Statisticalinferencefor functionsof the covariance
matrix in stationaryGaussiarvectortime series

lan L. Drydert, Alfred Kume™, Huiling Le* andAndrewv T.A. Wood*
(*) University of Nottingham
(+) University of Kent

Abstract

We considerinferencefor functionsof the maginal covariancematrix undera generaklassof station-
ary multivariatetemporalGaussiarmodels.The main applicationwhich motivatedthis work involvesthe
estimationof configurationalentrofy from moleculardynamicssimulationsin computationathemistry
wherecurrentmethodsof entrofy estimationinvolve calculationdasedon the samplecovariancematrix.
The classof Gaussiammodelswe considey referredto as GaussiarindependenPrincipal Components
models,is characteriseds follows: the temporalsequenceorrespondingo eachprincipal component
(PQ)is permittedto have generaltemporal)dependencstructure put sequencesorrespondingo distinct
PCsare assumedndependent.In mary contets, this model classhasthe potentialto achiese a good
balancebetweerflexibility andtractability: distinctPCsarepermittedto have different,andquitegeneral,
dependencstructuresbut, aswe shall see estimationandlarge-samplaenferencearequite feasible even
in high-dimensionasettings.We derie thelimiting large-sampleésaussiardistribution for the sampleco-
variancematrix, andalsoresultsfor functionsof the samplecovariancematrix, which provide a basisfor
approximatenferenceproceduresincluding confidencecalculationdor scalarquantitiesof interest. The
resultsare appliedto the moleculardynamicsapplication,and the asymptoticpropertiesof a configura-
tional entrofy estimatoraregiven. Rotationandtranslationareremoved by initial Procrustesegistration,
sothatentropy is calculatedrom the size-and-shapef the configuration.An improved estimatorbased
on maximumlik elihoodis suggestedandsomefurtherapplicationsarealsodiscussed.

Keywords: Autoregressve, CentralLimit Theorem,ConfigurationalEntropy, GaussianMo-
ments,PrincipalcomponentsProcrustesSamplecovariance Shape Size, Temporal.

1 Intr oduction

The samplecovariancematrix is frequentlyusedfor statisticalinferenceeven whentemporally
correlatedmultivariate obsenationsare available. The main applicationwhich motivatedthis
work involvesthe estimationof configurationalentropy from moleculardynamicssimulations
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in computationakchemistry where currentmethodsof entrofy estimationinvolve calculations
basedon the samplecovariancematrix; seee.g. Schlitter(1993)andHarrisetal. (2001). For
example,entrofy calculationsvereusedby Harrisetal. (2001)to explain why a particularDNA
moleculebindswith two ligands,ratherthanasingleligand. Otherapplicationsncludethe study
of sampleprincipal componentanalysisof multivariatetemporaldata(Section3.4), andsize-
and-shapanalysisof temporallycorrelatedplanardata(Section5.1).

In this paperwe develop inferenceproceduredor functionsof the covariancematrix undera
generaklassof stationarytemporallycorrelatedGaussiaimodels.Modelsexhibiting long-range
dependencareincludedin the class,aswell asmorestandardshort-rangedependencenodels.
Thesemodels,which areappropriatefor temporallycorrelatedvectorobsenations,arereferred
to asGaussiarindependenPrincipal Componentsnodelsandarecharacteriseasfollows: the
temporalsequenceorrespondingo eachprincipalcomponen{PC)is permittedto have general
(temporal)dependencstructure,if desireddifferentfrom thatof the other PCs,but sequences
correspondingo distinct PCsareassumedndependentin mary contexts, this modelclasshas
the potentialto achiese a goodbalancebetweerflexibility andtractability: distinct PCsareper
mittedto have different,andquitegeneraldependencstructuresbut, aswe shallsee estimation
andlarge-samplenferencearequite feasible evenin high-dimensionasettings.

The plan of the paperis asfollows. In Section2 we definethe classof stationaryGaussiarin-
dependenPrincipal Componenimodels. In Section3.1 we presenta centrallimit theoremfor
a generalfunction of the samplecovariancematrix. This providesa basisfor constructingap-
proximateconfidenceregionsfor functionsof the populationcovariancematrix. In Section3.2
we determinethe leadingbiasterm which allows us to derive approximatebias-correcteaon-
fidenceintervals,andin Section3.3 we briefly considedong-rangedependenceln Section3.4
principal componentanalysisis discussedvhen temporalcorrelationsare present. In Section
4 we describethe moleculardynamicsapplicationthat motivatedthis work, andwe investigate
Schlitters (1993)absoluteconfigurationakntropy estimator We alsoshav how long-rangede-
pendencdeadsto a simple asymptoticpower law for the expectationof the entrogy estimator
Rotationandtranslationareremoved by initial Procrustesegistration,so thatentroyy is calcu-
latedfrom the size-and-shapef the configuration.We suggestinimproved estimatorbasedon
maximumlik elihood,andcompareheestimatorsn anumericalexample.ln Sections we briefly
discussanotherapplicationjn planarsize-and-shapanalysisandwe concludewith adiscussion.
All proofsaregivenin the Appendix.

