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Abstract

Let (X, J) denote a Markov-additive process with phase~type jumps (PH-MAP) and
denote its supremum process by S. For some a > 0, let 7(a) denote the time when the
reflected process ) := S— X first surpasses the level a. Further, let 7_ (a) denote the last
time before 7(a) when X’ attains its current supremum. In this paper we shall derive the
joint distribution of S-(,), 7— (a) and 7(a), where the latter two shall be given in terms
of their Laplace transforms. Furthermore, we define scale functions for PH-MAPs and
remark on some of their properties. This extends recent results for spectrally negative
Lévy processes to the (dense) class of PH-MAPs. The result is of interest to applications
such as the dividend problem in insurance mathematics and the buffer overflow problem
in queueing theory. Examples will be given for the former.
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1. Introduction

Markov—additive processes are a powerful generalisation of Lévy processes, becoming
more and more popular in stochastic modelling. Based on an underlying finite state Markov
process J, called the phase process, the level process X evolves like a Lévy process for which
the parameters change in time according to the phase process 7. Furthermore, phase changes
(i.e. jumps of ) may induce jumps of the level process X. The joint process (X, J) is called
a Markov—additive process (MAP).

A textbook introduction to MAPs is given in [1], chapter XI. First passage times (or the
one-sided exit problem) are derived via martingales in [4] and solved iteratively in [5]. The

two-sided exit problem is solved in [11] for MAPs with phase-type jumps (PH-MAPs). The
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class of PH-MAPs is dense within the class of all MAPs, see [2], proposition 1. The Gerber-
Shiu function (which is quite popular in insurance mathematics) has been derived in [6] for the

same class of MAPs.

It is this class of MAPs for which we wish to solve the following problem. Denote the
supremum process of X’ by S. For some a > 0, let 7(a) denote the time when the reflected
process X =8 — X first surpasses the level a. Further, let 7_ (a) denote the last time before
7(a) when X attains its current supremum. We shall derive the joint distribution of .S.(,),
7_(a) and 7(a), where the latter two shall be given in terms of their Laplace transforms. This
extends recent results for spectrally negative Lévy processes [13] to PH-MAPs. Even for the
common subset of Lévy processes with phase-type jumps the approach in this paper may be
advantageous, since the scale functions (which are the main ingredients in the formulas) are

given explicitly.

The result is of interest to applications such as the dividend problem in insurance mathe-
matics and the buffer overflow problem in queueing theory. An algorithmic solution for the
time to buffer overflow in a Markov-additive framework is given in [4], section 6, see also [3].
A partial result of the present paper in the context of queueing theory is contained in [7]. An
algorithmic solution for the expectation of the total dividend payments before ruin is presented
in [8]. Moments of dividend payments in a Markov-additive risk model without Brownian

component are derived in [12].

The analysis is performed mainly by matrix-analytic methods using probabilistic arguments
wherever possible. This naturally results in formulas containing matrices which are to be
computed via fixed point iterations. We shall present examples for the simple cases allowing
explicit scalar solutions. This restriction is due to the circumstance that only for these there

are solutions in the literature which can be compared with results in the present paper.

The paper is structured as follows. Section 2 contains an exact definition of the problem
to be analysed. In section 3, preparatory results from recent literature are presented and scale
functions for MAPs with phase-type jumps are introduced. Section 4 finally contains the main

result. Examples will be developed throughout the paper in subsequent stages.
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2. The exit problem for reflected MAPs

Let J = (jt : t > 0) be an irreducible Markov process with finite state space F and
infinitesimal generator matrix Q = (Gis) ijebr We call jt the phase at time ¢ > 0 (another
common name is regime). Define the real-valued process X = (Xt : t > 0) as evolving
like a Lévy process X@ with parameters fi; (drift), 51-2 (variation), and 7; (Lévy measure)
during intervals when the phase equals i € E. For the sake of a more concise presentation
we exclude the case of ji; = 62 = 0, i.e. a pure jump process or the constant zero process,
for any phase i € E. Whenever J jumps from a state ¢ € E to another state j € F, this
may be accompanied by a jump of X with some distribution function F;;. Then the two—
dimensional process (X, .7) is called a Markov—additive process (or shortly MAP). In short,
a MAP is a Markov-modulated Lévy process with possible jumps at phase changes. For a
textbook introduction to MAPs see [1], chapter XI.

