harpe’s conjectures for the class of polyhedral Hilbert geometries.

Theorem 1.1. If (X,dx) is a polyhedral Hilbert geometry, then
Isom(X) = Coll(X)
if and only if X is not an open n-simplex with n > 2.

We also determine the isometry group in case X is an open n-simplex. Let 0,11 be
the group of coordinate permutations on V', let p: V' — V be the isometry given by
p(x) = —x for x € V, and identify the group of translations in V' with R"™.

Theorem 1.2. If X is an open n-simplex with n > 2, then
Coll(X) 2 R" X op41 and Isom(X) = R"™ x Ty,

where Tyqp1 = 0ng1 X {p).
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This result implies that the collineation group of the open n-simplex (n > 2) is
a subgroup of index two in the isometry group.

The proof of Theorem 1.1 is fairly involved, but does contain many ideas that
work for general Hilbert geometries. It can be summarized as follows. Firstly, we
analyze in Sec. 3 a special subset of the horofunction boundary of a general Hilbert
geometry, which consists of those horofunctions that are limits of almost geodesics.
These horofunctions are called Busemann points and were introduced by Rieffel [20].
Following [1], we equip the set of Busemann points with the detour metric and show
in Lemma 3.2 that every isometry between two metric spaces extends to an isometry
of the Busemann points under the detour metric. The detour metric can take the
value oo, which yields a partition of the Busemann points into parts in which any
two points are at finite distance. We use results from [25] to derive in Theorem 4.2
an explicit formula for the detour metric on each part of a general Hilbert geometry.
In Sec. 5, we consider polyhedral Hilbert geometries. For these geometries, there
are two special types of parts, the so-called vertex parts and facet parts. We prove
in Theorem 5.1 the following dichotomy for isometries between polyhedral Hilbert
geometries: an isometry either maps vertex parts to vertex parts and facet parts
to facet parts, or, it interchanges them. We show in Sec. 6 that if an isometry
maps vertex parts to vertex parts and facet parts to facet parts, then it extends
continuously to the Euclidean boundary of the domain and is a collineation. In
Theorem 7.1 we prove that if there exists an isometry between polyhedral Hilbert
geometries that interchanges vertex parts and facet parts, then both domains are
open n-simplices. This result allows us to complete the proof of Theorem 1.1.

As an aside to the proof we get that two polyhedral Hilbert geometries (X, dx)
and (Y, dy) are isometric if and only if X and Y are projectively isomorphic. We
believe that this is true for general Hilbert geometries.

In the final section we give a proof of Theorem 1.2, which does not rely on
results in earlier sections.

At the end of the paper we conjecture the isometry group for general Hilbert
geometries. It appears to be complicated to extend our arguments to the general
case. Most notably, it is not clear how to generalize the dichotomy for isometries
and how one would derive knowledge about the geometry of the domain from it.

2. Birkhoff’s Version of the Hilbert Metric

In [7], Garrett Birkhoff used the Hilbert metric to analyze the spectral properties
of linear operators that leave a closed cone in a Banach space invariant, which led
him to consider another version of the Hilbert metric. We shall use both versions in
this paper. In Birkhoff’s setting, one considers an open cone C' C R"*!, that is, C
is open and convex and A\C' C C for all A > 0. If, in addition, C' N (—C) = {0}, then
we call C' a proper open cone. An open cone C' induces a pre-order <c on R"*! by
x <cyif y—x € C.If C is a proper open cone, then <¢ is also antisymmetric and
hence a partial ordering on R™t1.
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For z € C and y € R""!, define
M(y/x; C) =1inf{\A > 0:y <¢ A\z}.

Note that M (y/x; C) is finite since C is open. Also note that, by the Hahn-Banach
separation theorem, z < y if and only if (¢, z) < (¢,y) for all ¢ € C*, where
C*={¢p e R":(¢p,z) > 0 for all z € C} is the dual cone of C. Thus,

(0, y)
M C) =
(/2 C) qsezlil\){o} (¢, )

forallz € C and ye R (2.1)

Birkhoff’s version of the Hilbert metric is called Hilbert’s projective metric on
C and is defined by

do(z,y) =log M(x/y; C) + log M (y/xz; C) for all z,y € C.

Note that de(ax, By) = do(z,y) for all a, 5 > 0. It is known [19] that d¢ is a
semi-metric on the rays in C, but in general not a metric, as do(x,y) = 0 does
not imply = = ay for some a > 0. If, however, C' is a proper open cone, then d¢
is a genuine metric on the rays in C. To establish the connection with the Hilbert
metric, we imagine X as a subset of a hyperplane in R"*! that does not contain
the origin. Let C'x be the cone generated by X in R"*. So,

Cx={ R :\>0and v € X}

is a proper open cone in R"*!. Birkhoff [7] proved that d¢ and dx coincide on X.
In fact,
|z"y|

y'x
vl and logM(y/x;C):log|x/x|

log M (x/y; C') = lo
gM(z/y; C) & 0]

for all z,y € X. We write
Fe(x,y) = log M(x/y; C)
for all y € C and z € R*™!, and
RFo(x,y) = log M(y/x; C)

for all x € C and y € R" 1.

The function F¢ is called the Funk metric after P. Funk who used it in [12].
It is easy to verify that Fo(x,z) < Fo(z,y) + Fe(y, z) and Feo(z,z) = 0 for all
x,y,z € C, but Fe(x,y) is neither symmetric nor non-negative. We call RF ¢ the
reverse-Funk metric.

We have that

do(z,y) = Folz,y) + RFc(x,y) forall z,y € C.

We write [0]c to denote the subspace {z € R"":z € C and —z € C}. Clearly if
z € [0]¢, then (¢, z) = 0 for all ¢ € C*. From (2.1) we deduce that if z € [0]¢ and
x,y € C, then

M((z +2)/y;C) = M(x/y;C) and  M(y/(x + 2);C) = M(y/z; C),
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so that do(xz + z,y) = do(x,y). Therefore, if 3 is a cross-section of the proper open
cone C' = C/[0]¢, then (X, dc) is isometric to a Hilbert geometry with dimension
n — dim[0]¢. We call n — dim[0]¢ the dimension of the Hilbert geometry on C.

3. The Busemann Points and the Detour Metric

To prove Theorem 1.1, we use results from [25] on the horofunction boundary of
the Hilbert geometry. Following [2], recall that if (X,d) is an unbounded locally-
compact metric space, then to each z € X a continuous function ¢, : X — R, with

Gop(x) =d(x,z) —d(b,z) forze X,

is assigned. Here b € X is a fixed base-point. The map ®: X — C(X) given by
®(z) = ¢, embeds X into the space of continuous functions on X, which is
endowed with the topology of uniform convergence on compact subsets of X. The
horoboundary of X is defined by

X(00) = ®(X)\P(X),
and its members are called horofunctions. Since X is locally compact, the space
X U X (o00) is a compactification of X, and so every unbounded sequence (zx)y in
X has a subsequence such that ¢, ; converges to a point in X (c0).
It is easy to verify that, for any alternative base-point ',

d)zlwb/ (1‘) = d)zk,b(x) - d)zk»b(b/)'

Therefore, if ¢,, , converges to £, then ¢,, ;» converges to & — &(V').

If 7:[0,00) — X is a geodesic ray, then ¢, (), )(z) is non-increasing and
bounded below by —d(r(0), z). Therefore, each geodesic ray yields a horofunction.
More generally, one obtains a horofunction from each “almost-geodesic”, a concept
introduced by Rieffel [20]. A map v:T — X, with T" an unbounded subset of R and
0 € T, is called an almost-geodesic if for each € > 0 there exists M > 0 such that

l[d(y(t),v(s)) + d(v(s),7(0)) —=t| <e foralls,t €T witht>s>M. (3.1)

Rieffel [20] proved that, for any almost-geodesic y: T — X, the quantity d(x,y(t))—
d(b,y(t)) converges to some limit {(x) for each € X. In this case, we say that
converges to . A horofunction £ € X (c0) is called a Busemann point if there exists
an almost-geodesic converging to it. We denote by X (o) the set of all Busemann
points in X (c0).