2 The stationary GaussianlPC model

2.1 Preliminaries

We shall considerthe situationwherea sequencef p-vectors Xy, ..., X,, is availableatn time
points.For example thevectorscouldcontainobsenationsat p sitesin spaceor p co-ordinate®f



ageometricabbject. Wewrite X; = (X;(1),..., X;(p))",i=1,...,n. It isassumedhroughout
the paperthatthe X; sequences jointly GaussianWe alsoassumestationarity:for arny integers
kE>0,1<i; <...<iandh,

{Xi,,..., X, } hasthesamedistributionas {X; in,.... X +n}

Considerthe mamginal meanvectorandmaminal covariancematrix,
E[X;]=p, var(X;)=%g, i=1,...,n,

respectrely. We call i, the spatialmean and>:s the spatial covariancematrix, sincein mary of
our applicationghe vectormeasurementarecollectedin spaceor on geometricabbjects.From
the spectraldecompositiorwe have g = QAQ”, wherethe columnsof () areeigervectorsof
Ys anddiag(Aq, ..., A,) is thediagonalmatrix containingthe correspondingigervalues.

2.2 ThelPC model

We now specifythe IndependenPrincipal ComponentgIPC) model. The temporalcovariance
structurebetweerthe vectorsis specifiedusingthetransformedrectorsof populationPCscores

Z;i = (Zz(l) R Zi(p))T = QT(Xz - /~L) ~ Np<0vA>v i=1,...,n, (1)
(). Z(s)) = pr(i—=J)A T =5
covzi). o)) = { PG T2 @

wherep,.(0) =1, r = 1,...,p. Wewrite =, for then x n tempoal correlation matrix of popu-

lation PC scorer, which has(i, j)th entry p,.(i — 7). Henceunderthis modelthe populationPC

scoresare mutually independenbut thereare possiblydifferenttemporalcorrelationstructures
for eachPCscore.In termsof the original measurementse have

X = (XL, XDy X0 (D) s ooy X)) ~ Ny (0 ® 1,,, ), (3)

whereQ) = (QAY?® I,)diag(Zy, ..., Z,) (QAY?® )Y, 1, is an-vectorof ones,I,, isthen x n
identity matrixand® denoteghe Kronecler product.

Remark2.1. Our mainreasonfor assumingstationarityin the IPC modelis to simplify the ex-

position. However, the stationarityassumptions not essentiafor the developmentsn this paper
andcanbewealened.The Gaussiarassumptions moredifficult to relax. In particulay thelimit

theoryandthe resultingapproximatenferenceprocedureslescribedn Section3 becomemuch
more comple. See,for example, Arcones(1994)for relevant limit theory underone type of

departurdrom the Gaussiarassumption.

The samplecovariancematrix of the original vectorsis

n

. 1 _ _ 1 & _
Ss= =D (- X)X - X)) == ) XX - XX, @)
i=1

n <
=1



whereX = 13"  X;. Oneof theprincipal goalsof this paperis to establishin the asymptotic
propertiesof theestimator(4) of X5 undermodel(1)—(3).

We shall sometimesdfind it more corvenientto work with the populationPC scoresZ;.: =
1,...,n, andtransformingirom Z; to X; = QZ; + i (andvice versa)is straightforvard.

UnderthestationaryGaussianPC model(1)-(3), the populationPCscoresave joint distribution
Z=(Z11),....,Z,1),.... Z1(Dp), ..., Zu(P))" ~ Npp(0,diag(A1Z1, ..., NE).  (B)

andthedistribution of the samplemeanof the PCscoress

_ 1 <
Z(r) =~ Zir) ~ NO.3s) , 7=1,...p. (6)
i=1
independentlywhere
1 .
Tnr = ﬁ)\r Z Zpr(] - l) (7)
Jj=11=1
The samplecovariancematrix of the Z sequenceés givenby
R R 1 n B B 1 n o
AN=Q"SsQ=-> (Zi-2\Z;—2)' == zz"' - 727",
Q SQ n;(z )(z ) n; 145 (8)

An importantspecialcases the separablenodelwherep,. (i — j) = p(i — j) doesnotdependon
r. Wewrite ¥, = =, = ... = £, for thecommontemporalcorrelationmatrix in the separable
caseandso

X~ Npp(p® 1,55 @ Br). (9)

2.3 Parameter estimationfor the IPC model

Supposéhat,forr =1,..., p, the correlationsequence,.(.) dependon a parameterectord, .,

assumedo bet, x 1. Writed = (67, ..., 61)". ThenthelPCmodelhasthefollowing parameters:
w, @, A andd. Thesehave,respectrely, p, p(p—1)/2, pandt, = Y _*_, ¢, componenparameters.
Thusthe modelhas%p(p +3) + t, parametergprovidedthereareno nofunctionaldependencies,

aswe shallassumdor theremaindelof this section.

