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Abstract

Multisymplecticity and the variational bicomplex are two subjects which have developed
independently. Our main observation is that re-analysis of multisymplectic systems from
the view of the variational bicomplex not only is natural but also generates new fundamen-
tal ideas about multisymplectic Hamiltonian PDEs. The variational bicomplex provides
a natural grading of differential forms according to their base and fibre components, and
this structure generates a new relation between the geometry of the base, covariant mul-
tisymplectic PDEs and the conservation of symplecticity. Our formulation also suggests
a new view of Noether theory for multisymplectic systems, leading to a definition of mul-
timomentum maps that we apply to give a coordinate-free description of multisymplectic
relative equilibria. Our principal example is the class of multisymplectic systems on the
total exterior algebra bundle over a Riemannian manifold.
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1 Introduction

One of the great triumphs of symplectic geometry was the realization that the concept of a
Hamiltonian system could be deduced from the properties of a manifold hosting a nondegenerate
closed two-form. A smooth even-dimensional manifold P equipped with a closed nondegenerate
two-form ω is a symplectic manifold; diffeomorphisms on P that preserve ω are Hamiltonian
flows. This latter observation follows from Cartan’s formula: by differentiating ϕ∗ω = ω, where
ϕ is a diffeomorphism on P generated by the vector field v, one obtains

0 = Lvω = v dω + d(v ω) . (1.1)

Closure of ω then implies d(v ω) = 0 and so (locally) there exists a function H : P → R with

v ω = −dH , (1.2)

recovering the classical definition of a Hamiltonian system. On the other hand, if ϕ is generated
by a Hamiltonian function then the above argument in reverse shows that ϕ∗ω = ω.

Given any smooth manifold Q, there is a canonical closed nondegenerate two-form on T ∗Q.
In addition to showing that Hamiltonian systems are plentiful, these observations provide an
abstract class of Hamiltonian ordinary differential equations (ODEs) for which general theorems
and methodologies can be deduced. In other words, one does not need to study each specific
Hamiltonian system that arises in applications; instead, one can obtain general results that
apply to the class of Hamiltonian systems on a cotangent bundle, (cf. Chapter 6 of Marsden
& Ratiu [19], for example).

This approach contrasts with the historical view whereby Hamiltonian systems arise from the
Legendre transform of a given nondegenerate Lagrangian. The Legendre transform gives rise to
a natural class of Hamiltonian systems on the cotangent bundle of the configuration space. A
general theory for Hamiltonian systems on cotangent bundles will include the class generated
by the Legendre transform. But the abstract class of Hamiltonian systems on (T ∗Q,ω) is much
larger, and that on (P, ω) is larger still.

How should these ideas be generalized for partial differential equations (PDEs)? One of the
motivations for this question is that the Legendre transform for PDEs is not always – indeed
rarely – well behaved. Therefore, we are interested in the class of PDEs for which the analogue
of (1.2) can be developed systematically.

Fibre bundles provide the natural language for dealing with such PDEs. Let E = X × U ,
where X is the base manifold (that is, the space of independent variables) and U is the space of
dependent variables (fields). Solutions of PDEs can be characterized as sections of the bundle
E. For simplicity, we restrict attention to trivial bundles over an oriented Riemannian manifold
X, but some results apply more generally. Our analysis will be predominantly local, so we fix a
chart and take local coordinates xi. The tangent space at each x ∈ X is TxX, with a canonical
basis { ∂

∂xi
}. The cotangent space T ∗xX has a canonical basis {dxi}; differential k−forms map

X to the exterior algebra of T ∗xX. The covariant metric gx : TxX × TxX → R has coefficients
gij = gx

(
∂
∂xi
, ∂
∂xj

)
; the contravariant metric g∗x : T ∗xX×T ∗xX → R induces a metric on the space

of differential k-forms (which is used in §5).
To determine the appropriate class of manifolds that generalize the cotangent bundle con-

struction to PDEs, the Legendre transform should provide a clue. In the ODE case, the
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Legendre transform leads to Hamiltonian ODEs on the cotangent bundle of the configuration
space. For PDEs generated by a nondegenerate Lagrangian (such as a nondegenerate first-order
field theory), the Legendre transform leads to an affine bundle modelled on the vector bundle
of linear maps from TU to TX (cf. Gotay et al. [13] and references therein). However the
Cartan form, which generalizes the symplectic form, is determined by the Lagrangian and not
merely by the manifold; the Hamiltonian functional in this construction appears as part of the
Cartan form.

In order to bypass the Lagrangian, Cantrijn et al. [10] extend the concept of a “multi-
symplectic manifold” (a concept attributed to Tulczyjew – cf. Binz et al. [5]) to mean an
n−dimensional manifold with with a closed nondegenerate (k+ 1)−form where 1 < k+ 1 ≤ n.
(The case k = 1 recovers the definition of symplectic manifold.) In the case of field theory, k is
the dimension of the base manifold. Taking this manifold as a starting point, a number of in-
teresting differential geometric results can be deduced [10], and this construction would seem to
lead to a natural generalization of (1.1). However, contracting a (k+1)-form with a vector field
produces a k-form, and unless k = 1, the Hamiltonian function is replaced by a tensor-valued
field, which is not typical in applications. This problem is partially due to the fact that this
approach offers no natural distinction between base coordinates and fibre coordinates, so there
is no obvious way to construct sections as models for the solution space of PDEs. To model
PDEs, a Lagrangian is used to organize the coordinates, leading to constructions based on the
Cartan form. Kanatchikov [15] and Paufler & Römer [22] propose a formula generalizing
(1.2), namely

v ω = df, (1.3)

where ω is a closed nondegenerate (n + 1)−form (a variant of the Cartan form) and n is the
dimension of the base manifold. However, f is an r−form and v is a multivector field of tensor
grade (n− r).

The k-symplectic geometry of Norris [21] comes closest to a generalization of (1.2) based on
the geometry of the manifold only (see also Lawson [16], de Leon et al. [18] and references
therein). Given any smooth manifold, k-symplectic geometry is based on the geometry of the
frame bundle and generalizes the canonical symplectic structure on the cotangent bundle of a
manifold. However, this structure also generates a tensor-valued Hamiltonian function and an
unconventional class of Hamiltonian PDEs.

