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1. Web Appendix A: Theorem proofs6

In this appendix we provide proofs of Theorems 1 and 2. We first provide a7

variation of the extension theorem of [1, 2], which is required to prove Theorem8

1.9

1.1. The two-stage extension theorem10

In order to derive the simpler exhaustive summary we need to use a modified11

version of the standard extension theorem [1, 2]. This version of the extension12

theorem has been used in [4–6], but has not been formally written down.13

In the standard extension theorem, [1, 2], we begin with exhaustive summary14

κS
1 (θ1), which has parameters θ1. Then we extend this model to give the15

exhaustive summary κS(θ1, θ2) = [κS
1 (θ1), κS

2 (θ1, θ2)]T with parameters θS =16

[θ1, θ2]T . If ∂κS
1 (θ1)/∂θ1 is full rank and ∂κS

2 (θ1,θ2)/∂θ2 is full rank, then17

∂κS(θ1, θ2)/∂θS is also full rank.18

In the two-stage extension theorem, we begin with exhaustive summary19

κO
1 (θ1), which can be partitioned as κO

1 (θ1) = [κE
1 (θ1,1),κNE

2 (θ1,1, θ1,2)] with20

parameters θ1 = [θ1,1, θ1,2]T . This exhaustive summary is then extended to21

κO
2 (θ1,1, θ1,2, θ2,2) = [κE

1 (θ1,1), κE
2 (θ1,1, θ1,2, θ2,2)], with parameters22
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θ2 = [θ1,1, θ1,2, θ2,2]T . Let θE
2 = [θ1,2, θ2,2]T . Then we have the following23

result:24

Theorem 3. The Two-Stage Extension Theorem If ∂κO
1 (θ1)/∂θ1,25

∂κE
1 (θ1,1)/∂θ1,1, and ∂κE

2 (θ1,1, θ1,2, θ2,2)/∂θE
2 are all full rank then26

κO
2 (θ1,1, θ1,2, θ2,2) is also full rank.27

The proof follows the same form as the standard extension theorem or can28

be derived via Theorem 4.2 of [7]. Using induction, Theorem 3 can be used to29

create general rules in the same way as the standard extension theorem.30

31

1.2. Proof of Theorem 1a.32

In this section we provide a proof for Theorem 1a. The theorem states that33

a simpler exhaustive summary for the capture-recapture model consists of the34

terms si,j = φi,jpi+1,j+1 (for i = 1, . . . , n2 and j = i, . . . , min(n1+i−1, n2)), and35

ti,j = φi,j(1−pi+1,j+1) (for i = 1, . . . , n2−1 and j = i, . . . , min(n1+i−1, n2−1)).36

The proof of Theorem 1a. is split into three parts:37

• In part one, we show that the original exhaustive summary consisting of38

the capture-histories can be reparameterised in terms of [sT , tT ].39

• In part two, we create a new exhaustive summary, denoted as κuvw, util-40

ising Theorem 8 of [2]. This is created so that the extension theorem of41

[1, 2] can be applied in order for results to be extended to any dimension.42

• In part three, we show that the reparameterisation [sT , tT ] is an exhaustive43

summary, again utilising Theorem 8 of [2].44

We assume that none of the parameters are on boundary values, so that our45

parameter space is restricted to 0 < φi,j < 1 and 0 < pi,j < 1 for all values of i46

and j for this theorem to apply.47

48

Theorem 8 of [2] states that if the derivative matrix ∂κ(κnew)/∂κnew is49

full rank then κnew is a new exhaustive summary.50
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Part one:51

52

We show that any capture-history can be expressed as parameters si,j and53

ti,j . The probability of a particular capture-history, h, is54

Pr(h) =
b∏

k=a+1

φk−a,k−1

(
δkpk−a+1,k + δ̄kp̄k−a+1,k

)
χb−a+1,b,

where an animal is first recaptured at time a and last recaptured at time b, with55

individual history entry δk at time k, and x̄ = 1−x. These probabilities can be56

reparameterised in terms of si,j = φi,jpi+1,j+1 and ti,j = φi,j(1 − pi+1,j+1) to57

give58

Pr(h) =
b∏

k=a+1

(
δksk−a+1,k + δ̄ktk−a+1,k

)
χb−a+1,b.

The probability of an animal never being seen again, χi,j = (1−φi,j)+φi,j(1−59

pi+1,j+1)χi+1,j+1, with χi,n2+1 = 1, can be shown to be a function of si,j and60

ti,j , by first expanding χi,j . This gives:61

χi,j = (1 − φi,j) + φi,j(1 − pi+1,j+1) · [(1 − φi+1,j+1) +

φi+1,j+1(1 − pi+2,j+2) · [(1 − φi+2,j+2) + φi+2,j+2 ·

(1 − pi+3,j+3) · [· · · [((1 − φn2,n2) + φn2,n2(1 − pn2+1,n2+1)] · · · ]]].