It turns out that, underthe GaussianPC model, the parametersplit into p + 2 blocks which
are mutually orthogonalwith respectto expectedFisherinformation: {u}, {Q} and{\,,0,},
r = 1,...,p. Thisfactgreatlysimplifiesthe asymptoticcovariancestructureof the maximum
likelihood estimatorsof the model parameters.Note that, for given “current” estimatesof u
and @, updatingthe maximumlik elihood estimatesf the A\, andf, reducego p independent
optimization proceduresgachinvolving a scalartime series. Moreover, underthe stationary
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Gaussiarassumptionit is reasonabléo estimate. by the samplemean whichis asymptotically
efficient. Thenanalternatingproceduremay be usedin which we updatethe estimate®f the A,
andd, for fixed @, andupdatethe estimateof ) for fixed A\, andd,.. Themoredifficult partof this
procedureas theupdatingof @; analgorithmfor doingthisis proposedn Section4.2. A simpler
alternatve s to estimater) usingthe matrix whosecolumnsareeigervectorsof 5 but, although
this estimatorof () is consistentjt is not fully efficient. In Section4.2 we discussparameter
estimationwhen )\, andd, arethe parametersf anAR(2) modelfor therthPC,r =1,..., p.

3 Asymptotic resultsand inferencefor the samplecovariance
matrix

We begin by introducingsomenotation.Let A = (a;;)7,_, denoteap x p matrixandwrite P =

p(p+1)/2. We denoteby vech(A) the P x 1 vector(ayy, aia, ase, @13, ..., ay_1.,, a,,)" CONSisting
of theelementdn the uppertriangleof A. Notethatit is not essentiato usethis orderingof the
elementsary orderingcould be used providedit is usedconsistently For a vectoror matrix A,
we definethe Euclideannorm, ||A|| = {tr(AAT)}¥/2, wheretr(.) denoteghetraceof a square
matrix. For ary randomvectorsU andV, we definecov(U, V) = E(UVT) — E(U)E(VT), and
we usecov(U) asanabbreiation for cov(U, U).

3.1 Central Limit Theorem

Ourfirst resultis a centrallimit theoremfor the samplecovariancematrix underthe summability
condition(10) onthecorrelationsequences.

Theorem 3.1. Supposé¢hat

o0

S o)< o0, T=1,.p. (10)

h=—00

Then,underthe stationaryGaussianPC model(1)—(3),

n'/2vech(3s — Bg) 2 Np(0,CVCT) (11)
wheeV (P x P) is a diagonalmatrix with diagonalelements
{ 250 Ap(h)?r ifr=s

Yo A Aspr(R)ps(R) i T <s

VA{(r,s)(r,s)} =



andC (P x P)is amatrixwith elements

C{(r,s);(4,5)} =

qriqsj + Qrj9si if 1 S { <] S p

wheetheg;; are theelement®f Q).

Remark3.1 It is interestingto notethat Theorem3.1 holdsevenif the p,.(h) sequencesxhibit
long-rangedependence.e. if someor all of thesumsy >~ __|p,(h)| areinfinite. Thisis because
3. is aquadraticfunction of the dataandthereforehasHermiterank 2. SeeArcones(1994)and
thereferenceshereinfor furtherdetailsof Hermiterank.

By applyingthe deltamethod(e.g. Mardiaetal., 1979,p. 51) we have thefollowing resultfor a
multivariatefunction of the samplecovariancematrix.

Corollary 3.2Letg = (g1,.--,9:)" be a multivariate t-dimensionalfunction definedon R”
which is continuouslydifferentiableat vech (Xs). Underthe conditionsof Theoem3.1,

nl/? g{vech(f]s)} — g{vech(Xs)} D, N, (0, DVEDT),

whee Vs = CVC! and (D);; = 0g;/0(vech(Xg))j, i =1,...,t,j=1,..., P.

Remarlk3.2 In thecontext of Corollary3.2,supposéhatt = 1, sothatg is areal-valuedfunction.
Let § = g{vechXs)} andd = g{vechXs)}, andwrite D for the gradientof g evaluatedat
vecr(Z s); bothof theseestimatorsareconsistentindertheassumptionsf PropositiorB.5. Write
V for a consistenestimatorof ) basedon consistenestimators\, of A, andp,(.) of p,(.); and,
finally, let C denotea consistenestimatorof C basedon a consistenestimator) of . Thenan
approximate95% confidencantenval for 6 is givenby

(0 — 1.96n""%64,0 + 1.96n"/64), where 2 = DCVCT D” (12)
is a consistentestimatorof o7 = DCYC"D*. More will be said on the calculationof &7 in
Section4.

3.2 Asymptotic Bias

We now considetheleadingtermin theasymptotidiiasof both3.s andagenerabmoothfunction
g{vech(Xs)} of Xs. A strongersummabilityconditionis neededn this caseif the biasis to be
of orderO(n1).

