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Abstract. We study the stable behaviour of discrete dynamical systems
where the map is convex and monotone with respect to the standard
positive cone. The notion of tangential stability for fixed points and
periodic points is introduced, which is weaker than Lyapunov stability.
Among others we show that the set of tangentially stable fixed points
is isomorphic to a convex inf-semilattice, and a criterion is given for the
existence of a unique tangentially stable fixed point. We also show that
periods of tangentially stable periodic points are orders of permutations
on n letters, where n is the dimension of the underlying space, and a
sufficient condition for global convergence to periodic orbits is presented.
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1. Introduction

Many natural dynamical systems preserve a type of ordering on the state
space. Such dynamical systems are called monotone and often display rather
simple behaviour. In the last couple of decades monotone dynamical systems
have been studied intensively, see [15] for an up-to-date survey. Ground-
breaking work on monotone dynamical systems was done by Hirsch [13, 14],
who showed, among others, that in a continuous-time strongly monotone
dynamical system, almost all precompact orbits converge to the set of equi-
librium points. In a discrete-time strongly monotone dynamical system, one
has generic convergence to periodic orbits under appropriate conditions on
the map; see [9, 12, 24]. Various additional conditions have been studied to
obtain convergence of all orbits instead of almost all orbits. A type of con-
cavity condition, also called subhomogeneity, has received a great deal of
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attention; see [2, 16, 19, 30, 31]. The concavity condition makes the dynami-
cal system nonexpansive, which allows one to prove strikingly detailed results
concerning their behaviour.

In this paper, we study discrete-time dynamical systems
o = f(2*) for k=0,1,2,..., (1)

where f: D — D is a convex monotone map on D C R"™ preserving the partial
ordering induced by the standard positive cone. Such dynamical systems are
in general not nonexpansive. We introduce the notion of tangential stability
for fixed points and periodic points, which is weaker than Lyapunov stability.
It turns out that this notion is the right one to prove a variety of results con-
cerning the stable behaviour of monotone convex dynamical systems, which
are of comparable detail as the ones for monotone nonexpansive dynamical
systems.

In particular, we show that the tangentially stable fixed point set is
isomorphic to a convex inf-semilattice in R™. We also give a criterion for the
existence of a unique tangentially stable fixed point. In addition, tangentially
stable periodic orbits are analysed and a condition is presented under which
there is global convergence to Lyapunov stable periodic orbits. Among others
it is shown that the periods of tangentially stable periodic points divide the
cyclicity of the critical graph, which implies that the periods are orders of
permutations on n letters. However, the periods of unstable periodic orbits
can be arbitrary large.

The results are a continuation of [1] in which the first two authors
studied discrete-time dynamical systems (1), where f: R™ — R™ is not only
convex and monotone, but also additively subhomogeneous. The extra sub-
homogeneity condition makes the dynamical system nonexpansive under the
sup-norm [8]. The nonexpansiveness property severely constrains the com-
plexity of its behaviour [18, 22] and makes all fixed points and periodic or-
bits Lyapunov stable. It also ensures that the subdifferential of f at a fixed
point consists of row-stochastic matrices. Without the additively homogeneity
condition, the subdifferential merely consists of stable nonnegative matrices,
which makes the analysis more subtle.

Motivating examples of discrete convex monotone dynamical systems
arise in Markov decision processes and game theory as value iteration schemes;
see [1] and the references therein. The results in this paper extend results for
Markov decision processes with substochastic transition matrices to arbitrary
nonnegative matrices. In particular, they apply to Markov decision processes
with negative discount rates; see [28]. Discrete convex monotone dynamical
systems are also used in static analysis of programs by abstract interpretation
[7], i.e., automatic verification of variables in computer programs. They also
appear in the theory of discrete event systems [4], statistical mechanics [23],
and in the analysis of imprecise Markov chains [10]. At the end of Section 2
we give several explicit examples.
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The paper contains nine sections. In Section 2 several basic definitions
and properties of convex monotone maps are collected. Subsequently, in Sec-
tion 3, various degrees of stability of fixed points of convex monotone maps
are discussed and the notion of tangential stability is introduced. In Section 4
several preliminary results concerning stable nonnegative matrices are given.
Among others, rectangular sets of stable nonnegative matrices are studied.
In Section 5, we analyse tangentially stable fixed points and introduce the
critical graph of a monotone convex map. In Section 6 we collect several pre-
liminary results concerning convex monotone positively homogeneous maps
that are needed in the analysis of the geometry of the tangentially stable fixed
point set. Section 7 contains the main result on the geometry of the tangen-
tially stable fixed point set. Section 8 concerns tangentially stable periodic
points and their periods. In the final section, a criterion is given under which
each orbit of a discrete-time convex monotone dynamical systems converges
to a Lyapunov stable periodic orbit.

2. Basic properties of convex monotone maps

Let R} = {r € R": 2; > 0 for 1 <1i < n} denote the standard positive cone.
The cone R’} induces a partial ordering on R" by x <y if y —x € R}. We
write x < y if y — x is in the interior of R’}. In particular, we say that x is
positive if 0 < x. For z,y € R™ we also use the notation z > y and z > y
with the obvious interpretation. A set X C R" is called bounded from above
if there exists u € R™ such that x < u for all x € X. Similarly, we say that
X C R"” is bounded from below if there exists | € R™ such that | < x for all
x € X. The partially ordered vector space (R™, <) is a vector lattice, where
the binary relations A and V are defined as follows. For z,y € (R", <), z Ay
is the greatest lower bound of = and y, so (zAy); = min{z;, y;} for 1 <i <mn,
and z V y is the least upper bound of x and y, so (x V y); = max{z;,y;} for
1<1<n.

A map f: D — R™, where D C R", is called monotone if for each
x,y € D with <y we have that f(z) < f(y). It is called strongly monotone
if x <y and x # y implies that f(z) < f(y). A map f: D — R™, where
D C R™ is convex, is called conver if

fFOz+ 1 =Ny) <Af(x) + Q=N f(y) foral0 <A <1andzyeD.

In other words, f: D — R™ is convex if each coordinate function is convex
in the usual sense. The reader may note that our notion of monotonicity is
different from the one commonly used in convex analysis [25].

The orbit of x € D under a map f: D — D is given by O(z; f) =
{f*(): k=0,1,2,...}. We say that z € D is a periodic point of f: D — D
if fP(z) = x for some integer p > 1, and the minimal p > 1 with this property
is called the period of x under f.

Let M, ,, denote the set of all m x n real matrices, and let P, ,, be the
set of all nonnegative matrices in M, ,. A matrix P € P,, , is called positive
if pjj >0 forall 1 <i<mand1l<j<n. Given a matrix M € M,, ,,, we
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denote its rows by My, ..., M,, € M ,, and we identify M with the m-tuple
(M, ..., My,). So, My, ,, is identified with the m-fold direct product

Mmﬁn = Ml,n X e X Ml,n'

We say that R C M., is rectangular if R can be written as R = Ry X
-+ X Ry, where Rq,...,R,, are nonempty subsets of M; ,,. Furthermore, it
is convenient to introduce the following matrix notation. Given M € M, .,
IC{1,...,m}and J C {1,...,n}, we write M;; to denote the |I| x |J|
submatrix of M with row indices in I and column indices in J. Likewise,
given x € R" and K C {1,...,n}, we write zx € R¥ to denote the vector in
R¥ obtained by restricting z to its coordinates in K.

For a convex map f: D — R™, where D C R” is open and convex, the
subdifferential of f at v € D is defined by

Of(v) ={M e My, n: f(z)— f(v) > M(z —v) for all z € D}.  (2)

In the following proposition several basic facts concerning the subdifferential
are collected; cf. [25, Theorem 23.4].

Proposition 2.1. If f is a convex map from an open convex subset D C R™
to R™, then for each v € D, the set Of (v) is nonempty, compact, conver and
rectangular.

We note that the rectangularity of 9f(v) follows directly from the fact
that f(x) — f(v) > M(x — v) is equivalent to f;(x) — fi(v) > M;(x — v) for
all 1 <4 < m. If, in addition, the map is monotone, then 9f(v) consists of
nonnegative matrices as the following proposition shows.

Proposition 2.2. If f: D — R™, where D C R™ is open and convezx, is a
convex monotone map, then Of(v) C Py, for all v € D. Moreover, if [ is
strongly monotone, then each P € Of(v) is positive.