Define the supremum process S = (5} :t>0) by S, = SUp;<¢ X, VOforallt > 0, and
the reflected process ji := & — X. For a fixed level a > 0 let

F(a):=inf{t >0:Y; >a} and 7 (a):=sup{t <7(a):Y; =0}

We shall seek to determine the joint distribution of 7(a), 7_(a), and S’;(a) in the form of the
measure

E (efa(?(a)fi(a))eﬂh(a); et € dm)
where o, v,z > 0.

Example 1. We consider the classical compound Poisson model. Inter—claim times and claim
sizes are iid exponential with parameter A > 0 and 3 > 0, respectively. The rate of premium
income is ¢ > 0. Denote the initial risk reserve by v > 0. This model has been examined in

[9]. The risk reserve at time ¢ > 0 is given by

N

Xt:u+ct—ZC,L (1)

n=0
where (N; : t > 0) is a Poisson process with intensity A and the C,,, n € N, are iid random
variables with exponential distribution of parameter 3.

The risk reserve process can be analysed as a MAP with exponential (and hence phase—

type) negative jumps with parameter 3. For this, we would need only one phase, i.e. |E | =1.
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This phase governs a Lévy process with parameters & = 0, i = ¢, and Lévy measure U(dx) =
e~ 2 (=%) Bdz for all z < 0.

If any risk reserve above v is paid out as dividends immediately (i.e. a constant barrier
strategy), then 7 (u) is the time of ruin under this strategy, S, is the total amount of dividends

paid before ruin, and 7_ (u) is the last time before ruin that dividends are paid.

3. Preliminaries

3.1. Markov-additive Processes with phase—type Jumps

In this section we introduce the restriction that all jumps have a phase-type distribution.
Then we construct a new MAP (X, 7) from the given MAP (X, ) without losing any
information. This new MAP will have continuous paths which simplifies the one- and two-
sided exit problems (cf. sections 3.2 and 3.3) considerably.

Denote the indicator function of a set A by 4. We assume that the Lévy measures &; have

the form

7i(dz) = A Lpsoy 0T exp(TUF 2)n0+ da

+ A Liz<oy ali)= exp(—T(”)fzr)n(ii)*dx 2)

for all i € E, where A\ > 0 and (a(")* T()*) are representations of phase—type distri-
butions without an atom at 0. The n(”)i .= —T0DE] are called the exit vectors, where 1
denotes a column vector of appropriate dimension with all entries being 1. This means that
the jump process induced by the Lévy measure v; is compound Poisson with jump sizes of a
doubly phase—type distribution. Denote the order of P H (a")* T()+) by m:. Further write
A=A+

Likewise, let pj; (resp. p;;) denote the probability that a positive (resp. negative) jump
is induced by a phase change from 7 € E to j € E, and assume that these jumps have
a PH(a(")* T0)%) distribution without an atom at 0. Note that p; + p;; < 1 for all
i,j € E. Let mi denote the order of PH ()% T()+) and define the exit vectors n(/)* :=
A COES

The main advantage of the phase—type restriction on the jump distributions is the possibility
of transforming the jumps into a succession of linear pieces of exponential duration (each with

slope 1 or -1), which yields a modified MAP with continuous paths. We can then retrieve
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the original process via a simple time change. This is explained in detail in sections 2.1 and
2.2 of [6]. Here we shall present only the pertinent information to make the present paper
self-contained.