Proposition 3.3 Supposéehat
Z lor ()| < o0 (13)

h=—00



Thenunderthe stationaryGaussianPC model(1)—(3),
E{Vech(fls —¥g)} = —n 'Cvech(T) + R, (24)

whereC isthe P x P matrixdefinedn Theoem3.1, R,, is avectorremaindetermwhich satisfies
||R.|| = o(n™'), andY = diag(vy, . .., v,) hasdiagonalelements

ve=N Y pe(h). (15)
h=—00
For sufficiently smoothfunctionsof 3, we have thefollowing result.

Corollary 3.4 Supposeéhat g : R” — R is a function whosesecondpartial derivativesat
vech(Xg) are all continuous. Let (a,),>; be any sequencef positivenumbes corveming to
zeo in sud a waythat

P[||25—25||>an}—>0 as n — oo. (16)
Then,undertheassumptionsf Proposition3.3,

E [{g{vech(is)} - g{vech(Zs)}} I (| 55 — Bg|] < anﬂ =7l +o(n”Y)  (17)

whee /(.) denotegheindicator function,

by = — [V g{vech(Xs)}] Cvech(T) + %U"WZ v v g{vech(Es)}], (18)

Vs, is asdefinedin Corollary 3.2, T is the diagonal matrix definedin Proposition3.3 with ele-
mentsgivenby (15), and 7 g{vech(Xs)} andsy 77 g{vech(Xs)} are, respectivelythe gradient
andHessiarnof g evaluatedat vech(Xg).

Remark3.3. An analogousesultholdsfor multivariatefunctionsg : R” — Rf, ¢ > 1.

Remark3.4. Assumption(16) ensureghat s liesin a sequencef shrinkingneighbourhoodsf
Y5 with probabilityis corverging to 1. It is usedsothatwe canavoid having to make moment
assumptionsiboutderivativesof g. However, (16) canbe avoidedif we imposesuitablemoment
assumptionsnthesederiatives.

A bias-correctedersionof theapproximate95% confidencenterval (12) is givenby
(6 —n"by — 19607265, — n™by + 1.96n7%5,) (19)

whereby is a consistenestimatorof b, definedin (18) and(}g is definedin (12).



3.3 Long-range dependence

We now considerlong-rangedependenceWe focuson correlationfunctionswhich asymptoti-
cally follow a power law. Specifically we assumen this subsectiorthat

pr(h) ~ B.h~* as h — oo, (20)

wherea > 0 doesnot dependon r. Note thatwhena > 1/2 anda > 1, the conditions
for Theorem3.1 andProposition3.3, respectrely, are satisfied. In this subsectiorwe focuson
valuesof o which give longe-rangalependence.e. 0 < a < 1. Write B = diag(f1, - .., 5,)-

Proposition 3.5 For a covariancefunctionwhich satisfieq20),

n tlogn +o(n tlogn) if a=1
E {vech(is - 25)} — Cvech(BA) |
{1-a)2=-a)} 'n>*+o(n ) if ae(0,1)
and
O~ it a>1/2

cov {vech(f?s — ES)} H = O(n~tlogn) if a=1/2
O(n=2) if ae(0,1/2).

Usinga Taylor expansionagain,we obtaina similar resultfor smoothfunctionsof 3.

Corollary 3.6 Supposey : R — R is a function whosesecondpartial derivativesare all
continuousat vech(X), andassumehat (a,),>1 iS any sequencevhich corvergesto zewo and
satisfieq16). Then,underthe conditionsof Proposition3.5,

B [{g{vech(Ss)} — glveeh ()} b1 (1155 — Ssl] < an) |

n~tlogn + o(n"'logn) if a=1
= 2b;
{(1-a)2—a)}'n+0o(n™?) if 0<a<l.
whee
by = — [/" g{vechZs)] Cvech BA). (21)

Remarlk3.5. We briefly indicatewithout proofwhathappengo thelimit theoryfor 35 — © when
0 < a < 1/2. Whena = 1/2, acentrallimit theoremholds,with normingfactor (n/log n)/?

ratherthann!/2. When0 < a < 1/2, a so-callednon-central-limittheoremholds; seeArcones
(1994, Theorem6) andthereferenceshereinfor resultsconcerninghelimiting distribution the-
ory which arises. Corvergenceratesunder(20) may be determinedrom Proposition3.5. An

additionalcomplicationis that Z Z” is no longernegligible when0 < o < 1/2.
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3.4 Example: Principal componentsanalysisof temporal data

Principalcomponentganalysisis often carriedoutin applicationsvherethe obsenationvectors
aretemporallycorrelated We now discusgelevantasymptotiaesultsunderthe stationaryGaus-
sianlPC model.

Letg;, j =1,...,p, denotetheeigervectorsof Y5 andwrite
G, =n*?(Xg — Xg).