Proof. If v € D, then there exists U open neighbourhood of 0 such that
v—u € D for all u € Y. Now if u > 0, with uw € U, and P € 9f(v), then
0> f(v—u) — f(v) > —Pu, as f is monotone. Thus, Pz > 0 for all z € R"
and hence P € P, ,. We note that if f is strongly monotone, © > 0 and
u # 0, then 0 > f(v—u) — f(v) > —Pu. This implies that Pz > 0 for all
x € R\ {0} and therefore P is positive. O

For a convex map f: D — R™, where D C R" is open and convex, and

v € D, the one-sided directional derivative of f at v is given by

F(y) -t ST D) = F0),

€l0 9

3)

The map f/: R™ — R™ is well defined, convex, finite valued and positively
homogeneous, meaning that f/(Ax) = Af/(z) for all A > 0 and « € R™;
see [25, Theorem 23.1]. Moreover, f; is monotone (because it is defined as a
pointwise limit of monotone maps). We shall occasionally need the following
representation of f/:

fly)= sup Py foryeR" (4)
Pedf(v)
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(see [25, Theorem 23.4]). If f: D — D, where D C R" is open and convex,
then for each v € D we also have that

(FF = fre-sqy o0 frwy o fo

(see [1, Lemma 4.3]).
Throughout the remainder of the exposition, we shall make the following
assumption on the domain of convex monotone maps f: D — D.

Hypothesis 2.3. The set D C R" is open and conver.

Although in some results more general domains can be treated, we re-
strict ourselves to this case, as it simplifies the presentation.

To conclude this section, we briefly discuss several examples of convex
monotone maps. In the theory of Markov decision processes one considers
monotone convex maps f: R™ — R" of the form

fi(x):supr{—l—pj-x fori=1,...,n. (5)
JEA;
Here 7/ € R and p/ is a substochastic vector for each j € A;. The results in
this paper apply to the case where P s merely a nonnegative vector.

Other examples arise in the study of systems of polynomial equations,
x = P(z), where P = (Py,..., P,) and each P; is a polynomial with variables
x1,-..,T, and nonnegative coefficients. Looking for a positive solution of x =
P(x) is equivalent to finding a fixed point of the map f(x) = Log o P o Exp,
where Exp(z1,...,z,) = (e*!,...,e%") and Log denotes its inverse. We can
write P;(z) = ZjeA,; aijxj, where A; C N” is a finite set and each a;; > 0,

with the convention that 27 = ' .- zi for j = (ji,...,jn) € N". Then

fi(x) =log | Y ayexp(j-z) | . (6)

JEA;

Such “log-exp” functions are not only monotone, but also convex; see [26,
Example 2.16]. More generally, we could allow A; to be a subset R}, instead
of N™. This yields a class of functions P; which are usually called posyno-
mials [6]. Posynomials play a role in static analysis of programs by abstract
interpretation [7]. Note that the example in (5) can be obtained as a limit of

posynomials by setting a;; = ePri and
fx)=p""og [ D exp (B(r! +p' - 7))
JEA;

If 3 tends to oo, then ff converges to the map (5); see [32].

3. Stability of fixed points

Recall that a fixed point v € D of f: D — D is Lyapunov stable if for each
neighbourhood U of v, there exists a neighbourhood V C D of v such that
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v €V and fk(V) CU for all £ > 1. An n x n matrix P is called stable if all
the orbits of P are bounded. Stable matrices have the following well-known
characterizations.

Proposition 3.1. For a matriz P the following assertions are equivalent.

(i) P is stable.
(ii) There exists a norm on R™ such that the induced matriz norm of P is
at most one.
(iii) All the eigenvalues of P have modulus at most one and all the eigenval-
ues of modulus one are semisimple.
(iv) The origin is a Lyapunov stable fized point of P.

In the analysis of convex monotone dynamical systems, it is useful to
distinguish various notions of stability that are weaker than the classical
Lyapunov stability.

Proposition 3.2. If f: D — D is a convex monotone map with a fixed point
v € D, then the following assertions
(i) v is a Lyapunov stable fized point,
(ii) there exists a meighbourhood V C D of v such that every orbit of x € V
is bounded,
(iii) there exists a neighbourhood V C D of v such that every orbit of x € V
is bounded from above,
) every orbit of fl: R™ — R™ is bounded,
) every orbit of fl: R™ — R"™ is bounded from above,
(vi) each P € 0f(v) is stable,
i) every orbit of f/: R™ — R"™ is bounded from below,
(viii) every orbit of f: D — D is bounded from below,

satisfy the following implications:
(i) & (ii) & (ill) = (iv) & (v) = (vi) = (vii) = (viii).

Proof. The implications (i) = (ii) = (iii) and (iv) = (v) are trivial. We start
by showing that (iii) implies (v). Let « > 0 be such that v + 2 € V. Remark
that f(v+x) > f(v) + fI(x) = v+ f/(x). Since f is monotone, we deduce
that
fFo+z) >0+ (f)*@) foral k>1, (7)

and hence O(z; f!) is bounded from above. As f! is monotone and positively
homogeneous, there exist for each y € R™, a vector x > 0 and a scalar A > 0
such that y < Az and v + « € V. Thus, we get that f, has all its orbits
bounded from above.

Next we prove that (v) implies (vi). If P € Jf(v), then we know by
(4) that f!(x) > Pz. As f! is monotone, we get that (f/)*(z) > P*x for all
k > 1 and x € R" and therefore P has all its orbits bounded from above.
This implies that P has all its orbits bounded, since P is linear.

Suppose that df(v) contains a stable matrix P. We deduce from (4)
that (f!)*(x) > Pkz for all k > 1 and # € R™. As P is stable, this implies
that O(x; f1) is bounded from below, which shows that (vi) implies (vii).
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To see that (vii) implies (viii), let € D and note that, by (7),
ff@)y > v+ (F)f (e —v) forall k> 1.

As O(z — v; f]) is bounded from below, we get that O(x; f) is also bounded
from below.

Note that (v) implies (vi) and (vi) implies (vii), so that (iv) and (v) are
equivalent. Similarly, (iii) implies (viii), so that (ii) and (iii) are equivalent.
It remains to show that (ii) implies (i).

If (ii) holds, there exists u > 0 such that v+ Au € D for all || <1 and
O(v + w; f) is bounded. Let k£ > 1 and note that for 0 < A < 1,

AP0 +u) —v) = AfF (v +u) —v) + (1= ) (FF(v) - v)
> fFEFO\v+u)+ (1= Av) —v
= fFv+ M) —v.

Take P € Jf(v) and remark that f(x) > P(z — v) + v. This implies that
fF(z) > P*(x —v) + o for all x € D. Hence

fEv—Xu) —v> - PFu for 0 < X < 1. (8)

As (i) implies (vi), we know that P is stable. Define a norm || - ||, on R™ by
|lz]l, = inf{a > 0: —au <z < au} and let

v = sup { || PXullu, || F* (v + 1) — 0]l } -
k>1

Note that v < 0o, as P is stable and O(v+u; f) is bounded. Let A := || —v]|,,
so that v — Au <z < v+ Au. If A < 1, we get that —\yu < f¥(x) —v < Ayu
for each & > 1. Thus, ||f*(z) — v||. < Y\ = v||z — v||, for all z € D such
that ||z — v||, < 1 and for all £ > 1. Hence v is a Lyapunov stable fixed
point. O

Example 1. Let f: R™ — R" be given by f(z) = max{0,z + 22} for z € R".
Then f{(x) = max{0,2} and hence every orbit of f} is bounded. However,
the orbit of each z > 0 is unbounded under f. This show that (iv) does not
imply (iii).

Example 2. This example shows that (vi) does not imply (v). Consider h(p) =
—plogp — (1 —p)log(1 — p) for p € [0, 1], and define g: R? — R? by

g(x) = sup px; +h(p)rs for x = (x1,29) € R?
pe[O,l]

which is the Legendre—Fenchel transform of —h. Note that g(z) = x2 log(1+
e"”l/"”2), for x5 > 0. Indeed, put 2 = 1 and consider

d%@xl +h(p)) = 0.

Solving for p gives p = ™ /(1 + €®*), so that g(x1,1) =log(1 + €**). As g is
positively homogeneous, g(z) = x5 log(1 + e*1/*2) for x5 > 0.
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Now define f: RZ — R? by
i) = max{0, z1} if zo <0,
) log(1 + e*1/%2) if 25 > 0

and fao(z) = 29 for all ¥ = (z1,79) € R% If 25 > 0, we get that fF(x) =
9 log(k+e*1/%2) — 0o, as k — oo. Thus, not all orbits of f; = f are bounded
from above. But 9f(0) consists of matrices of the form

(8 i)7 where 0 < s < h(p) and 0 < p < 1.

As k(1) = 0, all these matrices are stable.

Example 3. To see that (vii) does not imply (vi), we consider the map f: R —
R given by f(x) = max{0,2z} for # € R. Then f} = f, so every orbit of f}
is bounded from below, but 2 € 9f(0).

Example 4. To prove that (viii) does not imply (vii), consider f: R? — R?

given by
r1\ _ (et +e"2 -2 o 2
f ($2> = ( 2 ) for © = (x1,22) € R%.

(1 (1 1\ [z _ 2
fo (@) = (O 1) (:@) for all z = (x1,22) € R?,

so that O(—u; f§)) is unbounded from below for u > 0. But clearly every orbit
of f is bounded from below.

Then

We use the following notion of stability which is weaker than ordinary
Lyapunov stability according to Proposition 3.2.