By noting that (1 − φi,j) = (1 − si,j − ti,j), we can write χi,j as62

χi,j = (1 − si,j − ti,j) + ti,j [(1 − si+1,j+1 − ti+1,j+1) + ti+1,j+1 ·

[(1 − si+2,i+2 − ti+2,j+2) + ti+3,j+3[· · · [(1 − sn2,n2)] · · · ]]].

Therefore all capture-histories can be parameterised in terms of s and t only.63

64

Part two:65

66

We derive a new exhaustive summary which consists of the following terms:67

• uj =
n2−j+1∏

k=1

φk,k+j−1pk+1,k+j ,68

for all j = 1, . . . , n2;69
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• vi,j =
(1 − pi+1,j+1)

pi+1,j+1
,70

for all i = 1, . . . , n2 − 1 and j = i, . . . , min(i + n1 − 1, n2);71

• and wi,j =
χi+1,j+1(

n2−j∏
k=1

φk+i,k+jpk+i+1,k+j+1

) ,72

for all i = 1, . . . , n2 − 1 and j = i, . . . , min(i + n1 − 1 ≤ n2).73

We can reparameterise the original exhaustive summary consisting of the capture-

histories, when there are n1 = n2 = 2 years of marking and recapture, as

κ =



Pr(111)

Pr(101)

Pr(011)

Pr(110)

Pr(100)

Pr(010)


=



φ1,1p2,2φ2,2p3,3

φ1,1p̄2,2φ2,2p3,3

φ1,2p2,3

φ1,1p2,2χ2,2

χ1,1

χ1,2


=



u1

u1v1,1

u2

u1w1,1

ū1 − u1(v1,1 + w1,1)

ū2


.

The reparameterisation is κuvw = [u1, u2, v1,1, w1,1]T . The derivative matrix,

[
∂κ

∂κuvw

]
=


1 v1,1 0 w1,1 −1 − v1,1 − w1,1 0

0 0 1 0 0 −1

0 u1 0 0 −u1 0

0 0 0 u1 −u1 0

 ,

has full rank 4. A modified PLUR decomposition of ∂κ/∂κuvw shows that this

is valid for all values of u1, u2, v1,1 and w1,1 as long as u1 = φ1,1p2,2φ2,2p3,3 is

non-zero. This only occurs at a boundary and the parameter space has already

been restricted to exclude boundary values. Therefore by Theorem 8 of [2],

when n1 = n2 = 2, κuvw is an alternative exhaustive summary for the model.

Now consider extending the model firstly by adding another year of recapture
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so that n2 = 3, while keeping n1 = 2. The original exhaustive summary is then

κ =



Pr(1111)

Pr(1011)

Pr(0111)

Pr(1100)

Pr(1000)

Pr(0101)

Pr(1110)

Pr(1010)

Pr(0110)

Pr(1101)

Pr(1001)

Pr(0100)



=



φ1,1p2,2φ2,2p3,3φ3,3p4,4

φ1,1p̄2,2φ2,2p3,3φ3,3p4,4

φ1,2p2,3φ2,3p3,4

φ1,1p2,2χ2,2

χ1,1

φ1,2p̄2,3φ2,3p3,4

φ1,1p2,2φ2,2p3,3χ2,2)

φ1,1p̄2,2φ2,2p3,3χ2,2

φ1,2χ2,3

φ1,1p2,2φ2,2p̄3,3φ3,3p4,4

φ1,1p̄2,2φ2,2p̄3,3φ3,3p4,4

φ̄1,2 + φ1,2p̄2,3χ2,3



=



u1

u1v1,1

u2

u1w1,1

k4

u2v1,2

u1w2,2

u1v1,1w2,2

u2w1,2

u1v2,2

u1v1,1v2,2

ū2 − u2(v1,2 + w1,2)



,

where k4 = 1−u1−u1v1,1−u1w1,1−u1w2,2−u1v1,1w2,2−u1v2,2−u1v1,1v2,2. This

uses the reparameterisation κuvw = [u1, u2, v1,1, v1,2, v2,2, w1,1, w1,2, w2,2]T . We

now use the two-stage extension theorem of Section 1.1. The first stage involves

the exhaustive summary terms

κ1 =


u1

u1v1,1

u2

u1w1,1

 ,

with parameters θ1 = [u1, u2, v1,1, w1,1]. The derivative matrix

[
∂κ1

∂θ1

]
=


1 v1,1 0 w1,1

0 0 1 0

0 u1 0 0

0 0 0 u1
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has full rank 4. The second stage examines the remaining exhaustive summary

terms

κ2 =



k4

u2v1,2

u1w2,2

u1v1,1w2,2

u2w1,2

u1v2,2

u1v1,1v2,2

1 − u2 − u2v1,2 − u2w1,2



,

with parameters θ2 = [v1,2, v2,2, w1,2, w2,2]T . The derivative matrix

[
∂κ2

∂θ2

]
=


0 u2 0 0 0 0 0 −u2

−u1 − u1v1,1 0 0 0 0 u1 u1v1,1 0

0 0 0 0 u2 0 0 −u2

−u1 − u1v1,1 0 u1 u1v1,1 0 0 0 0


has full rank 4. Therefore by the two-stage extension theorem, the model can

be extended in terms of years of recapture. Adding a year of marking so n1 = 3

while n2 = 3 adds the following exhaustive summary terms

κ3 =

 Pr(0011)

Pr(0010)

 =

 φ1,3p2,4

1 − φ1,3p2,4

 =

 u3

1 − u3

 .