Assumethattheeigervectorsof Xg areqy, . . . , g, correspondingo eigervaluesi; > Ay > ... >
Ap > 0, i.e. the populationeigervaluesare assumedlistinct. Then, underthe assumption®f

Theorem3.1, vech(G,,) 5 vech(G) asn — oo, wherevech(G) hasthe Gaussiardistribution
givenby theright-handsideof (11). Moreover, it follows from Corollary 3.2that,asn — oo,

T
R 0, Ggj \
n'/?(g; — q;) QZﬁqk and n'?(\; — \;) 2 tr(Ggyq)).
kAl Y '

The above expressiongmay be obtainedby standardoerturbationarguments;see,for example,
Watson(1983,AppendixB).

It follows from Corollary3.4andCorollary 3.6 that,if thecorrelationssatisfy(20),then

) O(n™1) a>1
EN = )] =4 O(ntlogn) a=1
O(n= ) 0<a<l,

andthe sameorder statementsold for || £(§; — ¢;)||. Correspondingesultscanbe obtained
whentherearerepeatedpopulation)eigervalues.

We shallseelaterthatthe PCsbasedon maximumlik elihoodestimationof >, afteridentifying
the form of the temporalcorrelationstructure provide an alternatve (andimproved) methodof
principalcomponentsanalysiswhenthetemporalmodelis correctlyspecified.

4 Entropy and molecular dynamicssimulations

4.1 Asymptotic propertiesof Schlitter’ s configurational entropy estimator

Moleculardynamicssimulationsare a widely-usedand powerful methodof gainingan under
standingof the propertiesof molecules,particularly biological moleculessuchas DNA. The
simulationsareundertalenwith a computerpackagge.g. AMBER) andinvolve a deterministic
modelbeingspecifiedfor the molecule. The modelconsistsof point massegatoms)connected



by springs(bonds)moving in an ervironmentof water molecules alsotreatedas point masses
andsprings.At eachtime stepthe equationf motionaresolvedto provide the next positionof
theconfigurationin space Thesimulationsarevery time-consumingo run - for examplesereral
weeksof computertime may be neededo generate few nanosecondsf data.

A majorobjective of thesimulationis theestimatiorof theconfigurationaéntropy of themolecule.
The configurationakentropy is invariantunderlocationandrotationof the molecule,andthe re-
maininggeometricalnformationis calledthe‘size-and-shapedf themolecule.Schlitter's (1993)
definitionof theabsoluteconfigurationakntropy, basednthecovariancematrix of the Cartesian
coordinate®f atomscalculatedby moleculardynamicssimulationsjs givenby

k*
Soc: ?log|]+c*MZ]g\

where M is a diagonalmatrix mass.* Boltzmannconstantc* = k*Te?/(2hm)?, T is the tem-
peraturein Kelvin and i is Plancks constant. This formula was derived as an approximation
to the configurationakentrofy whereeachatomfollows a onedimensionalguantum-mechanical
harmonicoscillator

Supposeill theatomshave thesameatomicmassn anddefinec = mk*T'e?/(2hm)?. In thiscase
Seo = ’% log | I + ¢Xs |. An estimateof theentroyy is (c.f. Schlitter 1993)

k* ~
Sn:5log|]+025 l,

whereXg is the samplecovariancematrix given by (4). We have threeaimsin this subsection:
to studythe asymptoticbehaiour of E£(.S,) underthe Gaussiarmodel(1)-(3) with correlation
function (20), to provide a confidencenterval for S, andto suggest bettermethodof entrogy
estimationunderthis modelbasedn maximumlik elihood.

In Harris et al. (2001)an empiricalobsenation of the rate at which S,, corvergesto S., asn
tendsto infinity is givenby theapproximation:
a

S S, — . (22)

na

with ¢ > 0. For mary simulationsof proteinsandnucleicacidsa valueof a betweemabout0.6
and(.7 seemgeasonable.The following resultprovides a theoreticalbasisfor (22) underthe
assumptiorthatlong-rangedependences presenivhen( < a < 1.

Theorem 4.1 For thestationaryGaussianlPC model(1)—(3)with correlationfunction(20),

an~t+o(n™t) a>1
E[S,] = So —{ con'log,n + o(n"'log, n) a=1
csn~* +o(n™v) 0<a<l.
whee
ck* Lo, oev{(r,8);(r,s)}
_ » 2 )\ 23
“ 2 {(2 1+c)\r+> +1;12(1+cxr)(1+m3) (23)
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Cy = ck*z )\rﬁr (24)

1tk
ck* S WG
_ rMT 25
@ (1—a)(2—a>z1+cA,,.’ (25)

r=1

V is the diagonal matrix definedin the statemenbf Theoem3.1, the )\, are the eigervaluesof
Yg, andthew, are definedn (15).

An approximateconfidencantenal for S,, canbe obtainedusing(12) or its bias-correcteder-
sion(19). Therelevantpartialderivativesaregivenby D = 05, (Xs)/0vech¥s) where

8500(25) . ck* ii

8SOO(ES)

— * ] ; ;
ORp ck™ (I, + cXg)” (i < j).

