Applied Probability Trust (November 22, 2011)
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Abstract

We determine the distributions of occupation times of a Markov-modulated Brownian
motion (MMBM) in separate intervals before a first passage time or an exit from an
interval. They will be derived in terms of their Laplace transforms, distinguishing
occupation times in different phases too. For MMBMs with strictly positive variation

parameters we further propose scale functions.
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1. Introduction

Let J = (J; : t > 0) denote an irreducible Markov process with a finite state space
E = {1,...,m} and infinitesimal generator matrix @ = (g;;): jer. We call J; the phase at
time ¢ and J the phase process. Choosing parameters y; € R and o; > 0 forall 7 € E, we
define the level process X = (X; : t > 0) by

t t
Xt:XOJr/ 1, d5+/ o5,dWs
0 0

for all ¢ > 0, where W = (W, : t > 0) denotes a standard Wiener process that is independent
of J. Then (X, J) is called a Markov-modulated Brownian motion (MMBM). An MMBM is
a Markov-additive process (MAP, see [2], chapter XI) without jumps.

MMBMs have proved to be powerful tools in stochastic modelling, with applications in
queueing theory, insurance and finance. This is even more appparent after one considers the
fact that exit problems for MAPs with phase-type jumps can be reduced to an analysis of
MMBMs by standard transformation techniques (see e.g. [13, 6]). The class of MAPs with
phase-type jumps is dense within all MAPs, see proposition 1 in [3]. Thus we are dealing with

occupation times for a dense subset of MAPs.
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Some results for MMBMs go back to the 1990s, with [15] investigating Wiener-Hopf
factorisation and stationary distributions for the case that o; = ¢ is independent of the phase
process. Around the same time, [1] determined hitting probabilities and based on these expres-
sions for the stationary distributions. More recent results are [10, 7], which analyse MMBMs
with two reflecting barriers. Some properties of scale functions for MMBMs are derived in
[12].

Occupation times for the phase process before a one- or two-sided exit can be determined
via the results in [13, 6]. This will be shortly described in section 2. As an afterthought to this,
we shall propose a definition of scale functions for MMBMs with strictly positive variation
parameters, i.e. o; > 0 for all # € E, in section 3. The more challenging part will be the
determination of occupation time distributions for the combined level and phase process. This
is the content of section 4, which deals with the case of only two intervals. The generalisation
to more than two intervals is then described in the last section. The appendix contains some

lemmata that are used in the proof of the main results.

2. Preliminaries: Occupation times of the phase process

2.1. Occupation times before a first passage

Define the first passage times 7(x) := inf{¢t > 0 : X; > z} for all z > 0 and assume that
Xy = 0. We are interested in the occupation times (;(z) := fOT(I) Iyj,—j) dtinaphase j € E
before the first passage over the level x > 0. We collect these occupation times in the column
vector ((z) := ({j(z) : j € E). Consider an E-dimensional row vector r = (r; : 4 € E) with

non-negative entries r; > 0 for all 7 € E. Define

]E” <eff0T(m) TJSds) — (ei‘o‘r(w) szdS; JT(T) — ]|J0 — i’XO = O) (1)

. (@) o . .
for i,j € EF and E (e_ Jo s ds) as the ' x E-matrix with these entries. Noting that

(@) . (@) . .
e~ Jo T risds — o=r((*) we see that the matrix E (e_ o TV ds) contains the joint Laplace
transforms of the occupation times (; ().

In order to determine E (e‘ 7, ds), we shall distinguish the phases by the subspaces

E,={ieE:0;>00rpu; >0} and E;:=F\E,

where phases in F, (resp. F;) are called ascending (resp. descending). The same arguments
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as in [5], section 3, yield

(@) (@)
Eq,a) (e* 0 ”Sd5> =E(,q (e Jo ”Sds> =0

as well as
E(da (e Jo® r}sds) :A(r)eU(r)x and ]E(aa (e Jo @y ):eU(r)x )

where the matrices A(r) and U(r) can be computed as follows. For arguments 8 > 0 define

the functions ¢;(8) := /u; fori € E,, 0; = 0, as well as

1 P i 1 2,
$i(B) = — |28+ 5 B and (8= —y 28+ L+ AL
o) o; o; o o’ o

for i € E,, 0; > 0. The iteration to determine A(r) and U(r) is slightly changed from [6],
section 2.2, to the following form: We obtain (A(r),U(r)) = lim, o (Ay, Uy,) for initial

values Ag := 0, Ug := —diag(¢i(¢; + 14))icr, and iterations

% +r;
egUn-{-l / Z qU ] (3)
Hi tjeB.j#i A

fori e FE,,0; =0,

eliUnJrl d)z((h + 7'1 ‘ Z qij € ((;5: (Qi + Tz)-[ - Un)71 “)
Z JEE,j#i n
for o; > 0, and
/ / Ia —1
€iAnt1 = Z i€ ((gi + )] + piUy) &)
JEBj#i Ay

for i € E,. Here ¢ denotes the ith canonical row base vector, g; := —g¢;; foralli € E, and I,

is the identity matrix on E,. The case r = 0 has been analysed earlier in [1].