In this paper, a new approach to this problem is proposed. We put greater emphasis on
the base manifold and we use the variational bicomplex to connect the geometry of the base
manifold to the geometry of the fibre. This leads to a generalization of (1.1) and (1.2), and to a
novel class of multisymplectic structures. Furthermore, it provides a completely coordinate-free
characterization of multisymplectic systems.

We begin by outlining some of the key features of the variational bicomplex, which was
introduced independently by Vinogradov [25; 26] and Tulczyjew [24]; we follow Ander-
son’s presentation in [3; 4]. The variational bicomplex is constructed by splitting the exterior
derivative into horizontal (base space) and vertical (fibre) components. In §3, we examine the
implications of this splitting for Hamiltonian ODEs, leading to a coordinate-free approach that
has a natural generalization to PDEs. With this approach, which is described in §4, a multi-
symplectic system on a Riemannian manifold is defined to be a set of first-order PDEs of the
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following form (in local coordinates):(
∂Liβ
∂uα
− ∂Liα
∂uβ

)
uβ,i −

1
√
g

∂

∂xi
(√

gLiα
)
− ∂H

∂uα
= 0. (1.4)

Here Liα and H are functions of the independent variables xj and the dependent variables
uβ. The reason for this definition is that it is an expression in coordinates of something more
fundamental, namely “conservation of symplecticity.” For Hamiltonian ODEs, the (closed)
symplectic 2-form is conserved by the flow. In the same way, for any system of the form (1.4),
there is a closed 2-form associated with each independent variable, and these 2-forms are the
components of a conservation law. By starting with this collection of 2-forms, we are able to
define multimomentum maps that yield further conservation laws and also to develop the idea
of multisymplectic relative equilibria.

For Riemannian manifolds, the total exterior algebra (TEA) bundle of Bridges [8] general-
izes the cotangent bundle for ODEs. Thus the TEA bundle is a rich source of multisymplectic
PDEs, as described in §5. We find that every one-parameter Lie group of point transforma-
tions that preserve the multisymplectic structure is constrained by (n− 1)2n relations between
first-order derivatives of the corresponding multimomentum map.

2 The variational bicomplex

This section outlines the key features of the variational bicomplex, following Anderson [3; 4].
Given a differential equation with independent variables x = (x1, . . . , xn) ∈ X and dependent
variables u = (u1, . . . , um) ∈ U , each solution u = f(x) can be represented as a section
s(x) =

(
x, f(x)

)
in the trivial bundle π : X × U → X with π(x, u) = x. [Note: Coordinates

(x, u) need only be local coordinates on X×U .] However, to represent the differential equation
itself (or its symmetries, conservation laws, Lagrangians, etc.), the proper setting is the infinite
jet bundle J∞(X ×U). This has local coordinates (x, u, u{1}, u{2}, . . . ), where u{k} denotes the
set of all kth-order derivatives of u. Specifically,

u{1} = {uαi }, u{2} = {uαij}, etc.,

where any section s(x) =
(
x, f(x)

)
of X × U is prolonged to J∞(X × U) as follows:

uαi =
∂fα(x)

∂xi
, uαij =

∂2fα(x)

∂xi∂xj
, etc.

The trivial bundle π∞ : J∞(X×U)→ X has projections π∞(x, u, u{1}, . . . ) = x, and the fibres
(π∞)−1(x) are equivalence classes of prolonged local sections. [Two sections are equivalent at x
if all of their derivatives agree there.] Given a section s, the equivalence class of its prolongation
to all orders is denoted by j∞(s).

Now consider the set Ω of differential forms on J∞(X × U). A contact form is a differential
form θ ∈ Ω such that

[j∞(s)]∗(θ) = 0
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for every local section s of X×U . Crucially, the set of contact forms is a differential ideal in Ω,
so it induces a natural splitting of Ω. A basis for this ideal is the set of differential one-forms

θα = duα − uαj dxj, θαi = duαi − uαijdxj, etc.

(The Einstein summation convention is used throughout this paper.) So a basis for the set of
all one-forms is

dxi, θα, θαi , θ
α
ij, . . . ,

and this basis extends to a basis for Ω via the wedge product. A differential (k + l)-form µ is
said to be of type (k, l) if it can be written in local coordinates as a sum of terms of the form

µ = f [u] dxi1 ∧ · · · ∧ dxik ∧ θα1
J1
∧ · · · ∧ θαlJl

.

Here f [u] is a smooth function of x, u, u{1}, . . . , u{K}, for some K ∈ N0; if a multi-index Jj is
null then θ

αj
Jj

is replaced by θαj .

The exterior derivative of a function f [u] may be written as the sum of a (1,0)-form and a
(0,1)-form, as follows:

d
(
f [u]

)
= Di

(
f [u]

)
dxi +

∂f [u]

∂uαJ
θαJ .

Here Di represents the total derivative with respect to xi:

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ · · · .

This motivates the splitting of d into horizontal and vertical derivatives:

d = dh + dv,

where

dh = dxi ∧Di, dv = θαJ ∧
∂

∂uαJ
.

Simple calculations, together with the identity d2 = 0, yield

d2
h = 0, dhdv = −dvdh, d2

v = 0 . (2.1)

These results give the identities

dh(dxi) = 0, dv(dx
i) = 0, dh(θαJ) = dxi ∧ θαJi, dv(θ

α
J) = 0 .

Let Ωk,l denote the set of all differential (k, l)-forms over J∞(X × U). Then, from (2.1), the
operations

dh : Ωk,l → Ωk+1,l, dv : Ωk,l → Ωk,l+1,

yield a double complex, which is called the variational bicomplex. A differential form ω ∈ Ωk,l

is horizontally closed if dhω = 0, and is horizontally exact (for k ≥ 1) if there exists η ∈ Ωk−1,l

such that ω = dhη. Vertically closed and exact forms are defined similarly, with dv replacing
dh. A schematic of the variational bicomplex is shown below.
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...
...

...
...