It was shown in [1] that the Busemann points can also be obtained as limits
of e-almost-geodesics. Recall that a sequence (xy); in X is called an e-almost-
geodesic if

d(zo,z1) + - + d(@m, Tmy1) < d(xo, Timt1) + € for all m > 0.

In fact, it was shown in [1, Proposition 7.12] that every almost-geodesic has a
subsequence that is an e-almost-geodesic for some € > 0, and, conversely, every
unbounded e-almost-geodesic has a subsequence that is an almost-geodesic.
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For any two Busemann points £ and 7, we define the detour cost by

H(&,n) = sup inf d(b,z) + n(x),
WagreW

where the supremum is taken over all neighborhoods W of £ in the compactification
X U X (c0). This concept originated in [1]. An equivalent definition is

H(&n) = igf lim inf d(b, (1)) +n(v(1)), (3.2)

where the infimum is taken over all paths v : T'— X converging to &.
The following is a special case of [24, Lemma 3.3].

Lemma 3.1. Let v be an almost-geodesic converging to a Busemann point . Then,
Jim d(b, (1)) + €(3(1)) = 0.
Moreover, for any horofunction n,

Jim d(b, (1)) +n(y(1)) = H(&n).

Proof. Let € > 0 and assume that b = v(0). As v is an almost-geodesic, we have
that

d(7(0),7(t)) = d(v(0),7(s)) + d(v(s),7(t)) — €

for all s and ¢ sufficiently large, with s < ¢. Subtracting d(v(0),~(¢)) from both
sides and letting ¢ tend to infinity gives

0> d(v(0),7v(s)) + &(v(s)) — e for all s sufficiently large.

This implies that

lim sup d(7(0), y(s)) + £(v(s)) < 0.

§—00

As d(7(0),7v(s)) + d(y(s),y(t)) — d(v(0),~(t)) > 0 for all ¢, we see that

lim inf d(+(0),7(s)) +£(v(s)) =2 0,

§—00

which proves the first statement when b = v(0). The equality for general b follows
from the fact that if v converges to £ with respect to the base-point «(0), then ~y
converges to & = £ — £(b) with respect to the base-point b.

Observe that

n(z) < (d(z,z) —d(b,z)) + (d(b,z) +n(z)) for all z and z in X.
It follows that

n(z) < &(xz)+ H(n) forall zin X.
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So,
d(,~(t)) +n(y(t)) < d(b,~(t)) +£(v(t) + H(&,m) for all ¢.

Taking the limit supremum as ¢ tends to infinity and using the first part of the
lemma, we get that

limsup d(b, v(t)) + n(y(t)) < H(&,n).

t—o0

The lower bound on the limit infimum follows from (3.2):
H(En) < liminf d(b,7(1)) + n(+(0)).

Thus, the second statement is proved. O

In particular, we see that lim; o d(b, y(t))+n(~(t)) is independent of the almost
geodesic v converging to &.

By symmetrizing the detour cost, the set of Busemann points can be equipped
with a metric. For £ and 7 in Xp(00), we define

6(&,m) = H(§,m) + H(n, ) (3.3)
and call § the detour metric. This construction appears in [1, Remark 5.2].

Proposition 3.1. The function ¢ : Xp(co) X Xp(o0) — [0,00] is a metric, which
might take the value +oo.

Proof. Clearly ¢ is symmetric.
Let v and X be almost-geodesics converging, respectively, to & and 7. From the
triangle inequality we get for all s and ¢ that

Letting s tend to infinity, we find for all ¢ that
d(b,y(t)) +n(¥(t)) = 0, (3.4)
so that H(&,7n) > 0. We conclude that § is non-negative.
From Lemma 3.1, it follows that §(£,£) = 0 for all £ € Xp(c0).

Now suppose that §(£,n7) = 0. To show that £ = 7, we let x € X. By (3.4) we
know that, for all s,

d(z,~(t)) — d(b,y(t) < d(z, M(s)) + d(A(s),7(t)) +n(y(t))
= d(z, A(s)) 4 (d(A(s),~(t)) — d(b,~(t)))
+ (d(b,¥()) +n(v(1)))-
Taking the limit as ¢ tends to infinity gives, by Lemma 3.1,
§(x) < d(z, A(s)) + &(A(s)) + H(&;n)
= (d(z, A(s)) — d(b, A(s))) + (d(b, A(s)) + E(A(s))) + H (&, ).
Subsequently letting s tend to infinity shows that
§(x) <n(z)+ H(n,§) + H(En) = n(x).
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Interchanging the roles of £ and 7 gives the desired equality.
It remains to show that ¢ satisfies the triangle inequality. Let &, n and v be
Busemann points with respective almost-geodesics v, A and k. Clearly

(b, (1) +d(v(#), £(w)) — d(b, K(u))
< d(b, (1) + d(v(#), A(s)) — d(b, A(s)) + d(b, Als))
+d(A(s), £(w)) = d(b, K(w)).

Taking the limits as u, s and then ¢ tend to infinity, we get that H (&, v) < H(E,n)+
H(n,v), which implies that § satisfies the triangle inequality. O

Note that we can partition Xp(oo) into disjoint subsets such that §(&,7n) is
finite for each pair of horofunctions ¢ and 7 lying in the same subset. We call these
subsets the parts of the horofunction boundary of (X, d), and § is a genuine metric
on each one.

Consider an isometry g from one metric space (X, d) to another (Y, d’). We can
extend ¢ to the horofunction boundary X (co) of X as follows:

9(&)(y) =&(g7 () — &g~ (b)),

for all £ € X(oc0) and y € Y. Here b’ is the base-point in Y. Observe that if
A:T — X is a path converging to a horofunction &, then g o A converges to g(¢) in
the horofunction compactification Y U Y (c0) of Y. If, furthermore, A is an almost-
geodesic, then g o \ is an almost-geodesic in (Y, d').

The following lemma shows that ¢ is an isometry on X p(c0) with respect to the
detour metric. The first part has appeared in [1, Remark 5.2].

Lemma 3.2. The detour metric § is independent of the base-point. Moreover, if
g:(X,d) — (Y,d') is an isometry of X onto Y, then

6(&,m) =46(g(€),9(n)) for all §, n € X(c0).

Proof. Let £ and n be horofunctions with respect to the base-point b € X. Now
let b € X and note that £ = £ — £(b) and 7 = 1 — n(b) are the corresponding
horofunctions when using b as the base-point instead of b. So,

H(E,7) = inf liminf d(b, (1)) + 7(~(t))

v t—oo

= inflim inf d(b, 4(t)) — d(b, (1)) + d(b, (1)) + n(¥(t)) = n(b)

= &(b) + H(E ) = n(b),

where each time the infimum is taken over all paths converging to &. This implies

that (£, %) = 0(&,n).
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Let b’ be the base-point of Y. We have
H(g(€), g(m) = infliminf d' (', g (+(1))) +n((1)) = nlg™" ()

= inf lim inf d(g =1 ('), y(t)) — d(b,y(t)) + d(b, v(t))

v  t—oo

+n(y(t)) —n(g~' ("))
=&(g )+ H(En) — (g (b)),

where the infimum is as before. We conclude that g preserves the detour cost. O

4. The Detour Metric for a Hilbert Geometry

In this section, we describe the detour metric on parts of the horoboundary of a
Hilbert geometry using the characterization of its Busemann points obtained in [25].
To present the results, it is convenient to work with Hilbert’s projective metric. We
begin by recalling some notions from [25]. Given an open cone C' C R"*! the open
tangent cone at z € OC' is defined by

7(C,2) = {\z —2) e R"™: A >0 and z € C}.
Observe that C' = 7(C,0).

