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Abstract

This paper introduces a new class of time-varying, meaure-valued stochastic processes
for Bayesian nonparametric inference. The class of priors generalizes the normalized ran-
dom measure (Kingman 1975) construction for static problems. The unnormalized measure
on any measurable set follows an Ornstein-Uhlenbeck process as described by Barndorft-
Nielsen and Shephard (2001). Some properties of the normalized measure are investigated.
A particle filter and MCMC schemes are described for inference. The methods are applied

to an example in the modelling of financial data.
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1 Introduction

Bayesian nonparametric models based on Dirichlet process mixtures have been popular for
clustering and density estimation problems. Miiller and Quintana (2004) give a comprehen-

sive review of these ideas. The model assumes that the data v, ..., ¥y, are an i.i.d. sample
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from a distribution with density f which can be expressed as f(y) = [ k(y|6) dG(6) where
k(y|0) is a continuous density function, which will be referred to as a kernel. A prior, II,
will be placed on G that allows a wide support for f. The model can also be represented

hierarchically
Yi ~ k(yil0:)
0; ~ F
F ~ 1L

A popular choice for II is the Dirichlet process (Ferguson, 1973). More recently, it has been
noticed that predictive performance can be improved by replacing the Dirichlet process with
a different random probability measure. Several alternatives have been proposed including:
Normalized Inverse Gaussian (NIG) processes (Lijoi et al 2005), Normalized Generalized
Gamma Process (Lijoi et al 2007), and Stick-Breaking Priors (Ishwaran and James 2001,
2003).

Suppose that we know the ¢-th observation, y;, is made at time ¢;. The extension of this
nonparametric mixture model to these data has been an area of recent interest. A natural
extension to the nonparametric model assumes that f(y|t), the distribution of y at time ¢, can
be expressed as f(y|t) = [ k(y|0) dG.(). The prior specification is completed by defining
a prior distribution for G over a suitable range of values of . If the observations arrive in

discrete time then a prior can be defined by the recursion
Gii1 = wGr + (1 — wi)e (1

where ¢, is a realisation of a random discrete distribution and w; is a random variable in
the interval (0, 1). Pennell and Dunson (2006) consider a time-invariant w; and a Dirichlet
process with time-invariant parameters for ;. Griffin and Steel (2006a) consider constructing
a process where wy, wsy, ws, ... arei.i.d. Beta(1,M) random variables and ¢; is a distribution
concentrated on a single point drawn from some distribution H. The dependence structure
can be modelled by subordinating this process to a Poisson process with intensity A, . This
construction ensures that if Gy follows a Dirichlet process then so will G ;. An alternative
approach is considered by Zhu et al (2005) who specify the predictive distribution of v, 1,
observed at time ¢,,4.1, which is proportional to

n
> exp{—A(tns1 — t:)}oy, + MH
i=1
where ¢, is the Dirac measure that places mass 1 on z and A and M are positive parameters,
that will control the marginal process and the dependence between distributions at different
times. The form generalizes the famous Pdlya urn scheme representation of the Dirichlet
process (Blackwell and MacQueen 1974).



This paper develops an alternative approach which guarantees stationarity of the finite
distribution of the measure-valued process using the Ornstein-Uhlenbeck (OU) processes
with non-Gaussian marginal distributions developed by Barndorff-Nielsen and Shephard (2001),
which will henceforth be referred to as BNS, for financial modelling. This implies that the
marginal process at any time is known, which gives some intuition about the behaviour of
the process and allows separate elicitation of parameters for the marginal process and the de-
pendence structure. The construction mimics the approach of Zhu et al (2005) by defining an
exponential decay for a process proportional to GG;. The process is defined in continuous time
but in discrete time it will have a structure like (1) where €; usually has an infinite number of
atoms. Markov chain Monte Carlo and particle filtering methods are proposed for posteriors
simulation which involve a truncation of the random process. Dirichlet process marginals are
an interesting exception and arise from a process with an increment that has a finite number
of atoms. Consequently, MCMC and particle filtering methods for this class can be defined
without truncation. The paper is organized in the following way: Section 2 reviews the
Normalized Random Measures (NRM) class of priors and the construction of OU processes
with specified marginal distributions, Section 3 uses these ideas to construct measure valued
processes whose marginal process follow specific NRMs, Section 4 describes both Markov
chain Monte Carlo and particle filtering methods for inference, Section 5 applies these meth-
ods to financial time series, and Section 6 discusses the future development of these types of

processes.

