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SUMMARY

We propose an alternative to Kendall’s shape space for tigfteshapes of configurations R™

with & labelled vertices, where reflection shape consists of alpgometric information that is invariant
under compositions of similarity and reflection transfotimas. The proposed approach embeds the
space of such shapes into the spa&fg — 1) of (k — 1) x (k — 1) real symmetric positive semi-
definite matrices, which is the closure of an open subset afdidean space, and defines mean shape
as the natural projection of Euclidean mean®ifk — 1) on to the embedded copy of the shape space.
This approach has strong connections with multidimensisnaling, and the mean shape so defined
gives good approximations to other commonly used defirstiohmean shape. We also use standard
perturbation arguments for eigenvalues and eigenvectoobtain a central limit theorem which then
enables the application of standard statistical techsigoshape analysis in > 2 dimensions.

Some key wordsCentral limit theorem; Procrustes mean shape; Reflecti@ape, Tangent
space projection.



1. INTRODUCTION

In many applications one is interested in the shape of ancgbjenere location, rotation
and scale can be ignored. Statistical analysis of shapansnomly based on either Kendall’'s
(1984) or Bookstein’s (1986) shape spaces. Both of thesevesgions of shape spaces are
curved rather than flat, and so standard statistical resal&suclidean spaces cannot usually be
applied directly to shape analysis. In the past two decadss,anuch progress has been made
both in theory and applications. For example, the classiethod of taking arithmetic averages
is inappropriate for the estimation of the mean shape andngrather possibilities, the ‘partial
Procrustes estimator’ and the ‘full Procrustes estimgt®dodall, 1991; Kent, 1992) have been
proposed and widely used in practice. Also, if the shapebhefiata configurations are highly
concentrated, we can project the shapes of the data cortf@usan to, in effect, the tangent
space to the shape space; to be more specific, we could userad®es projection to project
the data on to the tangent space at the Procrustes mean $hapesince the tangent space at a
point of a Riemannian manifold is a Euclidean space, we mplydpchniques that are suitable
for Euclidean data to the projected data.

Since most shape spaces are unfamiliar spaces, as expiaiKeddall et al. (1999), itis
not always easy to work with these concepts in practice,asibewhenm > 3. Except for
the full Procrustes estimator for planar shapes, there isloged form for Procrustes means:
their computation is based on computer algorithms whichtake a long time to run for large
samples of data. The tangent projection technique is atdnated to concentrated data in order
to obtain a reasonable conclusion. In this paper, we propnsaternative to the existing ap-
proaches to statistical reflection shape analysis, wheresftection shape of an object consists
of all the geometric information that is invariant under quositions of similarity and reflection
transformations. Our approach is based on an embeddingeafeftection shape space in a
suitable space of matrices, which has the advantage of imakamy computations more famil-
iar and easily handled. It also gives an easily computablennséape and the comparison of
mean shapes so defined with other mean shapes shows thasticases, the former are good
approximations to the latter. The central limit theorent tha shall establish allows us to apply
many standard statistical results to statistical analylsshape. Moreover, the fact that this rep-
resentation applies only to reflection shapes, rather thapes, is a relatively mild restriction
as it is essentially equivalent to working on ‘one half’ obple space and, for the majority of
applications, this is automatically the case: there aremaoty applications where one needs to
consider both a shape and its reflection. Neverthelessctiefieinformation can be recovered
in the analysis with the use of a suitable parity function lo@ teflection shape space, taking
values+1 and—1, say. Separate analyses would then be performed on themsplesaf shapes
with parity +1 and the complementary subsample with pasitl:.

The multidimensional scaling approach described in thpepaas a number of connections
with other work: Kent (199457) discusses this approach when= 2 and notes that it extends



readily to higher dimensions; Chikuse & Jupp (2004), wheds tests of uniformity in shape
spaces, consider essentially the same projection on tartbedded shape space as we do, and
also discuss the Bingham distribution in this context; dreBEuclidean distance matrix analysis
of Lele (1993) and Lele & Richtsmeier (2001) is also clos@lated, in that both approaches
use the relevant parts of the space of symmetric positivedefimite matrices to represent their
objects. However, the work of Lele (1993) and Lele & Richtgné2001) focuses on form, i.e.
size-and-shape, whereas we focus exclusively on shapedédinition of mean shape ensures
that it lies in the space of reflection shapes and what it gs/gsgeneral not a simple projection
of the mean form of Lele (1993) and Lele & Richtsmeier (200T)e central limit theorem that
we shall establish is related to our mean shape. It holdsrfgrdéstribution on the reflection
space in common use, and in particular those induced froodntanks.

Other related work includes Bhattacharya & Patrangenad0322005), Bandulasiri & Pa-
trangenaru (2005) and an unpublished 2006 Texas Tech Uitiw&h.D. thesis by A. Bandu-
lasiri. This body of work has close connections with the digwments here, but there are also
important differences. The most substantial of these wiffees is that, while they work in
a general differential-geometric framework, we work in sps of matrices and exploit useful
structure which allows us to represent relevant tangerdespas linear subspaces of the original
matrix spaces.

In summary, the main purpose of this paper is to develop a atatipnally convenient
framework for inference for shapesin > 3 dimensions. This approach is particularly useful
when the sample size, or the number of landmarks, is large.

2. A REPRESENTATION OF REFLECTION SHAPE SPACE

The reflection shape of a configuration®fi* with & labelled vertices, where without loss of
generality we shall assume thiat> m, is its equivalence class under compositions of transla-
tions, scalings, rotations and reflections. Therefore sgpace of reflection shapes of configu-
rations inR™ with k labelled vertices is the quotient space by a reflection ottreesponding
shape space.

Following standard practice in shape analysis, we reptessch configuration ifR™ with
k labelled vertices by am x k& matrix where itsith column comprises the coordinates of the
ith vertex of the configuration. Then, using the standard leeirsubmatrix widely used in
shape analysis to remove the effect of translation, sedeyglen & Mardia (1998), the class of
configurations which differ from each other only by tranglat and scaling can be represented
by anm x (k — 1) real matrix X with tr(X"X) = 1. The spaceS* of such matrices is
called the pre-shape sphere and is identical with the utiegpinR"™*~1: see Kendall et
al. (1999, p. 3). In particular, the tangent spage(S”) to S* at X can be identified with
{Y € X571 tr(XTY) = 0}, wherex ~1 is the space ofr x (k — 1) real matrices.