Remark 1. Let us add an absorbing phase, say A, to the phase space F to obtain £/ =
E U {A}. Define an MMBM (X", J') on E’ as follows. The generator matrix Q' of 7' shall
be given by

Qijs i,jeE,j#i

Qi —ri, J=i1€E

4;; =

T, iEE,j:A

0, i=A,jEE
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Further let
(pi,0i), 1€E
(i, 07) =
(Oa 0)7 i=A
which means that the phase A governs the zero process. Let 7o := min{t > 0 : J{ = A}
denote the time until absorption in A and 7/(z) := inf{¢t > 0 : X > x} the first passage time

of X’ over the level > 0. Then

7(x)

Bij (e 85770 ) = P (7/(2) < 7 Ty = 316 = 1, X§ = 0)
fori,j € E'\ {A}, i.e. the generalised Laplace transforms of the first passage times 7(z) can
be seen as transition probabilities among the transient phases ¢, j € E’ \ {A} for the phase
process J' which terminates at a constant rate r; during {¢ > 0 : J/ = i}. Thus we call r the
exit rate vector.

From this perspective a phase-type distribution with parameters («, T") on a phase space E
can be translated as follows. Let n := —T'1 denote the exit vector and ¢;; the entries of T".

Consider a random variable Z ~ PH(«,T'). Setting r; := 1, q;j := t;; fori # j € E and
(i, 0;) = (1,0) forall ¢ € E yields U(r) = T and thus

P(Z > x) =P, (7'(z) < 7a| X = 0) = ae’™1
where P, denotes the conditional probability given that P(J) = i) = «; fori € E'.

Example 1. A Markov-additive process (MAP) with phase-type jumps can be transformed
into a MMBM as shown in detail in [6], section 2.1. The resulting MMBM has a phase space
EFE=F, UE,UE;,UE,UE_, where

E,={icFE:j4;>0,6,=0}, E,={icFE:j,,<0,6;,=0}, E,={icE:5;,>0}
and phases in Iy represent parts of the jumps (see [6], section 2.1, for a precise definition).
In order to retrieve the Laplace transform of the first passage times of the original MAP (i.e.
the one with phase-type jumps) it suffices to set r; := 0 fori € £, U E_ and r; := +y for
1 € I, U E, U E,. This method is called fluid embedding and has been described in section
3 of [13], in section 2.7 of [11] or in section 2.2 of [6].

Example 2. We shall derive the joint Laplace transform of the ruin time and the accumulated

claims for the classical compound Poisson risk model. Denote the initial risk reserve by u > 0.
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The claim sizes and inter—claim times shall be independent and have exponential distributions
with parameters 8 > 0 resp. A > 0. The rate of premium income is denoted by ¢ > 0. This
model has been analysed in [8]. The net profit condition is ¢/X > 1/, which is equivalent to
A (ef) < 1.

We consider a MMBM (X, J) which is defined as follows. Let the phase space be given
by E = {1,2}. The parameters are given by o1 = 09 =0, 1 = 1, u2 = —¢, and

oo [? #
A=A

Then the ruin time T'(u) for the compound Poisson model coincides with the occupation time
in phase 2 until the first passage time 7(u) given that we start with Xo = 0. Likewise,
the accumulated claims until ruin, denoted by D(u), coincides with the occupation time in
phase 1 until 7(u). The joint Laplace transform of D(u) and 7'(u) with arguments 71 and 7,

respectively, is given by
E <€7T1D(u)€7T2T(u)|X0 —0,Jp = 2) _ 6/2 B (effof(u) ’I‘JSdS) 1= A(r)eU(r)u

where A(r) and U(r) are real numbers. They can be computed by formulas (3) and (5) as the

fixed points
Ur)=—(B+r)+BAr) and A(r)=X-A+ry—cU(r))™ "

with minimal positive solution

A(r) )\+r2+c-(ﬁ+rl)—\/()\+r2—|—c-(ﬁ+r1))2—4/\cﬁ)

_ 1 (
2
from which U (r) can be readily computed. For r; = 0 we obtain the Laplace transform of the
time of ruin, for which the result is the same as equation (5.38) in [8], see example 5 in [5] for
the comparison.

2.2. Occupation times before an exit from an interval

For | < u, define 7(I,u) := inf{t > 0 : X} ¢ [I,u]} which is the exit time of X’ from the

interval [, u]. We shall need an expression for

Ul ulr) =E (e* J M Xy = s Sy = JlJo =i, Xo = x)
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where z € [I,u] and i, j € F. Define the matrix ¥ ([, u|z) := (\Ilj;(l, ulx))i jer. A formula
for ¥ (I, u|z) has been derived in [13]. In order to state it we need some additional notation.
In order to simplify this notation, we shall from now on exclude the case of a phase : € E with
w; =0o; = 0.