0 - Ω0,2

dv

6

dh - Ω1,2

dv

6

dh - · · ·
dh- Ωn−1,2

dv

6

dh - Ωn,2

dv

6

- 0

0 - Ω0,1

dv

6

dh - Ω1,1

dv

6

dh - · · ·
dh- Ωn−1,1

dv

6

dh - Ωn,1

dv

6

- 0

0 R - Ω0,0

dv

6

dh - Ω1,0

dv

6

dh - · · ·
dh- Ωn−1,0

dv

6

dh - Ωn,0

dv

6

- 0

Each column is analogous to the de Rham complex for an infinite-dimensional space; for
l ≥ 1, every vertically closed (k, l)-form is vertically exact. At first sight, the horizontal rows
of the variational bicomplex also seem to be analogous to the de Rham complex. However,
the analogue of the Poincaré Lemma fails, because every (n, l)-form is horizontally closed, but
most of these forms are not locally horizontally exact. Nevertheless, for l ≥ 1, the rows can be
made globally exact by augmenting the right-hand side of the complex, as shown below.

...
...

...
...

...

0 - Ω0,2

dv

6

dh - Ω1,2

dv

6

dh - · · ·
dh- Ωn−1,2

dv

6

dh - Ωn,2

dv

6

I
- F2

δv

6

- 0

0 - Ω0,1

dv

6

dh - Ω1,1

dv

6

dh - · · ·
dh- Ωn−1,1

dv

6

dh - Ωn,1

dv

6

I
- F1

δv

6

- 0

0 R - Ω0,0

dv

6

dh - Ω1,0

dv

6

dh - · · ·
dh- Ωn−1,0

dv

6

dh - Ωn,0

dv

6

E

-

Here I : Ωn,l → Ωn,l is the interior Euler operator, which is defined by

I(ω) =
1

l
θα ∧

[( ∂

∂uα
ω
)
−Di

( ∂

∂uαi
ω
)

+DiDj

( ∂

∂uαij
ω
)
− · · ·

]
,
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and Fl = I(Ωn,l). Furthermore, E = I dv is the Euler-Lagrange operator: given a Lagrangian
L ∈ Ωn,0, the corresponding Euler-Lagrange equation amounts to E(L ) = 0. (Bearing in
mind that Fl ⊂ Ωn,l, the operators δv = I dv applied to elements of Fl correspond to higher
variations.) The following properties of the interior Euler operator are particularly useful:

(i) I(dhµ) = 0, ∀µ ∈ Ωn−1,l, l ≥ 1;

(ii) For each ω ∈ Ωn,l, l ≥ 1, there exists µ ∈ Ωn−1,l such that ω = I(ω) + dh(µ). Combining
this with (i) yields I2 = I.

Although we have written dh and dv in terms of local coordinates, the above construction is
coordinate-independent. Furthermore, it can be extended to any fibre bundle π : E → X, not
just trivial bundles. Crucially, for l ≥ 1, each row of the augmented variational bicomplex is
globally exact.

We have not imposed any constraints on the variational bicomplex because we seek general
results about the structure of multisymplectic systems. However, it is important to be aware
that when the bicomplex is pulled back to a given (prolonged) system of differential equations,
the local cohomology typically ceases to be trivial (in columns containing Ωn−1,l and Ωn,l) even
when X and U have trivial de Rham cohomology. In particular, the nontrivial cohomology
classes yield conservation laws and information about the existence of a Lagrangian, Darboux
integrability, etc. As we are not using the pulled-back bicomplex, we shall be careful to identify
which of our results apply only “on solutions” of a multisymplectic system.

Consider a Lie group G that acts vertically on J∞(E); we denote the associated Lie algebra
by g. Each ξ ∈ g has a corresponding infinitesimal generator, namely the vertical vector field

vξ =
( d

ds
exp(s ξ)(x, u)

)∣∣∣
s=0

.

Note that although vξ has no horizontal (x) components, its coefficients may depend on x. Let
Qα = vξ θα; then the infinitesimal generator is prolonged to J∞(E) as follows:

vξ = Qα ∂

∂uα
+
(
DiQ

α
) ∂
∂uαi

+
(
DiDjQ

α
) ∂
∂uαij

+ · · · .

[From here on, vξ denotes the prolonged generator.] The following useful identities hold for all
ω ∈ Ωk,l:

vξ dh(ω) = −dh(vξ ω) ;

Lvξ(ω) = dv(vξ ω) + vξ dvω .

The second of these uses the first to replace d by dv in Cartan’s formula for the Lie derivative.
Noether’s Theorem has a very elegant formulation in terms of vertical and horizontal deriva-

tives. Given L ∈ Ωn,0, the identity (ii) above yields

dvL = E(L )− dhη (2.2)

for some η ∈ Ωn−1,1. The vector field vξ generates variational symmetries if there exists
σξ ∈ Ωn−1,0 such that

vξ dvL = dhσξ. (2.3)
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Then (2.2) implies that
dh

(
σξ − vξ η

)
= vξ E(L ), (2.4)

which leads to the conservation law

dh

(
σξ − vξ η

)
= 0 on solutions of E(L ) = 0. (2.5)

This is Noether’s Theorem in its most general setting.

3 Classical mechanics via the variational bicomplex

A standard approach to classical mechanics begins with a closed nondegenerate two-form ω
on a manifold U ; one then studies paths in this manifold. In this section it is shown how
this view can be re-interpreted by including the geometry of time and using the variational
bicomplex. Attention will be restricted to the simplest case, where X = R, U = R2, and
canonical coordinates (t, q, p) are used for E = X × U .

The standard approach for ω = dp ∧ dq is as follows. Let v : U → TU be a generator of a
one-parameter Lie group of diffeomorphisms that preserves ω, so that

0 = Lvω = v dω + d(v ω) = d(v ω) .

As X × U is topologically trivial, there exists a function H : U → R such that

v ω = −dH .

This implies that, in terms of the coordinates,

v =
∂H

∂p

∂

∂q
− ∂H

∂q

∂

∂p
.