Definition 3.3. Let f: D — D be a convex monotone map and let v € D be a
fixed point of f. We say that v is a tangentially stable, or t-stable, fixed point
if f! has all its orbits bounded from above. Similarly, we call a periodic point
¢ € D with period p tangentially stable if it is a t-stable fixed point of fP.

We note that if v is a t-stable periodic point of f with period p, then
f™(v) is also t-stable for each 0 < m < p. Indeed, as

(7)o = P pmy o (™) and (f7)pm(ey = (™) 0 (F*7" ) pm ()
we get that
/ k / ! F
(i) = (™0 7
= (™) o () o (FP ™ oy

Thus, every point in the orbit of a t-stable periodic point is also t-stable. We
denote by £(f) the set of all fixed points of f and we let

E(f) ={ve&(f): vis t-stable}.
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The subdifferential of a t-stable fixed point consists of nonnegative stable
matrices by Proposition 3.2. In the next section we collect some results con-
cerning stable matrices that will be useful in the analysis.

4. Stable nonnegative matrices

With an n x n nonnegative matrix P = (p;;) we associate a directed graph
G(P) on n nodes, in the usual way, by letting an arrow go from node i to j if
pi; > 0. We say that a node ¢ has access to a node j if there is a (directed) path
in G(P) from ¢ to j. Using the notion of access, one defines an equivalence
relation ~ on {1,...,n} by i ~ j if ¢ has access to j and vice versa. The
equivalence classes are called classes of P. A nonnegative matrix P is called
irreducible if it has only one class. Otherwise, it is said to be reducible.
The spectral radius of P is given by

p(P) = max{|\|: X is an eigenvalue of P}.

If P is a stable nonnegative matrix, we call a class C' of P critical if p(Pcc) =
1. Recall that in Perron—Frobenius theory a class C' of P is called basic if
p(Pcc) = p(P). Thus, all critical classes of a stable nonnegative matrix are
basic by Proposition 3.1. The following proposition is a direct consequence
of [27, Theorem 3] (see also [29, Corollary 3.4]) and Proposition 3.1.

Proposition 4.1. If P is a nonnegative stable matriz and C and C' are two
distinct critical classes of P, then no i € C' has access to any j € C'.

Moreover, we have the following general fact concerning nonnegative
matrices (cf. [11, Chapter XIII, Section 3.4]).

Proposition 4.2. If P is a nonnegative matriz, then p(P’) < p(P) for all
principal submatrices P' of P. If P is reducible, then the equality holds for
at least one principal submatriz P’ of P with P’ # P.

Using these proposition we now prove the following useful normal form
for stable nonnegative matrices.

Proposition 4.3. If P is a nonnegative stable n x n matriz, then there exist a
permutation matriz I and a unique partition of {1,...,n} into disjoint sets

U, C, D and I such that
(i)

Pyy Pyc Pyp Pur
0 Pec Pcp O

T _
wem=| o 5" p g | (9)
where C' is the disjoint union of the critical classes Cq,...,C, of P,

(ii) Peoc is block diagonal, with blocks Pe,c, for 1 <i<r,
(iii) every i € U has access to some j € C, and for every i € D there exists
j € C that has access to i,
(iv) I={1,...,n}\(UUCUD).
Moreover, in that case, we have p(Pyy) <1, p(Ppp) <1 and p(Prr) < 1.
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FIGURE 1. Partition associated with a stable matrix.

Proof. Let C be the union of the critical classes C1,...,C, of P. Then Pcc
is block diagonal by Proposition 4.1. Let U be the set of nodes of G(P) not
in C' that have access to some ¢ € C'. In addition, let D be the set of nodes
i in G(P) that are not in C, but from which there exists j € C such that
j has access to i. We remark that U N D = (. Indeed, if ¢ € U N D, then
there exist j1,jo € C such that i has access to j; and js has access to i, By
Proposition 4.1, j; and jo are both in a single class, say C,,. But this implies
that ¢ € C),, which is a contradiction. In fact, the same argument shows that
PDU = O, PCU =0 and PDC =0.

Now let I = {1,...,n}\ (UUC U D). By definition, no node in I has
access to a node in C, nor can it be accessed by a node in C. Hence P;c =0
and Poy = 0. Furthermore, the definition of U and D implies that P;y = 0
and Ppy = 0. Thus, the sets U, C', D and I communicate as in Figure 1 and
hence there exists a permutation matrix IT such that II7 PII satisfies (9).

To prove the final assertion, we remark that if p(Pyy) = 1, then there
exists a critical class U* C U such that p(Py«y«) = p(Pyy) = 1 and Py«p+ is
irreducible by Proposition 4.2, which is a contradiction. In exactly the same
way it can be shown that p(Ppp) < 1 and p(Pry) < 1. O

The sets of nodes U, C, D and I in G(P) are, respectively, called up-
stream nodes, critical nodes, downstream nodes and independent nodes. By
using the normal form and the Perron-Frobenius theorem we now prove the
following assertion.

Proposition 4.4. If P is nonnegative stable n x n matriz and Pz < z, then

(i) Poczc = zc,
ii) zp =0 and (P2)cup = 20UD;
(ifi) zr >0,
) if, in addition, zs > 0 for some S C {1,...,n} that contains at least
one element of each critical class of P, then z > 0.

Proof. As Pz < z, it follows from Proposition 4.3 that Pppzp < zp. Since
p(Ppp) < 1, we get that (Ppp)*zp — 0 as k — oo, and hence zp > 0. This
implies that

zc > Poczc + Pepzp > Pocze. (10)
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Let Ci,...,C, be the critical classes of P. As Pc,¢, is nonnegative and ir-
reducible, it follows from the Perron-Frobenius theorem [11] that there ex-
ists for each 1 < i < r a positive m* € R such that miPc,ici = m'.
Put m = (mq,...,m,) € R® and remark that, as Poc is block diagonal,
mPcc = m. Multiplication by m from the left in (10) gives
mzc > mPocze +mPopzp > mPocze = mzc.

As m is positive, we deduce that

PCDZD =0 and PCCZC = ZC, (11)
which proves (i).

Recall that zp > 0. To show (ii), we assume by way of contradiction
that z; > 0 for some j € D. By definition, there exists a path (i1,...,14,) in
G(P) with i =41 € C, ia,...,14 € D, and j = i4. Since Pz < z we get that

(Pcpzp)i = Pipzp 2 Piyiyziy, > Piyi, P;

2i3is

qg—1
> > (H Pikik1> zi, >0,
k=1

which contradicts (11) and hence zp = 0. By Proposition 4.3(i), we also find
that (Pz)cup = zcup-
To prove that z; > 0, we remark that z; > Prpzp + Prrz;y = Prrzr by
(ii). As p(Prr) < 1, we get that z; > PFz; — 0 as k — 0o, so that z; > 0.
Finally, assume that S C {1,...,n} contains at least one element in each

112

critical class of P and zg > 0. Remark that 2y > Pyyzu +Puczo+Purzr >
Pyyzu + Puczo, since zp > 0. As p(Pyy) < 1, we get that (I — Pyy)~! =
> >0 PEy is nonnegative and

zu > (I — Pyu) ' Pucac. (12)

As each Pg,¢, is irreducible and p(Pc,c,) = 1, it follows from the Perron-
Frobenius theorem that z¢, is a multiple of the unique positive eigenvector
of Pc,c,. By assumption z¢, has at least one positive coordinate, and hence
ze > 0. Tt now follows from (12) that zy > 0 and therefore z > 0. O

For z € R™ and S C {1,...,n} we simply say that z =0 on S, or z is
zero on S, if zg = 0. Similar terminology will be used for zg > 0 and zg > 0.
Given a collection P of nonnegative n x n matrices, we define

gP) = 9(P), (13)
PcP
and we observe that the following lemma holds.

Lemma 4.5. If P is a conver set of nonnegative n X n matrices, then there
exists M € P such that G(M) = G(P).

Proof. Since the number of edges in G(P) is finite, there exists a finite set
F C P such that G(F) = G(P). Define M = |F|~' 3", »Q and note that
M € P, as P is convex. Moreover, G(M) = G(F) = G(P). O



306 M. Akian, S. Gaubert and B. Lemmens JFPTA

For a stable nonnegative matrix P, we let N¢(P) denote the set of
critical nodes of G(P) and we let G¢(P) denote the restriction of G(P) to
N¢(P). For a collection of stable nonnegative n x n matrices, P, we define

P)=|J N«P) and G4P)= | g°(P (14)
PP PP
Using these concepts we can now present the main theorem of this section.

Theorem 4.6. If P is a convex rectangular set of stable nonnegative n X n
matrices, then there exists M € P such that G¢(M) = G°(P).

Proof. The assertion is trivial if G¢(P) is empty. Let F be a finite set of
matrices in P such that G°(F) = G¢(P). For each k € N°¢(P) we let

Qi = {Py: P F and k € N°(P)}.