Lemma 4.1. For each z € OC, we have

7(C, 2) = {u € R"™ : (¢, u) > 0 for all ¢ € C*\{0} with (¢, z) = 0}.
Proof. The inclusion C is clear. To prove the opposite inclusion let Z = {¢ €
C*\{0}:{¢,z) = 0 and ||¢|| = 1}. Suppose that u € R"*! is such that (¢,u) > 0

for all ¢ € Z. As Z is compact, @ = mingez (¢, u) > 0. Let 0 < € < «/||ul| and
Wy = {y € C*\{0}:||¢|| =1 and || — ¢|| < € for some ¢ € Z}. Then

(yu) = (g, u) + (Y, u) — (¢, u)
> (¢, u) — [[v — @ [|ull
> a—¢€l|ul| > 0,

where ¢ € Z with [|[¢p — ¢]] < e. Now let Wy = {¢p € C*\{0}:]|¢| = 1 and
|l — || > € for all ¢ € Z}. Denote f = minygew, (¢, u) and v = mingew, (¢, z) > 0.
Note that it suffices to show that © = pu+z € C for some p > 0. Take 0 < p < |v/f|
and remark that if ¢y € Wy, then

(W, pu) + (1, 2) > pf 4+~ > 0.

V

We also have that
(, pu) + (¢, 2) > 0
for all ¢» € W;. Thus, z € C' and we are done. |

Given a collection II of open cones in R"!, we write

(1) = {7(T,z): T € I and z € OT}.
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Starting with C' and iterating this operation gives a collection of open cones

U ({ch),

where T**1({C}) = T(T*({C}) for all k. In particular, if C C R"*! is an
open polyhedral cone with N facets, then there exist N facet defining function-
als Y1, ..., YN € C* such that

C={zcR" :¢(x) >0fori=1,...,N}.
In this case it can be shown that there exists Z C 2 {1,..., N} such that,
T(C)=A{C;:IeT},

where C; = {z € R"":¢;(z) > 0 for all i € I}.
It is instructive to compute the Busemann points that come from straight-line
geodesics in the Hilbert geometry. In fact, we will need it later.

Lemma 4.2. If C C R"™ is an open cone, and y(t) = (1 —t)z+ty, with t € (0,1],
is a straight-line geodesic connecting z € OC to y € C, then

}%dc($,7(t>) - dC(b77(t)) = Rfc(l‘,z) - R]:C(bVZ)

+-7:T(C,z) (1‘, y) - fT(C,Z)(b7 y)
for each xz € C.

Proof. It follows from (2.1) that

lim RFc(z,7(t)) = RFe(b,7(t) = lim - log ¢€ng\>{0} )

Coe  su (1 -t){(¢,2) +t{o,9)
1 gqﬁeC*I\){O} (¢,b)
=RFc(x,2) — RFc(b, 2) (4.1)

for each z € C.
By [25, Lemma 3.3] we also know that

fC(x7’7(t)) - fT(C,z)(x7’7(t)) —0 ast— 07
for all x € C. It follows from (2.1) and Lemma 4.1 that

(¢, )
Fr(cz)(@,7(t)) = log sup
(@) beC\{0},(6,2)=0 (@, (L — )z + ty)
1 (¢, x)
= log — + log sup
t $C*\{0},(¢,2)=0 (DY)

1
= IOg ; =+ fT(C,z)(xay)'
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Thus,
}ilr(l) Fo(z,y(t) — Fe(b,y(t) = Frc.z)(,y) — Frio,2)(b,y).

Combining this with (4.1) completes the proof. O

To describe all the Busemann points, not only the tangent cone is needed, but
all the cones in 7 (C)\{C}. According to [25, Lemma 4.1], a sequence (xy ), C C' is
an e-almost geodesic with respect to Hilbert’s projective metric on C' if and only if
it is an €’-almost-geodesic under both the Funk metric and the reverse-Funk metric
on C.For T € T(C) andy € T, let fr,:T — R be defined by

fry(x) = Fr(z,y) — Fr(b,y),
where b € C is the fixed base-point. Likewise, for z € C, we define rc,.:C — R by
re.(x) = RFc(x,z) — RFc(b, z).

Following [25], we say that a sequence (z3)r C C converges to f:C — R in the
Funk sense on C if (fc .z, )k converges pointwise to f on C. Similarly, a sequence
(xx)r € C converges to r:C — R in the reverse-Funk sense if (r¢ g, ), converges
pointwise to r on C.

Much like the Busemann points in the Hilbert geometry, we can consider Buse-
mann points in the Funk and in the reverse-Funk geometries on C, which are defined
as follows. A function f:C — R is a Busemann point in the Funk geometry on C
if there exists a Funk metric e-almost-geodesic (zy)r € C which converges to f in
the Funk sense and f is not of the form Fe(-,p) — Fe (b, p) for p € C. Similarly, a
function r: C' — R is a Busemann point in the reverse-Funk geometry on C' if there
exists a reverse-Funk metric e-almost-geodesic (zx)r € C which converges to r in
the reverse-Funk sense and r is not of the form RF¢(-,p) — RF (b, p) for p € C.

The following proposition, proved in [25, Proposition 2.5], describes the Buse-
mann points of the reverse-Funk geometry.

Proposition 4.1. Let C C R"*! be a proper open cone. The set of Busemann
points of the reverse-Funk geometry on C' is

Brr = {rc.:x € 0C\{0}}.

Moreover, a sequence (xy)r in a cross-section of C' converges in the reverse-Funk
sense to rc, € Brr if and only if it converges to a positive multiple of x in the
norm topology.

The Busemann points of the Funk geometry are more complicated as the following
result [25, Proposition 3.11] shows.

Proposition 4.2. If C C R"*! is a proper open cone, then the set of Busemann
points of the Funk geometry on C' is

Br ={frpjc:T € T(C)\{C} and p € T}.
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Fach Busemann point in the Hilbert geometry is the sum of a Busemann point in
the Funk geometry and a Busemann point in the reverse-Funk geometry. Indeed,
the following characterization was obtained in [25, Sec. 4].

Theorem 4.1. If C C R"*! is a proper open cone, then the set of Busemann
points of the Hilbert geometry on C' is

B={rce+ frpc:zcdC\{0}, T € T(7(C,x)), and p € T'}.

Moreover, for each rc .+ frpc € B there exists an almost-geodesic that converges
in the norm topology to x and in the Funk sense to fr .

Thus, if (z) is an almost-geodesic converging to g = r¢» + fspjc € B, and h =
rcy + fr,qc € B, then, by Lemma 3.1,

H(g,h) = khj& do(b, x) + h(zk)
kllr&(Rfc(b7 x) +rey(xr)) + (Fo(b,or) + fro(ze)).

We will consider the two parenthesized expressions separately. Recall that for z € C,
the face of x is defined as the set containing those points y € C such that the
straight-line through = and y contains a open line segment I with z € I and I C C.

Proposition 4.3. Let C C R™*! be a proper open cone and x,y € OC\{0}. Let
(xk)k be an almost-geodesic with respect to the reverse-Funk metric converging to
x in the norm topology. If y lies in the face F' of x, then

klim RFc(b,xr) +roy(er) = RFo(b,x) + RFr(z,y) — RFc(b,y). (4.2)

The limit is oo otherwise.

Proof. Each almost-geodesic (under the reverse-Funk metric) in C that converges
in the norm topology to x converges to r¢ , in the reverse-Funk sense by [25, Propo-
sition 2.5]. Therefore, we can argue just as in the proof of Lemma 3.1, replacing the
metric d by RF¢(-,-), to conclude that

lim Rfc(b, Z‘k) + Tc,y(xk)

k—oo

is independent of the (reverse-Funk metric) almost-geodesic (xj); converging
to x in norm.

Let us consider (z;)), with 2z = +b+(1—+)a for all k > 1. As every straight-line
segment is a geodesic under the reverse-Funk metric, (zx)x is an almost-geodesic.
Note that as C'is a proper cone, C* has non-empty interior. Therefore there exists
¥ € C* such that (¢,y) =1 and (¥, z) > 0 for all z € C\{0}.