The flow is given by

Dt(q) = v dq =
∂H

∂p
, Dt(p) = v dp = −∂H

∂q
. (3.1)

This approach implicitly restricts attention to autonomous Hamiltonian systems, although
nonautonomous Hamiltonian systems can be treated by increasing the dimension of U , intro-
ducing an extra pair of canonical coordinates q2 = H and p2 = t.

Now reconsider this problem from the viewpoint of the variational bicomplex. In this setting
the “autonomization trick” becomes superfluous. Let ω be the (0, 2)−form:

ω = dvp ∧ dvq . (3.2)

Then, if a vertical vector field,

vξ = vq
∂

∂q
+ vp

∂

∂p
,

generates a one-parameter group of ω−preserving diffeomorphisms, a similar argument to the
above leads to

vξ ω = −dvH + F (t)dt ,
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for some functions H and F . As ω is a (0,2)-form, it follows that F (t) = 0, and so

vq =
∂H

∂p
and vp = −∂H

∂q
;

note that H may depend explicitly on t. It is a simple exercise1 to show that, on solutions of
(3.1),

dvp ∧ dvq = dp ∧ dq + dp2 ∧ dq2 .

This identity holds whether or not the system is autonomous; the advantage of using (3.2)
instead of the standard symplectic two-form is that horizontal and vertical components are
distinguished.

Furthermore, (3.2) enables us to write down the flow in a completely coordinate-free way as
follows:

dhω = 0 on solutions of (3.1). (3.3)

To see this, expand the left-hand side of (3.3) to obtain

dhω = (dhdvp) ∧ dvq − dvp ∧ (dhdvq)

= −dv(dhp ∧ dvq + dvp ∧ dhq)

So there exists a (1, 0)−form S such that, on solutions,

dhp ∧ dvq + dvp ∧ dhq = dvS . (3.4)

In coordinates, write S = Hdt. Then (3.4) amounts to

Dt(q) dvp ∧ dt−Dt(p) dvq ∧ dt = dvH ∧ dt .

Consequently, H is a function of (t, q, p) only and

Dt(q) =
∂H

∂p
and Dt(p) = −∂H

∂q
. (3.5)

Conversely, if (3.5) holds then the above argument in reverse implies that dhω = 0 on all
solutions of (3.5).

The above construction of classical mechanics in terms of horizontal and vertical derivatives
is genuinely coordinate-free; the base space coordinate t appears only when dh is evaluated in
terms of coordinates. Moreover, there is no need to restrict attention to X = R.

Theorem 3.1 Let X be a one-dimensional Riemannian manifold, and suppose that E = X×U
is equipped with a vertically closed, nondegenerate (0, 2)-form ω. Then there exists a locally
Hamiltonian flow if and only if dhω = 0 on all solutions of the equations of motion.

The nondegeneracy condition implies that U is even-dimensional, but it does not otherwise
constrain the global structure of U . So given a vertically closed nondegenerate (0, 2)−form ω,
the existence of locally Hamiltonian dynamics is determined by the condition (3.3). We now
generalize this idea to include multisymplectic systems of PDEs, with the added freedom that
(multi-)symplectic structures are no longer required to be nondegenerate.

1We are grateful to Gianne Derks for this observation.
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4 Multisymplectic PDEs and the variational bicomplex

The key feature of multisymplectic systems is the existence of a vertically closed two-form κi

associated with each independent variable xi; specifically,

κi =
∑
α<β

f iαβ(x, u) dvu
α ∧ dvu

β

for some smooth functions f iαβ. These two-forms satisfy a conservation law that, if xi are
cartesian coordinates on Rn, amounts to

Di(κ
i) = 0 , (4.1)

on all solutions of the given system of PDEs. To extend this to a general Riemannian manifold,
X, let vol denote the volume form on X; in coordinates, this is the (n, 0)−form

vol =
√
g dx1 ∧ · · · ∧ dxn ,

where g is the determinant of the metric tensor gij. Let

κ = κiDi (4.2)

be a vector whose components, κi, are vertically closed (0, 2)−forms. Define the vertically
closed (n− 1, 2)−form

ω = κ vol . (4.3)

Then conservation of symplecticity corresponds to the condition dhω = 0. To see this, work in
coordinates to obtain

dhω = dh(
√
gκi) ∧

(
Di (dx1 ∧ · · · ∧ dxn)

)
=

1
√
g
Di(
√
gκi) ∧ vol = (Divκ) ∧ vol .

The conservation law (4.1) arises in the special case when X = Rn.
Conversely, suppose that E = X × U is equipped with a vertically closed (n− 1, 2)−form ω

and that a quasilinear system of first-order PDEs satisfies the condition

dhω = 0 (on all solutions). (4.4)

Then it is easy to extract the components κi that satisfy (4.3), and so the system is multisym-
plectic.

It is instructive to examine the consequences of (4.4) in detail. We shall work locally, applying
the Poincaré Lemma to vertically closed forms. As ω is vertically closed, there exists η ∈ Ωn−1,1

such that
ω = dvη . (4.5)

Thus, on all solutions of the system,

dvdhη = −dhdvη = −dhω = 0 .

So (locally) there exists L ∈ Ωn,0 such that

dhη + dvL = 0 (on all solutions). (4.6)
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In fact, L is a Lagrangian (n, 0)−form for the system of PDEs. To see this, apply the interior
Euler operator I to (4.6), which gives

E(L ) = I dvL = −I dhη ≡ 0 (on solutions). (4.7)

This is the Euler-Lagrange equation for the system. Hydon [14] has shown how to proceed
from a multisymplectic structure to an equivalent degenerate first-order Lagrangian struc-
ture (provided that the relevant cohomology classes are trivial). The above construction is
a coordinate-free generalization of the process. Equation (4.6) is a quasi-conservation law in
Hydon’s terminology.

4.1 Multimomentum maps

For Hamiltonian systems, Noether’s Theorem can be expressed in terms of a momentum map
[19]. In this section the concept of a momentum map is combined with the variational bicomplex
and applied to multisymplectic systems. Given a Lie group G of ω-preserving transformations,
each vector field vξ with ξ ∈ g satisfies the identity

0 = Lvξ(ω) = dv

(
vξ ω

)
.