Let (XT,J) denote the original MMBM and define the process (X, J) =4 (—XT,J),
where =4 denotes equality in distribution. The two processes have the same generator matrix
Q for 7, but the drift parameters are different. Denoting variation and drift parameters for X'+
by O'ii and uii, respectively, this means o, = o’j and pu; = — ,u;." forall: € E.

Let A*(r) and U*(r) denote the matrices that determine the first passage times of X'+
in (2). We shall write A* = A*(r) and UT = U™(r) if we do not wish to underline the
dependence on r. Distinguish the ascending phases into the spaces E; := {i € E, : 0; = 0}
and E, := {i € E, : 0, > 0} and let I, resp. I, denote the identity matrices on E resp. E,.

We call a phase ¢ € E strictly ascending. Define the matrices

Ct:=C"(r):= 0 1o and C™:=C"(r):= AT(r) (6)
At(r) I, 0O

of dimensions (E, U E4) X E, and E, x (E, U E,), respectively. Further define

; A (r)

Wt =Wt(r) = ¢ and W-=W=(r):=|I, 0
A*(r)

0 Iy

which are matrices of dimensions E x E, and E x (E,UEy). Finally, let Z* := CFUF (=0,

Then equation (23) in [13] states that
Ut (1, ulz) = (W+eU+'<“*fL‘> - W*eU"'@*l)O*eU*(“*’)) (I-zz9" @

for | < z < u. By reflection at the initial level x, we obtain from (7)

T(u)

\11_(Z7’u,|[17) = E (6_ fo TJSdS;XU(lﬁu) = l|X0 = gj)
= (W—eU’~(x—l) - W+6U+~(u—x)c—eU*.(u—l)) . (I— Z+Z_)—1 ®)
for | < z < u. Note that the expressions in (7) and (8) depend on a choice of r.

Example 3. To continue example 2, we obtain A~ (r) and U~ (r) by solving

U‘(r)z—A+T2+%A_(r) and A‘(r)zﬁ-(ﬁ—i—rl—U_(r))_l

Cc
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This yields

_ 1
)

A=) = = (e (B+ ) + A+ 1) — e (B r) T A 72" — 4cB)

whence U~ (r) may be readily obtained.

3. Some remarks on scale functions

Noting that (I — Z=Z+) " = > o (Z7ZT)" and Z~Z" represents a crossing over
the interval [l, u] from u to [ and back, formula (7) has a clear probabilistic interpretation.
The term W+el " (u=o) simply yields the event that X" exits from u. The correction term
W—eY " Z7 refers to the event that X’ descends below [ before exiting from u. Multiplication
by(I-ZZ Jf)f1 yields all possible combinations with any number of subsequent (down and
up) crossings over the complete interval [I, u].

Since Z+ = C*+eV" (=1 we can write W (I, u|z) in the form

Ut (1, ulz) = (W+67U+.(a:7l) _ erU_-(xfl)CjL) (e*UJr'(“*l) _ Cer_.(ufl)CJr)—l
This comes closer to the usual expression of the exit time distribution in terms of scale func-

tions. For instance, let X be a Brownian motion with variation ¢ > 0 and drift 4 € R. We

Ut *pu — /2 + 2702
2
o

then obtain

Denote r := —U* and s := U~. Then

T ST

€ — €

U0, b) = S

®

ST

cf. [9], (2.12 - 2.15), where the v-scale function is given as g(x) = ¢"™* — ¢

As we can see from (9), scale functions as solutions to the two-sided exit problem are
determined only up to a multiplicative constant. The usual unique definition of the ~y-scale
function W) (x) for a Lévy process with cumulant function v is in terms of its Laplace

transform
1

Y(B) —v
for 8 > ®(vy), where ® denotes the right inverse of 1, see (8.5) in [14].

/OO e PPW (2) de = (10
0

For the case of a Markov-modulated Brownian motion with o; > 0 for all i € E we

can extend the notion of vy-scale functions. In this case there are no matrices A* and thus
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W#* = C* = I. For a vector v = (vy,...,v,,) define the diagonal matrix with entries taken
from v by A, := diag(v;)icp. With 0? := (0%,...,02,) and v := (pu1, ..., jtm,) We Obtain

by the same arguments as for (7) in [5]
Ay =N,z 5U(r)> —ALU(r) +Q

(use the function in (1) instead of f;;(x) as defined in (4) of [5]). Note that there is a typo in

equation (8) of [5], where it should state —A,, instead of +A . Define the scalar cumulant

functions ¥;(3) = 02/23% + w;B for i € E and write ¥(8) = (¢¥1(8),. .., %m(B)).
Then the (matrix-valued) cumulant function of (X, 7) is given as K(8) = Ay ) + Q,
see proposition XI.2.2 in [2]. This yields
K(B) = Ar = Ao (821 — U2) + A (BT + Uy
= (Do2/2(BI = Us) + Ay) (BI+Uy) (1