In theabove, we have usedA” to denotetheelementof A—1.

4.2 Maximum lik elihood estimation of entropy

We considetthe Gaussiaimodel(1)-(3) andusemaximumlik elihoodto estimateghe parameters.
Themaximumlik elihoodestimator(m.l.e.) of X5 is denotedoy X5 andthem.l.e. of entrogy is

- k* .
Seo = Elog |1 4 cXs].

In particular if 0 = (S, ¢*)?, whereg is a vectorof nuisanceparameterss usedto denotethe
parametersf thedistributionandthelik elihoodfunctionis writtenasL (S, ¢), then,asn — oo,

—2log {Sup L(Ss, ¢)/ sup L(Sx, cb)} S,
¢ SOO7¢
usingWilks’ Theorem. The resultcanbe usedto obtain confidencentervals basedon profile
likelihood. However, in practicethe constrainedmaximizationover ¢ with S, fixed canbe

very time-consumingor high-dimensionaproblems,andwe thereforeconsideran alternatve
approach.

AR(2) maximum lik elihood estimation - separablecase

We first considemrmaximumlik elihoodestimationin the separablenodel(9) wherethe temporal
covariancestructures givenby a second-ordeautorgressve [AR(2)] model. For the separable
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AR(2) model,theinverseof thetemporalcorrelationmatrix is

1 — iy 0 0 0 0

—1 1 +9? —1 (1 — 1y) —y 0 0 0

—thy = (L—be) 14907 +45 —thi(1—1b) 0 0 0

Yl=o0,2 0 —1 —1(1 =) 1497 +3 0 0 0
0 0 0 0 oo =1 =) 1447 —iy

0 0 0 0 —y —n 1

whereo? = (1 + 5)((1 — 19)? — %) /(1 — 1bp). This matrix is persymmetriqi.e. symmetric
aboutbothdiagonalsiandthe determinants (cf. Siddiqui, 1958)is givenby

|27 (U ¥2)| = 07 {(1 — ¥3)* — (1 +42) "1}
If 1, = 0 thenthisreducego the AR(1) case.In generalthestationarityconditionsfor the AR(2)

modelare
Y1+ <1
{ Yo —t <1 .
[Pa| <1

Letuswrite Y for thep x n matrixwith theith columnof Y givenby X;,7 = 1,...,n. Forgiven
1, 1 andi,, thedensityfunctionof Y is

1
f(v) =
&) 22 (A Ay .. M) 2| Sy [P/

wherel;, \o...\, aretheeigervaluesof Xg. If 4, 91, 12 areknown, thenthemaximumlik elihood

estimator(m.l.e.)of Xg is
. 1 B
Ys(p, Y1,12) = 5(3/ - /115)2:/’1(3/ - /ﬂg)Ta (26)

andif theeigervectorsg, arealsoknown thenthem.l.e.of A, is

1 _ _
exp{—5tr(S5" — (¥ — ul)S5 (v — )"},

<1
A=Y Y . r=1,...p (27)
n

From (26) we seethattr(X5' (Y — p1) X7 (Y — p12)T) = np. So,moduloaconstant,

;o _g log [det{n (Y — u1T)S;1 (Y — u17)7}] + g log [, 2"((1 —13)% — (1 +4)*7)]
= 5D towh+ Blos o (0 -2 - v

wheredet denotesieterminant.

Them.l.e.of ; wouldbeequalto X if all rows of X' hadthe samesum. Sincen is largeandall
but four of therow sumsof ;! areequal thesamplemeanwill beavery goodapproximatiorto
fi. Hencewetake i ~ X.
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AR(2) maximum lik elihood estimation - nonseparablecase

Let uswrite X1, for the temporalcorrelationmatrix for the rth scorebasedon an AR(2) model
with parameterg;,., 1o, 7 = 1,...,p.

GivenarandomsampleX;, i = 1, ..., n, thejoint densityfunctionof Y = [ X1, ..., X,] is

1
@m)" (g A ATy | S V2

I~ ~
FY) = ; exp{—5 DA la (Y — pl) ¥ (Y — plf) g},
r=1

where),, ...\, aremamginal variancesf the PCsdefinedby eigervectorsg,, . .., ¢,. Againwe

take 1 ~ X.

In orderto carryoutapproximatanaximizationof thelik elihoodwe considetthefollowing algo-
rithm. Notethatthe algorithmmay not work well in all situations but it doeswork well for our
situationwherethereis a strongdecayin the eigervalues.

Approximate MLE computation algorithm

1. Obtaininitial estimatef the PC eigervectors(g,) from the samplecovariancematrix 3¢
andcalculatethe PCscorevectorsZy, . .., Z,.