Now suppose that vξ ω is vertically exact, so that

vξ ω = dvλξ (4.8)

for some λξ ∈ Ωn−1,0. Then a multimomentum map J : E → g∗ ⊗ Ωn−1,0 is defined by

J(x, u)(ξ) = λξ(x, u) . (4.9)

Here g∗ is the dual of the Lie algebra. This property is to be compared with the multimomentum
map in field theory, where the momentum map lies in g∗ ⊗ Ωn−1(Z) with Z the total bundle
which models the phase space (see Lawson [17] and references therein).

We now examine the additional conditions that are required for dhλξ = 0 to be the conser-
vation law (2.5) of the Euler-Lagrange equations that are associated with the multisymplectic
system. Up to now, we have only sketched the link between the Lagrangian and multisymplectic
formulations. Given a Lagrangian of the form

L = Liβ(x, u) dhu
β ∧

(
Di vol

)
−H(x, u) vol (4.10)

the Euler-Lagrange equations are(
∂Liβ
∂uα
− ∂Liα
∂uβ

)
Diu

β − 1
√
g

∂

∂xi
(√

gLiα
)
− ∂H

∂uα
= 0. (4.11)

It is easy to verify that (2.2) yields the (n− 1, 1)-form

η = Liβ(x, u) dvu
β ∧

(
Di vol

)
, (4.12)
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which leads to the multisymplectic (n− 1, 2)-form

ω =
∂Liβ
∂uα

dvu
α ∧ dvu

β ∧
(
Di vol

)
. (4.13)

Conversely, if ω is a vertically closed (n − 1, 2)-form such that dhω = 0 on solutions of a
quasilinear system of first-order PDEs, there exists a corresponding Lagrangian of the form
(4.10), provided that the relevant cohomology classes are trivial. So Noether’s Theorem (2.5)
for the Lagrangian formulation should lead to a multimomentum map (4.9), namely

λξ = σξ − vξ η . (4.14)

It is useful to write λξ as follows:

λξ = λiξ(x, u)Di vol . (4.15)

Then the multisymplectic and Lagrangian formulations together yield the conditions

dvλξ = vξ ω , (4.16)

dhλξ = vξ E(L ) . (4.17)

By using (4.16), it is straightforward to reduce (4.17) to

1
√
g

∂

∂xi
(√

g λiξ
)

+
Qα

√
g

∂

∂xi
(√

gLiα
)

+ vξ dvH = 0 . (4.18)

This is the extra constraint on λξ that yields Noether’s Theorem.

Theorem 4.1 Any multimomentum map J(x, u)(ξ) = λξ that satisfies (4.16) and (4.18) gives
rise to the conservation law dhλξ = 0 on solutions of the multisymplectic system (4.11).

4.2 Multisymplectic relative equilibria

One of the most useful tools in the application of multisymplectic structures to nonlinear
PDEs is the concept of a multisymplectic relative equilibrium (MSRE) [9]. In particular, the
geometry of a MRSE leads to a simple criterion for nonlinear waves to be unstable. The
following definition of a MSRE generalizes the classical definition of a relative equilibrium of
a Hamiltonian system of ODEs [2], and gives a coordinate-free generalization of the MSRE
introduced in [6; 9]. Given a vertical symmetry generator vξ = Qα∂uα , a MSRE is a solution
of E(L ) = 0 that is of the form

u(x) = es(x)vξu0,

where s is a linear function of x. Let u(x0) = u0; then s(x) = ci(x
i − xi0). Note that

uα(x) = uα0 + s(x)Qα(x0, u0) +O
(
|x− x0|2

)
.

Thus, by expanding E(L ) = 0 about (x0, u0), we obtain the condition

0 = E(L )
∣∣
(x0,u0)

=

{((
∂Liβ
∂uα
− ∂Liα
∂uβ

)
ciQ

α − ∂H

∂uβ

)
θβ ∧ vol

}∣∣∣∣∣
(x0,u0)

.
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This can be simplified with the aid of (4.16), which amounts to

Qα

(
∂Liβ
∂uα
− ∂Liα
∂uβ

)
=
∂λiξ
∂uβ

.

So the condition for a MSRE is {
ci
∂λiξ
∂uβ
− ∂H

∂uβ

}∣∣∣∣∣
(x0,u0)

= 0 . (4.19)

In other words, u0 is an extremum of H (treating x0 as a parameter) subject to the constraint
that λξ is fixed. This is analogous to the situation for the relative equilibria of Hamiltonian
ODEs. The condition (4.19) may also be written in coordinate-free notation, as follows:

0 = E(L )
∣∣
(x0,u0)

= −
(
dhs ∧ dvλξ + dvH ∧ vol

)∣∣
(x0,u0)

.

Note that dhs is constant. Applications of MSRE can be found in [6; 7; 9].

5 Multisymplectic systems on the TEA bundle

From here on, we shall restrict attention to a particularly important class of systems, namely
those that are built on the total exterior algebra (TEA) bundle. This is the space whose sections
are

ũ = (u(0), u(1), . . . , u(n)) , (5.1)

where each u(k) is a mapping from X into Ωk,0. In terms of the notation of §2, the space U is
coordinatized by u = (u1, . . . , um), where ui are the m = 2n coefficients of the differential forms
in ũ.

The TEA bundle uses a horizontal Hodge dual operator, F : Ωk,l → Ωn−k,l, which, when
l = 0, is defined exactly as the usual Hodge star; it is normalized by

g∗x(a,b) vol = a ∧Fb , a,b ∈ Ωk,0(X) . (5.2)

In particular, the following identities hold for any ω, η ∈ Ωk,0 :

ω ∧Fη = η ∧Fω , ω ∧Fdvη = (−1)k dvη ∧Fω . (5.3)

The action of F on vertical components is trivial:

dvFω = Fdvω , for any ω ∈ Ωk,l .

Thus the action on (k, l)-forms is obtained by pulling F through any vertical components,
leaving it to act solely on the horizontal part of the form.