where we write U, = U™ (r). Similarly for the negative process (X ~, J) we obtain
Ay = AUZ/QU_(I')2 +A U (r)+Q
and hence
K(B) = Ax = Aga (B2 — U2) + A, (B~ U_)
= (Dp22(BI+U_) +A,) (BT —U-) (12)
where we write U_ = U~ (r). We propose
W () = (e_U+"” - eU*"”) - C, x>0

to be called the r-scale function of (X, J), where the constant C' remains to be determined.
Let ||U4 || denote the largest absolute value of any eigenvalue of U,. For 8 > ||U4| we
evaluate

(56 -0 [ T e WO () de

0
= (K@) —Ay)- ((BI+U) ' = (BI-U_)")-C
= (Bp2/2(BI = Uy) + Ay = D2 pp(BI+U-) = A,) - C
=—Dyep - Up+U-)-C
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where the second equality is due to (11) and (12). With C' := —(U; + U_)*1 . A2/o-2 we thus
obtain

(K(8) - Ay) /O T B () i = 1

for 8 > |U ||, which justifies the name "r-scale function".

Remark 2. In order to compare the above proposal with results obtained in [11], section 7.5,
we first translate the notation Uy = A and r = ¢ - 1. Further note that eV~"* = P(.J(7{~}))
and IT = I, since E = E,. Thus equation (7.7) in [11] translates as W (z) = e~ U+% — U~
Moreover, equation (7.9) in [11] together with the above determination of the matrix C' yields
the expression L = —(U. + U_)"! - A, /o2 for the matrix of expected local times at 0.

Equation (7.4) in [11] then leads to an expresssion
Li(z) = — (I — "+ %e""") . (Uy + U_) " Ay

for the matrix of expected local times at O before the first passage over a level z > 0.

4. Occupation times for level and phase process in two intervals

While occupation times for the phase process have been obtained in [13, 6] and only needed
some translation in section 2, the more interesting (and more difficult) part of our investigation
are occupation times of the level process in different intervals. Their distribution will be
derived in this section for the case of two contiguous intervals. A general recursion scheme for

more than two intervals will be provided in section 5.

4.1. Occupation times before an exit from an interval

Recall the definition of the exit times of X’ from an interval [I, u], namely
T(Lu):=inf{t >0: Xy <l or X;>u} (13)

where X € [u,(]. Choose some b €]!, u[ and define
7(l,u) 7(l,u)
Clﬁj(l,u) Z:/ H{Xt<b,Jf,:j} dt and Cg’j(l,’u) = / ]I{Xt>b7t]t:j} dt
0 0
for j € E. Further define the column vectors (i (I, u) := ((x;(l,u) : j € E) for k € {1,2}.
The random variables ¢1;(, ) and (2; (I, w) yield the occupation times of (X', J) in the sets

[1,0[x{j} and |b,u] x {j}, j € E, before the level process leaves the interval [I, u].
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Choose any exit rate vectors ri, = (ry; : j € E) for k € {1,2}. We shall derive an

expression for
E*(l,ula) :=E (e_“Cl(l’“)e_r"‘@(l’"); Xr(u) = ulXo = a)

where | < a < w. This provides the joint Laplace transform of the occupation times (; (I, u)
before the first exit of [, u], restricted to the exit occurring at w.

There are some simple cases. For [ < a < b < u we obtain
E*(l,ula) = ¥ (1,bla) ET(1,ulb)
by path continuity, and similarly, for | < b < a < u, we observe that
E*(l,ula) = ¥ (b,ula) + Y, (b,ula) E*(l,ulb)

Thus it suffices to determine E (I, u|b). Write for any matrix M of dimension E x E the

block notation
Ma,ay Ma,a

Ma,a)  Ma,a)

M =: = (M(W) M(-»d)>

according to ascending (FE,) or descending phases (F;). Clearly E(Jr d)(l7 ulb) = 0, since u
cannot be passed from below in a descending phase. Discerning between initial phases, we
find that

E+

(d,a)(hu‘b) = \I’: (l7b|b)(d,a) E+ (l7u|b)

(a,a)
such that it remains to determine E(J; o) (1, ulb). Write for a matrix M of dimension E, x E,

MS S MSO' MS .
= [ Mo Mea | _ (M
M5y Moo) Mo,

in obvious block notation. Conditioning on the number n of possible returns to the level b in

a strictly ascending phase (i.e. one from E;) before exiting the interval [[, u] at u, we observe

that
o0
(. ulb) = Z (O W)y (W) )+ (Ve W) ) B (ulb)

-1
_ — + - +
= (L= () ) (W) )+ (W9 ) B (D)
where I, indicates the identity matrix on E,, UF = WUF (b, u|b), and W} shall denote the

(Es U Eq) x E, block of W (1,b]b). We have thus reduced the problem to the determination

of B, (I ulb).
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Theorem 1. Write Ui := U*(ry) fork € {1,2}. Forl < b < u,

-1
B, (L ulb) =2 ((D1)(0,0) + (D201 ) (0,0))

N —1
X (0(5,5) Io) (Us +C3 U5 Cy) (eiU;'(ufb) — Cy et '(ufb)czﬂ
where the constant matrices D1 and D- are given in lemmata | and 2.