Without the jumps, the Lévy process X'(*) during a phase i € E is either a linear drift (i.e.
o; = 0) or a Brownian motion (with parameters ¢; > 0 and ji; € R). Considering this MAP
(without the jumps) we can partition its phase space E into the subspaces £, (for positive

drifts), £, (for Brownian motions), and F,, (for negative drifts). We thus define

E,={icE:ji;>0,6;=0}, E,:={icFE:fi;<0,6;=0} (3

and E,:={icE:5; >0}

Note that E = E, U E, U E,, since we have excluded the case of ji; = 67 = 0 for any phase

i € E. Then we introduce two new phase spaces
Ei:={(i,j,k,%):i,j € E,UE, UE,,1 <k <mj “4)

to model the jumps. Define now the enlarged phase space F = E, U E U E_. We define the
modified MAP (X, J) over the phase space E as follows. Set the parameters (u;, 02, v;) for
1€ Fas
(1. 0% 01) = (£1,0,0), i€ L?i )
(@4;,64,0), i€ E=E,UE,UE,
Let £, := E,UE,UE, denote the subspace of I that contains all phases under which the real

time movements are continuous. The modified phase process 7 is determined by its generator

matrix ) = (¢;;):,jer- For this the construction above yields

Gii — i, h=1i¢€ L,
61}L(1_pj;l_p;)a heECah#Z
qin = B (6)
AfalDE h=(i,i,k,=+)
. ij)+ .
qulﬂ;aéj) ) h:(l,j,k7:|:)
for i € E. as well as
i)+ 7))t
Qi gkt Gigitt) = Ty and g =N @

fori,j € Ecand1 < k,1 < m.
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The original level process X is retrieved via the time change

t
C(t) = / ]I{JSGEC} ds and Xc(t) =X ®)
0
for all t > 0. Thus we obtain

Sy :=supX; V0= sup X, V0= Sc(t)
s<t s<ec(t)

as well as

7(a) = ¢(1(a)) and 7_(a) = ¢(r—(a)) 9)

forY; := Sy — X; and
T(a) :=inf{t>0:Y; >a} and 7_(a):=sup{t <7(a):Y; =0}

In particular,

Sz(a) = Sr(a) (10)

Equations (9) and (10) imply that we can perform an analysis of the MAP (A? T ) in terms of
the modified MAP (X, ) alone.

Example 2. Continuing example 1, we obtain the MAP (X, 7) as follows. Let the phase
space be given by E, = {1}, E_ = {2}, and E, = (). The parameters are given by 0q =

09 =0, =c¢, us=—1,v1 =15 =0, and
-2 A
Q =
g =B
The initial state is (Xo, Jo) = (u, 1).
3.2. First Passage Times

Of central use in the present paper will be the recent derivation of the Laplace transforms
for the first passage times of MAPs as given in [5]. Define the first passage times 6 (z) :=
inf{t >0: X; >z} and

o) =inf{t >0: X; >z} =inf{t >0: X; =z}

for all # > 0 and assume that X, = X, = 0. Note that &(x) is the first passage time over the

level z for the original MAP X, meaning that we do not count the time spent in jump phases
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¢ € F.. This means that

o(x)
5(z) = clo(z)) = / Is,en.yds

according to (8). In particular, we may compute expectations over & (z) using the distribution
of the modified MAP (X', 7) only and without needing to recur to the original MAP (X, 7).

For v > 0 denote
Eij(e ™)) = E(e ") J, () = j|Jo = i, Xo = 0)
forall i, j € E. Let E(e~7%(®)) denote the matrix with these entries and write

]E(a,a) (e_'ya'(a:)) ]E(a,d) (6_7&(1))

E(e—v&(af)) — ) )
E(d,q) (777 @) IE(d,d)(e_ww:))

in obvious block notation with respect to the subspaces E, := F, U E, U E, (ascending
phases) and E; := E,, U E_ (descending phases).

According to section 3 in [5] we can write

E(e—’v&(x)): AI(a) (eU('y)x 0) an
Y

where I, denotes the identity matrix of dimension E, x E,, O the zero matrix of dimension
E, x Eg4, U() is a sub—generator matrix of dimension E, x F,, and A(7) is a sub—transition
matrix of dimension Ey4 x E,. An iteration to determine A(-y) and U(7y) is derived in [5] and

further specified to the case of phase-type jumps in [6].