2. Estimateyy,., 1., A, basedn the AR(2) modelfor the PCscorer, assuminghe eigervec-
torsq, arefixed.

3. Evaluateg; astheeigervectorof
(Y = X)Sh (Y - X)”
correspondingo thesmallestpositive eigervalue,whereim is basedn 11, V9.
4. Forr =2,3,..., ptakeg, to betheeigervectorof
PY = X)SpH(Y - X)T P!
with smalIespositiveeigervalue,whereiﬂ isbasedn v, 1»,, andP, = (Ip—zzj Gal)
IS a projectionmatrix.

5. Estimate),, V., \, basedbnthe AR(2) modelfor thePCscoresassuming) = [Grs -y Q)
is fixed. Notethatwe do not orderthe eigervalueshere.

6. Repeasteps3-5 until corvergenceor a fixednumberof iterations.

7. An approximationfor the m.l.e. is the value of the parameterst the highestvalue of the
log-likelihoodobsenred.
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Thelog-likelihooddoesnot necessarilyncreaseat eachiteration,but in practicethereis usually
anincreasefrom the initial startingvaluesin the first few iterations. The algorithm alternates
betweena) estimatingg,’s given the other parametersand b) estimatingthe other parameters
giventhe ¢,’s. The above algorithmeffectively explorespart of the parametespacenearto the
samplecovarianceeigervectorswhich areconsistenestimate®f theg,’s.

An alternatve algorithmthat we have experimentedwith is a Markov chainMonte Carlo algo-
rithm for simulatingfrom a Bayesiarmodelwith vaguepriors,andwith simulatedannealingThe
above approximateMLE algorithm provides betterpoint estimatesof the entrogpy (with higher
likelihood)in ourimplementation.

Finally, we have also exploredan algorithmwhich follows the steepesthangein the spaceof
orthogonamatrices) = [qi. - . . ., ¢,) giventheotherparametersOnedimensionamaximisations
arecarriedout at eachiteration. However, in high-dimensionasettings thelikelihoodincreases
extremelyslowly with this algorithm,andsofor practicalpurposesve considerthe approximate
MLE algorithm.

4.3 Example: Synthetic dodecamerduplex DNA

We considerthe statisticalmodelling of a specific DNA moleculeconfigurationin water In
particular we concentrat@n the simplecaseof 22 phosphorusitomsin the syntheticdodecamer
duplex DNA which hassequence

1ststrand:CTTTTGCAAAAG
2ndstrand:GAAAACGTTTTC

Thek = 22 phosphorouatomlocationsarerecordedn Angstromgin threedimensionspandare
obsenredover 4 nanosecond6t x 10~?s) with n = 4000 obsenations. Our dataare (multivari-
ate)time seriesin the size-and-shapspaceSY.: wherek = 22. For discussiorof size-and-shape
spaceseeDrydenandMardia, 1998,Chapter8). The obserations X, ..., X,, have beenPro-
crustesotatedto remove rotationandtranslation(cf. DrydenandMardia, 1998,Section5.4.1),
andare consideredasvectorsin R%. Due to the Procrustesegistrationthereare 6 constraints
on the data(3 translationand 3 rotation),andsotherearep = 3k — 6 non-zeroeigervaluesof
both$g andXs. Notethatthe methodologydescribedn subsectiort.2 maybe applieddirectly,
eventhoughtherearelinear constraintsn the data:in effect, we simply projectthe dataontothe
subspacef dimensiornp generatedby the eigervectorscorrespondingo positive eigervalues.

First of all we calculatethe principalcomponent®f shape.The PC scoresl-4 aredisplayedin
Figurel. Notethatfrom Section3.4 the biasin the eigervectorsis of orderO(n!) for a > 1,
underassumptior{20).

Ouraimis to estimatethe configurationakntropy for the DNA usinga suitabletemporalcovari-
ancestructure.Fromthe ACF/FACF plots of the PC scoresin Figure 2 thereareclearly strong
correlationspresent.Note that the autocorrelatiorstructureis someavhat differentin eachplot.
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Figurel: PCsl-4for the DNA data.
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Figure2: Theautocorrelatiorandpartial autocorrelatiorfunctionsfor thefirst 16 PC scoredor
the With Waterdata.
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Thefirst few PCsshav strongerautocorrelationbut in generalanexponentialcorrelationseems
reasonableThe partial autocorrelatiorstructurehasjust a few lagspresentperhapsndicating
a low orderautorgressve model, suchas AR(2), might be suitable. We shall considerthree
models:

I Non-separablstationaryGaussiaiPC modelwith eachpopulationPC scorefollowing an
AR(2) modelwith parametersgy,., ¥o,, A, 7 =1, ..., p.

Il SeparablegGaussiammodelwith all componentdiaving a commonAR(2) modelwith pa-
rameters), o, A\, r =1,...,p.

Il Temporalindepedenc&aussiamodely; = 0,1, = 0, \,,r =1,...,p.

Eachmodelhastheadditionalparameterg andthep eigervectorsof g, namelyg,, .. ., ¢,, that
areusedto calculatethe PCscores.