Proof: We employ the following approximation: Assume that the exit rate vector changes
from ry to r; at b — € for downward crossings of b and from r; to ro at b + ¢ for upward
crossings. Then we let € | 0.

To be more precise, assume that X, = b + ¢ and define ¢ty := 0 as well as the times
Spi=min{t > t,_1: Xy =b—¢e} t, :=min{t > s, : Xy = b+ ¢} forall n € N, where
min () := oo. Let N := max{n € Ny : t,, < 7(l,u)}. Note that on { X,y = u} there is for
each s, < 7(l,u) at, with s,, < t,, < 7(l, u) due to path continuity. We consider

N sn _ [ (u) N n

E(e) == E 0 (6 Lonmy JiLy roespdam [y raesyds ST, [inmes,ds, Xru) =ulXo=b+ 5)
This converges towards

7(1,u) T(l,u)

]E(o,a) (67 0 I‘1€(]3]I{Xs<b}dsef o r28JSH{XS>b}dS;X7—(l,u) _ U|X0 _ b) _ E+

(U’a)

(I, ulb)

as € | 0, since lim, o fOT(l’u) L{p—ccx,<biepdt = 0as.

Write W5 () for the E, x (E; U Eg)-block of ¥y, (b — ,ulb + £) and W3 () for the
E, x E,-block of W (b — e, ulb+ ¢). Further write U] (¢) for the (E, U Eq) x E,-block
of U (1,b+ €[b — ). Summing up over the number of down and up crossings of the interval

[b — €,b+ ] before leaving the interval [I, u] at u, we obtain

oo

B(e) = (040 1) D (V7€) 07 ()" U5 ()

n=0

= (00 I) (T = W5 (&) {1 (2)) " 1(e) 1) W (o)

First we consider lim, o (0(075) [0) (Io — \112’(5)\111*((5))71 I(g). Since

161&)1 (0(075) Ig‘) \112_(6)\1/-1’—(6) = (Io 0(0,d)> \Ij-li_(s) = (O(”’S) IU)

we find that lim. o W5, (¢)¥ (¢) is an upper triagonal block matrix. We thus obtain

li (0 L) (la =95 ()07 ()" 1) = (04, D)



12 L. Breuer

for an F, x E, matrix D that is given by

D =lime (Ig — (‘1’2_(5)‘1/1%(5))(0@)>71

eJ0

- (Ef@i ((w; W 1))

(e, )
( “ 6—0> (a,o>>
( (D>CY ),

w«») + (10 Lute
=0 (o,0)
see [4], section I.1.3, as well as lemmata 1 and 2 for the last two equalities. In a similar manner,

(D))

since lim, \II;(E)((,,,I) = 0, we obtain

d

lime! \Ifé’_(&)(a’a) = dig

el0

according to lemma 3. Altogether this yields the expression in the statement.

O

Example 4. Consider a finite buffer with capacity v > 0. The buffer content is modelled by a
Brownian motion with parameters p < 0 (drift) and o > 0 (variation). This corresponds to a
phase space E = E, = {1} consisting of one element only. Thus C* = 1.

Assume that there is a level b €]0, u[ above which there is a higher cost attached. We wish
to compute the Laplace transform of the time spent above the level b along with the probability
of a buffer overflow. To shorten considerations, we assume that the initial buffer content is b.
Then the Laplace transform we aim for can be computed as E (0, b, u) with exit rate vectors
r; = 0 and ro = +, where 7 is the argument for the Laplace transform. Thus we need to
determine only U 1i and Uzi, which are real numbers. We obtain

112

1 "
Uf=—y/amp+ S5+
k g k 0'2 2

+
(o
for k € {1,2}, according to (4). Since ;1 < 0, this yields U;" = 2u/02 and U;” = 0. Hence

210

Dy = 21 — e2n/o?b
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and, after abbreviating W := 2 /2y + g—z,

-1
9 2 — —U; -(u—b) + US - (u—b)
EHOup) = (2o Upe 2 Uy
1 — e2n/o%b e—Us -(u=b) _ oUF (u—b)
y Uf +Uy
e—Us -(u=b) _ oUs -(u—b)
_ W (u—b) N\ —1
_ —2p/o? —Uy —Uje W (et w oUs -(u=b)
1 — e2n/0%b 1 — e W-(u=b) 1 —eW-(u=b)
—1
_ (e W L) W v
1 — e2n/0%:b 1 —eW:(u=b) 2 1 —eW-(u=b)
since Uy + Uy = —24/2y+ 15 = —W.