Example 3. Continuing example 2, first note that phase 2 represents the downward jumps
and we will not discount the time during sojourns in it. According to the formulas above, the
Laplace transform of the first passage time &(z) to a level 2 > w is given by E(e=77(*)) =

eV (e=u) where

Uly) =- +=A(y) and  A(y) =

c e B-UM)

Noting that U (y) must be negative, this resolves as

U(7)=%(65—7—A—\/(cﬁ—v—A)2+4c57)

cf. equation (3.12) in [9], noting that -y is denoted as ¢ there.
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3.3. The two-sided Exit Problem

Define the stopping times o (0,b) :=inf{t >0: X; <0 or X; > b}and
o (0,b) 5 B
5(0,b) == / T(ycpyds =inf{t>0: X, <0 or X, > b} (12)
0

which are the exit times of X and X’ from the interval [0, b], respectively. For the main result

we need an expression for
U (ba) == B (e*'*f'(“); X0y = by Joion) = jlJo = i, Xo = x)

where € [0,b] and i, € E. Clearly \Il:;(b|x) = 0 for j € Eq4 since an exit over
the upper boundary can occur only in an ascending phase. Define the matrix \I/;F(b|a;) =
(\I/fj(b|x))ieE7jeEa. A formula for W (b|) has been derived in [11]. In order to state it we
need some additional notation.

Let (X1, J) denote the MAP as constructed in section 3.1 and define the process X~ =
(X; :t>0)by X; = —X, forallt > 0 given that X;” = X, = 0. Thus (X, ) is
the negative of (X+, 7). The two processes have the same generator matrix Q for 7, but the

drift parameters are different. Denoting variation and drift parameters for X+ by oz-i and ,uf,
+

respectively, this means ;" = o, and ;7 = —p; forall i € E. This of course implies that

phases i € £ U E, (resp. ¢ € E_ U E,,) are descending (resp. ascending) phases for X'~.
Let A*(v) and U* () denote the matrices that determine the first passage times in (11).

We shall write A* = A*(y) and U* = U%*(y) except in cases when we wish to underline

the dependence on 7.

Example 4. If (X, 7) is the MAP as constructed in example 2, then (X, J) would be the
net claim process for the compound Poisson model. As shown in [5], example 5, the Laplace
transform of the first passage time 6~ (z) := inf{t > 0 : X; > z} to alevel z > 0 is given
by

E(e 7 @)= A7eV"® where A™ = %, U =-R

and

~R= o (At =B~ /B~ N +4cBy)

This coincides with equation (4.24) in [9], noting that -y is denoted as J there.
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Define the matrices

0o I, A~
ct = and C™ = (13)
At I, O
of dimensions (E, UFEy) x E, and E, X (E,UEy), respectively, where I, denotes the identity

matrix of dimension E, X E,. Further define

1, A~
Wt .= and W™= (14)
A+ Iaud
which are matrices of dimensions £ x E, and FE x (E, U E;). Here, I, denotes the identity

matrix of dimension (E, U E;) x (E, U E,). Finally, let Z+ := C*eU™"?. Then equation
(23) in [11] states that

v (bl) = (W+€U+'(b*m) - W*eU_'“/’Z*) (I-= Zfz+)*1 (15)

for 0 < x < b. This matrix has dimension E x F,, due to the fact that exit from below can
only happen in an ascending phase.

By reflection at the initial level x, we obtain

U7 (blz) :=E (6_7&(0’1)); Xo(op) = 01 X0 = x)
= (woeV e w1zt z) (16)
for 0 < z < b. This matrix has dimension E X (E, U E4). Note that the expressions on the
right-hand sides of (15) and (16) depend on a choice of v > 0.

Remark 1. Noting that (I — Z=Z) ' = 3°° (2~ Z+)" and Z~ Z" represents a crossing
of the interval [0, b] from b to 0 and back, formula (15) has a clear probabilistic interpretation.
The term W+eV " -(¢—o) simply yields the event that X" exits from b (before an exponential time
of parameter ). The correction term W ~eV " Z+ refers to the event that X’ descends below
0 before exiting from b. Multiplication by (I — Z~Z +)—1 yields all possible combinations

with any number of subsequent (down and up) crossings over the complete interval [0, b].