Later, we will use the horizontal codifferential δh : Ωk,l → Ωk−1,l, which is defined by

δhω = (−1)nk+k+1FdhFω .
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By applying the standard identity FFω = (−1)k(n−k)ω we obtain

dhFω = (−1)kFδhω . (5.4)

Bridges [8] introduced the following natural (n, 0)−form on the TEA bundle:

Θ =
n∑
k=1

dhu
(k−1) ∧Fu(k) . (5.5)

In particular, when n = 1 and ũ = (q, p dt), this form is

Θ = p dhq = pDt(q)dt .

As Θ is linear in the first derivatives of u, we can examine the multisymplectic structure that
arises by treating it as a Lagrangian. The case n = 1 shows that this is a natural generalization
of the Hamiltonian formulation. Following the construction in §4, set

η =
n∑
k=1

dvu
(k−1) ∧Fu(k) . (5.6)

The interesting feature in going from (5.5) to (5.6) is the shift from horizontal exterior deriva-
tives dh to vertical derivatives dv. When n = 1, this amounts to η = p dvq, which is the familiar
canonical one-form on the cotangent bundle.

Taking the horizontal exterior derivative of η gives

dhη =
∑n

k=1(dhdvu
(k−1)) ∧Fu(k) +

∑n
k=1(−1)kdvu

(k−1) ∧ dhFu(k)

= −dvΘ +
∑n

k=1(−1)kdhu
(k−1) ∧Fdvu

(k) +
∑n

k=1 dvu
(k−1) ∧Fδhu

(k) ,

and so

dhη + dvΘ =
n∑
k=1

(
dvu

(k) ∧Fdhu
(k−1) + dvu

(k−1) ∧Fdhu
(k)
)
. (5.7)

The right-hand side of (5.7) is invariant under the internal Euler operator I, so

E(Θ) = I dvΘ =
n∑
k=1

(
dvu

(k) ∧Fdhu
(k−1) + dvu

(k−1) ∧Fdhu
(k)
)
. (5.8)

By equating coefficients of dvu
(k), the Euler-Lagrange equation E(Θ) = 0 is decomposed into

δhu
(1) = 0 ;

dhu
(k−1) + δhu

(k+1) = 0 , k = 1, . . . , n− 1 ;

dhu
(n−1) = 0 .

 (5.9)

The left-hand side can be regarded as the multisymplectic Dirac operator J∂ [8], in the sense
that J∂ ◦ J∂ = −Id ⊗∆ where ∆ is the standard Laplacian on forms over X. Under suitable
hypotheses, the kernel of J∂ consists of the harmonic forms on X.
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So (5.5) is associated with the multisymplectic structure

ω = dvη =
n∑
k=1

(−1)kdvu
(k−1) ∧Fdvu

(k) . (5.10)

More generally, every Lagrangian of the form

L = Θ−H(x, u) vol . (5.11)

is associated with the multisymplectic structure (5.10).

5.1 Example: TEA bundle over a two-manifold

As an illustration of the theory, take X to be a smooth oriented Riemannian two-manifold. We
need the identities

F1 = vol, F vol = 1 ,

Fdx1 =
1
√
g

(g21dx1 + g22dx2) =
√
g
(
g11dx2 − g12dx1

)
,

Fdx2 = − 1
√
g

(g11dx1 + g12dx2) =
√
g
(
g21dx2 − g22dx1

)
.

(5.12)

Now consider the form Θ on this manifold; in coordinates,

Θ = dhq ∧Fp+ dhp ∧Fr , (5.13)

where points in Ω(X) are represented by

(q, p, r) ∈ Ω0,0(X)× Ω1,0(X)× Ω2,0(X) .

Here
p = p1dx1 + p2dx2, r = r12 vol,

where q, p1, p2 and r12 are smooth functions. (We use subscripts rather than superscripts as
indices, to indicate the pairing of the coefficients with the basis that is a feature of the TEA
bundle.) Substitution into (5.13) leads to

Θ =

[
p1

g
(g22D1(q)− g12D2(q))− p2

g
(g21D1(q)− g11D2(q)) +

r12√
g

(D1(p2)−D2(p1))

]
vol .

By raising the indices on p, we obtain

Θ =

[
p1D1(q) + p2D2(q) +

r12√
g

(D1(p2)−D2(p1))

]
vol .

This is the general local expression for Θ on a smooth oriented Riemannian manifold.
Taking Θ as the part of the Lagrangian that contains derivatives, and constructing the

Euler-Lagrange equations gives the metric a more prominent role. For instance, suppose that

H vol = 1
2
p ∧Fp+ V (q)r ,
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where V (q) is a given smooth function. Then the Lagrangian L = Θ − Hvol leads to the
following multisymplectic PDE:

J1(x)D1u+ J2(x)D2u+ K(x)u = [V ′(q), g11p1 + g12p2, g
21p1 + g22p2, V (q)]T.

Here u = [q, p1, p2, r12]T and

J1(x) =


0 −g11 −g21 0
g11 0 0 0
g21 0 0 −g−1/2

0 0 g−1/2 0

 , J2(x) =


0 −g12 −g22 0
g12 0 0 g−1/2

g22 0 0 0
0 −g−1/2 0 0

 ,

and

K(x) =


0 σ1 σ1 0
0 0 0 0
0 0 0 0
0 0 0 0

 .

The coefficients σk give curvature information, and can be expressed in terms of Christoffel
symbols of the second kind by

σk = − 1
√
g

∂

∂xl
(√

g gkl
)

= g11Γk11 + 2g12Γk12 + g22Γk22 , k = 1, 2 .

(Note: The Gaussian curvature is obtained by taking the codifferential of the tangent vector
σ := σ1 ∂

∂x1 + σ2 ∂
∂x2 after first lowering its indices.)

The multisymplectic (1, 2)-form is

ω = −dvq ∧Fdvp+ dvp ∧Fdvr .

In coordinates,

ω =
√
g dvq ∧ (dvp

2 ∧ dx1 − dvp
1 ∧ dx2) + (dvp1 ∧ dx1 + dvp2 ∧ dx2) ∧ dvr12 .

Thus the vector field of vertically closed (0, 2)-forms κ has the components

κ1 = −√g dvq ∧ dvp
1 − dvp2 ∧ dvr12 , κ2 = −√g dvq ∧ dvp

2 + dvp1 ∧ dvr12 .