Define

and wuy = for each k£ > 1.

x Zk
(¢, ) (¥, 2k)
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Recall that RF ¢ (av, fw) =log(B/a) + RF ¢ (v, w) for all o, 3 > 0. Therefore
khi& roy(zK) = lergo —log(v, z) + RFc(uk,y) — RFc(b,y)

|wiy|
[wru

= klim —log(w, zi) + log —RFc(by),

where wy, is the point in the intersection of the straight line through uj and y with
0C on the same side of y as ug.

Suppose that y = Az for some A > 0. So, u = y and each uy lies on the
straight-line segment connecting b’ = b/(1,b) and y. In this case, obviously,

|wky|

— 1
[wr |

as k tends to infinity. Moreover, RF ¢ (b, z) converges to RF¢(b,x) and —log
(¥, z) converges to —log(y,z) = log A as k tends to infinity. Since RF¢(b,x) =
RFc(b,y) — log A, equality (4.2) holds in this case.

Now suppose that y € F and y # Az for all A > 0. So, y # w and y is in the face
of u, since u has the same face as x. Therefore we can define w to be the point in
the intersection of OC with the straight line through y and w that is on the same
side of y as u, and farthest away from y. Since w is in the relative interior of its own
face, we know that w # u. Thus,

Jim rey(zk) = Jim — log(v, zx) + RF c(uk,y) — RFc (b, y)

w
—log(1, x) + log % —RFe(b,y)

= R]:F(x7y) _RFC(bay)

As RF (b, z,) converges to RF (b, z) as k tends to infinity, equality (4.2) holds.
Finally, suppose y is not in the face of x. So, w = u and
M — o0 as k — 0.
|wru|
This completes the proof. O

Given an open cone C' C R™*! and a base-point b € C, we define for x € C a
function jo . : R"™! — R by
. M(y/x; C
jeuly) = M/ C)
M(@®/z;C)
It follows from (2.1) that jo . is convex. Also note that fo . (y) = logjo »(y) for all
z,y € C.

We recall several concepts from convex analysis; the reader may consult [3] for
details. The epi-graph of a convex function f:R"Tt — R is given by

epi(f) = {(z,a) € R"™ x R: f(z) < a}.

for y € R,
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The epi-graph is a convex set and can be used to define a topology on the space
A(R™*1) of proper, lower semi-continuous, convex functions on R"*! as follows. A
sequence (fx)r in A(R™*1) is said to converge in the epi-graph topology to f if the
epi-graphs epi(fx) converge to epi(f) in the Painlevé-Kuratowski topology. Here a
sequence of closed sets (Ay)x in R xR converges to A in the Painlevé-Kuratowski
topology if

LsAy = ()| U 4

k>0 \i>k

and

Lidg:= (] |4
(ki) ki—o0 \i>0
satisfy A = LiAy = LsAy.
We write j¢ , :R" — R U {oc} to denote the Legendre—Fenchel transform of
JC,z SO
JEo(®) = sup (¢,y) = jou(y) for ¢ € R*HL

yER"‘“
The Legendre-Fenchel transform is a homeomorphism on the space A(R"*1) with
respect to the epi-graph topology [3, Proposition 7.2.11]. Furthermore it was proved
in [25, Lemma 3.15] that if 7 C R™ ! is an open cone, then for each z € T we have
that

| 0 ifoe{veT : Mb/a:T)(w,a) < 1),
Fa(6) = {

oo otherwise.
For T € T(C) and = € T, define
Ure ={¢Y €T :M(/z;T)(x,x) > 1}.

Proposition 4.4. Let fs,c and frqc be Busemann points of the Funk geometry
on a proper open cone C C R" 1 with S and T in T(C)\{C}. Then

Fs(b,p) + Fr(p,q) — Fr(b,q), if SCT,
inf liminf]-“c(b,xk)+fT7q(xk):{S( p)+ Fr(p,q) = Fr(b,q), if

() k— 0, otherwise,

where the infimum is taken over all sequences in C converging to fs pc in the Funk
sense on C.

Proof. Let (x1), be any sequence in C' converging to fg, in the Funk sense. By
Lemma 3.17 of [25], jc,z, converges to js, in the epigraph topology, and so I,
converges to jg . Let y € C* be such that jgp(y) = 00. The properties of epi-
convergence imply that j& (y) converges to oo. Therefore, y € Uc 4, for k large
enough.
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Observe that

Folban) + frafen) = to( M/ 0) sup EI )y

1 1
= 10 su — |- 44
g<zeT*m50,,k = M(b/q;T>> )

Suppose that S is not a subset of 7. Then 7™ is not a subset of S* and we
can consider a point y € T*\S*. As jg,p(ay) = oo for all @ > 0, we know that
ay € Uc 4, for k large enough. So,

1 1
(o, q) M(b/q;T)

But a can be chosen to be as small as we like, and so, in this case,

likm inf Fo (b, xx) + fr,q(zr) > log

likm inf Fo(b, k) + fr,q(xr) = 00.

Now suppose that S C T'. For any y € Usg, we know that jg (y) = oo. Thus,
as before, y € Ug 4, for all k large enough. Therefore, from (4.4),

1 1
liminf Fe (b, x1) + zr) > lo su _—
pninf Folb o) + fralon) g<zem%s,p <z,q>M<b/q;T>>

_ oy o zp) 1
= o (M(b/ PiS) WP T2 q) Mo T))

= Fs(b,p) + Fr(p,q) — Fr(b,q).

We now wish to show that this bound can be attained by a judicious choice of
the sequence (zy ).

Since S € T(C)\{C'}, there exists a finite sequence of cones (Sk)1<k<n such
that Sy € T({Sg—1}) forall 1 <k < N, and S; =C and Sy = S. Let € 0Sn_1
be such that Sy = 7(Sny_1, ). Define the constant sequence x, = p, for all k£ € N.
Obviously, (x1) converges to fg, in the Funk sense on Sy. Let (wg); be a sequence
of points in Sy_1 such that W = | J, {ws} is dense in Sy_; and contains the base-
point b. For each k € N, let y = (1 — A\g)x + Agxy, where the sequence (Ag)g of
positive reals is chosen so that, for each k € N,

Y € SN,17 and (45)
1
|[Fsy_ (w,yr) — Fsy (w,yr)| < 7 for all w € {wo, ..., wg}. (4.6)

Inclusion (4.5) holds when )y is small enough, and, by [25, Lemma 3.3], the same
is true for (4.6). By [25, Lemma 3.1],

Fsy(w,yr) = Fsy (w, zx) —logAp, forallkeN and weSy. (4.7)
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Let w € W. For k € N large enough, both b and w are in {wy,...,wi}. So,
applying (4.6) and (4.7) twice each, we get

2
|Fsn 2 (wyk) = Fsn 1 (bsyr) — Fsy (w,xx) + Fsy (b p)| < %
We conclude that Fs, , (w,yx) — Fsy_, (b, yx) converges to fs,(w) as k tends to
infinity. Since this holds for all w in a dense subset of Sy_1, we see that (yx)
converges to fg, in the Funk sense on Sy_;.
Since x € [0]s and S C T', we have that = € [0]p. Therefore, by [25, Lemma 3.1]
again,

Fr(yk,q) = Fr(zk,q) +log\g, forall k € N. (4.8)
We combine (4.6)—(4.8) to get

1
Fsn_1(b,yr) + Fr(yr,q) < Fsy (b, 2x) + Fr(or, q) + T

for all £ € N.
We can iterate the above argument to get a sequence (zj) in C such that zj
converges to fg o in the Funk sense on ', and such that

N
Fo(b, zx) + Fr(zk,q) < Fs(b,p) + Fr(p,q) + —

k )
for all k € N. Taking the limit inferior and subtracting Fr(b, q), we get
liminf Fe (b, 2) + frq(zx) < Fs(b,p) + Frp, q) — Fr(b, q)- =

Reasoning exactly as in the proof of Lemma 3.1 with F¢ for d gives the following
result.