Remark 2. Since Z+ = C*eV" " we can write U (b|) in the form

U (blz) = (W+e_U+'m - W_eUf"TC'Jr) (e_U+'I’ - C’_eUf'bC’Jr)i1



10 L. Breuer

This comes closer to the usual expression of the exit time distribution in terms of scale func-

tions. For instance, let X be a Brownian motion with variation ¢ > 0 and drift 4 € R. We

gt = +u — /2 + 2y0?
2
g

Denote —r := Ut and s := U~. Then

then obtain

rT ST

e —e€

+ —
\I/’Y (b|l‘) - erb _ esb

cf. [10], (2.12 - 2.15), where the «-scale function is given as g(x) = e™ — e**.

Example 5. Continuing example 3, we obtain

U* = o (e~ 7~ )~ V/eB — 7~ NP+ dch)

cf. [9], equations (3.12) and (4.24) with § = +. Denote —p := U* and —R := U~. Section
3.2 further yields AT = 3/(8+ p) and A~ = (3 — R)/f3. Thus
_ , -1
U (blx) = (e_U+'”” —A"eY “A"’) . (e_U+'b — AV 'bA+>

ePT ﬂ_Re*RZL’ B

_ B Bip _ ¢ —Y(@)
era — BgRe—RaﬁLip erb — w(b)

if we write ¢(z) := e~ %% . (3 — R)/( + p), cf. equation (6.37) in [9]. This coincides with
formula (6.25) in [9], where W (b|x) is denoted by B(0, b|z).

4. Main Result
Theorem 1. The joint distribution of 7(a), 7—(a), and S;(a) is given by
E (e—oz(‘r_'(a)—f'_(a))e—’Y‘f_'_(a); Sra) € d:c) _ ‘I,j/-(a|a)e(;(7)(a).zH(a)(a) do
for a,v,x > 0, where

GO (@) = (Ut (e V"0 4 O ()’ DU ()0 (7))

— -1
x (VO — (et e (7))
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Proof: We consider the sequence (T}, () : n € Ny) of stopping times defined by
T, () :==inf{t > 0: S, > ne,t < 7(a)}

where inf {) ;= co. Assume that X = 0, i.e. Sp = 0. On the set {T},(¢) < oo}, we observe

that T, (¢) = 5(—a, ne) = c(o(—a,ne)) = ¢(T,(e)), see (12) and (8). Here, of course,
T.(e) :==inf{t >0:5; >ne, t <7(a)}

Since X7, () = St,,(c) forall {n € N : T,(¢) < oo}, the times T;,1(¢) — T5, () and thus

Tha1(e) — Tn(e) are conditionally independent given the phase process 7. Thus

E (e*VT"(E); S; > ns) = U (a+ela) (VI (a+ s|a)(a7a))n71

for n € Nand v > 0, where ¥ (a 4 €|a) (4,q) denotes the upper block of the matrix

U (a+ela)ga
Ul (a+ela) = 7( @)@
¥ ot
~ (CL + E|a’)(d,a)

referring to ascending initial phases (i.e. those in E,). Thus
U (a+ela)q.0) = (7707 = O () 0T ()l Ok
" ( I 0*(y)eU‘<V>~<a+5>c+(fy)eU+<v>~<a+E>)_1

according to (15), (13) and (14). The probabilities of failure for this matrix-geometric distri-

bution are the entries of the upper block of

o (@ +€la)(a.oua)

—ad(0,a+¢) _ v
E (e ’ i Xo(0,042) = 0] Xo = a) =U_(a+¢la)=
Vo (a+¢la)d,oud

According to (16), (13) and (14)

