> #Maple code for example 1 of paper Parameter Redundancy and Identifiability in Hidden Markov
L Models by D.J. Cole
| > with(LinearAlgebra) :
> Dmat :=proc(se, pars)
local DD, i, j;
description "Form the derivative matrix";
with(LinearAlgebra) :
DD1 = Matrix(1 ..Dimension(pars), 1 ..Dimension(se)) :
for i from 1 to Dimension(pars) do
for j from 1 to Dimension(se) do
DDI[i,j] = diff (sel j], pars[i])
end do
end do;
DDI;
end proc:
> Hybrid ==proc (D1, pars, minpars, maxpars, ret)
local results, j, numpars, D1rand, ans, roll
description "This procedure finds the rank and alpha for the hybrid-symbolic-numeric method.
If ret = 1 returns full results. Otherwise returns model rank.";
results == Matrix(5,2) :
forjfrom 1 to 5 do
roll :== rand(minpars ..maxpars) :
numpars = seq(pars[i]=evalf (roll( )),1=1.Dimension(pars)) :
Dlrand := eval(DI, {numpars});
results[ j, 1] := Rank( Dlrand);
results[ j, 21 := NullSpace(Transpose(DlIrand)) :
end do:
if ret =1 then
ans = results :
else
ans ‘= max(results[1..5,1]) :
end if:
ans :
end proc:
> Estpar ==proc(DDI, pars, ret)
local 7, d, alphapre, alpha, PDE, FF, i, ans,
description "Finds the estimable set of parameters for derivative matrix DDI1. If ret = 1 returns
alpha, PDEs, estimable parameter combinations. Otherwise returns estimable parameter
combinations";
with(LinearAlgebra) :
r = Rank(DD1); d := Dimension(pars) -r:
alphapre = NullSpace(Transpose(DDI)) : o := Matrix(d, Dimension( pars)) : PDE :=
Vector(d) :
FF := f(seq(pars|i],i=1..Dimension(pars))) :
for i from 1 tod do
ali, 1..Dimension(pars) | := alphapre[i] :
PDE[i] = add(diff(FF,pars[j]) ‘o4, jl,j=1..Dimension(pars) ) :
end do:
if ret =1 then
ans = (pdsolve( {seq(PDE[i]=0,i=1..d)}), {alpha}, {PDE?}) :
elif ret =2 then




ans = ({alpha}, {PDE}) :
else

ans = pdsolve( {seq(PDE[i]=0,i=1.d)}) :
end if:

ans :
| end proc:
> HMMexsum :=proc(deltavector, Gammamatrix, Pmatrix, st, T')
local i, m, Prodkappa, kappa

description "This procedure finds the exhaustive summary for a HMM. Inputs: vector and
matrices of HMM, st = 1 if stationary, T no. data points";

m = Dimension(deltavector) :

kappa = Vector(T) :

if st =1 then

Prodkappa = deltavector « eval( Gammamatrix, t = 1).eval( Pmatrix, t=1);
else

Prodkappa = deltavector « eval( Pmatrix, t=1);
end if:

kappa[ 1] := (Prodkappa » Matrix(m, 1, 1))[1];
for i from 2 to T'do
Prodkappa := Prodkappa.eval( Gammamatrix, t =i).eval( Pmatrix, t =1i) :
kappali] :== (Prodkappa » Matrix(m, 1,1))[1];
end do:
kappa
end proc:
> # Setting up matrices and vector that define the model
> m:=2:
> deltavector == (delta[1]|1 —delta[1]);

deltavector = [ o, 1—39, } 0))

> Gammamatrix == Matrix(m, m) :
for i from 1 tom do
forjfrom 1 tom — 1 do
Gammamatrix[i, j] := gammali,j]:

end do:
Gammamatrix[i,m] == 1 —add(gammali, jl,j=1.m—1):
| enddo:
> Gammamatrix
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> # When there are 3 data points:
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> T:=3:
> kappa := HMMexsum(deltavector, Gammamatrix, Pmatrix, 1, T);
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(> DI = Dmat(kappa, pars) :
> = Rank(D1); d == Dimension(pars) —r;
r=3
i d:=1
| >
| > T:=4:

;> kappa := HMMexsum(deltavector, Gammamatrix, Pmatrix, 1, T) :
> DI := Dmat(kappa, pars) :