Lemma 4.3. If fs,c and fr.4c are Busemann points of the Funk geometry on a
proper open cone C C R with S and T in T(C)\{C}, and (z1)x is an almost-
geodesic in C with respect to the Funk metric that converges to fs,c in the Funk
sense, then

klim Fe(b, ze) + frqglzk) = (inf liminf Fe (b, zx) + frq(zk),

T k—oo
where the infimum is taken over all sequences in C converging to fs pc in the Funk

sense on C'.

By combining Propositions 4.3 and 4.4, we obtain the following formula for the
detour metric.

Theorem 4.2. If g =rc .+ fspc and h =rcy + frqc are Busemann points of
the Hilbert geometry on a proper open cone C C R 1 then
dp(x,y) +ds(p,q) if x and y are in the same face F of C,
0(g,h) = and S =T,

00 otherwise.
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Proof. Using [25, Lemma 4.3] and the formulas in the proof of [25, Theorem 1.1,
p. 524], we get that there exists an almost-geodesic (zy); in C converging to x in
the norm topology and to fg ¢ in the Funk sense. Recall that each almost-geodesic
under Hilbert’s projective metric is an almost-geodesic under the Funk metric and
the reverse-Funk metric.

Therefore we can combine Lemmas 3.1 and 4.3 and Propositions 4.3 and 4.4 to
deduce

6(9’]7') = H(g’h’) + H(h’g)
= RFr(z,y) + RFr(y,x) + Fr(p,q) + Fs(q,p)
=dp(x,y) +ds(p,q),

if z and y have the same face F' and S = 7. In the contrary case, we get that
d(g, h) = oc. |

5. Isometric Actions on Parts

We now analyze how isometries between polyhedral Hilbert geometries act on parts.
By Lemma 3.2, each isometry g: X — Y preserves the detour metric, and hence
maps parts to parts. If X is a Hilbert geometry, then it follows from Theorem 4.2
that there is a one-to-one correspondence between the parts of the horoboundary
of (X,dx) and pairs of the form (F,U), where F is a (relatively) open face of the
open cone Cx generated by X, and U € T (7(Cx, z)) for some z in F. Moreover,
the part corresponding to (F, U) is isometric to (F xU’,dpxy+), where U’ = U/[0]y
and

drxv ((z,u), (y,v)) =dpr(x,y) + dyr(u,v) forallz,y € F and wu,v €U’

A part of a polyhedral Hilbert geometry (X,dyx) is called a verter part if the
corresponding pair is of the form (F,,7(Cx, z)), where F. is a ray through a vertex
z € 0X C 0Cx of X. It is said to be a facet part if the pair is of the form
(F,7(Cx,z2)), where F is a (relatively) open facet of C, i.e. dim F = n, and z € F.
Note that for a facet part, 7(Cx,z) is the open half-space {z € R"*!: (¢, z) > 0}
with ¢ € C% the facet defining functional of F'. The main objective of this section
is to prove that an isometry between polyhedral Hilbert geometries either maps
vertex parts to vertex parts, and facet parts to facet parts, or it interchanges them.
Recall that, as the topology of the Hilbert metric coincides with the norm topology,
isometric Hilbert geometries must have the same dimension. We start with the
following basic observation.

Lemma 5.1. If (X,dx) and (Y,dy) are polyhedral Hilbert geometries and g: X —
Y is an isometry, then g maps parts corresponding to pairs of the form (F,7(Cx, z)),
with F a relatively open face of the cone Cx generated by X and z € F, to parts
corresponding to pairs (F',7(Cy,2")), with F' a relatively open face of the cone Cy
generated by Y and 2’ € F’.
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Proof. Note that the dimension of the Hilbert geometry on an open cone 7" C
R is equal to n — dim [0]7. Thus, for z € X C R""!, the dimension of the
Hilbert geometry on 7(C, z) is greater than the dimension of any other open cone in
T(7(C, 2)). Clearly, if I is a relatively open face of C'and z € F, then dim [0](¢,.) =
dim F'. On the other hand, the Hilbert geometry on F' has dimension equal to
dim F' — 1. Thus, the parts corresponding to pairs (F,7(C, z)), with F' a relatively
open face of C' and z € F', are precisely those that have maximal dimension n — 1.
The same is true for parts of (Y, dy) corresponding to pairs (F’, 7(Cy, 2)), with F’
a relatively open face of the cone Cy generated by Y and 2’ € F’. As the topology of
the Hilbert geometry coincides with the norm topology, it follows from Theorem 4.2
that g: X — Y must preserve the dimension of the parts. This completes the
proof. O

Before we start proving the main result of this section we recall, for definiteness,
several basic concepts from metric geometry and prove some auxiliary statements.
Given a metric space (X,d) and an interval I C R, a map v:/ — X is called a
geodesic if

d(y(s),v(t)) =|s—t| foralls,tel.

If I = [a,b] with —00 < a < b < oo, the image of v is called a geodesic segment
connecting y(a) and 7(b). Likewise if I = R, we call the image of v a geodesic line.
A geodesic line is said to be unique if for each finite interval [s, t] C R, the geodesic
segment y([s,t]) is the only one connecting v(s) and ~(¢). A subset U C X is said
to be geodesically closed if for every u,v € U, every geodesic segment connecting
uw and v is contained in U. In the Hilbert geometry, since straight-line segments are
geodesic segments, geodesically closed sets are convex.
The following result is well known.

Lemma 5.2. ([14, Proposition 2]) Let (X,dx) be a Hilbert geometry. If £ is a
straight-line intersecting X and ¢ intersects 0X at an extreme point, then £N X is
a unique-geodesic line. Conversely, if T' is a unique-geodesic line in (X,dx), then
I'=¢NX for some straight-line {.

The following elementary topological fact will be useful.

Lemma 5.3. Let X C R™ be an open bounded convex set. If U is a mnon-empty
convez subset of X, and U is closed in X and homeomorphic to R™, then U is the
intersection of X with an m-dimensional affine space.

Proof. Let A =aff U. Clearly A is m-dimensional. Since U is convex and homeo-
morphic to R™, it must be open in A. Remark that X N A is also open in A and
contains U. Therefore U is open in X N A. But by assumption U is also closed in
X NA, and so U = X N A, since U is non-empty and connected. O
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Proposition 5.1. Let (Y,dy) and (Z,dz) be Hilbert geometries of dimension
greater than or equal to one, and suppose that Y X Z s equipped with the
metric,

dy«z((y,2), ', 2) =dy(y,y') +dz(z,2") fory,y' €Y and 2,2’ € Z.

Then (Y X Z,dyxz) is not isometric to any Hilbert geometry.

Proof. Let £y CY be a geodesic line such that one of its end-points is an extreme
point of Y. Likewise let £z C Z be a geodesic line with one of its end-points an
extreme point of Z. Note that by Lemma 5.2 both ¢y and ¢z are unique-geodesic
lines. Obviously, fy x £z is homeomorphic to R? and closed in (Y x Z,dy x 7). We
now show that ¢y x £z is also geodesically closed. Let (y,z) and (y', z’) be points
in £y x £z and let I' be a geodesic segment in Y x Z connecting them. By definition
of the metric dy « z, the projection I'y of I" to Y is a geodesic segment connecting y
and ¢ in Y. As fy is a unique-geodesic line, the only geodesic segment connecting
y to ¥’ in Y is the straight-line segment [y, y’]. Therefore, I'y C fy. By the same
argument I'y; C /4. We conclude that I' C £y x 4.

For the sake of contradiction suppose that h is an isometry mapping (Y x Z,
dy «z) onto a Hilbert geometry (X,dx). Then U = h(¢y x £z) is homeomorphic
to R? and closed in (X, dx ). Moreover, U is geodesically closed and hence convex.
Thus, by Lemma 5.3, U is the intersection of X with an affine plane. This implies
that it is itself a Hilbert geometry. Note that (¢y x £z,dy ) is isometric to R?
with the £1-norm, ||(z1, z2)||1 = |z1|+ |z2| for (z1,22) € R2. According to Foertsch
and Karlsson [11], the only Hilbert geometry isometric to a 2-dimensional normed
space is the Hilbert geometry on a 2-simplex. In that case, however, the unit ball
of the norm is hexagonal, and hence it cannot be isometric to the ¢;-norm on R2.
This is the desired contradiction. |

Corollary 5.1. If (X,dx) and (Y,dy) are polyhedral Hilbert geometries and
g: X — Y is an isomelry, then g maps the collection of vertex parts and facet
parts of the horoboundary of (X,dx) to the collection of vertex parts and facet
parts of the horoboundary of (Y,dy).