As there is only one additional parameter in κ3, this is trivially full rank and74

means that the original model can be extended for a greater number years of75

marking. Therefore κuvw is an exhaustive summary for any dimension.76

77

Part three:78

79

This part involves checking whether the derivative matrix ∂κuvw(s, t)/∂[s, t]80

is full rank and then using the two-stage theorem to show it is always full rank81

for larger dimensions. Starting with n1 = n2 = 2 we can reparameterise κuvw82
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in terms of s and t to get83

κuvw(s, t) =


u1

v1,1

w1,1

u2

 =


s1,1s2,2

t1,1/s1,1

(1 − s2,2)/s2,2

s1,2

 , (1)

with parameter set κst = [s1,1, s1,2, s2,2, t1,1]T . The derivative matrix

[
∂κuvw(s, t)

∂κst

]
=


s2,2 − t1,1

s2
1,1

0 0

0 0 0 1

s1,1 0 − 1
s2,2

− (1−s2,2)

s2
2,2

0

0 1
s1,1

0 0


has full rank 4. A modified PLUR decomposition of ∂κuvw(s, t)/∂κst shows

this the model remains full rank for any value of s1,1, s1,2, s2,2 or t1,1. Therefore

κst is an exhaustive summary when n1 = n2 = 2. If we extend the model to

add another year of recapture, the exhaustive summary becomes

κuvw(s, t) =



u1

u2

v1,1

v1,2

v2,2

w1,1

w1,2

w2,2



=



s1,1s2,2s3,3

s1,2s2,3

t1,1/s1,1

t1,2/s1,2

t2,2/s2,2

(1 − s3,3)/s3,3

(1 − s2,3)/s2,3

{(1 − s2,2 − t2,2) + t2,2 (1 − s3,3)} /s2,2s3,3



,

with parameters κst = [s1,1, s1,2, s2,2, s2,3, s3,3, t1,1, t1,2, t2,2]T . Note that the

terms u2, v2,2 and w1,2 are identical to u1, v1,1 and w1,1 respectively in (1), if

s1,1 is re-labelled as s1,2, s2,2 as s2,3, and t1,1 as t1,2. This can then form the

first stage of the two-stage extension theorem with

κ1 =


u2

v1,2

w1,2

 =


s1,2s2,3

t1,2/s1,2

(1 − s2,3)/s2,3

 ,
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with parameters θ1 = [s1,2, s2,3, t1,2]. The derivative matrix

[
∂κ1

∂θ1

]
=


s2,3 − t1,2

s2
1,2

0

s1,2 0 − 1
s2,3

− (1−s2,3)

s2
2,3

0 1
s1,2

0

 ,

has full rank 3. The second stage involves the terms

κ2 =



u1

v1,1

v2,2

w1,1

w2,2


=



s1,1s2,2s3,3

t1,1/s1,1

t2,2/s2,2

(1 − s3,3)/s3,3

{(1 − s2,2 − t2,2) + t2,2 (1 − s3,3)} /s2,2s3,3


,

with the parameter set θ2 = [s1,1, s2,2, s3,3, t1,1, t2,2]T . The derivative matrix

[
∂κ2

∂θ2

]
=



s2,2s3,3 − t1,1

s2
1,1

0 0 0

s1,1s3,3 0 − t2,2

s2
2,2

0 − 1
s2,2s3,3

− {(1−s2,2−t2,2)+t2,2(1−s3,3)}
s2
2,2s3,3

s1,1s2,2 0 0 − 1
s2,2

− (1−s3,3)

s2
2,2

− t2,2
s2,2s3,3

− {(1−s2,2−t2,2)+t2,2(1−s3,3)}
s2,2s2

3,3

0 1
s1,1

0 0 0

0 0 1
s2,2

0 − 1
s2,2


,

has full rank 5. Therefore by the two-stage extension theorem, the model can84

be extended in terms of years of recapture. Adding a year of marking so n1 = 385

while n2 = 3 adds only the exhaustive summary term u3 = s1,3. As there is86

only one additional parameter, this extension is trivially full rank and means87

that the original model can be extended for a greater number years of marking.88

Therefore s and t form an exhaustive summary for any dimension.89

90

1.3. Proof of Theorem 1b.91

In this section we provide a proof for Theorem 1b. The proof is similar to the92

proof for Theorem 1b. Theorem 1b states that a simpler exhaustive summary for93

the capture-recapture-recovery model consists of the terms si,j = φi,jpi+1,j+194

(for i = 1, . . . , n2 and j = i, . . . , min(n1 + i−1, n2)), ti,j = φi,j(1−pi+1,j+1) (for95
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i = 1, . . . , n2 − 1 and j = i, . . . , min(n1 + i− 1, n2 − 1)), and ri,j = (1−φi,j)λi,j96