Example 5. Considering Brownian motion as in the previous example, but this time with exit
rates r; = ry = 7, we obtain U = U; =: u*. This yields

u+e—u+-(b—z)+u—eu (b—1)

Dy =2 o—ut-(b—1) _ pu-(b-1)
and
u—e—u7~(u—b) 4 u+8u+~(u—b) u—e—u+'(1t—b) + u+eu7~(u—b)
Dy =2 o—u-(u=b) _ gut-(u—b) 2 o—ut-(u—b) _ gu—-(u—b)
Thus

ut +u”
e—ut(u=b) _ gu=-(u—b)

E (7770 X0 = ulXo = b) =

u+e—u+~(b—l) 4 u—eu7~(b—l) u—e—u+~(u—b) 4 u+eu7~(u—b) -1
X e D) —gu ) T ot (ub) _ gu ()

Extending the fractions by (e~ (b= — gu™ (b=D)(g=u"-(u=b) _ gu™-(u=0)) yie]ds
E (e*”(l’“); Xt = ulXo = b) = (ut + uf)(eﬂﬁ'(b*l) — e“_'(b*l))
X ((u*e*“Jr'(b*l) + ufe“_'(b*l))(e*“{(“*b) - e“_'(“*b))
(e ) e D (0D e 0m))
= (ut + u‘)(e‘w‘(b_l) — e (b0
« (u+67u+~(u7l) R | T AN ) u+eu_'(u7l)> -1

€7u+~(b7l) — el -(b—1)

- e—ut-(u=l) _ ou=-(u=1)

which is the classical result, cf. equation (2.17) in [9].
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4.2. Occupation times before a first passage

Choose some b < u € R. Define the column vectors (i (u) := ((xj(u) : j € E) for

k € {1, 2} via their entries

7(u) (u)
Cl,j(u) = / H{Xt<b,Jt:j} dt and CQJ‘(U) = / ]I{Xt>b’Jt:j} dt
0 0

for j € E. Further choose any exit rate vectors ry, = (ry; : j € E) for k € {1,2}. We shall

derive an expression for
E*(ufa) i= E (e ¢ (e 0|X, = )

where a < u, thus providing the joint Laplace transform of the occupation times (j;(u). There

are three cases: If a <u < b, then 3, 5, (1,j(u) = 7(u) and thus
E*(ula) =E (67 7 riessds| X, = a)
which has been determined in (2). If ¢ < b < u, then
E*(ula) =E (e* Jg® rresds x, = a) E*(ulb)
where again the first factor is known via (2). Finally, if b < a < u, then
E* (ula) = W (b,ula) + ¥y, (b, ula)E™ (ulb)

where the terms W, and W, are given in (7) and (8). Thus it suffices to determine £ (u|b)
for b < u. Clearly E( ) (u|b) = 0, since u cannot be passed from below in a descending

phase. We further find the relation
(da (u|b) Eg,a) (€ ( Ta®) Xy = b) EJr (u|b)

such that it remains to determine £ ('z a) (u]b). Conditioning on the number 7 of possible returns

to the level b in a strictly ascending phase ¢« € E; before passing the level u, we observe that

oo

(s a)(ulb) ;) (\II ct ( ))( ,8) ((\I/:_z)(s,a) + (‘Il;zc—i_(rl))(s,a) (o, a)(ulb))

_ (IS - (\11;20+(r1))(&s)) <(\IJ;;)(5 o+ (RO @) ) Bl (u|b))
where I, indicates the identity matrix on E,, U = W (b, ulb), and C*(ry) is given in (6).
We have thus reduced the problem to the determination of E+ (u|b) This can be obtained

as the limit E(t o) (ulb) = lim;—, _ E(‘; a)(h u|b).
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Corollary 1. Write Ui := U*(r) for k € {1, 2} and assume that ||r;|| > 0. Then
B ) = B 013, )

—2 ((D201+) oy + (2UT) (w))

% (0(0) 1) (UF +C5 U5 CF) (7030 — c e 'Wb)c*;)_l

for b < u, where the matrix D5 is given in lemma 2.
Proof: Looking at the formula in theorem 1 we find that only D; depends on . For | — —oco
we obtain from lemma 1

Jlim Dy = Tim 2(0(“) IO_) (Ufe*UT ©=0) 4 oryrelt -<H>01+)
——00 ’

l——o0

% (e—Uﬁ(b—z) _ Cer;.(b—z)Cfr)*l

= tim 2 (0, 1,) (Uf +Cp Uy VT Do U0
——00 ’
X (Ia - Cerf'(bfl)Cf_eUr'(b’l))_1

=2(04 L) U

since ||r1|| > 0 implies that U," is a strict sub-generator matrix and lim;_, ., eV1"(*=0) = 0.