Let P(k) denote the space &fx k positive semidefinite real symmetric matrices and let
Pu(k) ={P € P(k)|1 < rank(P) < m, tr(P) = 1}.

In both of these spaces, we define distance in terms of thédgad normi| A|| = {tr(AT A)}!/2
in standard fashion.

Consider the map
St —Plh-1); X— XX (1)

Theimage ofris P,,,(k—1) andr(X,) = m(X,) ifand only if X; = T'X, for someT’ € O(m),
whereO(m) is the space ofn x m orthogonal matrices. It then follows from an argument
similar to that in Carne (1990) th@,,(k — 1) is homeomorphic to the reflection shape space of
configurations irR™ with £ labelled vertices. We shall accordingly uBg (k — 1) to represent
that shape space. This representation is an embedding oéfleetion shape space into a
Euclidean space. Note that a similar representation fopeslspace has been used in Kendall
(1990) for the investigation of the behaviour of shape dgiffin, and in Chikuse & Jupp (2004)
for the testing of uniformity of reflection shapes. Anothénigar representation for shape
space has been widely used in statistics for planar shapesfos example Kent (1992) and
Bhattacharya & Patrangenaru (2003, 2005), where the pofi§ are identified with(k — 1)-
dimensional complex unit vectors and the correspondingebpace is represented by the space
of (k — 1) x (kK — 1) complex Hermitian projection matrices of rank 1.

For the purpose of the following statistical analysis, wedto identify the tangent space to
P, (k — 1). To this end, we note that, for any € S andY € 7y (S%), if X(¢) is a curvein
Sk with X (0) = X and initial tangent vectady’, that is,X (0) = Y, then

dr{X(t)} d{X1)TX (1)}
dt dt o
= XO)'X0)+XO0O)'X0)=Y"X+X"Y.

t=0

Hence, the differential=(X) of = at X is

dn(X): Ty (Sh) = Terx{Pmlk = 1)} Y=Y X + XY 2

It is useful to decomposg, (S* ) into the orthogonal sum of the vertical subspace, whose
vectors correspond to directions in which shape, as opposeie-shape, does not change, and
its orthogonal complement, the horizontal subspace; seeldkeet al. (1999, p. 109). Since
the vertical subspac®)y, of 7y (S¥) at X is the kernel of the differentialr(X) of = at X, it
can be written as

Vi = {YeXuXY)=0, Y X+XTY =011}
= {YeX ! tr(XTY) =0, tr(YTXS) =0 for all symmetricS},



and its orthogonal complement, the horizontal subsgégeis given by
Hxy = {XS|tr(XTXS)=0, S=8"}.

The restriction ofir(X') to Hy is a bijection frontH x to the tangent spacg, + . {Pn.(k — 1)}
toP,,(k — 1) atX " X, and hence (2) shows tha@t. . {P,.(k — 1)} can be identified as

T x 1Pk — 1)} ={XTXS+SXTX|tr(X"XS)=0, S=5"} (3)

To simplify the identification of (3), we use the spectral aposition of the symmetric

matrix X " X. That provides an orthonormal bagis; | 1 < i — 1} of R*~! comprising the
eigenvectors OKTX and the corresponding nonnegatlve elgenvalues Ao = ... =2 Ay >
0=...=0,with Z A\; = 1, such thatY "X = Z Nuzu;, = UAUT, whereU denotes the
=1
orthogonal matrix Whos&h columnisu; andA = diag(Ay, ..., A, 0,...,0). Since
{u, |1<i < —1}U{uu +uju, |1 < k—1}

expresses a basis for the space/of- 1) x (k — 1) real symmetric matrices in terms of the
orthonormal basigu, | 1 < ¢ < k — 1}, it follows from (3) that, if rankKX') = m, then

Tt x1Pm(k—1)}

:{s S:U(AZL B )UT,Am:A;,tr(Am)zo}.

B Ok—l—m,k—l—m
Clearly, 7,.+ {Pn(k — 1)} is a Euclidean space of dimensigm (2k —m — 1) — 1. Moreover,
(4) implies that, forA defined as above,

S:<Am B ),Am:A;,tr(Am)zo} (5)

T
B Ok—l—rmk—l—m

(4)

T {PM(k - 1)} = {S

and that
TUAUT{Pm(kj - 1)} =U Tz {Pm(k - 1)} UTa (6)

with conjugation byU being an isometry, with respect to the induced Euclidearriosetbe-
tween the two tangent spaces. When &k = r < m, the above statements still hold pro-
videdm is replaced by-.

For statistical analysis, it is sometimes more conveniemxpress matrices in the tangent
spaceT, {Pn(k — 1)} as column vectors of dimensidm:(2k — m — 1) — 1. We do this by
first consideringr, {P..(k — 1)}. Using (5), we mag € 7, {P,.(k — 1)}, in a nonstandard
manner, to the column vectqg, of dimensiorgm (2k — m — 1), given by the elements on and
above the diagonal &f, excluding those that are always zero:

1 1 1 1 1 1
~ = = = = = = T
dg :(slla"'7$mm7223127'"722sl,k—1722823a"'722827143—17"'7228m,m+1a"'7228m,k—1) .
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The factor22 appears before the components corresponding to the nardibglements of
S since these elements contribute twice to the square of thra fi§]|> = tr(S?). Then, to
account for the constraint(S) = 0, we define

qs = His, (7)

H Hm—l,m O
0 I% m(2k—m—3) 7

andH,,_1 ,, is the standard Helmert submatrix defined in Dryden & Mard206@, p. 34). Itis
easy to see that the map— ¢ is an isometry. Thus, a representationzQf{P,,(k — 1)} in
terms of column vectors of dimensigm:(2k — m — 1) — 1 is given by

where

{as : S e Ty {Pu(k—1)}}. (8)

To obtain the corresponding representation for the tanggate7, - . { P, (k — 1)}, where
XTX =UAUT, we take the following orthonormal basis of {P,.(k — 1)}:

{i(i+1)}72 (iEz'+1,z'+1 -2 Ejj) I<ism—1
j=1

Wi = (9)

1 . .
272 (Eji—t45 + Bictj44j) i <i<ljp, 1< j<m,

wherel < i < im(2k —m —1)—1;(; = m+ (j — )k — j(j + 1)/2; and E is the
(k — 1) x (k — 1) matrix whose(s, t)th entry is 1 and whose other entries are all 0. Here,
we have taken the standard orthonormal basis of the spagenofistric matrices and adjusted
the diagonal members, in the manner of Helmert, to ensurtethlest have trace zero. Then
theith component of;¢ is equal totr(SW;), the component of with respect tdV;, and so
the representation (8) is the column vector of coordinatee@matrix.S in 7, {P,.(k — 1)}
with respect to the basis (9). On the other hand, if we usedbmeétry (6) to determine the
orthonormal basis

{UW,UT |1 <i< dm(2k—m —1) — 1}

of 7+ {Pm(k —1)}, then the coordinate vector 6f€ T, { P (k — 1)} with respect to this
basis is the same as tha,: ¢, of itsimagel/ ' SU in 7, {P,,(k—1)} with respect to the basis
(9), and this will be our chosen column vector representeiio matrices in7, + . { P (k—1)}.