(for all i = 1, . . . , n2 and j = i, . . . , min(n1 + i − 1, n2)). The proof of Theorem97

1b. is also split into three parts:98

• In part one, we show that the original exhaustive summary consisting99

of the capture-histories can be reparameterised in terms of [sT , tT , rT ],100

utilising Theorem 8 of [2].101

• In part two, we create a new exhaustive summary, denoted as κuvwx. This102

is created so that the extension theorem of [1, 2] can be applied in order103

for results to be extended to any dimension.104

• In part three, we show that the reparametrisation κuvwx(s, t, r) is an ex-105

haustive summary, utilising Theorem 8 of [2].106

We assume that none of the parameters are on boundary values, so that our107

parameter space is restricted to 0 < φi,j < 1, 0 < pi,j < 1 and 0 < λi,j < 1 for108

all values of i and j for this theorem to apply.109

110

Part one:111

112

We show that any capture/recovery-history can be expressed as parameters

si,j , ti,j and ri,j . The probability of a particular capture/recovery-history, h, is

Pr(h) =



b∏
k=a+1

φk−a,k−1

(
δkpk−a+1,k + δ̄kp̄k−a+1,k

)
χb−a+1,b if δb = 1

b−1∏
k=a+1

φk−a,k−1

(
δkpk−a+1,k + δ̄kp̄k−a+1,k

)
φ̄b−a,b−1λb−a,b−1 if δb = 2,

where an animal is first recaptured at time a and last recaptured or recov-113

ered at time b, with individual history entry δk at time k, and x̄ = 1 − x.114

These probabilities can be reparameterised in terms of si,j = φi,jpi+1,j+1,115
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ti,j = φi,j(1 − pi+1,j+1) and ri,j = (1 − φi,j)λi,j to give116

Pr(h) =



b∏
k=a+1

(
δksk−a+1,k + δ̄ktk−a+1,k

)
χb−a+1,b if δb = 1

b−1∏
k=a+1

(
δksk−a+1,k + δ̄ktk−a+1,k

)
rb−a+1,b if δb = 2

The probability of never being seen again, χi,j = (1 − φi,j)(1 − λi,j) + φi,j(1 −117

pi+1,j+1)χi+1,j+1, with χi,n2+1 = 1, can be shown to be a function of si,j , ti,j118

and ri,j , by first expanding χi,j . This gives:119

χi,j = (1 − φi,j)(1 − λi,j) + φi,j(1 − pi+1,j+1) ·

[(1 − φi+1,j+1)(1 − λi+1,j+1) + φi+1,j+1(1 − pi+2,j+2) ·

[(1 − φi+2,j+2)(1 − λi+2,j+2) + φi+2,j+2(1 − pi+3,j+3) ·

[· · · [((1 − φn2,n2)(1 − λn2,n2) + φn2,n2(1 − pn2+1,n2+1)] · · · ]]].

By noting that (1 − φi,j)(1 − λi,j) = (1 − si,j − ti,j − ri,j)120

χi,j = (1 − si,j − ti,j − ri,j) + ti,j ·

[(1 − si+1,j+1 − ti+1,j+1 − ri+1,j+1) + ti+1,j+1 ·

[(1 − si+2,j+2 − ti+2,j+2 − ri+2,j+2) + ti+2,j+2 ·

[· · · [(1 − sn2,n2 − rn2,n2)] · · · ]]].

Therefore all capture/recovery-histories can be parameterised in terms of s, t121

and r only.122

123

Part two:124

125

We derive a new exhaustive summary consisting of following terms:126

• uj =
n2−j+1∏

k=1

φk,k+j−1pk+1,k+j ,127

for all j = 1, . . . , n2;128

• vi,j =
(1 − pi+1,j+1)

pi+1,j+1
,129

for all i = 1, . . . , n2 − 1 and j = i, . . . , min(i + n1 − 1, n2 − 1);130
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• wi,j =
χi+1,j+1(

n2−j∏
k=1

φk+i,k+jpk+i+1,k+j+1

) ,131

for all i = 1, . . . , n2 − 1 and j = i, . . . , min(i + n1 − 1, n2 − 1);132

• and xi,j =
ri,j(

n2−j∏
k=0

φk+i,k+jpk+i+1,k+j+1

) ,133

for all i = 1, . . . , n2 and j = i, . . . , min(i + n1 − 1, n2).134

We can reparameterise the original exhaustive summary consisting of the capture-

histories, when there are n1 = n2 = 2 years of marking and recapture/recovery,

as

κ =



Pr(111)

Pr(101)

Pr(011)