For k ¢ N¢(P) we pick an arbitrary P € P and put Qj = { Py }. Subsequently
we define an n X n nonnegative matrix M by

Mk:|Qk|_1 Z qg forl1<k<n.
q€Qk
As P is convex and rectangular, M € P and hence G°(M) C G°(P).
We claim that G¢(P) C G(M) by construction. Indeed, if (i, j) is an arc
in G°(P), then there exists P € F such that (i,7) is an arc in G°(P). This
implies that ¢ € N°(P) C N°(P) and P; € Q;. As P;; > 0, we get that

Dij
|Q2| ! Z QJ - |Q]

q€Q;

Thus, G°(M) C G°(P) C G(M), so that

G(P)ne(ary = G°(M).
(Here G°(P)|ne(am) denotes the restriction of the graph G¢(P) to the nodes
in N¢(M).) As N¢(M) C N¢(P), it remains to prove that N¢(P) C N¢(M)
to establish the equality G°(M) = G°(P). To show the inclusion we use the
following claim.

Claim. If C is the set of nodes of a strongly connected component of G¢(P),
then p(Mcc) =1.

If we assume the claim for the moment and take i € N¢(P), then there
exists a strongly connected component C in G¢(P) such that i € C. Clearly
there exists a class C* of M such that C' C C* and hence 1 = p(M¢ce) <
p(Me+c+) by Proposition 4.2 and by the claim. This implies that C* is a
critical class of M and therefore i € N¢(M).

To prove the claim we consider a nonlinear map g: RE — RE given by

9x(y) = sup qcy for ke C andy € RE.
qEQy

We begin by constructing an eigenvector u > 0 for g. As g is monotone,
positively homogeneous and continuous, we can use the Brouwer fixed point
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theorem to find u € RY, with u # 0, and A > 0 such that g(u) = Au (see
[3, pp. 152-154] or [17, p. 201]). Since F is finite, Qf is finite, and hence the
sup is attained for v and k € C, say by ¢* € Qr. Now let Q be the n x n
nonnegative matrix with Q = ¢* for all ¥ € C and @} is some element in
Qy, for all k ¢ C. As P is rectangular, @) € P. Moreover, Qccu = g(u) = Au
and p(Qcc) < p(Q) <1, as Q is stable. Thus, we find that A < 1.

Now note that if (i1,42) is an arrow in G¢(P), then there exists g € Q;,
with g;, > 0. This implies that if « € ]Rg and x;, > 0, then

Yiy (il?) > QirTiy > 0. (15)

Since C' is a strongly connected component of G¢(P), there exists a path
from any i to any j in C. Recall that u € Rg and u # 0. Hence there exists
j € C such that u; > 0. Now let (ig,i1,...,i,) be a path in G°(P)|c from
i =1 to .] = lr. By (15)a ginl(u) > qi, Wi, > 07 and gzzr,z(u) > i, _1Yi, (U) >
Gi, 19, %, > 0. By repeating the argument we get that

u; = g; (u) = g;, (u) > (H %) u;, > 0.
k=1

Thus, u; > 0 for all i € C.
Let k € C and ¢ € Q. Then there exists P € F such that ¢ = P, and
k € N¢(P). Moreover, there exists a critical class C' of P with k € C' C C
and p(Pcrer) = 1. We note that
Porcruer < Porcu < g(u)er = Auer < uer, (16)
as P, € Q) for all [ € C'. Since u is positive on C’, it follows from Propo-
sition 44(1) that PC’C’UC’ = Uuc¢, SO that A = 1 and PC/CU = Uc- by (16)
Therefore, if k € C and g € Qy, then qcu = Prou = ug, so that Mypcu = uy
for all k € C. From this we conclude that Mccu = uw and hence p(Mcc) = 1,
which proves the claim. O

5. Tangentially stable fixed points

By using the results from the previous section we can now start analysing
the t-stable fixed points of monotone convex maps. To begin, we have the
following lemma.

Lemma 5.1. If f: D — D is a convexr monotone map and v and w are t-stable

fized points of f, then G¢(Of(v)) = G°(Of (w)).

Proof. From Propositions 2.1, 2.2 and 3.2, it follows that 9f(v) and Jf (w) are
convex rectangular sets of stable nonnegative n x n matrices. By Theorem 4.6
there exists M € df(v) such that G¢(M) = G¢(9f(v)). Moreover,

w—v=f(w)=fv) 2 Mw —v),

so that w —v = M(w —v) on C'U D, by Proposition 4.4. (Here C and D are
the critical nodes and the downstream nodes of M.) This implies that

fi(v) = fi(w) = (v—w); = M;(v—w) forallie CUD.
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From this equality we deduce that
filz) = filw) = fi(z) = fi(v) + fi(v) = fi(w)
> M;(x —v) + M;(v — w)
= M;(x —w)
for all x € D and ¢ € CUD. Thus, M; € 9f;(w) for all i € C' U D. Now let
P € 0f(w) and define Q € P, ,, by

o P, otherwise.
As 0f(w) is rectangular, @ € 0f(w). Clearly G°(f(w)) 2 G°(Q) D G¢(M) =
G°(0f(v)). By interchanging the roles of v and w, we obtain the desired
equality. O

By Lemma 5.1 we can define for a convex monotone map f: D — D
with a t-stable fixed point v € D, the set of critical nodes of f and the critical
graph of f, respectively, by

NE(f) = N°(0f(v)) and G(f) =G (9f(v)).

Lemma 5.2. Let f: D — D be a convex monotone map and let v € D be a
t-stable fized point of f. Let S C {1,...,n} be a set that contains at least one
node in each connected component of GS(Of (v)). If w € D is a fized point of
fandv <w on S, then v < w.

Proof. By Theorem 4.6 there exists M € 0f(v) such that G¢(M) = G(0f (v)).
Then w—v = f(w)— f(v) > M(w—v) and w—v > 0on S, so that w—v >0
by Proposition 4.4(iv). O

From the previous lemma we immediately deduce the following theorem
for t-stable fixed points.

Theorem 5.3. Let f: D — D be a convexr monotone map and let v,w € D
be t-stable fixed points of f. If v = w on a set S C {1,...,n} that has at
least one node in each strongly connected component of G¢(f), then v = w.
In particular, the t-stable fized point is unique if N°(f) is empty.

To analyse the geometry of the t-stable fixed point set &(f) and t-
stable periodic points, we need some preliminary results concerning convex
monotone positively homogeneous maps.

6. Positively homogeneous maps

If h: R” — R"™ is a monotone convex positively homogeneous map, then 0 is
a fixed point and we can associate with h a graph G(h) by

G(h) = G(0h(0)).
If, in addition, 0 is t-stable, then we define
A(h) = {i: there exists a path in G(h) from i to some j € N°(h)}
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and we put B(h) = {1,...,n}\ A(h). Convex monotone positively homo-
geneous maps, which have 0 as a t-stable fixed point, have the following
properties.

Lemma 6.1. Let h: R™ — R" be a convex monotone positively homogeneous
map, with 0 as a t-stable fixed point. Write C = N¢(h), A = A(h) and
B = B(h), and identify each x € R™ with (x4,25) € RA x RE. Then C C A
and the map h can be rewritten in the form

h(xAv xB) = (hA(an xB)a hp (l'B)),
where ha: RAXRE = RA and hg: RP — RE are convex monotone positively
homogeneous maps. Moreover, if h*: R4 — RA is given by

hA(y) = ha(y,0) for all y € RA,

then for each y € Rf with yo > 0 and each i € A, there exists k > 1 such
that (h*)¥(y) > 0.

Proof. Since h is convex and positively homogeneous, h{, = h and h(z) =
SUp pegn (o) P for all € R”. Since B = {1,...,n}\ A, we can write & in the
form

h(IA,IB) = (hA(IA,l‘B),hB(IA,IB)).
We note that Pga4 = 0 for all P € 9h(0). Indeed, otherwise there exists j € B
that has access to some node i € A in G(P). But this implies that there exists
a path from j to a node in C in G(h), as G(P) C G(h), which contradicts
J € B. Since 9h(0) is rectangular,

hp(za,xp) = sup Ppaxa+ Pgprp = sup Ppprp.
PEdh(0) PEdh(0)

Thus, hp(xa,xp) is of the form hg(zp), and therefore h can be rewritten as
h(mAv I'B) = (hA(xAv xB)v hp (:L'B))

for all (z4,75) € R4 x RE.

To prove the last assertion, we let y € Rﬁ be such that yo > 0 and
i € A. By Lemma 4.5 there exists P € 9h(0) such that G(P) = G(h). We have
that h”(2) = ha(z,0) > Paaz for all z € RA. Hence (h*)*(y) > (Paa)*y for
all £ > 1. Since there exists a path from i € A to some node j € C, say with
length m > 1, we get that (h*)(y); > (Paa)ijy; > 0. O

By using the previous lemma we prove the following proposition.

Proposition 6.2. Ifh: R™ — R" is a convex monotone positively homogeneous
map, with 0 as a t-stable fived point, then h has a fized point v such that v > 0
on A(h) and v =0 on B(h).