Finally, we consider, for any’ € P,,(k — 1), the orthogonal projectio .+ . (P) of P —
X TX onto the tangent spacg, + . { P, (k — 1)}. Write

(3 0-(30)
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Then, it can be checked that, wh&n= diag(\;,..., Ay, 0,...,0) as before,

Yp(P) = 12(P) —A- %tr{ﬁ(P) —A} ( [g Og—1- Ok;—l— )

(10)

wXTx(P) - U¢A(UTPU)UT,

with the second formula following from the first on accounttbé isometry (6). Note that
Y1« (P) so defined is symmetric, has zero trace and lies in (3). M@eav the notation of

(7),

gwaTX(P)U = Gy, (T PUY’ oy + P = Dy, 0T PUY (11)

3. MULTIDIMENSIONAL SCALING MEAN REFLECTION SHAPE

Using the representatidR,,(k — 1) of the reflection shape space, we may define the mean
reflection shape of a random configuration as follows.

If P € P(k — 1) has spectral decompositidh = VQV' ", whereQ = diag(w, ..., wr_1)
consists of the ordered eigenvalues> ... > w;_; > 0of PandV = (vq,...,v,_1) is the

k—1
matrix whose columns are the corresponding orthonormareigctors, thel® = >~ w;v;v,
=1
and, if we writeg for the natural projection oP(k — 1) \ {0} on toP,,(k — 1), then
1 m
P)= ———— Wil .
o(P) w1+...—|—wm; ¢

Note that this projection oP on toP,,(k — 1) is unique if and only ifv,, > w,11.
Let X be a random matrix i5* and write= = E(X ' X) for the symmetric nonnegative
definite(k — 1) x (k — 1) matrix which is the expectation of ' X.
DEFINITION 1. If X is a random matrix inS* , then¢ (=) is called the meaw-shape ofX .
Remarkl. A condition for the meaw-shape to be unique is now given. WriteAU ™ for the
spectral decomposition &, whereA = diag(dq,...,d,_1) andd; > ... > &1 > 0. Since
tr{B(XTX)} = E{tr(X " X)} =1,

it follows that= € P,,(k — 1), and therefore a meaftshape ofX can always be defined, and
is given by

i=1
where\; = 6;/(0; + ... + J,,). The meanp-shape is unique if and only &, # 4,,.1. When

om = dmy1, ®(Z) consists of a set of matrices #,,(k — 1), rather than a single matrix; see
Zeizold (1977).



The meang-shape so defined is the ‘extrinsic’ mean reflection shapk wespect to the
embedded cop®,,(k—1)\P,.—1(k—1) of the nondegenerate component of the reflection shape
space inP(k — 1), in the sense of Bhattacharya & Patrangenaru (2003, 20@bHandriks &
Landsman (1998). lfn = 2, we can represent the pre-shapeg by- 1)-dimensional complex
unit column vectors. Then, if we embed the shape space into the space of1) x (k — 1)
Hermitian matrices as the space(&f— 1) x (k — 1) Hermitian projection matrices of rank
1 as discussed in the previous section, the widely used folirBstes mean shapes are just
the projections of'(zz*) on to such a space, wheté denotes the transpose of the complex
conjugate ot. Hence, the definition of meastshape has parallels to that of the full Procrustes
mean of planar shapes. Also, there is some similarity batvwee meany-shape and that of
Lele’s Euclidean distance matrix analysis mean form; sde [(£993). The latter involves a
correction for bias under Gaussian models, but is apprigpfaa mean form rather than mean
shape.

In addition to the obvious advantage of being easy to compluemeany-shape so defined
has the following basic properties.

(i) Forany fixed(k—1) x (k—1) matrix A of full rank, the means-shape ofX A is p(ATZA).
In particular, if A € O(k — 1), then the meaw-shape ofX A is AT¢(=)A and so the mean
¢-shape ofX U isdiag Ay, ..., Ay, 0,...,0).

(i) If X is a uniform random matrix o*~* then, by symmetryz is a diagonal matrix and
its diagonal entries are all equal andZo= (k — 1)~'I;_;. In this case, the meaprshape

is not unique ift — 1 > m, and the set of meap-shapes is identical to the Grassmannian of
m-planes in(k — 1)-space. Note that, if the vertices of a configuration are petelent and
identically distributed with aV(u, o%1,,) distribution, then the corresponding is a uniform
random matrix.

(iii) Suppose thaf\y, ..., X,, are random configurations such tif X, ..., X[ X, are inde-
pendent and identically distributed with the same distitouasX ™ X. Write= = n~' 3 X X,

=1
with corresponding spectral decompositisn= UAUT. Assume for simplicity that,, =

dmi1, SO that the mean-shape ofX is uniquely defined. TheR is a strongly consistent esti-
mator of= and so the sample meanhapegb(é), is a consistent estimator of the meashape
#(Z), by continuity of the mag onP,,(k — 1) \ Pr_1(k — 1).

Kent (1994) introduced the sample multidimensional sgairean for two-dimensional data,
and some discussion for higher dimensions was given in Drgl#&lardia (1998, pp. 281-2).
These authors described this type of mean for both mean fodhmeean reflection shape, where
the mean form incorporates scale information while the nreflaction shape does not. In the
current paper, we focus on mean reflection shape only.