Pr(110)

Pr(112)

Pr(120)

Pr(102)

Pr(012)

Pr(100)

Pr(010)



=



φ1,1p2,2φ2,2p3,3

φ1,1p̄2,2φ2,2p3,3

φ1,2p2,3

φ1,1p2,2χ2,2

φ1,1p2,2φ̄2,2λ2,2

φ̄1,1λ1,1

φ1,1p̄2,2φ̄2,2λ2,2

φ̄1,2λ1,2

χ1,1

φ̄1,2λ̄1,2 + φ1,2p̄2,3



=



u1

u1v1,1

u2

u1w1,1

u1x2,2

u1x1,1

u1v1,1x2,2

u2x1,2

k9

1 − u2 − u2x1,2



,

where k9 = 1−u1−u1v1,1−u1w1,1−u1x2,2−u1x1,1−u1v1,1x2,2. The reparam-

eterisation is κuvwx = [u1, u2, v1,1, w1,1, x1,1, x1,2, x2,2]T . The derivative matrix,

[
∂κ

∂κuvwx

]
=



1 v1,1 0 w1,1 x2,2 x1,1 v1,1x2,2 0 D1,9 0

0 0 1 0 0 0 0 x1,2 0 −1 − x1,2

0 u1 0 0 0 0 u1x2,2 0 −u1(1 + x2,2) 0

0 0 0 u1 0 0 0 0 −u1 0

0 0 0 0 0 u1 0 0 −u1 0

0 0 0 0 0 0 0 u2 0 −u2

0 0 0 0 u1 0 u1v1,1 0 −u1(1 + v1,1) 0


,
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has full rank 7 where D1,9 = −1 − v1,1 + v1,1x2,2 − x2,2 − x1,1 − w1,1. A

modified PLUR decomposition of ∂κ/∂κuvwx shows this is valid for all values

of u1, u2, v1,1 and w1,1 as long as u1 = φ1,1p2,2φ2,2p3,3 and u2 = φ1,2p2,3 are non-

zero. This only occurs at boundary values, which have been excluded from the

parameter space. Therefore by the Theorem 8 of [2], when n1 = n2 = 2, κuvwx

is an alternative exhaustive summary for the model. Now consider extending

the model firstly by adding another year of recapture so that n2 = 3, while

keeping n1 = 2. The original exhaustive summary is then

κ =



Pr(1111)

Pr(1011)

Pr(0111)

Pr(1100)

Pr(1120)

Pr(1200)

Pr(1020)

Pr(0120)

Pr(1000)

Pr(0101)

Pr(1110)

Pr(1010)

Pr(0110)

Pr(1101)

Pr(1001)

Pr(0100)

Pr(1112)

Pr(1102)

Pr(1012)

Pr(1002)

Pr(0112)

Pr(0102)



=



u1

u1v1,1

u2

u1w1,1

u1x2,2

u1x1,1

u1v1,1x2,2

u2x1,2

k9

u2v1,2

u1w2,2

u1v1,1w2,2

u2w1,2

u1v2,2

u1v1,1v2,2

k16

u1x3,3

u1v2,2x3,3

u1v1,1x3,3

u1v1,1v2,2x3,3

u2x2,3

u2v1,2x2,3



,
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where k9 = 1 − u1 − u1v1,1 − u1w1,1 − u1x2,2 − u1x1,1 − u1v1,1x2,2 − u1w2,2 −

u1v1,1w2,2−u1v2,2 −u1v1,1v2,2−u1x3,3−u1v2,2x3,3−u1v1,1x3,3−u1v1,1v2,2x3,3

and k16 = 1−u2−u2x1,2−u2v1,2−u2w1,2−u2x2,3−u2v1,2x2,3. We write κuvwx =

[u1, u2, v1,1, v1,2, v2,2, w1,1, w1,2, w2,2, x1,1, x1,2, x2,2, x2,3, x3,3]T . The two-stage

extension theorem of Section 1.1 is applied next. The first stage involves the

exhaustive summary terms

κ1 =



u1

u1v1,1

u2

u1w1,1

u1x2,2

u1x1,1

u1v1,1x2,2

u2x1,2



,

with parameters θ1 = [u1, u2, v1,1, w1,1, x1,1, x1,2, x2,2]. The derivative matrix

[
∂κ1

∂θ1

]
=



1 v1,1 0 w1,1 x2,2 x1,1 v1,1x2,2 0

0 0 1 0 0 0 0 x1,2

0 u1 0 0 0 0 u1x2,2 0

0 0 0 u1 0 0 0 0

0 0 0 0 0 u1 0 0

0 0 0 0 0 0 0 u2

0 0 0 0 u1 0 u1v1,1 0


,
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has full rank 7. The second stage examines the remaining exhaustive summary

terms

κ2 =



k9

u2v1,2

u1w2,2

u1v1,1w2,2

u2w1,2

u1v2,2

u1v1,1v2,2

k16

u1x3,3

u1v2,2x3,3

u1v1,1x3,3

u1v1,1v2,2x3,3

u2x2,3

u2v1,2x2,3



,

with parameters θ2 = [v1,2, v2,2, w1,2, w2,2, x2,3, x3,3]T . The derivative matrix