Proof. By Theorem 4.6 there exists M € 0h(0) such that G¢(M) = G°(h).
Let C4,...,C, denote the critical classes of M, so C = C; U---UC,. By
the Perron—Frobenius theorem [11] there exists for each 1 < i <r a positive
eigenvector u’ € R such that Mc,c,u’ = u'. Define u € R" by uc, = u’ for
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1<i<randu; =0if j € C. Clearly u > 0, v > 0 on C, and Mu > wu.
This implies that
h(u) > Mu > u > 0. (17)

As 0 is t-stable and h = h{, we know that O(u;h) is bounded. Moreover, it
follows from (17) that (h*(u)) is increasing and hence v = limy_,o, h¥(u)
exists. Obviously v is a fixed point of h and v > u, so that v > 0 on C.
Remark that up = 0, because BN C = (. Therefore, vg = 0 by Lemma 6.1
and hence v, is a fixed point of k. By the second part of Lemma 6.1 we
obtain that v4 > 0, as vo > 0. O

For a monotone positively homogeneous map h: R™ — R"™, the spectral
radius is defined by

7(h) = sup{A > 0: h(x) = Az for some x € R"} \ {0}}. (18)

Proposition 6.3. Let h: R — R™ be a convex monotone positively homo-
geneous map with 0 as a t-stable fived point. If hg: R — RE is as in
Lemma 6.1, then T(hp) < 1.

Proof. Assume by way of contradiction that 7(hp) = r > 1. Then there exists
v > 0 with v # 0 such that hp(v) = rv > v. But hp(v) = suppegno) Pesv
and 0h(0) is a rectangular compact set of stable nonnegative matrices. Hence
hp(v) = Qppv = rv for some @ € Oh(0). This implies that there exists a
class K of @ such that K C B and p(Qkk) =7 > 1. As Q is stable, r = 1,
and hence K C N¢(Q) C N¢(h) C A, which is a contradiction. O

It was shown by Nussbaum [21, Theorem 3.1] that 7(h) = 7/(h), where
7/(h) is the so-called Collatz—Wielandt spectral radius of a monotone posi-
tively homogeneous map h: R™ — R™, which is given by

7'(h) = inf{u > 0: h(z) < px for some z > 0}. (19)
Thus, Proposition 6.3 has the following consequence.

Corollary 6.4. If h: R® — R" is a convex monotone positively homogeneous
map, with 0 as a t-stable fized point, and hp is as in Lemma 6.1, then there
exist 0 < A < 1 and w > 0 such that hp(w) < A\w.

We conclude this section by showing that a monotone convex positively
homogeneous map with 0 as a t-stable fixed point is nonexpansive with re-
spect to a polyhedral norm. Recall that a norm on R™ is called polyhedral if
its unit ball is a polyhedron.

Theorem 6.5. Let h: R™ — R"™ be a monotone convex positively homogeneous
map with 0 as a t-stable fived point, then there exist v > 0 and o > 0 such
that h is nonexpansive with respect to the polyhedral norm

z|l, = max |x;/v;| + @ max |x;/v; or v € R", 20
el = mace [ /o] + o e [/ (20)

where A(h) and B(h) are as in Lemma 6.1.
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Proof. We use the same notation as in Lemma 6.1. By Proposition 6.2, h has
an eigenvector u € R™ such that v > 0 on A = A(h) and u=0on B = B(h).
Moreover, by Corollary 6.4 there also exist 0 < A < 1 and w € R? such that
w > 0 and hp(w) < dw. Let v € R4 x RE be defined by v = u on A and
v = w on B. Further, let W be the diagonal matrix with v as its diagonal
and define g: R — R" by g(z) = (W~ tohoW)(z) for all z € R™. It follows
from Lemma 6.1 that we can write ¢ in the form
9(x) = (9a(za,78),98(vB)),

where g4: R4 x RP — RE and gp: RZ — RE are convex monotone positive
homogeneous maps. Moreover, ga(ul,0) = pl and gp(pl) < Apl for all
i >0, where 1 denotes the vector with all coordinates unity.
We write || - ||oo to denote the sup-norm, so ||z]e = max; |x;|. Remark
that
9(x) —9(y)s < g(x —y)s = g8((x —y)B) < All(x - ¥)Bll1,

as ¢ is convex, monotone and positively homogeneous. By interchanging the
roles of x and y, we deduce that

lg(x)B = 9(¥)Blle <Az —yBllee for all z,y € R™. (21)

Subsequently, we remark that there exists a constant C' > 0 such that
94(0,z5) < C||lzp||sc1, as ga is continuously and positively homogeneous.
(Recall that g(x) = suppegy(o) P for each z € R™.) Thus, for each x € R,

9(x)a = ga(za,zp) < ga(za,0) + gp(0,28) < ||lzallcl + Cllzpll1. (22)
As g is convex,

9(x) < gz —y) +9(y), (23)
so that g(z) — g(y) < g(x — y) for all z,y € R™. As ¢g(0) = 0, we have that
—g(y) < g(—y), and hence it follows from (22) that

19(x)allc < lzalloc + Cllzpllo (24)
for all 2 € R™. Tt also follows from (23) that
lg(x)a = 9(¥) allo <max{llg(z —y)alloo: 9(y = 2)allc}.  (25)
Now let o > C/(1 — A) and define || - ||' on R™ by
zl' = ||zalloo + alzB|lee  for all z € RA x RE.
It now follows from (21), (24) and (25) that
lg(z) = g@)II" = llg(x)a — 9(¥)alloo + allg(x) 5 — 9(¥) Bl
<@ =y)alleo + Cll( = y)Blloc + Mz = y) Bl
<@ —ylallo +all@ - y)Blleo
= [lz - ylI"

Finally, we recall that g o W~ = W~! o g, so that h is nonexpansive with
respect to [[W=L(-)||' = || - ||, and we are done. O
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7. The tangentially stable fixed point set

Throughout this section we assume, in addition to Hypothesis 2.3, that the
domain D C R" satisfies the following property.

Hypothesis 7.1. The domain D C R” is a downward set, i.e., if ¢ € D and
y <z, theny € D.

Given a convex monotone map f: D — D, we define ET(f) = {z €
D: f(z) < z}. As f is convex, ET(f) is convex. There exists a natural projec-
tion from E1(f) onto £(f) if f has a t-stable fixed point (cf. [1, Lemma 3.3]).

Lemma 7.2. If f: D — D is a convex monotone map with a t-stable fixed
point, then

f(z) = lim f*(2) (26)

k—o0

exists and f¥(z) = z on N(f) for each z € EY(f). In addition, the map
e EX(f) — E(f) is a surjective convex monotone projection, i.e., (f©)? =
I
Proof. Since f: D — D has a t-stable fixed point, all orbits of f are bounded
from below by Proposition 3.2. Therefore, f¥(z) = limy_ o f¥(z) exists for
all z € £7(f), as (f*(2))x is a nonincreasing sequence and D is downward.
By continuity of f, f¥(z) is a fixed point of f.

Let v be a t-stable fixed point of f and 2z € £T(f). By Theorem 4.6,
there exists @ € 0f(v) such that G°(Q) = G°(9f(v)) = G°(f). We also have
that

z—v=f(z)—v=f(2) - f(v) 2 Qz —v). (27)
From Proposition 4.4 it follows that z — v = Q(z — v) on N°(f) = N°(Q)
and hence z = f(z) on N°(f). Replacing z by f*(z) in the previous ar-
gument gives f**1(z) = f¥(2) = --- = 2z on N¢(f) for all k > 1. Thus,
f9(2) = limg oo f¥(2) = 2z on N¢(f). Clearly, f(z) =z if z € £(f), so that
e EX(f) — E(f) is onto and (f«)% = f«. Moreover, as f* is the pointwise
limit of (f*)y, f¥ is a convex monotone map. O

The fixed point set £(f) can be naturally equipped with a binary op-
eration Ay that turns (£(f),As) into an inf-semilattice, if f: D — D has a
t-stable fixed point. The relation Ay on £(f) is defined by

foy:kILr&fk(xAy). (28)

We note that if x,y € E(f), then f(xAy) < f(z) =z and f(zAy) < f(y) =y,
so that f(x Ay) <axAy.As f: D — D has all its orbits bounded from below
and D is downward, the limit (28) exists. To prove that (£(f),Ay), is an inf-
semilattice one has to show that Ay is associative, symmetric and reflexive,
which is a simple exercise. It also follows from Lemma 7.2 that if we put
C = N¢(f) and define ro: E(f) — R by ro(z) = z¢ for all x € E(f),
then 7¢(£(f)) is an inf-semilattice in R®, where A is the infimum operation
induced by the partial ordering < on R®. Indeed, if 2,y € £(f) and v € D
is a t-stable fixed point of f: D — D, then there exists M € 9f(v) such
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that G°(M) = G°(f). As f(z Ay) < f(z) =z and f(z Ay) < fly) =,
fzAy) <x Ay, sothat fF(x Ay) < fF=1(z Ay) for all k > 1. This implies
that

fFHany) —v> fPany) = flo) > Mz ny) - o).
By Proposition 4.4, we get that
e ny) —v=fFfany) - flv) = Fany) —v
on C for all k > 1. Hence
ro(@Ary) = (@A y)e = lim Az Ay)e = (zAy)e =rol) Are(y),

o (rc(E(f)), A) is an inf-semilattice in RC. The difference between (£(f), Ay)
and (ra(E(f)), A) is illustrated by the following simple example. Consider

0 1/2 1/2
P=fo 1 o
0 0 1

So, P is a projection. Clearly, £(P) = span{(
not an inf-semilattice with respect to A, as (
is for instance not in £(P). In this case N¢(P) =
is an inf-semilattice with respect to A.