4. A CENTRAL LIMIT THEOREM AND STANDARD ERRORS

Assume thatX is a random matrix irS* , wherek > m, and thatX has rankm with prob-
ability one. LetX;,..., X, be such that\| X;,..., X X, are independent and identically
distributed with the same distribution &5" X'. As in the previous section, wrifé = F(X " X)

and= = n! S X, X;, with corresponding spectral decompositidghs= UAU " and= =
=1
UAUT.
By the multivariate central limit theorem, the distributiof G,, = n'/%(Z — =) converges to
a Gaussian distribution with zero mean. két= (g;;) denote a symmetric random matrix with
this limiting Gaussian distribution. The covariance mati G can be determined by

cov(9ij, gst) = cov(x;xj, x;rxt) = E(xjx]x;rxt) — E(xjxj) E(:E;rxt), (12)
wherez; denotes théth column ofX.

Write G* = UTGU = (g}). ThenG" is also a symmetric Gaussian random matrix.
THEOREM 1. If §,,, # d,,.1, then
n'*{$(2) - $(2)} — 7,
in distribution, whereZ is a symmetric Gaussian matrix with zero mean given by

Z = ﬁ {UG“UT —~ (; g;.;) ¢(5)} , (13)

and where the entries of the symmetric ma@ix= (g;;) are determined by

9ij I<i<j<m
g5 = ——gf 1<i<m<j<k-1 (14)
5 — 6,
0 m<i<j<k-—1

Proof. For simplicity, we assume that has distinct eigenvalues. However, the following argu-
ment, as well as the result, generalizes to the case withtbhalgtated assumptior, # 6, 1.

Forj=1,...,m,let\;, = 6;/(0; + ...+ 6,,) as before and defing in terms of the); in
parallel fashion. From the identity

~

5\7«'&7«'& /3 3 i i
it follows that

m

n'?{p(2) — ¢(2)} = n'/? Z(S‘z — M)ugu] +n'? Z Nt — ) + o, (1).

i=1 i=1



Since

. 5 — 6 s m.o
V2 oyl 070 ap A N s ]
i ey Sl 51+...+5m;(53 %) + 0y (1)

and since, using Watson (1983, Appendix B), in distribution

w(, T T
nl/2 (5] — u]) — Z g% (uju +wu))

i 0 =9

n'/? <(§z - 52‘) = Yis»

we have that

WHOE) - 6E)} = sy

m

nl/2 mo .
R SL D B

i=1
+nt/? Z (] — uu) ) + o, (1)
i=1

converges in distribution to

1 - T e wu, + ulujT
e R I D e o
St tom | 20 2 T

i

1 = . _
0 4...+06 <Zgﬂ> (=)
m j=1
m m k—1 T T
1 w T o Uity T U
- 51+...+5m{29mw% D LD I e

~ : . 0; — 0;
i,7=1 =1 j=m+1

as required. O

The expression (14) shows that is a symmetric matrix with the bottom right-haiid —
1 —m) x (k—1—m) submatrix equal to zero and (13) shows th&t) = 0. It then follows

from (4) that the limit Gaussian matriX is actually a random matrix on the tangent space
Ty { Pk = 1)}.
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Note also that the convergence stated in the theorem is aatahvergence of the tangent
space projection of the difference between the sample medrtrae mean and so it is not
a special case of the central limit theorem presented intBtladrya & Patrangenaru (2003).
However, for the tangent projectiaf, - {¢(Z)}, defined via (10), of(Z) — ¢(Z) on to the
tangent space tP,,(k — 1) at the meam-shapey(=), we have the following result.

COROLLARY 1. If 6,,, # 6,,.1, then
n',={0(2)} — Z,
in distribution, whereZ is given as in Theorerh
Proof. It follows from Theorem 1 that
nY {@(UTEU) — A} — U ZU,

in distribution. On the other hand; is a linear operator leaving any symmetric matrix with
zero bottom right-han¢k — 1 — m) x (kK — 1 — m) submatrix fixed, from which it follows that
Y(A) = Aandy)(UTZU) = UT ZU. Hence, we have, in distribution, that

n2{o(UTEV)} — A = n'2{¢(UTEU) — A} — (U ZU) = U ZU,

n?te[p{p(UTZU)} — A] — tr(UT ZU) = 0.
By the first identity in (10), this shows that

n'?y, {p(UTEU)} — UT 2,

in distribution, and then the required result follows frane tsecond identity in (10). O

To analyze the standard errors, we express the projectjon{s(=)} of ¢(Z) — ¢(Z) on
to the tangent space 1@,,(k — 1) at the mean shapg=) as a column vectay -, eny
d(E) VAT

: : a1 o : . _ -
of dimensionh = ;m(2k —m — 1) — 1, defined in (7). By (11), we haV%Tw¢<E){¢(é)}U =

~ . 1/2 . . .-
qu.{qﬁ(UTéU)} and then it follows .from the C(?rollary that qu{¢(UT§U)} converges in distri
bution to g, ,,;, and thatg,- ., is a Gaussian random vector with zero mean. LLdte the
covariance matrix ofy - ,.;, assumed to be of full rank. Then,Iifis the (h + 1) x (h + 1)
covariance matrix o, ,.;, we havel’ = HTHT. It now follows from Corollary 1 that

T -1 _ T -1
My, 0@ Q0T o @ = My, szl 4y, ey (17)

has a limitingy? distribution. An asymptotically equivalent, but more udefersion of (17) is
obtained by interchanging the observed and true quantdige

~

r

~

—1 _ T —1
Gy, . (o@n0 = My pomzonl by om0y

.
Moy, o (6EN0 o)

?(2)
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wherel is the natural sample analoguelaf This statistic also has a limiting? distribution.
It can either be used directly for inference or can be usedhboastrap procedure for one or
several samples. Explicit expressionsfoandI are given in the Appendix.

An alternative possibility, not considered further hergto represent the population and
sample mean-shapes as unit vectors and then use bootstrap procedurgstfoectors which
have been developed for inference in one and several sansgles-isher et al. (1996), Bhat-
tacharya & Patrangenaru (2003, 2005) and Amaral et al. (RO0@ be more specific, we

=1 i=1
(A2u] .. A%ul)T, with a corresponding unit vector representatiab *a ], ..., Ay a,))T

m m

for the sample mean shape.