Proof. We may consider X and Y to be open subset of R for some n > 1. Let
P be a vertex part or facet part of the horoboundary of (X,dx). According to
Theorem 4.2, P is isometric to an (n — 1)-dimensional Hilbert geometry. Therefore
the part g(P) of the horoboundary of (Y, dy) with the detour metric must also be
isometric to such a geometry. If (F,U) is the pair corresponding to the part g(P),
then by Lemma 5.1, F' is a relatively open face of the cone Cy C R"*! generated
by Y, and U = 7(Cy, z) for some z € F. From Proposition 5.1 and Theorem 4.2,
it follows that either F' is the ray through a vertex of Y, in which case g(P) is a
vertex part, or F' is a relatively open facet of Cy and 7(Cy,z) is a half-space, in
which case g(P) is a facet part. m|
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We will now show that there are only two types of isometries between polyhedral
Hilbert geometries: namely, those that map vertex parts to vertex parts, and facet
parts to facet parts, and those that interchange them.

Theorem 5.1. If (X,dx) and (Y,dy) are polyhedral Hilbert geometries and
g: X — Y is an isometry, then either g maps verter parts to vertex parts, and
facet parts to facet parts, or it interchanges them.

Proof. By Corollary 5.1, it suffices to prove that if a facet part of the horoboundary
of (X, dx) is mapped to a vertex part of the horoboundary of (Y, dy ) under g, then
every facet part gets maps to a vertex part and every vertex part gets mapped to
a facet part. So, assume that g maps the facet part corresponding to (F,7(Cx, z)),
with z € F, to the vertex part (F,,7(Cy,v)), where F, is the ray through the
vertex v € Y. Now let F’ be a facet adjacent to F. For the sake of contradiction,
suppose that the facet part corresponding to the pair (F',7(Cx,2’)), with 2z’ € F’,
is not mapped to a vertex part of the horoboundary of (Y, dy ). By Corollary 5.1,
its image must be a facet part of (Y,dy). Let us denote the corresponding pair of
this facet part by (g(F'), 7(Cy,v")).

Note that the vertex v is adjacent to g(F’), as otherwise there would be a
unique-geodesic line I’ connecting v to a point in g(F”). This would imply, however,
that ¢g=*(I') is a unique-geodesic line connecting points in the facets F and F,
which is impossible by [14, Proposition 2].

Now let 1 : R — Y be a unique-geodesic line with lim; . 71 (t) € g(F"). There
exists a unique-geodesic line 79 : R — Y such that lims_. y2(s) = v and 72(0) =
~v1(0). Put r = ~41(0), and remark that aff (y1,72) is 2-dimensional.

Let

(& | g)e = 5 (da,7) + dly, ) — d(zy))
denote the Gromov product with base-point r. For ¢ = 1,2, let v;(£00) denote the
limits as s,t — 400, respectively. In particular, vy2(c0) = v. For each m > 0, there
exist s, and t,, greater than m such that the straight-line through 7 (¢,,) and
2 (8 ) is parallel to the straight-line through 1 (c0) and v. Note that there exists
a constant Cp such that the following inequality holds.

o) 0 ~lon (o o )

> log [v72(0)| — log [vy2(sm)]
> C1 —log |vya(sm)] (5.1)

for all m > 0. There also exists a constant Cy such that

dy (71 (tm), v2(sm)) = log[u,, 71 (tm), v2(5m), V)]

[u Y2 (8m)]
[ur, 1 ()|
< Oy —log [v2(5m) v, | (5.2)

+1og |71 (tm )0, | = 1og |2 (5m ), |
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for all m > 0. Substituting (5.1) and (5.2) into the Gromov product gives

. . Sm )V,
lim sup 2(v1 (tm) | v2(8m))r > limsup dy (v1 (¢m),71(0)) + log %

+C3

for some constant Cs. By construction

|’72(3m)v£n|
12 (5m)v]

is constant for large m. Since dy (71 (tm), 71(0)) — oo as m tends to oo, we find that

lim sup 2(71 (tn) | 72 (m))r = 00.

m—0o0

Note that ¢! is an isometry that maps Y onto X and

(g7 @) g7 (12(9))) g1 () = (1 (E) [72(5))r

for each s and t. Thus,

lim sup 2(g ™ (1.(tm)) | g7 (2 (5m)))g-1(r) = o0 (5.3)
As g maps the facet part (F’,7(Cx, z")) to the facet part (g(F’), 7(Cy,v")) and the
facet part (F, 7(Cx, z)) to the vertex part (F,, 7(Cy, v)), it follows from Lemmas 4.2
and 5.2 that g=1(v1(t,)) converges to z € F' and g~ !(y2(s,,)) converges to y € F
as m tends to co. As the straight-line segment [z,y] € 90X, we deduce from [16,
Theorem 5.2] that

limsup 29~ (1 (tm)) | g7 (2 (5m)))g-1(r) < 00,
which contradicts (5.3).

We can reason in the same way from F’, and conclude that g maps each facet
part to a vertex part. It remains to show that ¢ maps vertex parts to facet parts.
Again we argue by contradiction. So, let P be a vertex part of (X, dx ) corresponding
to (Fy,7(Cx,v)), and suppose that g maps P to a vertex part (F,,7(Cy,u)) of
(Y, dy). There exists a unique-geodesic line I', C X connecting v to a point p € F,
where F' is a facet of C'x whose closure does not contain v. We already know that
the facet part (F,7(Cx,p)) of (X,dx) is mapped to a vertex part (F.,,7(Cy,w))
of (Y,dy). The image of I', under g is a unique-geodesic line, I}, which connects
u to w in (Y, dy) by Lemmas 4.2 and 5.2. This implies that v and w do not lie in
the same closed facet of Y, and hence I'), must be the straight-line segment (u,w)
in Y for each p € F', which contradicts the fact that g is one-to-one. |

We shall prove that every isometry between polyhedral Hilbert geometries that
maps vertex parts to vertex parts, and hence facet parts to facet parts, is a
collineation. In addition, we shall see that isometries that interchange vertex parts
and facet parts only exist between two n-simplices with n > 2.
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6. Isometries Mapping Vertex Parts to Vertex Parts

We first show that if an isometry between polyhedral Hilbert geometries maps
vertex parts to vertex parts, then it admits a continuous extension to the norm
boundary of its domain.

Lemma 6.1. Let (X,dx) and (Y,dy) be polyhedral Hilbert geometries and g: X —
Y be an isometry. If g maps vertex parts to vertex parts, then g extends continuously
to 0X.

Proof. Let n = dim X = dimY. For m < n, let X,, be the union of the rela-
tive open faces of X with dimension at least m. In particular, X,, = X. We use
an inductive argument with the following hypothesis: the map ¢ extends continu-
ously to X,,, and every straight-line segment (v, xz) C X,, with v a vertex of X is
mapped onto a straight-line segment (g(v),y) in Y, where g(v) is the vertex of Y’
corresponding to the part that is the image under g of the part of v.

To see that the assertion is true for m = n, remark that (v,z) is (part of)
a unique-geodesic line, and hence g((v,z)) is a straight-line segment (w,y) with
w € 9Y, by Lemma 5.2. Let (vy) be a sequence in (v, z) converging to v. It follows
from Lemma 4.2 that (vg), converges in the horofunction compactification to a
Busemann point of the form rcy v+ f7(cx v),p for some p € X. Thus, by assumption,
(9(vx))x € (w,y) must converge to oy g(v) + fr(Cy,g(v)),q fOr some q € Y. As g(vy)
converges to w, it follows that g(v) = w.