Let us now analyse the t-stable fixed point set in more detail. We shall
prove the following theorem.

1/2,1,0),(1/2,0,1)}, but E(P) is
1/2,0,0) = (1/2,1,0)A(1/2,0,1)
{2,3} and span{(1,0), (0,1)}

Theorem 7.3. If f: D — D is a convex monotone map with a t-stable fized
point, then (E.(f),Af) is an inf-semilattice and (rc(E(f)),N) is a convex
inf-semilattice in RC, where C' = N¢(f).

But first we give two preliminary lemmas.

Lemma 7.4. Let f: D — D be a convexr monotone map with a t-stable fixed
point. Let z € ET(f) and w = f¥(z) be given by (26). Write S = {i: w; < z;}
and E = {i: w; = z;}. Then the map h = f], can be written in the form

h(rs,zp) = (hs(rs,7E), he(zE)), (29)

where hg: RS x RE — RS and hg: RP — RE are convex positively homo-
geneous maps. Moreover, the map h®: RS — RS given by h°(y) = hs(y,0)
fory € R, satisfies 7(h°) < 1.

Proof. Since h(x) = suppeg () Pz for all z € R™ and f(z) < z, we get that
z—w > f(z) —w > h(z —w). (30)

Asz—w >0and z = w on E, we find that h(z —w) = 0 on E. Now suppose
that y € R™ is such that yg = 0. Then there exists A > 0 such that y <
Az —w), as z—w > 0 on S. This implies that h(y) < Ah(z —w) < A(z —w),
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and hence h(y) <0 on E if y = 0 on E. Now let ys,y%s € R and yp € RE,
and remark that

h(ys,ye)e < h(ys — ¥s,.0)g + h(ys, ye)e < M(ys, yE)E,

as h is positively homogeneous and convex. Thus, h(ys, yg)E is independent
of ys and hence h can be written in the form (29).

Let h%: RY — R be given by h%(y) = hs(y,0) for all y € RY and
denote v = (z — w)g. Then v > 0 and by (30),

v > h(z —w)g > h(v).

This implies that 7(h%) < 1, as 7(h°) = 7/(h®) by [21, Theorem 3.1]. (Here
7(-) and 7/(-) are as in (18) and (19), respectively.)

Assume by way of contradiction that 7(h°) = 1. Then there exists
u € RY such that u # 0 and h¥(u) = u. Then n = (u,0) € R® x R¥ satisfies
h(n) = n by (29). Since Jf(w) is a compact rectangular set of nonnegative
matrices and h(n) = suppegy(w) P, there exists P € 0f(w) such that n =
h(n) = Pn. Let S" = {i: n; # 0} and remark that S” C S and S’ is a union
of classes of P. To proceed, we need the notion of a final class. A class of a
nonnegative matrix is called final if it has no access to any other class. It is
known (see [5, Theorem 3.10]) that a nonnegative matrix M has a positive
eigenvector if and only if each final class of M is basic. Clearly Pg/g/ has a
final class, say F. As Pgigimg: = ng and ng: > 0, we find that F' is a basic
class of Ps/g/, and hence p(Prr) = p(Ps:s/) = 1. By (30) we have that

(z—w)rp > (f(2) —w)r > h(z —w)p > (P(z —w))r > Prr(z —w)p. (31)

By the Perron-Frobenius theorem, there exists m > 0 in R¥ such that
mPrpp = m. This implies that m(z — w)r > mPrr(z — w)r = m(z — w)F,
and hence (z — w)p = Prp(z — w)p. Thus, f(2)r = zr by (31). Similarly,
we deduce that f*(z)p = zp for all k > 1. Indeed,

z—w> fH(z) —w > (fF),(z —w) = (f1,)"(z —w) = ¥ (z — w)
and
(2 —w)p > (P")pr(z — w)r > (Prp)®(z — w)p.
Recall that wp = limj_ .o f¥(2)r and therefore wp = zp. But this

implies that F' C E, which contradicts the fact that ¥ C S’ C S. Thus, we
conclude that 7(h%) < 1. O

Lemma 7.5. Let h, hg, h°, S and E be as in Lemma 7.4. If hg: RF — RF
has all its orbits bounded from above, then h has all its orbits bounded from
above.

Proof. Since h: R™ — R”™ is monotone, it suffices to prove that O(z;h) is
bounded from above for all x € R. As h can be written in the form (29), we
know that {h*(z)g: k > 0} = {hh(xg): k > 0} is bounded from above. It
therefore remains to be shown that {h*(z)s: k > 0} is bounded from above.
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Since 7/(h%) = 7(h¥) < 1, there exist u € RY and 0 < o < 1 such that u > 0
and h°(u) < au. For y € RS, we define a norm by

R
For each y € R? we have that y < ||y[|,u, so that
S s S
127 @)l < 157 (lyllww) [l = 127 (@) lullyllu < allyllu,

as h¥ is positively homogeneous and monotone. Since {h*(z)g: k > 0} is
bounded from above, there exists v > 0 in RZ such that h*(z)r < v for all
k > 0. This implies that

h(0,h*(z)g)s < h(0,v)s < yu
for some v > 0. Now using the fact that h is positively homogeneous and
convex, we get that
0 < " (2)s < h(hF(2)s,0)s + (0, h*(2)E)s < B°(R*(z)s) + Yu,
so that
I+ (@) sl < (1B (B* (@) s) [l + 7 < @llB® (@) sl + -

By induction we obtain

IR @)s e < aFllesll + T2,

which shows that {h*(x)s: k > 0} is bounded from above. O

Let us now prove Theorem 7.3.

Proof of Theorem 7.3. To prove that (£/(f),As) is an inf-semilattice, it suf-
fices to show that if z,y € &(f), then z Ay y € E(f), as (E(f),Af) is an inf-
semilattice. So, suppose that z,y € &(f). Put z =z Ay and let w=x Ay y.
We need to show that h = f; : R® — R"™ has all its orbits bounded from
above by Proposition 3.2. By Lemma 7.4, we can write h in the form of (29),
since f(z) < z. We also get that 7(h°) < 1. By Lemma 7.5, it is sufficient
to prove that hp: RF — R has all its orbit bounded from above. For each
i € E we have that

filw) =w; =z; Ny = fi(z) A fily),
as z,y,w € E(f). Note that w < x Ay implies that
w+eu < (xAy)+eu=(z+eu)A(y+eu)

for all w € R™ and € > 0. Now let u € R™ and € > 0 sufficiently small so that
x+eu,y+eu € D. Then

filw +eu) < fi(x +eu) A fi(y + eu),
since f; is monotone, and hence
filw+eu) — fi(w) < fi(x +eu) A fi(y +eu) — fi(x) A fi(y)
< max{fi(z +eu) — fi(x), fily +eu) — fi(y)}
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for all ¢ € E. This implies that
(w—+ceu) — f;w
£ s — tgg Je0 7 20) = i)

el0 g

< max{ f; ()i, f(u)i} (32)

for alli € F.
Applying the same argument for the map f* and using the fact that
(f*), = (f)F for all v € E(f), we obtain that

(fo)* ()i < max{(f3)" (w)s, (f,)"(u)i}
for all u € R™, i € E and k > 1. But = and y are t-stable and therefore
(he)(s) = (K*(0,5))p = (f,)*(0,5)

is bounded from above as k — oo for all s € R¥. Thus, we conclude that w
is a t-stable fixed point of f.

Recall that (ro(£(f)), A) is an inf-semilattice in R, where C = N¢(f),
and ro(xz Ay y) = re(xz) Are(y) for all z,y € E(f). This implies that
(rc(&(f)), A) is an inf-semilattice in RC. To show that rc(&:(f)) is convex
we apply the same technique as before.

Let z,y € &(f) and 0 < A < 1. Put 2 = Ax+(1—\)y. Since f is convex,

£(2) S M(@) + (L= N f(y) = A+ (1= Ny = 2.