5.2 Example: Fluid kinematics via the TEA bundle

Consider the kinematics of an incompressible fluid on a stationary three-dimensional Rieman-
nian manifold X. Working in local coordinates, a velocity field u = ui∂/∂xi corresponds to
the one-form v = uidx

i ∈ Ω(1,0)(X), as described in [1]. Assuming that the fluid density is
constant, the incompressibility condition amounts to

δhv = 0 .

Now apply the Hodge decomposition to v:

v = dhφ+ δhΨ + v∆.
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Here φ ∈ Ω(0,0)(X), Ψ ∈ Ω(2,0)(X), and v∆ ∈ Ω(1,0)(X) is a harmonic one-form, so that

dhv∆ = δhv∆ = 0.

(If X is compact, the harmonic k-forms are in 1:1 correspondence with the de Rham cohomology
classes Hk(X); in particular, if H1(X) = {0} then v∆ = 0.) In the fluid mechanics literature
the analogous decomposition applied to u is called the Helmholtz decomposition. The two-
form Ψ corresponds to a vector potential, which can be chosen to be solenoidal without loss of
generality (§6.4 of Marshall [20]). Adopting this convention, we apply the constraint

dhΨ = 0.

Another important two-form corresponds to the vorticity, namely

ω = dhv.

To represent the above system on the TEA bundle, we use the volume form to recast the
equations as follows: 

0 δh 0 0
dh 0 δh 0
0 dh 0 δh

0 0 dh 0



φ
v
Ψ
vol

 =


0

v − v∆

ω
0

 . (5.14)

In this formulation v∆ and ω are considered to be given. So given the vorticity, inverting the
operator on the left gives the velocity field, so it is a geometric formulation of the Biot-Savart
law. The left-hand side of (5.14) is a multisymplectic Dirac operator, and the right hand side
is the differential of

H vol = 1
2
v ∧Fv + FΨ ∧ ω − v∆ ∧Fv .

For two-dimensional flows, the reduced system 0 δh 0
dh 0 δh

0 dh 0

φv
Ψ

 =

 0
v − v∆

ω

 ; (5.15)

applies; it is no longer necessary to specify that dhΨ = 0, as this holds because of the reduction
in dimension.

The above approach is of particular interest for flows that are computed on compact do-
mains. For example, when periodic boundary conditions are imposed on flow in a rectangular
or cubic domain, the cohomology is that of a (flat) torus. Consequently, the harmonic terms
are significant. By contrast, the sphere has H1(S2) = {0}, so v∆ = 0. One can also deal
with moving domains X (such as the atmosphere or ocean [11]) by replacing the second and
third equations in (5.14) by equations for the absolute velocity and absolute vorticity. Then vol
should be replaced by f vol, where f represents a potential for the part of the absolute vorticity
that is due to the motion of X.
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5.3 Construction of conservation laws

We now use the multimomentum map defined in §4 to construct some simple conservation laws,
using symmetries that arise in symplectic pattern formation [7]. The multisymplectic structure

ω =
n∑
k=1

(−1)kdvu
(k−1) ∧Fdvu

(k)

is invariant under the 2n-parameter Lie group of translations of the coefficients of u(k), for
k = 0, . . . , n. These symmetries are generated by vξ = ci ∂

∂ui
and so

vξ ω =
n∑
k=1

{
(−1)k

(
vξ dvu

(k−1)
)
∧Fdvu

(k) + dvu
(k−1) ∧F

(
vξ dvu

(k)
)}

= dv

n∑
k=1

{
−
(
vξ dvu

(k−1)
)
∧Fu(k) + u(k−1) ∧F

(
vξ dvu

(k)
)}
.

So action of the multimomentum map on the element c ∈ g is

J(x, u)(c) = λξ = ci
n∑
k=1

{
−
(
∂

∂ui
dvu

(k−1)

)
∧Fu(k) + u(k−1) ∧F

(
∂

∂ui
dvu

(k)

)}
.

For instance, if X = R2 and u = (u1, u2, u3, u4) = (q, p1, p2, r12) then

λξ = − c1
(
p1dx2 − p2dx1

)
+ c2

(
qdx2 − r12dx1

)
− c3

(
qdx1 + r12dx2

)
+ c4

(
p1dx1 + p2dx2

)
.

As λξ, L
i
α and g do not depend explicitly on x1 or x2, the condition (4.18) is satisfied provided

that H is invariant under a subgroup of the above translations. For example, if H is independent
of p1 then there is a conservation law

D1(q) +D2(r12) = 0.

As another example, consider the action of the group SO(2) on the TEA bundle above that
has the generator

vξ = −p1
∂

∂q
+ q

∂

∂p1

+ r12
∂

∂p2

− p2
∂

∂r12

.

A short calculation yields

λξ = −(qr12 + p1p2)dx1 + 1
2
(q2 + p2

1 − p2
2 − r2

12)dx2 ,

Hence, when H is invariant under this group action, the conservation law is

D1

(
1
2
(q2 + p2

1 − p2
2 − r2

12)
)

+D2 (qr12 + p1p2) = 0 .

Other conservation laws may be constructed similarly.
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5.4 Lie point transformations admitted by the TEA bundle

In this section, we examine which Lie point transformations are compatible with the multi-
symplectic structure ω on the TEA bundle. In other words, we answer the question: which
point transformations lead to a multimomentum map? For Hamiltonian ODEs with X = R
and ω = dvp ∧ dvq, the symmetry generators

vξ = Qq
∂

∂q
+Qp

∂

∂p

are related to the momentum map λξ by

vξ ω = dvλξ.

In components,

Qq = −∂λξ
∂p

, Qp =
∂λξ
∂q

.

Similarly, for multisymplectic PDEs, one can split the condition

vξ ω = dvλξ (5.16)

into n2n components.
For instance, if X = R2 and (u1, u2, u3, u4) = (q, p1, p2, r12) as before, every point symmetry

generator is of the form

vξ = Q1 ∂

∂q
+Q2 ∂

∂p1

+Q3 ∂

∂p2

+Q4 ∂

∂r12

,

where Qα = Qα(x, u). So

vξ ω = −Q1(dvp1 ∧ dx2 − dvp2 ∧ dx1) +Q2(dvq ∧ dx2 − dr12 ∧ dx1)

−Q3(dvq ∧ dx1 + dvr12 ∧ dx2) +Q4(dvp1 ∧ dx1 + dvp2 ∧ dx2) .