Now suppose the assertion is true for some m € {1,...,n}. Let F be a relative
open face of X of dimension m — 1. Fix a vertex vp of X not lying in F. For each
x € F, consider the straight-line segment (vp,x), which, by our choice of vg, is
contained in X,,. By the induction hypothesis, ¢ maps (vp,x) onto a straight-line
segment (g(vg),y). Define g on F by g(x) = y.

We claim that this extension of g to X,,—1 is continuous. Let (x)x be a sequence
of points in X,,_; converging to some point x of F. Without loss of generality we
may assume that (xp)r lies within F U X,,. Any point z € (g(vr),g(x)) is the
image under g of a point u € (v, ). Moreover, we can find a sequence (uy)y in
X, converging to u such that ux € (vp,xy) for all k. By one part of the induction
hypothesis, g(ux) € (g(vr), g(xy)) for all k. By the other part, g(uy) converges to
z = g(u), since u is in X,,. Therefore, every limit point y" of (g(xx))x satisfies
z € (g(vr),y']. By letting z approach g(x), we conclude that 3y’ = g(z), and hence
g is continuous on X,,_1.

To complete the induction step, let (v,z) C X,,—1 be a straight-line segment
with v a vertex of X. Suppose s,t € (v,z) and s € (v,t). Let (sx)r and (tx)r be
sequences in X with s € (v,t) for all k, and such that s — s and ¢ — ¢ as
k — oo. By the induction hypothesis, the straight-line segment (v, ) is mapped
onto (g(v), g(tx)), so that g(sx) € (g(v), g(tx)) for all k. As g is continuous on X,,,_1
we conclude that g(s) € [g(v), g(¢)]. Thus, the image of (v,z) under g is contained
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in a straight-line segment (g(v),y) for some y € Y. Moreover, as g is continuous,
g((v,x)) must be connected, and hence it is a straight-line segment. |

We also need the following two lemmas.

Lemma 6.2. Let U C R"™ be an n-dimensional compact convex set. If xq, ..., x, €
oU form an n-simplex, then for each uw € U, there exists x,, such that ¢, 5, inter-
sects aff ({zo, ..., zn}\{2m}) at a point in U.

Proof. Write S = conv(xo,...,x,) to denote the n-simplex, and for m =1,...,n
define A4,, = aff({zo, ..., 2o }\{zm}). fu € S, then ¢, . intersects A,, at a point
in conv({zg, ..., 2n}\{xm}) C U. On the other hand, if u ¢ S, then for each k we
let Hj be the closed half-space containing xj; with boundary Aj. Obviously, S is

the intersection of these half-spaces, and so there exists m € {0,...,n} such that
w is not in H,,. Since z,, is in H,, and u is not, the intersection of ¢, ,, and A,,
lies in [u, xy,]. But [u, z,,] is a subset of U since U is convex. O

Lemma 6.3. Suppose that (X,dx) and (Y,dy) are polyhedral Hilbert geometries
and g: X — Y is an isometry which has a continuous extension to 0X . If xg, ..., Tm
are vertices of X and u € aff(zq,...,zm) N X, then g(u) € aff(g(xo), ..., g(xm)).

Proof. We use induction on m. The case m = 1 is a direct consequence of
Lemma 5.2.

Now suppose that the assertion holds for all m < k. Let zq,...,z; be ver-
tices of X. By removing points we may assume that conv (xg,...,xx) is a k-
simplex. By Lemma 6.2, there exists k* such that ¢, ,,. intersects aff ({x, ..., zx}\
{z}+}) at some point z in X. By the induction hypothesis g(z) is in
aff({g(xo), ..., g(xx)}\{g(xk~)}. Let (v;); be a sequence in X converging to u. Since
g extends continuously to the boundary and g(£y, . N X) = Ly(u,),g(z) MY, We
find that g(z) € £4(u),g(x;.)- Thus, g(u) is an affine combination of g(z) and g(xx-),
and hence contained in aff(g(xo), ..., g(x))- m|

The next theorem shows that every isometry between polyhedral Hilbert geome-
tries mapping vertex parts to vertex parts is a collineation.

Theorem 6.1. Let (X,dx) and (Y,dy) be polyhedral Hilbert geometries and
g:X — Y be an isometry. If g and g—!

g is a collineation.

extend continuously to the boundary, then

Proof. We will use induction on n = dimX = dimY. Assume that X is
1-dimensional. Let a and b be the points of 0X, and let  be any point in X.
Then a, b, x form a projective basis for P2. Hence there exists a unique collineation
h that coincides with g on a, b and z. Let y € X be between = and b. As g extends
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continuously to 90X, we must have that g(y) is between g(z) and g¢(b). Since h
preserves cross-ratios,

[9(a), 9(x), 9(y), g(b)] = [a,z,y,b] = [g(a), g(z), h(y), g(b)].

This equality uniquely determines h(y) and hence g and h agree at y. By inter-
changing the roles of a and b, we conclude that g and h agree on X.
Now assume that the assertion is true for all k¥ < n. Then we can find n + 1

vertices o, . ..,z of X that form an n-simplex, which we denote by S. Choose a
point y in the interior of S. The points zg, ..., z,,y form a projective basis for P".
Note that, since y is not in aff({zo,...,2zn}\{2m}) for any m, we can

apply Lemma 6.3 to ¢g~! and conclude that g(y) is not in the affine hull of

{9(z0)y ..., 9(zn)\{g(zm)} for any m. A similar argument shows that g(x;) is
not in the affine hull of {g(xo),...,9(xn)}\{g(x;)} for any 4. It follows that
g(z0),...,9(zk), g(y) form a projective basis for P”. Therefore, there is a unique
collineation h agreeing with g at xg,...,x, and y.

For each i € {0,...,n}, define

Li=XnN/l,,, and H;=Xnaff({zo,..., o, \{z:}).

Since y is in the interior of S, we have that L; intersects H; at a single point z;.
Note that g maps L; to L =Y N Ly (). For i =0,...,n, let

Hi =Y naff({g(zo),. .., g9(zn)\{g(i)})-

By applying Lemma 6.3 to both g and g~! we also know that g(H;) = H/ for all 4.
Therefore, g(z;) is the unique point of intersection of L) and H]. The collineation
h also maps L; to L}, and H; to H/, and therefore g(z;) = h(z;).

Let X; and Y; denote the relative interiors of H; and H/, respectively. Equipped
with the restrictions of dx and dy respectively, these sets become Hilbert geome-
tries. Moreover, by Lemma 6.3, the map ¢ restricted to X; is an isometry of X;
onto Y;. Of course, g|x, extends continuously to X; and its inverse extends con-
tinuously to dY;. So, we may apply the induction hypothesis to deduce that gx, is
a collineation. As g and h agree on {zo,..., &, z;}\{2;}, which forms a projective
basis for the projective closure of X;, we have that g and h agree on H;, for each 1.

Let p be in the interior of S. Define pg = ), o, N Hy and p; = €, », N H;. Since g
and h agree on both xg and po, they both map £p, VX 0 y(pe) g(z)NY - Similarly,
they both map £y, 2, N X 10 Ly(py),g(z) NY. We conclude that g(p) = h(p), and
hence g and h agree on the whole of S.