O

Example 6. For the compound Poisson risk model with exponential claims the phase space is
E =FE;UEyie E, =0. Thus E(’; o (ulb) = E(t ¢ (u[b) for which the formula before the

corollary yields

E(J;)S) (ulb) = (1 — e'lkll;zAJr(rl))_l A

as CT(r1) = AT (r1) and ¥ are simply column vectors on E. Settingr; = (0,7),r2 = 0
and b = 0 we obtain the Laplace transform (with argument ) of the time spent above the
initial risk reserve u before ruin. The values for ry yield A = \/(c8) and Uy” = \/c — B as

well as A = 1 and U, = 0. Hence

1 — e~ (B=A/c)-(u—b) 1-2%
ru- It — cB —(B=X/c)-(u=0b)
e, = 1 X =G/ () and e, =77 XA b

while the values for r; yield

A+(r1):%<>\+v+c-5—\/()\+’y+c-ﬂ)2—4)\cﬁ)
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5. Occupation times in more than two intervals

We now consider a a finite number of thresholds b; < ... < by. We can determine
occupation times of (X', J) before a first passage or an exit from an interval in the following
way. Fix the respective rate exit vector r, for the (open) intervals Iy, k € {1,...,N + 1},
resulting from by < ... < by. Define 77 (z) := inf{t > 0 : X; > =} and the column vectors
Gi(u) == (Gh(u) - j € B), k€ {1,..., N + 1}, with entries

N ™ (u)
Gy (w) 1:/0 Iyx.en.0=5y dt
for j € E. As before, we shall abbreviate
Et(ula) :=E (ef SR el () | Xo = a)
for a < u. Similarly, define 7~ (z) := inf{t > 0 : X; < z} as well as the column vectors
G, (u) == (G (u) 1 j € E), k €{1,..., N + 1}, with entries
B ™ (u)
Ck](u) = / H{XtEIth:j} dt
0
for j € E. We shall write
E~(lja) =E (e— SR G W) x = a)

for | < a. Define the column vectors (i (l,u) == (Cx;(l,w) : j € E), k€ {1,...,N + 1},

with entries )
Grj(l,u) = /O Lix.en.,0=5} dt
for j € E. We write
Et(l,ula) :=E (e_ R G (bw), Xoru) = ulXo = a)
forl < a < u, as well as
E~(l,ula) :==E (e— Tidi e X = 1| X = a)

The matrices £+ (ula) and E* (I, u|a) have been determined in sections 4.2 and 4.1, respec-
tively. The matrices £~ ({|a) and E~ (I, u|a) are determined in the same way after reflection
at the initial level a, i.e. interchanging A* and U™ with A~ and U™, cf. the relation between

(7) and (8).
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5.1. Occupation times before a first passage

We seek a computational scheme for E7 (u|a) where a < u. If u < bs, then the solution is
given by the results in section 4.2 with b = by. For v > bs let k := max{n > 2 : b, < u}.

Path continuity yields for a < b, < u
E"(ula) = E" (b|a) E™ (ulbk)
where
ET (ulby) = ET(bg—1,ulbg) + B~ (br—1, ulbr) ET (br|br—1) ET (u|by)
which implies
Et(ulby) = (I — B~ (b1, ulbi) E* (bilbe_1)) " B (br1, ulby)
In the case b, < a < u we obtain
ET(ula) = \I/'s.'_H(bk,u\a) + \Il;+1(bk,u|a)E+(u|bk)

where \Il'kF 41 and ¥, denote the two-sided exit matrices as defined in (7) and (8) with param-
eters taken from the k + 1st regime. Since the matrices E* (by—1, u|bg) and E~ (bg—1, u|b)
have been determined in section 4.1, this provides a recursion scheme for E™ (u|a).

5.2. Occupation times before an exit from an interval

We shall determine E7*(l,ula) with [ < a < wu. First note that the problem can be
reduced to the results obtained in section 5.1 by exploiting the probabilistic interpretation at

the beginning of section 3. This yields
E*(l,ula) = (E* (ula) — E~(l|a)E™ (u]l)) (I — Ef(l|u)E+(u|l))_1

We further wish to provide a recursion that involves only matrices of the form E* (z,y|z). For
h := min{n > 1 : b, > I}, the matrix E* (I, by 1|bn) has been determined in section 4.1.
Define k := max{n > 1 : b, < u}. If k = h, then E*(l,ula) is given by the results in

section 4.1. Thus assume that £ > h > 1. We obtain by path continuity
E*(l,ula) = ET(l,bg|a)E* (1, u|by)
where

E+(l, u|bk) = E+(bk_1, u|bk) + E (bk—h u\bk)E"'(l, bk|bk_1)E+(l, u\bk)
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This yields
E*(Lulby) = (I — B~ (by—1, ulby) E* (1, bylbr—1)) "' E¥ (be—1, ulby)

Since the matrices E1 (bx_1,u|b;) and E~(bx_1, u|bg) have been determined in section 4.1,

this provides a recursion scheme for E¥ (I, u|a).