Hence w = f(z) = limg_,o0 f¥(2) exists and is a fixed point of f with
we = zo = Ao+ (1= N)ye. We need to show that w is t-stable. Let h = f],
and recall that it suffices to show that all the orbits of A are bounded from
above by Lemma 7.5. Let ¢ € F and note that as z,y,w € E(f),

Fi(w) = wi = Azg + (1= Ny = Aff (2) + (1= 2) [ (y)-
Clearly w < Az + (1 — M)y, so that
w+eu < Nz +eu)+ (1 —A)(y + eu)

for all w € R™ and € > 0. Now fix u € R™. Then for all ¢ > 0 sufficiently
small, we have that

fEw+eu) < fFO(@ 4+ eu) + (1= M) (y + eu))
SAF(x+eu)+ (1 =N fF(y +eu)
for all £ > 1. Thus,
Fi(w +eu) = [ (w) < AF (@ +eu) = fF(@) + (L= N (ff (y +eu) = [ (),
and hence
(f*)w(u)i < /\(fk)'f(U) + (1= M) () (w)s
A (@) + (1= N (f)" (w);

forallk > 1and i € E. As z,y € &(f), the right-hand side is bounded from
above as k — oo. Therefore, ((f2)*(0,5)g)r = ((hg)*(s))x is bounded from
above for all s € R”, which shows that w is t-stable. [l
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We note that if & (f) is compact, then it is a connected set. To show
that, it suffices to prove that r;' is continuous, as rc (€ (f)) is convex. Note
that r¢ is one-to-one on & (f) by Theorem 5.3. So, let y, — y in ro(E:(f)),
ro(xy) = yg for all k, and ro(x) = y. If (ay,); is a subsequence of (xy) and
X, — 2z, then z € &(f) by compactness. Moreover, r¢(z) = y, which implies
that zo = z¢. Thus, by Theorem 5.3, z = z, and hence ral is continuous.

Another consequence of Theorem 7.3 is the following. Recall that O(§) =
{6, (6),..., fP71(&)} C D is a Lyapunov stable periodic orbit of f if for all
neighbourhoods U; of fi(¢), i = 0,...,p — 1, there exist neighbourhoods V;
of fi(£),4=0,...,p— 1, such that fk¥P*i(y) € U; for all y € V; and for all
k> 0.

Corollary 7.6. If f: D — D is a convex monotone map with a t-stable periodic
point & € D, then f has a t-stable fixed point. Moreover, if & has a Lyapunov
stable orbit, then f has a Lyapunov stable fixed point.

Proof. Let £ € D be a t-stable periodic point of f with period p. Put g = f?
and note that f*(£) is a t-stable fixed point of g for all 0 < k < p. Let
2=ENFE)N---AfP7L(E). Clearly g(z) < z and hence u := g*(2) exists and
is a t-stable fixed point of g by Theorem 7.3. As f*(z) < z for all 0 < k < p,
we have that

) = 9°(2) = g*(F*(2) < w

for all 0 < k < p. In particular, f(u) < uw and
u=g(u) = fr(u) < flu) <wu,

so that f(u) = u. Moreover, as (f,)? = g/, and f is continuous, we conclude
that u is a t-stable fixed point of f.

Now assume that £ has a Lyapunov stable orbit. Foreachi =0, ...,p—1,
there exists a neighbourhood V; of f¢(¢) such that the orbit of each y € V;
is bounded from above. Let W; = { € D: x < y for some y € V;} and put
W = Uf;ol W;. Note that, as fi(£) € V;, u € W and W is a neighbourhood of
u. As f is monotone and the orbit of each y € V;, i =0,...,p— 1, is bounded
from above under f, the orbit of each w € W is bounded from above, and
hence u is a Lyapunov stable fixed point. O

We also have the following result.

Lemma 7.7. Suppose f: D — D is a convex monotone map and v and w
are fized points with w < v. If w < v or v is Lyapunov stable, then w is
Lyapunov stable.

Proof. Suppose that w < v and let V = {z € D: 2 < z} be an open
neighbourhood of w, where w < z < v. For each x € V' we have that x < v,
so that f*(x) < f¥(v) = v for all k > 0. Thus, the orbit of = is bounded from
above and hence w is Lyapunov stable by Proposition 3.2.

Now assume that w < v and v is Lyapunov stable. Then there exists
a neighbourhood U of v such that the orbit of each y € U is bounded from
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above. Let W = {z € D: z < y for some y € U}. Note that W is a neigh-
bourhood of w, since v € U and w < v. As f is monotone, the orbit of each
x € W is bounded from above under f, and hence w is Lyapunov stable. [

We conclude this section by showing that every t-stable fixed point of a
convex monotone piecewise affine map is Lyapunov stable. Recall that a map
f: R™ — R"™ is piecewise affine if R™ can be partitioned into finitely many
polyhedra in such a way that the restriction of f to each polyhedron is an
affine map.

Corollary 7.8. If f: R® — R" is a convex monotone piecewise affine map,
then every t-stable fived point of f is Lyapunov stable.

Proof. Since f is piecewise affine, we can find by [1, Lemma 6.4] a neighbor-
hood W of 0 such that f(v+x) = f(v)+ f,(z) for all z € W. By Theorem 6.5
there exists a norm under which f/ is nonexpansive. Since f/(0) = 0, we can
take any open ball, B, around 0 for this norm, and get f!(B) C B. By taking
B of sufficiently small radius, we can guarantee that B C W. Since f(v) = v,
we find for all € B that f(v+ ) = v+ f/(x) € v + B, which shows that
f(v+B) C v+ B. Since this inclusion holds for all balls B of sufficiently small
radius, v is a Lyapunov stable fixed point of f. O

8. Tangentially stable periodic points

For a directed graph G and integer k > 1, we let G* be the directed graph
that has the same nodes as G with an arrow from node ¢ to node j if and
only if there exists a directed path of length k£ in G from i to j. There exists
the following relation between G°(f*) and (G°(f))*.

Theorem 8.1. If f: D — D is a convex monotone map with a t-stable fired
point, then G¢(f*) = (G°(f))* for all k > 1.

To prove this theorem we reduce it to a special case, which was analysed
in [1]. Recall that g: R™ — R™ is called additively homogeneous if g(x+ A1) =
g(x) + A1 for all z € R™ and A € R. (Here 1 is the vector in R™ with all
coordinates unity.) The map ¢ is said to be additively subhomogeneous if
glx + A1) < g(z) + A1 for all z € R™ and A > 0. The following theorem for
convex monotone additively homogeneous maps is proved in [1, Theorem 4.1].

Theorem 8.2 (see [1]). If g: R™ — R"™ is a convexr monotone additively ho-
mogeneous map with a fived point, then G¢(g*) = (G°(g))* for all k > 1.

We note that every fixed point of a monotone additively subhomoge-
neous map g: R™ — R” is stable, because g is nonexpansive with respect
to the sup-norm [8]. Using a standard “cemetery state” argument, see [1,
Section 1.4], we derive the following consequence of Theorem 8.2.

Corollary 8.3. If g: R® — R" is a convex monotone additively subhomoge-
neous map with a fived point, then G¢(g*) = (G°(9))* for all k > 1.
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Proof. Define h: R*t1 — R*t! by

Tpi1l +g(x — 2,011
h(xvxn+1) = < i ng(H-l o ) )

for all (x,z,41) € R It is easy to verify that h is a convex monotone
additively homogeneous map. Let v € R™ be a fixed point of g and remark
that w = (v,0) is a fixed point of h. Due to the triangular structure of h, we
see that dg(v) = Oh(w) sy, where J = {1,...,n} and G°(h) is the union of
G°(g) with the loop {(n+1),(n+1)}.

The same is true for the critical graph of g* and h*, as

. ( tual + g — mni)
R (2, 2nq1) = ( o
for all (z,7,41) € R"*L. It follows from Theorem 8.2 that G¢(h*) = (G¢(h))*
for all kK > 1. By considering the subgraph on the nodes {1,...,n}, we find
that G°(g%) = (G°(g))¥ for all k > 1. O

We shall use the previous corollary to prove the following proposition,
which is the key ingredient in the proof of Theorem 8.1.

Proposition 8.4. If f: D — D is a convex monotone map with a t-stable fixed
point v € D, then G¢((f1)*) = (G(f))F for all k > 1.

Proof. Recall that f): R® — R"™ is a convex monotone positively homoge-
neous map. Write h = f/ and let A, B, C, ha, hp and h** be as in Lemma 6.1.
Similar notation will be used for h*; so, (h¥)4, (h¥)p and (h?)*. By defini-
tion of A, we know that G¢(h*) = G¢(h). As v is a t-stable fixed point of f, 0
is t-stable for h. It follows from Lemma 6.1 that we can write h in the form

h(l‘A7.TB) = (hA(anxB)v hB(‘TB))7

where hy: R4 x RE — RA and hp: RP — RP are convex monotone posi-
tively homogeneous maps. Due to this form we have that (h¥)g = (hp)* and
(hF)A = (h)* where h: R4 — RA is given by h*(x4) = ha(2.4,0). This
implies that G¢((h)F) = G¢(hF).