∂κ2/∂θ2 has full rank 6. Therefore by the two-stage extension theorem, the

model can be extended in terms of years of recapture. Adding a year of marking

so n1 = 3 while n2 = 3 adds the following exhaustive summary terms

κ3 =


Pr(0011)

Pr(0010)

Pr(0012)

 =


φ1,3p2,4

1 − φ1,3p2,4

φ̄1,3λ1,3

 =


u3

1 − u3 − u3x1,3

u1x1,3

 ,

with parameters θ1 = [u3, x1,3]. The derivative matrix[
∂κ3

∂θ3

]
=

 1 −1 − x1,3 x1,3

0 −u3 u3

 ,

has full rank 2. Therefore κuvwx is an exhaustive summary for any dimension.135

136

Part three:137

138
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This part involves checking whether the derivative matrix ∂κuvwx(s, t, r)/∂[s, t, r]139

is full rank and then using the two-stage theorem to show it is always full rank140

for larger dimensions. Starting with n1 = n2 = 2 we can reparameterise κuvwx141

in terms of s, t and r to get142

κuvwx(s, t, r) =



u1

v1,1

w1,1

u2

x1,1

x1,2

x2,2


=



s1,1s2,2

t1,1/s1,1

(1 − s2,2 − r2,2)/s2,2

s1,2

r1,1/s1,1s2,2

r1,2/s1,2

r2,2/s2,2


, (2)

with parameter set κstr = [s1,1, s1,2, s2,2, t1,1, r1,1, r1,2, r2,2]T . The derivative

matrix

[
∂κuvwx(s, t, r)

∂κstr

]
=



s2,2 − t1,1

s2
1,1

0 0− r1,1

s2
1,1s2,2

0 0

0 0 0 1 0 −r1,2
s1,2

0

s1,1 0 −1
s2,2

− 1−s2,2−r2,2

s2
2,2

0− r1,1

s1,1s2
2,2

0 − r2,2

s2
2,2

0 1
s1,1

0 0 0 0 0

0 0 0 0 1
s2,2s1,1

0 0

0 0 0 0 0 1
s1,2

0

0 0 − 1
s2,2

0 0 0 1
s2,2


,

has full rank 7. A modified PLUR decomposition of ∂κuvwx(s, t, r)/∂κstr shows

this the model remains full rank for any value of s1,1, s1,2, s2,2, t1,1, r1,1, r1,2 or

r2,2. Therefore κuvwx(s, t, r) is an exhaustive summary when n1 = n2 = 2. If
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we extend the model to add another year of recapture, the parameter set is

κuvwx(s, t, r) =



u1

u2

v1,1

v1,2

v2,2

w1,1

w1,2

w2,2

x1,1

x1,2

x2,2

x2,3

x3,3



=



s1,1s2,2s3,3

s1,2s2,3

t1,1/s1,1

t1,2/s1,2

t2,2/s2,2

(1 − s3,3 − s3,3)/s3,3

(1 − s2,3 − r2,3)/s2,3

{(1 − s2,2 − t2,2 − r2,2) + t2,2 (1 − s3,3)} /s2,2s3,3

r1,1/s1,1s2,2s3,3

r1,2/s1,2s2,3

r2,2/s2,2s3,3

r2,3/s2,3

r3,3/s3,3



,

with parameters κstr = [s1,1, s1,2, s2,2, s2,3, s3,3, t1,1, t1,2, t2,2, r1,1, r1,2, r2,2, r2,3, r3,3]T .

Note that the terms u2, v2,2w1,2, x1,2 and x2,3 are identical to u1, v1,1, w1,1, x1,1

and x2,2 respectively in (2), if s1,1 is re-labelled as s1,2, s2,2 as s2,3, t1,1 as t1,2,

r1,1 as r1,2, and r2,2 as r2,3. This can then form stage one of the two-stage

extension theorem with

κc =



u2

v1,2

w1,2

x1,2

x2,2


=



s1,2s2,3

t1,2/s1,2

(1 − s2,3 − r2,3)/s2,3

r1,2/s1,2s2,3

r2,3/s2,3


,

with parameters θ1 = [s1,2, s2,3, t1,2, r1,2, r2,3]. The derivative matrix

[
∂κ1

∂θ1

]
=



s2,3 − t1,2

s2
1,2

0 − r1,2

s2
1,2s2,3

0

s1,2 0 − 1
s2,3

− 1−s2,3−r2,3

s2
2,3

− r1,2

s1,2s2
2,3

r2,3

s2
2,3

0 1
s1,2

0 0 0

0 0 0 1
s1,2s2,3

0

0 0 −1
s2,3

0 1
s2,3


,
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has full rank 5. The second stage involves the exhaustive summary terms