Appendix

In this appendix, the lemmata that have been used in the proof of theorem 1 are collected.
Recall the abbreviations W (¢) for the (E, U Eq) x E,-block of U (I,b+¢[b— ¢), ¥ (¢)
for the E, x (E, U Eg)-block of W (b — &, ulb+ ¢), and U3 (¢) for the E, x E,-block of
W (b—e,ulb+¢). Further let 0, ) and 0(, ;) denote the zero matrices on £, x Eq and on

E, x E, respectively.

Lemma 1. For!l < b,

Dy = (Ia O(U,d)) d%‘l’;r(f)

e=0
_ _ -1
=2 (0((,78) I(,) (Uf“e*UT'“’*” + CrUr e '<b*l>Cl+) (e*UT'(b*” —creh '“’*”Ci)

Proof: According to (7),
(L7 O(U,d)> U (e) = (Ly U(U,d)> <01+€U1+-(25) _ eU;~(b—l—s)cl+eU1+-(b—l+s))
% (Ia _ Cl—eUf~(bfl+s)ci&-eU1+-(b71+€))*1
_ (0(0,5) Ig) <6U1+-(2e) _ Cl—eUl_-(bflfa)ci&-eUf'-(bfl+s))
% (Ia _ Cerl_»(bflJra)C;reUl*»(bflJra))_1
_ (0(0,5) Io’) (e—Uj-(b—l—s) _ C;eUf»(b—l—e)Cfr>
% (e—U;r.(b—l+e) _ C;eU;-(b—ere)C;r)’l
After abbreviating
F(e) = erf*(bflfe) . C«l—eUl_-(bflfe)C«ii-v Gle) = erfT(bflJre) . Cl—eUl—-(b—He)O;r

we apply the formal rules of derivation for functions of a real variable (see [4], sections [.1.3-4)

to obtain

D1 = (04 1) (FIO)GO)" = FO)G(0) G (0)G(0) )
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where F'(0) = G(0) = e~ U= _ Cy eV (=00 and
F'(0) = Ufte Ui (-0 ¢ crurels 0-Dof = —G'(0)

This yields the statement.
d

Lemma 2. Forb < u,

Dy = (O(ms) Ig> d%\l/; ()

e=0
_ _ —1
=2(I, 0(pg)) (Use™ V2 o0 4 CFUF Ve ) (Ve (0ot = o Uiy )

Proof: According to (8),
(0 1) W () = (040 1,) (2 — el bl ol ubh))
% (I _ O;FBU;.(ubere)Oz—eU,;-(ufbﬂ)) -1
_ (Ig O(U,d)) <6U2_25 _ C«;-eU;-(ufbfs)Cz—e 2—~(u—b+e))
% (I _ C;reU;~(u—b+6)C;6U;-(u—b-‘rs)) -1
_ (Ig O(U,d)) (e—U;(u—b—a) _ C;eUJ'W—b—&)c;)
% (e—U;'(u—b-‘rs) _ C;reU;r-(u—b+e)C;)71
We abbreviate
F(e) = er;-(ufbfs)_C;-eU;-(ufbfa)CQ—’ G(e) == 67U27-(u7b+6)_C;-eU;-(ufbwLa)CQ—
where F(0) = G(0) = e~ Uz -(v=b) — ¢ ¢US (u=0) O and
F'(0) = Uy e Vs b cf U els (=005 = —G/(0)

Hence

which is the statement.

(]
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Lemma 3. For b < u,

Dy =04y 1) %\p;(a)

e=0

=2 (o(a,s) Ig) (U +CyU; CF) (e—Ufz*'(”—b) — C;eU?(“—b)C;)fl
Proof: According to (7),
(%75) Io) U3 (e) = (O(U,s) Ia) (eU’j'(“_b—E) - CEGUZ;%CJ@U;'(“_"*E))
« <[a _ C;eU;'(u—b+s)C;reU;r~(u—b+€)) !
_ (0(073) Ig) (e—U;-zs _ CQ_BU;%C;_>
% (er;r.(ufbﬁf) _ CQ—eU;.(u—bJrg)C;)—l
We abbreviate
Fe) = efo;e . 02—62U2_€Cgr7 G(e) = er;'-(ubere) . Cz—eUQ_-(ule»e)C;-

to obtain F'(0) = —2 (Uy + C5 Uy Cy) and further (0(0,5) [U) F(0) = 0(4,q) as well as
G(0) = e~V (u=b) _ 07 eUs “(u=b)Cf . Altogether this yields

Dy = (0 1) (F'(OGO)! = FO)GO) ' (0)G(0) ™)
= (O(U,s) Irr) F/(O)G(O)_l
which is the statement.
O
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