U, (a +€la)(a,oua) = (C’(a)eU'(“)“ - eU+<a>EC*(a)eU‘<a><a+e>)
X (Io-ud — C+ (Ol)eU+(a)(a+8)C_(a)eUi(a)(aJ"E)) -1
= (C_ (a)e—Ui(a)E _ 6U+(a)sc— (Oé))

y (e—U*<a>(a+e> _ C+(a)eU*<a><“+€>C—(a)) -



12 L. Breuer

Altogether we obtain

E (efvf"(s)efo‘(%(a)ff"(a)); ne < S: < (n+ 1)6)
n—1 . _
=Vl (a+ela) (VI(a+ela)aa) Yala+ele)aou

Now letting ¢ tend to 0 we obtain that E (e_a(%(“)_;—(“))6_7%-(“); S;(a) c dx) has a

defective matrix-exponential distribution with parameters
G (a) = lim1 (¥H(a+¢€la)(g,a) — 1a)
cloe ~ 7 ’

and

1
H®)(a) =lim = (¥ -0
(a) = lim - (U5 (a+ele)a,0ua) — 0)

For the first parameter we obtain
G (a) = lim ! (6U+s ~I,+C eV e (e[fs - Iaud> C+eU+~(a+s))
x (I — GV e gt U ek -
= (U () + €= (e DU () ()l
X (Ia - C_(7)6U7(7)GC+(7)6U+(7)a) -t
- (U+(7)6_U+m“ +C™ (e’ U (y)Ct (v))
(o one )

where, for notational simplicity, the dependence on ~y is omitted in the first equality. The

second parameter is

1 - +
(o) — i = - U~ (a)e _ Ut (a)e—
H'(a) lslﬁ)lg (C (a)e e C (a))

_ -1
% (er (@)a C+(a)eU+(a)acf(a)>
= (C (U™ (a) + U ()C™ ()
_ -1
~ (C+(Oé)eU+(a)a07(a) _e U (a)a)
Altogether this yields the statement.
(]
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Example 6. The example in remark 2 of a Brownian motion fluid flow is explicated in section

6 of [13]. There it is stated that

—2am a—+
E (e‘aT(@—ﬁSﬂarW—(a)) = 2e W (a) (17)
W) (a)(W (et (a) + W (@47 (a))
for o2 = 1 and 1 = m, where the scale function is defined as
e—a(m—\/m2+2a) _ e—a(m+\/m2+2a)
W (a) = (18)

vVm?2 + 2
We now wish to arrive at the same expression via theorem 1. We begin by observing that
E (efa‘r(a)f,BST(a)f'y‘r,(a)> _ /oo 6@(a+w)(a)ze—ﬁa: dr H(a)(a)
0
-1
— (51a _ et (a)) H®) (a)

Since there is only one phase and E = E,, we obtain W+ = W~ = Ot = C~ = 1 and

U7 (a,a) = 1. Further

Ut(a) = +£m — vV/m? + 2« (19)

for 02 = 1 and 1 = m, i.e. UT(«) are real numbers. This implies

U+(a+7)67U+(a+'y)a + eU—(aﬂ)aU*(aJr,y)

(a+7) _
G ! (a) - e~ Ut(at+y)a _ U= (at+7)a

and
U= (a) + Ut (a)
eUT(a)a _ o=U~(a)a

H@® (a) =

Equations (19) and (18) yield

—Ut(a)a U™ (a)a a+
W@ (a) = < (@ — 7 (@ and GO+ (q) = W) (a)
Vi T 2a W+ (a)
as well as
2vVm?2 4 2q e~2ma 2 g—2ma
H(Ot) (a) = =
e~ Ut(a)a _ U™ (a)a W () ((1)
Hence we obtain
E (efar(a)*ﬁsf(a)*'wf (a)) _ W(a+'y)(a) 2 e 2me
W(OH”'Y)’(U,) + ﬂW(O‘JF'Y) (a) W(O‘) (Q)

which is the same expression as (17).
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Remark 3. Defining a y-scale function for MAPs with phase-type jumps by
W (z) = e~ Utz _ C(y)eV” MzCt(y)

for z > 0, we see first that GV (a) = —W ) (a)[W ) (a)]~ where W)’ (a) denotes the
derivative of the function W) (z) at x = a.