2 Background

2.1 Normalized random measures

Normalized random measures (NRMs) have played an important role in Bayesian nonpara-
metrics since the Dirichlet process was introduced as a normalized Gamma process by Fer-
guson (1973). Drawing inspiration from Kingman (1975), Regazzini et al (2003) define the
class of NRMs by normalizing an increasing additive process ( time-changed by a finite
measure o and writing G(B) = (o (By/Ca(r)- The normalisation is well-defined if and only
if: (i) ¢ has infinite activity (i.e. the total mass of its Lévy measure is infinite) and (ii) the
Laplace exponent of () is a.s. finite. The class was extended by James er al (2005) to
multivariate processes. Nieto-Barajas et al (2004) consider processes driven by increasing
additive processes and define ((t) = [ k(t,z)dL(z) where now L is an increasing addi-
tive process. NRMs can also be represented as G = > 7, %5& where (J, ) follow
a Poisson process with intensity v(J,60) on (0,00) x S where S is the support of H. It

G*

will useful to consider the unnormalized measure G* = >, J;dy, so that G = eI



James et al (2005) refer to an NRM as homogeneous if the intensity function has the form,
v(J,0) = WT(J)h(0) where h is differentiable. This paper will concentrate on this homo-
geneous case and define this process to be NRM(W ™, H). In this paper, the construction

will be extended to a third dimension, time, using a representation of the BNS OU process.

2.2 The OU process

This section describes the development of OU processes with given non-Gaussian marginal
distribution and draws heavily on the material in BNS. Suppose that z(t) is a Lévy process
(e.g. Sato, 1999 or Bertoin, 1996) which has dynamics governed by the Stochastic Differen-
tial Equation

dZ(t) = —=AZ(t) + dp(At)

where ¢(t) is called the background driving Lévy process (BDLP). BNS show that the Lévy
density u of Z(t) is linked to Lévy density w of ¢(¢) by the following relationship

w(r) = —u(z) — zu' (1)

which implies that the tail integral function W™ (z) has the form

W) = [ uly)dy = aulo).

This will be an important function for the definition of OU-type processes with specified

NRM marginal processes.

Example 1: Gamma

v

Suppose that Z(t) ~ Ga(v, «) with density %x ~Lexp{—ax} then

Wt (z) = vexp{—ar}.

Example 2: Inverse Gaussian

Suppose that Z(t) follows an Inverse Gaussian distribution which has density

\/(;_W exp{dy}z =3 exp {—%((52.%_1 + ’ny)}
then

b 1
W(z) = Ew 1/2 exp{—;ﬂx}.



Ferguson and Klass (1972) describe how a Lévy process can be expressed as a transfor-

mation of a Poisson process. First we write the process as

Z(t) = exp{—=At}Z(0) —l—/o exp{—A(t — s) }dp(As). (2)

The stochastic integral can be expressed using the Ferguson and Klass (1972) method as

/f ) dp(\s) < ZW ( ) FOT)

where a; and 7; are two independent sequences of random variables with the 7; independent
copies of a uniform random variable 7 on [0,¢], a1 < ay < --- < a; < ... as the arrival
times of a Poisson process with intensity 1 and W ! is the inverse of the tail mass function
W (z). This representation suggest an alternative interpretation in terms of a jump sizes
J; = W' (%) and an arrival times 7;. Let (J,7) be a Poisson process on (0,00) x [0, ]
with intensity AW T (.J) then

t o0
/0 F(s)dp(rs) &3 Tif ().
=1

This can clearly be extended to

o0

t
| 0008 £ Y167 < 035 ()

i=1

where (J, 7) be a Poisson process on (0, 00) X (—oo, 00) with intensity AW T (.J).

Example 1: Gamma (continued)
Usually the inverse tail mass function W ! will not be available analytically. However, if

the process has a marginal Gamma distribution with parameters v and o then

WL(z) = max {0, —é log (%)}

/Otexp{ At — )} dp(As) Zmax{ 0g<%)}exp{—/\(t—n)}

We are interested in Gamma distribution with shape 1 so we can re-write the expression in
the following way
Nt

t
d
[ expl=at = dgins) £ Y[ tog ai]exp(-A(t — 7))
0 i=1
where Ny is Poisson distributed with mean Avt and aj, a3, ..., ay, g U(0,1), which

implies that [— log a’] are exponentially distributed with mean 1.
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3 The OUNRM processes

The Ferguson and Klass (1972) representation of the BNS OU Lévy process and James et
al (2005)’s representation of the NRM process are both expressed through functions of Pois-
son processes. The OUNRM process combines these two ideas to give a Poisson process-
based definition. Usually NRM processes are defined by the Lévy density of the unnormal-
ized measure on any measurable set B. If we define a time-varying unnormalized measure
G7, then the Lévy density of its marginal distribution on a measurable set B can be fixed
over time using the BNS OU process. This leads to the following definition.

Definition 1 Let (7, J,0) be a Poisson process on Rx RT x 8 which has intensity \W ™ (J)h
and define

I(r; < t) exp{=A(t = 7)}J;
Z < S22 (i < tyexp{—A(t— =)} %,

then {Gy}ier follows an OUNRM process, which will be written OUNRM(W ™ (z), H, \)

Theorem 1 If {G}}icr follows an OUNRM(W ™ (z), H, M) process then Gy follows an NRM(W T (z), H)
forall t.

The process can be defined in the form of equation (1) as a mixture of G and an innova-
tion ¢; where

_ exp{—A}G7_,(S)
Cexp{-A}GE_(S)+ DIt -1 <7 <t)exp{—A(ri —t+ 1)} J;
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