5. COMPARISONS

5-1. Comparing mean shape estimators

We now discuss the relationship between the sample mestmape defined in this paper
and various commonly-used mean shape estimators, inplartithe full and partial Procrustes
sample mean shapes. Suppose fiat. .., X,, are given on the pre-shape sphé&fe. For a
general pre-shap¥ € S* , write [ X] for the corresponding shape, where the latter is defined as
the equivalence class of pre-shapes with the same shaYesee Dryden & Mardia (1998, p.
56) and Kendall et al. (1999, p. 12). Then we denotéXyy the mean shape @K, ], ..., [X,],
with respect to the penalty functian if [X,] minimizes

wherep; = p([X;], [X]) is the Riemannian distance betwegefy] and a variable shape],
and the penalty functiop is usually taken to be positive and increasing wjth) = 0; see
Kent (1992) and Dryden & Mardia (1998, pp. 87-95), whereaasicandidates fay have been
proposed. In particular, the full Procrustes mean shapesponds tg(p) = sin?(p), the par-
tial Procrustes mean shape correspondg(to = sin(p/2), and the mean shape with respect
to the Riemannian distance correspondg/te) = p>. The mean shape with respect to the
penalty functiory is identical to the maximum likelihood estimate of shapetifier rotationally
symmetric shape distribution with density

co(r) " exp{—rg(p)}, (19)
with respect to the uniform measure; see Dryden (1991) agddr & Mardia (1998, p. 198).

Note that[X] is a shape, as opposed to a reflection shape, whereasshape, as defined
in this paper, corresponds to the identification of a shapkitarreflection[X| and[X #], say;
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given X, we may choos&” to be a matrix of the formi.X, whereA is any matrix inO(m)
with determinant-1. Then the reflection shape &f is given by the union of the equivalence
classesX| and[ X 7.

Let X, be a given point irS* and writep; for the Riemannian distance between the shapes
of X; and X,. Then, we may express eadh in terms of X, as
R; X; = cos p; Xo + sin p; Z;, (20)

for someR; € SO(m), whereSO(m) denotes the space af x m rotation matrices, and
Z; € S*1is such thatr(X,Z,) = 0 and X, Z; is symmetric; see Kendall et al. (1999, pp.
107-11). Note thaf; is in fact the normalized Procrustes tangent projectioXpft X,; see
Kent & Mardia (2001).

We first state a necessary condition, in termg,adnd Z;, for the shape ok to be the mean
shape ofXy, ..., X,,, with respect to the penalty functign

LEMMA 1. Assumethap; < w/2fori =1,...,n. If [X,] isthe mean shape pX1], ..., [X,)]
with respect to the continuously differentiable penaltyction g, then

2”: 9'(pi) Zi = 0. (21)
i=1
In particular, if [X,] is the full Procrustes mean shape|df |, .. ., [X,], then
zn: sin(2p;) Z; = 0; (22)
i=1
and if [ X,] is the partial Procrustes mean shape[4f |, .. ., [X,], then

> “sinp; Zi = 0. (23)
=1

Proof. If we regard the Riemannian distangeas a function of the shap&,|, the correspond-
ing Z; is just the horizontal lift of the tangent vectgrad p; to the tangent space &, at X.
On the other hand X, | is the mean shape X, |, .. ., [X,,] with respect to the penalty function
g if and only if the function (18) achieves its global minimumntiae shapéX,|. This implies
that if X,] is the mean shape @K, |, ..., [X,] with respect tgy then, at.X,|, we have

grad (Z g(m)) = ¢'(pi) gradp; = 0.

=1
Since the horizontal lift is a linear isometry, the abovedsigalent to the horizontal lift of the

tangent vectod _ ¢'(p;) grad p; to the tangent space &f, being a zero vector; that is,
=1

> d(m)Zi =0,
=1
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as required.

Taking g(p) = sin’(p) andsin®($p), we obtain the special conditions (22) and (23) for the
full and partial Procrustes mean shapes respectively. O

One application of the lemma is to compare, in small neighbods, the sample mean re-
flection shape calculated using the penalty functigrend the sample meanshape.

THEOREM 2. Assume that the penalty functigrhas the property that, for some constants
a # 0andpg, ¢(p) = ap + Bp® + o(p?) asp — 0. Let the shape of(, € S* denote
the sample mean shape with respeciytof a sample of pre-shapek,, ..., X, and write
pi = p([Xo], [Xi]), i = 1,...,n, for the Riemannian distance betweéfy| and[X;]. Fix n and
suppose thamax’_ , p; < ¢ wheree is small. Ther| X, X, — ¢(Z)|| = O(€?), where¢(Z) is
the sample mean-shape ofX;, ..., X,,.

Proof. On the one hand we have, by (20),

(1
|

M=

>
_|

>

-
3
—

1 n
> (cos i) X Xo+ — > (sin p; cos i) (X Zi + Z Xy)

1 n =1

+ I3
SRl

-
Il
—

(sin /%')2 Z! Z;

= X

S

1 n
Xo + - > pi(Xq Zi + Z] Xo)
i=1
12 12
— =Y i Xg Xo+ =2 piZ] Z;i 4 o(€?)
n =1 n =1

and, on the other hand, the equality (21) holds by the Lemrhotvever, under the assumptions
of Theorem 2, (21) becomes

; piZi = —g ; i Z; + o(€%),

so that we can simplify (24) to
S _ v’ 5n2T T 1n2‘|’ 1n2T 2
“_XOXO_—Zpi(XOZi_‘_Zi XO)_E;piXOXO"i_g;piZi Zi+o(e7). (24)

We now apply the map to each side of (24). Using standard perturbation analgsisifen-
expansions of matrices, see for example Sibson (1979),@icaon of ¢ to the right-hand side
(24) yieldsX] X, + O(¢?). Thereforel|¢(Z) — X, X, = O(€?) and the proof is complete.[]

The following tables present a numerical comparison of mgahapes with the full and
partial Procrustes means using simulated samples of tleetieth shapes of random configura-
tions having distributions of the typ®¥ (u, o%1,,, ® I;.), wherey is a configuration of; labelled

14



vertices inR™. In particular, we look at the cases where the pre-shapeisfinm x (k — 1)
matrix with singular value decompositidi(A/||A|l, 0 k—m-1)V T, WhereA is of the form

A:{ diag{1, ¢} m =2

diag{1,1,¢/} m =3,

|A|| denotes the Euclidean norm &f U € O(m) andV € SO(k — 1). Without loss of
generality, we assume thaét = [, andV = [,_;. Note that, if¢ = 1, the shape of: is
that which is furthest from the collinearity set of the shapace; see Kendall et al. (1999,
p. 130) for details. A¥ increases, the distance between the shape arid the collinearity
set decreases, and it approaches zerbtaads to infinity. A simulation example is presented
in Table 1. For sample sizes of = 30 andn = 100, and for various values of and of/
which determine respectively the variance parameter oirttieced shape distribution and the
Riemannian distance of the shape.dfom the corresponding collinearity set, we generfdte
random samples of size. For each such sample, we calculate its meahape as proposed
in this paper, denoted by M, its partial Procrustes meaneshith reflection, denoted by P,
and its full Procrustes mean shape with reflection, denoyeB. -or 100 simulated datasets
the corresponding mean and standard deviation of the Rielaradistanceg on the reflection
shape space between the different estimators are given.