κ2 =



u1

v1,1

v2,2

w1,1

w2,2

x1,1

x2,2

x3,3



=



s1,1s2,2s3,3

t1,1/s1,1

t2,2/s2,2

(1 − s3,3)/s3,3

{(1 − s2,2 − t2,2 − r2,2) + t2,2 (1 − s3,3)} /s2,2s3,3

r1,1/s1,1s2,2s3,3

r2,2/s2,2s3,3

r3,3/s3,3



,

with the parameter set θ2 = [s1,1s2,2, s3,3, t1,1, t2,2, r1,1, r2,2, r3,3]T . The deriva-

tive matrix ∂κ2/∂θ2 has full rank 5. Therefore by the two-stage extension

theorem, the model can be extended in terms of years of recapture. Adding a

year of marking so n1 = 3 while n2 = 3 adds the following exhaustive summary

terms

κ3 =

 u3

x1,3

 =

 s1,3

r1,3/s1,3

 ,

with parameters θ1 = [s1,3, x1,3]. The derivative matrix

[
∂κ3

∂θ3

]
=

 1 −r1,3

s2
1,3

0 1
s1,3

 ,

has full rank 2. Therefore s, t and r form an exhaustive summary for any di-143

mension.144

145

1.4. Proof of Theorem 2 (Full Rank Theorem)146

In this section we provide a proof of Theorem 2, which states that if the147

capture-recapture y/z1 model is full rank, then the capture-recapture-recovery148

y/(z1; z2) model with the same y and z1, but any z2 is also full rank.149

Consider the exhaustive summary for the capture-recapture-recovery y/(z1; z2)150

model as consisting of two parts. The first part, κ1 consists of the terms151

si,j = φi,jpi+1,j+1 for all i = 1, . . . , n2 and j = i, . . . , n1 + i − 1 ≤ n2 and152
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ti,j = φi,j(1−pi+1,j+1) for all i = 1, . . . , n2−1 and j = i, . . . , n1 + i−1 ≤ n2−1.153

The second part, κ2, consists of the terms ri,j = (1−φi,j)λi,j for all i = 1, . . . , n2154

and j = i, . . . , min(n1 + i − 1, n2). Let the parameter vector θ1 consist of the155

parameters φi,j and pi,j , and the parameter vector θ2 consist of the parameters156

λi,j .157

As the capture-recapture y/z1 model is full rank D1 = ∂κ1/∂θ1 is full158

rank. The derivative matrix D2 = ∂κ2/∂θ2 consists of the terms −φi,j on the159

diagonal and 0 elsewhere. As long as all φi,j are non-zero this will always be160

full rank. Then as D1 and D2, are full rank by the extension theorem of [1] the161

capture-recapture-recovery y/(z1; z2) model is full rank.162

2. Web Appendix B: Models with juvenile survival probabilities163

This section deals with models which have a different juvenile survival prob-164

ability compared with adult survival probability. For example you may assume165

that juvenile survival depends on the time of marking in its first year of life,166

but then has only a constant yearly survival probability after its first year of167

life. The notation of the main paper is extended. The capture-recapture model168

has the notation xJ/y/z1, where xJ denotes juvenile survival probability for the169

first J years of life (where 1 ≤ J < n2 − 1), y denotes adult survival probability170

and z1 denotes recapture probability. This is extended in the capture-recapture-171

recovery model to being of the form xJ/y/(z1; z2), where z2 denotes recovery172

probability. y, z1 and z2 can be either constant (C), time-dependent (T), age-173

dependent (A), or age- and time-dependent (A,T), with x only being either174

constant (C) or time dependent (T). This changes the juvenile survival prob-175

ability as the C1/C/z1 model has survival probabilities φ1 and φa, while the176

T1/C/z1 model has survival probabilities φ1,j for j = 1, . . . , n1 and φa. We177

show three tables here: Table 1 is for the capture-recapture model where J = 1,178

as different first-year survival is a commonly used model in ecology (for exam-179

ple [8]), Table 2 is for a general J value in the capture-recapture model, and180

Table 3 is for J = 1 in the capture-recapture-recovery model. It is assumed that181

there are at least two years of marking and two years of recapture/recovery with182
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n2 ≥ n1. The second column in the three tables refers to the rank of the model,183

which is the number of estimable parameters in the model. The third column184

in Table 1 refers to the parameter deficiency, d, of the model. The third column185

in Table 2 refers to the parameter deficiency when (n2−n1) < J and the fourth186

column refers to the parameter deficiency when (n2−n1) ≥ J . There are models187

that are excluded from the tables as they are identical to simpler models:188

• CJ/A/z1 is identical to A/z1,189

• T J/A, T/z1 is identical to A, T/z1,190

• CJ/A/(z1; z2) is identical to A/(z1; z2),191

• T J/A, T/(z1; z2) is identical to A, T/(z1; z2).192

Results for these models are given in the main paper. The Full Rank Theorem193

also reduces the number of rows in Table 3, as if the xJ/y/z1 model is full rank,194

then the xJ/y/(z1; z2) model must also be full rank. The models where this195

occurs are196

• CJ/C/(z1; z2),197

• CJ/T/(C; z2),198

• CJ/T/(A; z2),199

• CJ/A, T/(C; z2),200

• CJ/A, T/(T ; z2) (for J = 1),201

• T J/C/(C; z2),202

• T J/C/(T ; z2),203

• T J/C/(A; z2),204

• T J/T/(C; z2),205

• T J/T/(A; z2),206
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• T J/A/(C; z2),207