In applications to insurance risk, a popular question is the expected amount of v-discounted
dividends paid before ruin. If the initial risk reserve is v > 0 and dividends are paid above
a constant barrier of b > wu, then the mean discounted dividends paid out before ruin can be
computed as

V., (blu) = wj(bm)E(gﬂb)eﬂub)):\I,WM / GOy g
0

= W (bfu) -G (5))7!
= (Wrme 7 O =W (y)e” 10 ()

x (_U+(v)e‘U+”)b +C ()’ I (-U () C*(v)) h

Example 7. We continue the example in remark 2 of a Brownian motion fluid flow. Since

there is only one phase, we get W+ = W~ = Ct = C~ =1 and hence

ru sSu

€ — €

VW(b|u) = rerd _ gesb

which is equation (2.11) in [10]. Note that for v = 0 we obtain

(—2%,0), uw>0

(0,—24), p<0

This implies
2
i (e2ub/a2 _ eQu(b—u)/UQ) , w> 0
Vo(blu) = { 2
0% [ aub—uyo® _ 2ubjo?
_7(6 n(b—u)/a? _ ,2ubjo ) 1 <0
2u

cf. equation (2.22) in [10] for the case p > 0.

Example 8. Another example is the compound Poisson model, continued from example 5.
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Starting in the ascending phase (collecting premiums), we obtain

V,(blu) = <e_U+“ - A_eU7“A+) . (—U+e_U+b + A"V P (-U7) A+)

ePu B=R _—Ru

_ B+p
perb + R%e—Rb

(B4 — (B Ry
p-(B+plertt+R- (8- Rje fb

which is formula (7.8) in [9].

References
[1] ASMUSSEN, S. (2003). Applied Probability and Queues. New York etc.: Springer.

[2] ASMUSSEN, S., AVRAM, F. AND PISTORIUS, M. (2004). Russian and American put
options under exponential phase-type Lévy models. Stochastic Processes and their

Applications 109, 79-111.

[3] ASMUSSEN, S., JOBMANN, M. AND SCHWEFEL, H. (2002). Exact buffer overflow

calculations for queues via martingales. Queueing Syst. 42, 63-90.

[4] ASMUSSEN, S. AND KELLA, O. (2000). A multi-dimensional martingale for Markov

additive processes and its applications. Adv. Appl. Prob. 32, 376-393.

[S] BREUER, L. (2008). First passage times for Markov—additive processes with positive
jumps of phase—type. J. Appl. Prob. 45, 779-799.

[6] BREUER, L. (2010). A quintuple law for Markov-additive processes with phase-type
jumps. J. Appl. Prob. 47, 441-458.

[71 BREUER, L. (2010). The Total Overflow during a Busy Cycle in a Markov-Additive
Finite Buffer System. In Measurement, Modelling, and Evaluation of Computing Systems
and Dependability and Fault Tolerance. ed. B. Miiller-Clostermann, K. Echtle, and
E. Rathgeb. vol. 5987 of Lecture Notes in Computer Science. Springer. pp. 198-211.

[8] FROSTIG, E. (2008). On risk model with dividends payments perturbed by a Brownian
motion - an algorithmic approach. ASTIN Bulletin 38, 183-206.



16 L. Breuer

[9] GERBER, H. AND SHIU, E. (1998). On the time value of ruin. North American Actuarial

Journal 2, 48-78.

[10] GERBER, H. U. AND SHIU, E. S. W. (2004). Optimal dividends: analysis with

Brownian motion. North American Actuarial Journal 8, 1-20.

[11] JIANG, Z. AND PISTORIUS, M. (2008). On perpetual American put valuation and first-

passage in a regime-switching model with jumps. Finance Stoch. 12, 331-355.

[12] L1, S. AND LU, Y. (2007). Moments of the dividend payments and related problems in

a Markov-modulated risk model. North American Actuarial Journal 11, 65-76.

[13] ZHoU, X. (2007). Exit problems for spectrally negative Lévy processes reflected at
either the supremum or the infimum. J. Appl. Prob. 44, 1012-1030.