INSERT TABLE 1 ABOUT HERE

The results in the table clearly show that these means aiasimeach other for = 0.01
ando = 0.1, although the mean-shape is further from the other two Procrustes estimators o
average. The meatrshape is particularly far away whén= 100, i.e. near the collinearity set.
The meanp-shape is not particularly close when= 0.5, in which case the small-distance as-
sumptions do not hold. The findings are similar for both sangies, with standard deviations
usually smaller for the larger sample size, as expectedaa@ge Riemannian distance a little
smaller too. Exceptions can be seen for the near-collinase/c= 100 for larger variations
where the performance is fairly similar for both sample size

The difference in speed of calculation of the estimatorslEoonsiderable for large sample
sizes. For example, in a simulation study consisting of 1athtd Carlo runs using R on a
2.8GHz Linux PC, withk = 5,m = 3,n = 10000,0 = 0.1 and/ = 1, the following results
were obtained. For the meagtshape calculation, the mean time wag5seconds with a
standard deviation of-@2, and the corresponding mean time and standard deviatiahe full
Procrustes mean calculation were 180seconds and 177, respectively.

5-2. Relationship of Procrustes coordinates wittshape tangent coordinates

In this section we focus on the relationship betweendtshape tangent coordinates and
those obtained using the Procrustes tangent projectiomsitination that we are concerned with
is addressed in Theorem 2, where the sample points in thehagge space are concentrated.
In particular, letl” denote the coordinates of the Procrustes tangent projeefipX| on to the
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tangent space af\/], where X and M are two elements in the pre-shape space. We assume
that[.X] is close to[M], which is formalized a§ 7’| = O(¢) for smalle. From Kent & Mardia
(2001) it follows that

T =TX —cosp ([X],[M]) M, (25)

wherel’ € O (m) is such thal' X M T is symmetric. Sincer(M 'T) = 0 andtr(M ™M) = 1,
it follows that tr(MTI'X) = cosp ([X],[M]), so thattr(TTT) = 1 — {cosp ([X],[M])}>.
Therefore, since by assumpti@di'|| = O(e), we deduce thatos p ([ X], [M]) = 1+ O(€?), and
Sso

T=TX—-M+0().

LEMMA 2. If T is the Procrustes tangent projection of the shap& aft the shape o/ then
foranyV € O(m) andU € O(k — 1) the corresponding projection &f " XU at the shape of
VIMUisVTTU.

Proof. This result follows immediately from (25) and the fact thHag¢ tmap in pre-shape space
Y= VYU VeOm) and UcOk—1)

induces an isometry in the corresponding shape space. O

LemwMmA 3. If T is Procrustes tangent projection pX] at the tangent space ¢#/], then if
| T||=0(e) the corresponding tangent space projectionr,, (X " X) satisfies

Uy XTX)=M'T+T"M + O(e). (26)

Proof. Using the singular value decomposition we may wiife= V M,U " whereV € O(m),
UeO(k—-1)and

Ml = (dlag()\la SRR )\m)a Omx(k—m—l)) .
Therefore, from (10),

¢MTM(XTX) = U¢M§M1(UTXFX1U)UT> (27)

whereX; = VT XU. If T} is the Procrustes tangent projection|&f,] at [M;], then it follows
from Lemma 2 that’;, = V'TU, where||T| = ||T|| = O(e).

Therefore, from the relationship
Ty =11 X, — My + O(é%),
where|| Ty || = O(e) andl’; € O(m) is chosen so thdt, X, M| is symmetric, it follows that

X, =T/ (Ty + M) + O(€?),

16



and so

X[ Xy = (Ty + My) " (Ty + M) + O(€?)
=TTy + MM, + MTy + T," My + O(¢?)
= M| My, + M| Ty + T' M, + O(é?), (28)

where the last step is a consequence of the factfthdt = O(e?).
Note that, by (10),

@DMle(XlTXl) = QZ](XlTXl) - MlTMl

1 ~ I, O
— —tr{y(X] X1) - M Mﬁ( . ) (29)

Omx(k—m—l)
SinceM; = (diag(A1, - - M), Omx(k—m—1))» We see that
(M M) = M My, (M T, + T, M) = MT, + T, M,
so that
D(X] X)) = MM, + M]Ty + T My + O(é%). (30)
Moreover, ad] is in the tangent space @f/, ], tr(M, T;) = 0, which implies that
tr <zZ(X1TX1) - MlTMl) — 0(&). (31)
Therefore, equations (30) and (31) imply that (29) simpifie
Unran (X{ X1) = M My + MTTy + T My + O(€8) — M| M,
= M T, + T]' M, + O(é?),
whereT; = O(e). Finally, sincel’ = VTUT andM = VM,UT, and from (10),
¢MTM(XTX) = UleTMl (UTXTXU)UT
= Uthpyrar, (X X)UT
= U{M] Ty + T, M, +O(}U"
=M'T+T"M+O(e),
which concludes the proof. O
5-3. Discussion

Theorem 2 and Lemma 3 together indicate that for conceuntisenples the coordinates of
the observations for the two types of tangent projectionralaed by a fixed linear transfor-
mation which depends on the projection point. Thereforg, statistical procedure which is
invariant with respect to linear transformation of the alations, such as Hotelling? tests,
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will produce similar outcomes using either set of coordasatvhen the data are highly con-
centrated. This finding is particularly useful given thag talculation of the coordinates of
the ¢-shape tangent projection is, in general, much quicker thanof the Procrustes tangent
coordinates whem: > 3. Principal components analysis based ondkghape tangent coor-
dinates may be used to study variability in the sample, adtamative to Procrustes tangent
coordinates; a numerical example is giveryh

It is debatable which tangent coordinate system is to beepexf. However, one point to
bear in mind is that isotropy in the Procrustes tangent doatd systen does not imply, nor is it
implied by, isotropy in the)-shape tangent coordinate system. Moreover, one mightéexpe
difference in these isotropy assumptions to have a tendenog greater when the eigenvalues
of MM in Lemma 3 differ appreciably. Arguably, isotropy is accoodated more naturally
and transparently in the Procrustes tangent coordinatersythan in the»-shape tangent coor-
dinate system, so in some circumstances we may prefer torosauBtes tangent coordinates.
However, even if the Procrustes system is preferred, thenmeshape provides a computa-
tionally convenient way to obtain approximate Procrustagyent coordinates via Lemma 3,
assuming that the data are highly concentrated.