• T J/A/(T ; z2).208

Table 1: Table of parameter deficiencies for capture-recapture x1/y/z models

Model Rank Deficiency
C1/C/C 3 0
C1/C/T n2 + 2 0
C1/C/A n2 + 2 0
C1/C/A,T E + 2 0
C1/T/C n2 + 1 0
C1/T/T † 2n2 − 1 1
C1/T/A 2n2 0
C1/T/A,T E + n2 − 1 1
C1/A,T/C E − n1 + 2 0
C1/A,T/T † E − n1 + n2 1
C1/A,T/A E − n1 + n2 1
C1/A,T/A,T † 2E − 2n1 + 1 n1

T1/C/C n1 + 2 0
T1/C/T n1 + n2 + 1 0
T1/C/A n1 + n2 + 1 0
T1/C/A,T ‡ E + n1 + 1 0
T1/T/C n1 + n2 0
T1/T/T n1 + 2n2 − 2 1
T1/T/A n1 + 2n2 − 1 0
T1/T/A,T ‡ E + n1 + n2 − 2 1
T1/A/C n1 + n2 0
T1/A/T n1 + 2n2 − 1 0
T1/A/A n1 + 2n2 − 2 1
T1/A/A,T ‡ E + n1 + n2 − 2 1

Key: E = n1n2 − 1
2n2

1 + 1
2n1;

†: when n1 = n2, then the rank increases by 1
and the parameter deficiency decreases by 1;
‡: when n1 = n2, then the rank decreases by 1
and the parameter deficiency increases by 1.
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Table 3: Table of parameter deficiencies for capture-recapture-recovery x1/y/(z1; z2) models

Model Rank Deficiency
C1/T/(T;C) 2n2 + 1 0
C1/T/(T;T) † 3n2 − 1 1
C1/T/(T;A) 3n2 0
C1/T/(T;A,T) † E + 2n2 − 1 1
C1/T/(A,T;C) E + n2 + 1 0
C1/T/(A,T;T) † E + 2n2 − 1 1
C1/T/(A,T;A) E + 2n2 0
C1/T/(A,T;A,T) 2E + n2 − 1 1
C1/A,T/(A;C) E − n1 + n2 + 2 0
C1/A,T/(A;T) E − n1 + 2n2 + 1 0
C1/A,T/(A;A) E − n1 + 2n2 1
C1/A,T/(A;A,T) 2E − n1 + n2 1
C1/A,T/(A,T;C) 2E − n1 + 1 0
C1/A,T/(A,T;T) † 2E − n1 + n2 1
C1/A,T/(A,T;A) 2E − n1 + n2 1
C1/A,T/(A,T;A,T) † 3E − 2n1 + 1 n1

T1/C/(A,T;C) E + n1 + 2 0
T1/C/(A,T;T) E + n1 + n2 + 1 0
T1/C/(A,T;A) E + n1 + n2 + 1 0
T1/C/(A,T;A,T) ‡ 2E + n1 + 1 0
T1/T/(T;C) n1 + 2n2 0
T1/T/(T;T) † n1 + 3n2 − 2 1
T1/T/(T;A) n1 + 3n2 − 1 0
T1/T/(T;A,T) E + n1 + 2n2 − 2 1
T1/T/(A,T;C) E + n1 + n2 0
T1/T/(A,T;T) E + n1 + 2n2 − 2 1
T1/T/(A,T;A) E + n1 + 2n2 − 1 0
T1/T/(A,T;A,T) ‡ 2E + n1 + n2 − 2 1
T1/A/(A;C) n1 + 2n2 0
T1/A/(A;T) n1 + 3n2 − 1 0
T1/A/(A;A) n1 + 3n2 − 2 1
T1/A/(A;A,T) E + n1 + 2n2 − 2 1
T1/A/(A,T;C) E + n1 + n2 0
T1/A/(A,T;T) E + n1 + 2n2 − 1 0
T1/A/(A,T;A) E + n1 + 2n2 − 2 1
T1/A/(A,T;A,T) ‡ 2E + n1 + n2 − 2 1

Key: E = n1n2 − 1
2n2

1 + 1
2n1;

†: when n1 = n2, then the rank increases by 1
and the parameter deficiency decreases by 1;
‡: when n1 = n2,then the rank decreases by 1
and the parameter deficiency increases by 1.

23