By equating this componentwise to

dvλξ = dv(λ
1
ξdx

2 − λ2
ξdx

1) ,

we obtain

Q1 = −
∂λ1

ξ

∂p1

= −
∂λ2

ξ

∂p2

, Q2 =
∂λ1

ξ

∂q
=
∂λ2

ξ

∂r12

, Q3 = −
∂λ1

ξ

∂r12

=
∂λ2

ξ

∂q
, Q4 =

∂λ1
ξ

∂p2

= −
∂λ2

ξ

∂p1

.

These constitute four first-order differential constraints on λξ (in contrast to the ODE case,
where λξ is unconstrained). Provided that the above partial derivatives are continuous, we
conclude that Φ = λ1

ξ + iλ2
ξ is a complex analytic function of v = p1 + ip2 and of w = q + ir12.

The remaining condition (4.18) on H and λiξ enables one to find which symmetries are actually
admitted by a given system of multisymplectic PDEs. Let z = x1 + ix2; if we regard Φ as a
function of v, w, z and z, the condition (4.18) amounts to

<
{
∂Φ

∂z
+
∂H

∂v

∂Φ

∂w
− ∂H

∂w

∂Φ

∂v

}
= 0 .
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More generally, we can repeat the above process for any base space X. For convenience, we
now use multi-index notation, denoting k-forms (with k ≥ 1) on the TEA bundle by

u
⇁
JdxJ = uj1···jkdx

j1 ∧ · · · ∧ dxjk , j1 < · · · < jk . (5.17)

The symbol ⇁ denotes that the implied sum is to be taken over ascending indices only2. For
consistency with (5.17), we denote the 0-form component of the TEA bundle by u∅.

It is useful to define dx
⇀
J to be the wedge product of all dxi such that i /∈ J (in ascending

order). So in R3,

dx
⇀
1 = dx2 ∧ dx3.

Finally, let |J| denote the number of indices in J. Then

ω =
n∑
l=1

(−1)l

( ∑
|J |=l−1

dvu
⇁
J ∧ dxJ

)
∧

( ∑
|K|=l

√
g ε

⇁
K
⇀
K

dvu
K ∧ dx

⇀
K

)

=
n∑
l=1

∑
|J |=l−1

∑
|K|=l

√
g ε

⇁
K
⇀
K

dvu
K ∧ dvu

⇁
J ∧ dxJ ∧ dx

⇀
K.

Here ε
⇁
K
⇀
K

is 1 (resp. −1) if
⇁
K

⇀

K is an even (resp. odd) permutation of 1, 2, · · · , n. Also

dvu
K = dvu

k1···kl = gk1k
′
1 · · · gklk′

ldvuk′
1···k′

l
.

Note that the only contributions to the sum come from terms for which each index in J also
belongs to K. Therefore, with

vξ = Q
⇁
J
∂

∂uJ

,

we obtain

vξ ω =
n∑
i=1

∑
J63i

(−1)ν(J,i)

(
Q⇁
iJdvu

⇁
J −Q

⇁
Jdvu⇁

iJ

)
∧
(
Di vol

)
,

where ν(J, i) is the number of indices in J whose value is ≤ i. Consequently (5.16) can be split
into n2n components by comparing coefficients of dvu

⇁
K in

dvλ
i
ξ =

∑
J63i

(−1)ν(J,i)

(
Q⇁
iJdvu

⇁
J −Q

⇁
Jdvu⇁

iJ

)
. (5.18)

The 2n unknowns Q
⇁
K can be found in terms of first derivatives of λiξ with respect to u

⇁
J; the

remaining (n− 1)2n conditions are constraints upon the functions λiξ.
If X = Rn, these constraints take a particularly simple form:

QJ =


(−1)ν(J\i,i) ∂λiξ

∂u
⇁
J\i
, J 3 i;

(−1)ν(iJ,i)
∂λiξ
∂u

⇁
iJ

, J 63 i.
(5.19)

2The notation
⇁
J is suggested in §14.1 of Frankel [12].
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For instance, for X = R3 we obtain

Q∅ = −
∂λ1

ξ

∂u1

= −
∂λ2

ξ

∂u2

= −
∂λ3

ξ

∂u3

, Q1 =
∂λ1

ξ

∂u∅
=

∂λ2
ξ

∂u12

=
∂λ3

ξ

∂u13

,

Q2 = −
∂λ1

ξ

∂u12

=
∂λ2

ξ

∂u∅
=

∂λ3
ξ

∂u23

, Q3 = −
∂λ1

ξ

∂u13

= −
∂λ2

ξ

∂u23

=
∂λ3

ξ

∂u∅
,

Q12 =
∂λ1

ξ

∂u2

= −
∂λ2

ξ

∂u1

= −
∂λ3

ξ

∂u123

, Q13 =
∂λ1

ξ

∂u3

=
∂λ2

ξ

∂u123

= −
∂λ3

ξ

∂u1

,

Q23 = −
∂λ1

ξ

∂u123

=
∂λ2

ξ

∂u3

= −
∂λ3

ξ

∂u2

, Q123 =
∂λ1

ξ

∂u23

= −
∂λ2

ξ

∂u13

=
∂λ3

ξ

∂u12

.

6 Concluding remarks

The variational bicomplex provides a natural framework for multisymplectic PDEs. By sepa-
rating horizontal and vertical derivatives, we have been able to generalize many of the key ideas
from Hamiltonian ODEs. In particular, we have found the conditions that must be satisfied by
a multimomentum map. The TEA bundle is a natural generalization of the cotangent bundle;
it gives rise to a nondegenerate multisymplectic structure that extends the canonical symplectic
two-form of Hamiltonian mechanics. These constructions give new insight into the structure of
nonlinear multisymplectic PDEs.
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