6. MEAN ¢-SHAPE AND THE BINGHAM DISTRIBUTION

The Bingham distribution distribution for a random matix € S%~! with unit norm has
density
f(X|B) =c(B) "exp {tr(XBXT")} (32)

with respect to the volume measure8f1 !, wherec(B) is the normalizing constant given by

o(B) = /5

1Fi(1/2,m(k — 1)/2;-) is a hypergeometric function of matrix argument andienotes the
Kronecker product; see Bingham (1974) and Mardia & Jupp Q200f B has the spectral
decompositioB = VQV'T, where) = diag(wy, . .. ,wy_1) andw; > ... > wi_y, then

exp {tr(XBX ")} dX = 1 F (l m(k —1)

BRI |,
27 2 ) ® )

k
m

(Z) = Vdiag( A1, ..., Am, 0,...,0)V T,

_ 0c(B) . 0c(B)
)\i_ a(.di /Z awj '

where

To see this, let” = XV. Then,Y has the Bingham distribution with density
fYIQ) = ¢(Q) exp {tr(YQYT)} ,

wherec(Q2) = ¢(B). It can be checked that (Y 'Y) is diagonal and so, by property (i) in
§3, the eigenvectors of (X " X)) are the same as those Bf that is,UU = V. On the other
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hand,E(Y"Y) = A, whereA is, as before, the diagonal matrix whose diagonal entriesha
eigenvalues off(X " X). Then, since

m m k—1
6 = () / > yZexp <Z Zz@%) dy,
Sk

m s=1 (=1 j5=1
thed; are functions of? satisfying the condition that

52' = C(Q>_l%ng).

Note that the density (32) can also be expressed in vector &sr

f(X|B) = ¢(B) " exp{vec(X)" (B & I,,,)vec(X)}.

If X1,...,X, is a random sample from the Bingham distribution (32), thes d¢rdered
eigenvectors of the sample meamre the maximum likelihood estimators of the ordered eigen-
vectors of B, where the ordering of the eigenvectors is given by the andesf the correspond-
ing eigenvalues, and, the maximum likelihood estimator 6f, is that(2 which maximizes

k

() = —logc(2) + ijéj.

Jj=1

Note that Chikuse & Jupp (2004) discuss this Bingham distidin in relation to tests for
uniformity when using a Euclidean embedding similar to (1).

The complex Bingham distribution has been used by Kent (1894 model for statistical
analysis of planar shapes. Approximations to the nornraizonstant(B) have been studied
in Kume & Wood (2005).

7. APPLICATION

7-1. Brain surface dataset

In Brignell et al. (2007), a dataset of cortical surfaces its of schizophrenia patients
and controls obtained from magnetic resonance scans isdeved. The dataset consists of a
very large numbek = 62501 of pseudo-landmarks located on the cortical surfaceiig= 3
dimensions. In Brignell et al. (2007), the primary intenests in studying the asymmetry of the
brain, and the data were regarded as being in fixed regstiatMVe shall now consider overall
shape analysis of the cortical surfaces, where translatibation and scale can be ignored.

We have a total of 74 scans consisting of 44 controls and 3izgghrenia patients. It is
of interest to assess whether or not there is a significafgrdiice in mean cortical surface
shape between the two groups. We shall usegts@ape defined in this paper, and compare
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the results with Procrustes analysis. Recall that the g&tors and eigenvalues &f ' X can
be computed using the eigenvalues and eigenvectalsf , see for example Brignell et al.
(2007), and so the meanshape can be calculated quickly here.

First of all the meam-shape and Procrustes mean shape were calculated for the pduted
dataset. The Riemannian shape distance between the Resomsan and meanshape of the
pooled data is @0023 while the diameter of the pooled sample 837 79. Since this difference
is small there is no visible difference between the Proesushean and meamshape. The
distances between the Procrustes mean and maaape are 00023 for the control group and
0-00024 for the schizophrenia group.

We now consider comparisons between the control and sdhieoja groups. The distances
between the means of each group are also quite small. Thendestbetween the mean
shape of the control versus Schizophrenia groupd8T0 and and the corresponding distance
between the Procrustes mean shapesi81B9.

In Fig. 1 we show the exaggerated differences between the meshapes of each group.
Note that the corresponding figure for the Procrustes mesavisibly identical.

INSERT FIGURE 1 ABOUT HERE

7-2. Principal component analysis of the tangent space cootdma

Even though the distance between the pooled mean estimateesy small, thep-shape
tangent projection of the pooled sample at the pooled mestmape is noticeably different from
the Procrustes tangent space projection at the pooleduRtesrmean, as expected frgB2.
Fig. 2 shows the first two principal components of the datdattangent spaces projections.
In particular, for the Procrustes tangent space projedienfirst five principal components
explain 2077+1420+824+570+420=5311% of the variation, whereas for the megishape
they explain 2%0+1235+ 961+697+426=5878% of variation. The)-shape tangent space
coordinates are most simply calculated using principatdioate analysis in this application. In
particular, given the pre-shapg&s, . . . , Z,, all pairs of distances are calculated in the embedded
Euclidean space, i.e.

diy =22, — 2] Zj||, 1<i,j<n,

and principal coordinate analysis is calculated usingehmsrwise distances (Mardia et al.,
1979, p. 405).