(> = Rank(D1); d == Dimension(pars) —r;
r=4
d:=0

>
| >
| > # Local identifiability too complex to solve

| > #solve({seq(kappali]=k[i],i=1.4)}, {seq(pars[i],i=1.4)});
| >

| >

>

m:=3:
deltavector == (delta[ 1 ]|delta[2]|1 —delta[ 1] —delta[2]);

deltavector = 51 52 1 — 51 — 82

> Gammamatrix == Matrix(m, m) :
for i from 1 tom do
forjfrom 1 tom — 1 do
Gammamatrix[i, j] := gammali,j]:
end do:

| enddo:
> Gammamatrix
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Gammamatrix[i, m] == 1 —add(gammal[i,j],j=1..m—1):
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> Pmatrix := DiagonalMatrix( Pyvector);
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j> T:=28:

> kappa := eval( HMMexsum(deltavector, Gammamatrix, Pmatrix, 1, T), {x[1]=1,x[2]=2,x[3]
L =L x[4]=2,x[5]=1x[6]=1x[7]=1,x[8]=1}):

> indets(kappa)
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> DI = Dmat(kappa, pars) :
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| > 7:=9:

L =L x[4]=2,x[5]=Lx[6]=1x[7]=1,x[8]=1,x[9]=1}):
> indets(kappa)
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> DI = Dmat(kappa, pars) :
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> Hybrid(DlI, indetpars, 0.0, 1.0, 1)
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| >
| > # Setting up matrices and vector that define the model
| > m=2:

> deltavector := (delta[1]|]1 —delta[1]);

> kappa := eval(HMMexsum/(deltavector, Gammamatrix, Pmatrix, 1, T), {x[1]=1,x[2]

(14)



deltavector := [ o, 1—39 } (15)
> Gammamatrix = Matrix(m, m) :
for i from 1 tom do
forjfrom 1 tom — 1 do
Gammamatrix[i, j] := gammali,j]:
end do:
Gammamatrix[i, m] == 1 —add(gammali,jl,j=1.m—1):
end do:

> Gammamatrix = eval( Gammamatrix, {’yl =1 cpi[l,2], A 1=c-pi[2, 1]});
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| > Pyvector := <Seq( exp( -lambdal j]) -lambda[j]x[t],j =1 m)> :
> Pmatrix := DiagonalMatrix( Pyvector);
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:> # When there are 3 data points:
>
[> T:=3:
> kappa := HMMexsum(deltavector, Gammamatrix, Pmatrix, 1, T);
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> pars = <c Ay, Ay, iy 5, Py 1>;
c
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(> DI = Dmat(kappa, pars) :
> = Rank(D1); d == Dimension(pars) —r;
r=23
d:=2 (21)

;> T:=4:
> kappa == eval (HMMexsum(deltavector, Gammamatrix, Pmatrix, 1, T), delta[ 1] = % ) :

(> DI = Dmat(kappa, pars) :

(> = Rank(D1); d = Dimension(pars) —r,

r=4¢4
i d:=1 (22)
> Estpar(D1, pars, 1);
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> # Reparameterisation:
> m:=2:
> deltavector == (delta[ 1]|1 —delta[1]);

> Gammamatrix == Matrix(m, m) :
for i from 1 tom do
forjfrom 1 tom — 1 do

end do:

end do:

Pmatrix =
> T:=4:

| > pars = <Bl, B, 7»1, 7»2> :
> DI = Dmat(kappa, pars) :

> kappa[ 1]

+
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deltavector := [ 51 1 —51 }

Gammamatrix[i,j] = gammali, ] :

Gammamatrix[i,m] == 1 —add(gammali,jl,j=1.m—1):

> Gammamatrix = eval( Gammamatrix, {Yl 1= 1 —beta[1], %= beta[2 ] } );

I_Bl Bl
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Gammamatrix =

> Pyvector := <seq(exp(—lambda[j])-lambda[j]x[t],jz1..m)> :
> Pmatrix := DiagonalMatrix( Pyvector);
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> kappa := eval (HMMexsum(deltavector, Gammamatrix, Pmatrix, 1, T), delta[1] = % ) :

(> = Rank(D1); d := Dimension(pars) —r,

r:=4
d=20
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