By Proposition 6.2, there exists v4 > 0 in R4 such that A% (va) = va.
Let W be the |A| x |A| diagonal matrix with W;; = (v4); for all i € A. Now
define g: R4 — R4 by

glx) = (W tohAoW)(z) forall z € R4
Clearly G¢((h*)*) = G¢(g*) for all k > 1. Moreover, g(0) = 0 and g(1) = 1,
so that
glxz+ A1) < g(x) + A1

for all z € R4 and A > 0, as g is convex and positively homogeneous. By

Corollary 8.3, we get that G¢(g*) = (G°(g))* for all k > 1. From this it follows
that

GE(h") = GE((M)*) = G°(g") = (G°(9)" = (G°(h™))* = (G°(n))",
which completes the proof. 0
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By using Proposition 8.4 it is now easy to prove Theorem 8.1.

Proof of Theorem 8.1. Let f: D — D be a convex monotone map with a
t-stable fixed point v € D. Then 0 is a t-stable fixed point of f;. For each
k > 1, we have that df*(v) = 9(f*),(0), so that

GE(f*F) = Go(af* (v)) = G°(A(f),(0) = G°((f)})-
Thus, it follows from Proposition 8.4 that
GE(f*) = GE((P)) = GE(f)F) = (G = (G°(f)*
for each k > 1, and we are done. O

To analyse the periods of t-stable periodic points, we need to recall the
notion of cyclicity of a graph. The cyclicity of a strongly connected directed
graph G, denoted ¢(G), is the greatest common divisor of the lengths of its
circuits. The cyclicity of a general directed graph G is given by

¢(G) =lem {c(G;): G; is a strongly connected component of G}.

The cyclicity of a nonnegative stable matrix P is defined by ¢(P) = ¢(G°(P)).
Note that ¢(P) is the order of a permutation on n letters, where n is the size
of the matrix. The following consequence of the Perron-Frobenius theorem
concerning the cyclicity of stable nonnegative matrices can be found in [20,
Theorem 9.1].

Theorem 8.5 (see [20]). If P is a stable nonnegative matriz, then the period
of each periodic point of P divides c(P).

For a convex monotone map f: D — D with a t-stable fixed point, we
define the cyclicity of f by c(f) = e(G°(f)).

Theorem 8.6. If D C R" is downward and f: D — D is a convex monotone
map with a t-stable fized point, then the period of each t-stable periodic point
of f divides c(f). In particular, the period of each t-stable periodic point is
the order of a permutation on n letters.

Proof. Let v € D be a t-stable fixed point of f and let & € D be a t-stable
periodic point of f with period p. Put ¢ = f¢¢) and note that ¢(g) = 1.
Indeed, by Theorem 8.1 we get that G°(g) = G°(f)) = (Ge(f))*¥) =
U, G/ & ), where Gy, ..., are the disjoint strongly connected components
of G¢(f). Let ¢; = ¢(G;) for 1 < i < s and note that ¢; divides c(f). It is
well known that if G; is a strongly connected graph with cyclicity ¢;, then
c(GF) = 1 for all k > 1 (see [5, Section 2]). In particular, we get that
c(gf(f)) =1 forall 1 <i<s. Thus,
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By Theorem 4.6 there exists M € dg(v) such that G°(M) = G°(g), so
(M) =c(g) = 1. Now let C', D, U and I be as in Proposition 4.3. As g(v) = v
and g(x) — g(v) > M(x — v) for all z € D, we get that

g*(x) > M*(x —v)+v forallzeDandk>1. (33)

In particular,

£=9"(&) =2 MP(§ —v) +, (34)
so that £ —v > MP(§ —v). It follows that £ —v = MP({ —v) on CU D and
& —v=0on D from Proposition 4.4. This implies that gP(§) > & on C' U D.

Put F=CUD and G = U U . By definition, we have that Mpg = 0,

and so My = 0 for all k£ > 1. From this we deduce that

(€ —v)p=(MP(§—v))r = (Mpp)'(§ —v)p = Mpp(§ —v)Fp.
The matrix M is stable and has cyclicity one. Therefore, the matrix Mpp
is also stable and has cyclicity one. This implies that any periodic point of
Mpp must have period one by Theorem 8.5. Thus, we find that ({ —v)p =
Mpp(€—v)F, so that (€ —v)p = ME(6 —v)F for all k > 1. Since Mpg = 0,
we deduce that
(€—v)=M"E—-v) onF.

From (33) it follows that g¥(&) > € on F. Let 2 = EAg(E)A---AgPL(€).
Clearly z < £ and z =& on F. As g(z) < z, it follows from Lemma 7.2 that
g“(2) = limy_o g¥(2) exists and ¢g*(z) = z on C. Thus, ¢g*(z) = £ on C.
Note that ¢“(z) and & are fixed points of g?, and £ is a t-stable fixed point
of g? = frelf), Therefore, it follows from Lemma 5.2 that ¢¥(z) > €. As
g“(2) < z < €, we conclude that ¢(z) = z = €. Hence fU)(¢) = g(&) = ¢
from which we conclude that the period of £ divides ¢(f). O

Remark that if f is strongly monotone convex map with a t-stable fixed
point v € D, then every P € Jf(v) is positive by Proposition 2.2. Hence
¢(f) =1 in that case, and therefore f has no t-stable periodic points except
its t-stable fixed points. We also like to point out that in Theorem 8.6 the
t-stability assumptions are essential. Indeed, consider

cosa sina 0 1 0 1
A=| —sina cosa 0 and P = 0 1 1],
0 0 b —a —a 1
then
1 ab b—1

B=PAP '~ | a(b-2) 1 b—1

ab—1) ab-1) b
when « > 0 is sufficiently small. Thus, for b > 2, the matrix B is nonnegative
for all sufficiently small a > 0. Now if o = 27/p, then A has a periodic point
of period p and hence B has one too. This shows that a monotone convex
map may have (unstable) periodic orbits with arbitrary large periods. We also
remark that if & > 0 is an irrational multiple of 7, then B has an unstable
bounded orbit that does not converge to a periodic orbit.
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9. Global convergence and nonexpansiveness

In this final section, we give a condition under which every orbit of a convex
monotone map f: D — D, where D = R"™, converges to a Lyapunov stable

periodic orbit. To present it we need the notion of the recession map f of f,
which can be defined by

f(z) = lim 1f()\ac) for all x € R".
A—oo A

Since f: R" — R" is convex, f(z) € (RU {oc})" exists for each z € R" and
is equal to

f(@) = sup fy+z) - f(y) (35)
yeR™
(see [25, Theorem 8.2]). As f is the pointwise limit of a convex monotone
map, f is also convex and monotone. The next theorem shows that if f has
all its orbits bounded from above, then f is nonexpansive with respect to a
polyhedral norm.

Theorem 9.1. If f: R™ — R" is a convexr monotone map and the recession
map h = f has all its orbits bounded from above, then f is nonexpansive with
respect to the norm || - ||, given in Theorem 6.5.

Proof. We remark that f is a convex, monotone and positively homogeneous
map, which has 0 as a t-stable fixed point, because (f); = f and f has all
its orbits bounded from above. Moreover,

—f(=2) < fly+2) = fly) < f(2) (36)

for all z,y € R™ by (35).
Let || - ||, be the polyhedral norm from Theorem 6.5 and remark that
f is nonexpansive with respect to || - ||,. Clearly [Jull, < |Jw||, if u,w € R™

are such that 0 < |u| < |wl|, where |z| = (|z1],...,]|2n|). Therefore, it follows
from (36) that

1 (y +2) = F() o < max{[|f (=) [, If (@)l } < [,

for all 2,y € R™. Thus, f is also nonexpansive with respect to || - [|,- O

This theorem has the following consequence.

Corollary 9.2. If f: R™ — R" is a convex monotone map and f is nonexpan-
stve with respect to some norm on R™, then f is nonexpansive with respect
to a polyhedral norm.

Proof. We note that f(z) = limy_o f(Az)/A for all z € R™. As f is nonex-
pansive with respect to some norm, f will be nonexpansive with respect to
the same norm. This implies that f has all its orbits bounded from above,
since f (0) = 0. From Theorem 9.1 we conclude that f is nonexpansive with
respect to a polyhedral norm. O
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It was proved in [22] that if a map f: R™ — R™ is nonexpansive with
respect to a polyhedral norm, then every bounded orbit of f converges to
a periodic orbit. Moreover, if the unit ball of the polyhedral norm has N
facets, then the period of each periodic point of a nonexpansive map does
not exceed maxy, 2" ( LNk{ZJ ); see [18]. By using these results, the following
global convergence theorem can be proved.

Theorem 9.3. If f: R™ — R"™ is a convex monotone map, with a fixed point,
and the recession map f has all its orbits bounded from above, then every
orbit of f converges to a Lyapunov stable periodic orbit of f whose period
divides c(f).

Proof. As f has all its orbits bounded from above, we know by Theorem
9.1 that f is nonexpansive with respect to a polyhedral norm, so that all
periodic orbits of f are Lyapunov stable. Since f has a fixed point, it follows
from [22] that every orbit of f converges to a periodic orbit. Proposition 3.2
implies that every periodic point of f is t-stable, and hence the period of each
periodic point divides ¢(f) by Theorem 8.6, which completes the proof. [
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