7-3. Two sample hypothesis test

We performed a hypothesis test to examine if the mean shaghe isame in each group.
The corresponding values of tiféstatistic based on the two-sample Goodall test, as deskcribe
in Dryden & Mardia (1998, p. 162), are- 989 for the meanpy-shape and 9369 for the
Procrustes mean, and applying a permutation test usingthiistic leads t@-values of 654
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and 053, respectively. Hence there is no evidence for an ovenalbs difference between the
two groups. Note that the assumptions for tRisest are based on an assumption of isotropy in
the relevant tangent space; for relevant discussion;s8e

INSERT FIGURE 2 ABOUT HERE
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APPENDIX

Calculation ofl" andI"

We now derive explicit expressions fdr= cov(qy 1) andl, a natural sample analogue
of I', whereqs = His for S € T, {P,.(k — 1)}; see (7) and Theorem 1 for notation. First,
observe thatis = C'veqS) where the vec operator stacks columns in the usual waycand
is a constant matrix of dimensiofgm(2k —m — 1)} x (k — 1)% In the casen = 3, the
appropriate specification @ = (¢;;) is as follows:ci; = co 11 = 30641 = 1; ¢ij = 21/2 for
i=4,.. . k+landj=i—2;¢;=2"2fori=k+2,...,2k—2andj = i; c;; = 21/% for
i=2k—1,...,3k —6andj =i+ 3; andc;; = 0 otherwise.

It follows from (13) that

1

U'Z2U0 = ———M—
Mh+...+0m

{Gr —w(@o(a)}, (A1)
whereU " ZU € Tya){Py(k — 1)}. From the definition o5 in (14) and ofG* just above the
statement of Theorem 1, it is seen that

veqG*) = LvedG*) = LveqU'GU) = L(U" @ U )vedG), (A2)

where we have made use of some basic properties of the Krenpokduct; see for example
Mardia et al. (1979, p. 460). The matrixis of dimensionk — 1)? x (k — 1)? and is defined
by L = diagt11, ..., le—11, 021, - .., lk—14-1), i.€. the ordering of the diagonal eleme#nts
i,j=1,...,k—1, of Listhe same as the ordering imposed by the vec operator, and

1 if 1<i,j<m
/. — 6:/(0; — ;) if 1<i<m<j<k—1
! 0;/(6;—0;) if 1<j<m<i<k—1
0 otherwise
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Also,

tr(G*) = a'vedU'TGU) = a" (UT @ UT )vedG), (A3)
wherea = (a1, ..., 0,511,021, - -, ak—l,k—l)T is a column vector of dimensiait — 1)2, with
elements;;,¢,7 = 1,...,k—1, arranged in the same order as that imposed by the vec operato
and witha;; = 1fori =1,...,m, anda;; = 0 otherwise. Consequently, using (A1) — (A3), we
find that
1 ~ ~
TZ - - uy t u A
VU 2U) = s [vec(c ) — tr(G)vec[p(A)}
_ ﬁ [LUT ® U )vedG) — ved{p(A)}a" (UT @ UT)vedG))]
1 oo m
= K(U"®@U")vedq),
where .
K=—"—7¥—"—"/"L- A)la'l. A4
sy L vedlo(d))a) (A4)

Therefore ' = cov(qyTzr) is given by
I'=HCKUT@U")S(UQU)K'CTHT,
whereX = coy{ved ()}, with a typical element of given by (12), and? andC are as above.

A natural sample analogue &fis given by

. 1 <& . .
Y==) vedX,/X; - Z)ved X' X; - Z)",
n =1

where= = n~! S X" X;. Therefore, a natural sample analogué'd$ given by
=1

I'=HCKU @ UNS(U U)K CTHT, (A5)
where U is obtained from the spectral decompositisn= UAUT, K is the same ag in
(A4), but with A = diag(é, . . .,dx_1) replacingA, andé; replacings;, i = 1,...,m. If the

population means-shape is unique, in the sense explained in Remark 1, fhien(A5) is a
consistent estimator df.
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o n / H(M,P) p(M,F) p(P,F)

001 30 1 000009 (000003) 600008 (G00002) G00005 (G00001)
001 30 25 0-00039 (000005) 0600038 (G00004) GO0005 (G00001)
001 30 100  @01064 (000205) 001059 (000300) 000061 (000111)
01 30 1 000923 (000274) 000792 (600240) 000436 (000146)
01 30 25 0-03705 (000582) 003679 (G00560) 000455 (G00129)
01 30 100 011054 (003524) 011046 (G03546) 000550 (G00416)
05 30 1 017477 (012023) 017513 (011816) (05103 (004606)
05 30 25 023811 (014863) 022598 (013284) 006044 (007165)
05 30 100 025954 (014862) 023886 (013492) 006337 (007555)
001 100 1 000005 (000001) GO0004 (600001) GO0003 (B00001)
001 100 25 0-00038 (G00003) 000038 (G00002) 0600003 (G00001)
001 100 100  @0881(000111) 000877 (000107) 000035 (G00047)
01 100 1 000511 (000137) 000453 (000129) 000246 (G00070)
01 100 25 003474 (000258) 003453 (000236) 000259 (G00063)
01 100 100 012185 (003790) 012107 (G03740) 600509 (B00696)
05 100 1 009443 (005135) 009362 (005030) 003325 (001740)
05 100 25 021089 (013551) 020869 (013141) 004515 (G05817)
05 100 100  @4782(013402) 023138 (012681) 005623 (G07129)

Table 1: Simulation study fdr = 5 points inm = 3 dimensions. The parametémdicates the
particular mean shape,is the standard deviation amdhe sample size. For each such sample,
we calculate its mean-shape, denoted by M, its partial Procrustes mean shapeaefidction,
denoted by P, and its full Procrustes mean shape with refteafienoted by F. The correspond-
ing Riemannian distancgson the reflection shape space between these means are tecula
and the mean value from 100 simulations is given, with stechdaviation in brackets.
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Figure 1: Brain surface dataset. Configurations represgritie meany-shape for the con-
trol group (grey) and the schizophrenia group (black), whigreir differences are magnified
10 times from their common mean configuration. Figures 1{&)) and 1(c) give the views,
respectively, from above, from the side and from behind. Toefigurations were initially
Procrustes matched.
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Figure 2: Brain surface dataset. Fig. 2(a) gives a scattegpthe first two principal component
scores in the mean-shape tangent space, while Fig. 2(b) gives the correspgratiatterplot

in the Procrustes tangent space. Controls are given byesir8ichizophrenia patients are given
by triangles
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