Let ug,...,u, be n + 1 vertices of X such that S’ = conv(ug,...,u,) is an
n-simplex. By the basis exchange property for affine spaces, there exists an 7 such
that u;, 1, ..., x, form an n-simplex. Let ¢ be in the interior of conv(u;, 1, ..., Zy,).
The straight line ¢, ,, intersects the relative interior of the facet conv(zy,...,zy)

of S. Therefore ¢, ,, also intersects the interior of S. Thus, g and h agree on at
least three distinct points u, v, and w of £;,, N X. Let a be the point different from
u; where ¢, ,,, intersects 0.X. There exists a unique collineation f that agrees with
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g on a,u, and u;. The map f is an isometry on (a,u;) and hence f and g agree
on {4, N X. Since u, v, w form a projective basis for the 1-dimensional projective
space containing ¢ ,,,, we find that f and h agree on £, ,, N X, and hence g and
h also agree on {,, N X. Thus, we have shown that g and h are identical on the
interior of conv(u;,x1,...,x,). In fact, as g has a continuous extension to 90X, the
maps g and h agree on conv(u;, T1,...,Tp)-

Now note that we can iterate this procedure and replace, one-by-one, the ele-
ments of {zg,...,x,} with elements of {ug,...,ur} to deduce that g and h are
identical on S’. By Carathéodory’s theorem, every point in X can be written as a
convex combination of n 4 1 vertices of X. Therefore g and h agree on the whole
of X, which shows that ¢ is a collineation. O

7. Isometries Interchanging Vertex and Facet Parts

Theorem 7.1. Let (X,dx) and (Y,dy) be polyhedral Hilbert geometries with
dim X = dimY > 2. If there exists an isometry g: X — Y that maps vertex parts
to facet parts, then X andY are n-simplices.

Proof. By Theorem 5.1, we know that both g and g~! map vertex parts to facet
parts and vice versa. Thus, it suffices to show that X is an n-simplex.

To establish this we prove that its vertex set Vx is affinely independent. If
v € Vx, then there exists a relatively open facet F, of X such that v is not in
F,. Suppose that there exists another vertex u of X, different from v, that is not
in F,. Choose p € F,. Let v:R — X and p:R — X be parametrizations of the
unique-geodesic lines (p,v) and (p,u), respectively, such that both ~(t) and u(t)
converge to p as t tends to oco.

Note that, by Lemma 4.2, both v and p converge, as ¢ tends to oo, to the same
Busemann point 7y p + fr(Cx,p),q» Where ¢ is any point in X. Thus, goy and gou
converge, as ¢ tends to 0o, to the same Busemann point in Yz (c0). By assumption
this Busemann point is in a vertex part, and so is of the form rcy w + fr(cy w),s
where w is a vertex of Y and s € Y.

By Lemma 3.2, the Busemann points in X p(00) corresponding to v(t) and pu(t)
with t tending to —oo are mapped to Busemann points in different facet parts of
(Y,dy). Thus, g((p,v)) = (w,r) and g((p,u)) = (w,r’) for some r and r’ lying
in distinct facets of Y. However, by Lemma 4.2, this implies that g o~ and g o u
converge, as t tends to oo, to different Busemann points in the part of w, which is
a contradiction. |

Proof. (of Theorem 1.1) Suppose that g € Isom(X), but not a collineation. By
Theorem 6.1, either g or g~! does not extend continuously to X . From Theorem 5.1
and Lemma 6.1, it follows that g has to interchange vertex parts and facet parts
and dim X > 2. It thus follows from Theorem 7.1 that X is an n-simplex with
n> 2.
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The existence of an isometry that is not a collineation on any n-simplex with
n > 2, follows immediately from Theorem 1.2, which will be proved in the next
section. O

8. The Isometry Group of the Simplex

Proof. (of Theorem 1.2) It is known [19] that the n-simplex endowed with the
Hilbert metric is isometric to the normed vector space V = R"*!/ ~, where z ~ y
if and only if z =y + h(1,1,...,1) for some h € R, and norm

[[z([var = max r; — mjln Tj.

We denote the equivalence class of z € R"*! by [z]. It is obvious that each element
of R™ x 'y 41, where Ty, 11 = 041 X (p), is an isometry of (V.| - ||lvar)-

By the Mazur—Ulam theorem, every isometry of V' is affine. Let g: V' — V be
an isometry that fixes the origin. Clearly the unit ball of V is a polyhedron, each
vertex of which has exactly one representative in the set

Var = {(bo, - .- bn) | b € {0,1} for all {1\ {(0,...,0), (1,...,1)}.

This is the set of vertices of a hypercube with two diagonally opposite corners
removed. We see that there are 2"+! — 2 vertices.

Edges of By, are segments connecting vertices having representatives in V' that
differ on exactly one coordinate. Thus, there are n 4+ 1 edges incident to every
vertex, except for those whose representative has exactly one coordinate equal to 0
or 1. Let Vj be the set of vertices whose representative has exactly one coordinate
equal to 0, and let V7 be the set of vertices whose representative has one coordinate
equal to 1. Since (0,...,0) and (1,...,1) are not in Vi,,, each vertex in V) U V;
is incident to exactly n edges. Since g is linear, it preserves the number of edges
incident to each vertex, and so we conclude that g leaves Vy U V; invariant.

Now consider a subset U of V5 U V; containing n + 1 elements and having the
following properties: no element U is the negative of another element in U, and
> evlu] = [0]. It is straightforward to verify that U is equal to either Vj or Vi.
Since the properties of U are invariant under linear transformations, g maps V;
either onto itself, or onto V5. As V; spans V, any linear map on V is completely
determined by its values on V;. Thus, if g maps V4 onto itself, then g is a permutation
in 0,,+1. On the other hand, if ¢ maps V4 onto Vj, then g is the composition of a
permutation in 0,41 and p, as Vp = —V;. We conclude that

Isom(X) 2 R™ x I') 4.

To determine the collineation group, let Cy C R"*! be the open cone generated
by an n-simplex X inside a hyperplane not containing the origin. Any element A
of GL(n+ 1, R) that maps C'x onto itself, maps the extreme rays of C'x to extreme
rays. As the n+ 1 vertices of X span R”T!, the map A is completely determined by
its values on the vertices of X. Thus, A can be uniquely represented by a product
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of an (n+1) x (n+ 1) permutation matrix and an (n+ 1) x (n+ 1) positive diagonal
matrix. From this we conclude that Coll(X) = R"™ X op41. m|

We can go from the normed space representation of simplical Hilbert geometries
given above to the cone setting of Sec. 2 by exponentiating coordinate-wise. Indeed,
if @ is given by ®(x1,...,2,41) = (€*2,...,€"+1), then ® is an isometry between
(V.|| - [lvar) and (Pn41,dp,,,), where P, is the interior of the standard positive
cone. The map p on V corresponds to the map p’ = ®opo ®~! on P,,, which
takes the coordinate-wise reciprocal. It is clear that p’ is both order-reversing and
homogeneous of degree —1.

Maps with these two properties exist on all symmetric cones, of which the cone
P41 is an example. Indeed, recall [10] that a proper open cone C in a finite
dimensional real vector space V with inner-product (-,-) is called symmetric if

{A € GL(V): A(C) = C} acts transitively on C' and C = C*, where
C*={yeV*:(x,y) >0foral x € C\{0}}

is the (open) dual of C. The characteristic function ¢ on C' given by,

() = / e @y forzeC,

is homogeneous of degree —dim V', so that Vinberg’s *-map, x € C +— z* € C*,
where 2* = —Vlog ¢(x) for z € C, is homogeneous of degree —1. The *-map is
order-reversing on symmetric cones (see [15, Proposition 3.2]) and coincides (up
to a scalar multiple) with the inverse map in the associated Euclidean Jordan
algebra [10]. As a matter of fact, it was proved in [15] that the order-reversing
property of the x-map characterizes the symmetric cones among the homogeneous
cones. The reader can verify that the map p’ above is the x-map for the positive
cone.

Since the x-map is order-reversing and homogeneous of degree —1, it is non-
expansive in Hilbert’s projective metric on C; see [19]. But (z*)* =z for all z € C,
so the s-map is actually an isometry under this metric. Composing it with the
canonical projection yields an isometry of the Hilbert geometry on a section X
of C. This isometry is not a collineation except when the symmetric cone C' is a
Lorentz cone,

A ={(z1,...,2,) ER":2qy >0 and 23 — 23 —--- — 22 > 0},

for some n > 2. To our knowledge there exist no other cones for which Isom (X)
differs from Coll (X). In fact, we conjecture that Isom (X) and Coll (X)) differ if and
only if the cone generated by X is symmetric and not Lorentzian, in which case
we believe the isometry group is generated by the collineations and the isometry
coming from the x-map. This is known to be true for the cone of positive-definite
Hermitian matrices; see [18].
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