We fit the modelsby maximumlikelihood. For modelsl and Il the m.l.e.sare written as i
andspatialcovariancem.l.e. is denotedoy E(SAR). Theestimatedentrofy is thengivenby S =
’“2—* log, |Ip+ci(SAR)|. Wewrite Sar 1, Sar 1 for theestimatorsindermodelsl andll respectiely.

For modell we approximatehem.l.e.sof theeigervectorsof E(SAR) usingthealgorithmstatedat
the endof the previous section. For modellll them.l.e. of X is the samplecovariancematrix
Y5,

In Figure 3 we seethe S, Sar; and .S, estimatorsobtainedfrom the seriesof lengthn

(startingfrom the endof the series)for the datasetsWe seethat Sr 1, Sar ;1 andsS, increase
with n over this time scale. It shouldbe expectedthat the S, estimatorsarelargerthan S,,,

especiallyfor smallern, asthereare strongpositive autocorrelationpresent.A biascorrected
estimatorSp (Harrisetal.,2001)is alsoobtainedwherethe biasis estimatedisingleastsquares
fits throughplots of S,, versusn by fitting the equation(22). The biascorrectedestimatoris a

little largerthanS 4z ; here.

Notethatif the eigervectorsarenot estimatedoy maximumlik elihoodbut ratherthey arefixed
atthe samplecovarianceeigervectorsthenthe estimationover theremainingparametergeadsto
estimatesf entropy undermodell almostidenticalto S,, (alsodisplayedin Figure 3), andthe
estimateundermodelll is almostidenticalto S, ;.

Underall threemodels,the m.l.e. of entrofy hasthe sameasymptoticpropertiesasthea > 1
case.For n = 4000 the approximatestandarcerror for (2/k*)S 4 obtainedundermodell is
a9 = 10.765 using(12) andthe calculationgn the Appendix;see(42).

Variousstandardoroceduresvere usedto testfor the presencef long-rangedependencen the
DNA data. Althoughthe findingswerenot conclusve, it did appearthatlong-rangedependence
is not presenin thesedata.

Of coursethe questionremainsasto which estimatoris to be preferred. Given a long enough
simulationthem.l.e. underthe correctmodelandthe Schlitterestimatorshouldbe approximately

16



o
<t —
o
o
~N -
o™
o
o -
™

>

o

o

=

=

c O

o 0 -
N
o
© -
N
o
<t -
N

0 1000 2000 3000 4000

Figure3: The estimatorf entrofy versusn. Theplotsshow (2/k*)S4r 1 (Circles;blacklines),
(2/k*)Sar1 (+; greenlines), (2/k*)S, (triangles;redlines)and(2/k*)Sg (x; bluelines). Also,
themaximumlik elihoodestimatounderModell usingsamplecovarianceeigervectorss marked
with diamondsandis very similarto (2/k*)S,,.

17



unbiased. We carried out a simulation study where dataare simulatedfrom a non-separable
AR(2) model. Thetrue AR parameteraretakento bethe sameasthosefitted to thescoresvhen
usingthe sampleeigervectorsfrom the DNA dataset.In particular(2/k*)S, = 311.06. In this
simulationstudyProcrustesegistrationwasnot carriedout. The estimatorgor samplesf sizen
aregivenin Figure4.
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Figure4: The estimatorsof entropy versusn for simulateddata. The plots shawv (2/k*)Sar 1
(circles;blacklines), (2/k*)Sar 11 (+; greenlines), (2/k*)S, (triangles;redlines)and(2/k*)Sg
(x; bluelines). Also, the maximumlik elihoodestimatorunderModel | usingsamplecovariance
eigervectorsis markedwith diamondsandis very similarto (2/k*)S,,.

It is clearthat S, ;; is biasedbut the otherthreeestimatorsare reasonabldor large n. The

estimatorS 4 s is lessbiasedhanS, ;; particularlyfor smallern. Thebiascorrectecestimator
Sp alsoperformswell.
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5 Discussion

5.1 Planar sizeand shapeanalysis

Thereareotherapplicationareador whichthedevelopmentsn this paperarerelevant. A possible
candidatenodelfor planarsize-and-shapanalysisis the zeromeancomple« Gaussiardistribu-

tion (DrydenandMardia,1998,p. 189). Let z° denotea k-vectorof complex co-ordinatesndlet

Y = HY? betheHelmertizedversion,whereH is the Helmertsub-matrix(DrydenandMardia,

p. 34). Thezeromeancomplex Gaussiaimodelis

Y ~ €N, 1(0,%0),

whereX . is complex Hermitian. Sincethis distribution is invariantunderrotationsof z, it is
suitableasasize-and-shapdistribution. Let usassume_- hascomplex eigervectorsy, . . ., qr_1
correspondindo realeigervalues); > ... > \;,_; > 0. Themodalshapes ¢; andthe modal
sizeis \;. ConsiderobsenationsYy, .. .,Y,, availablefrom the generalGaussiarmodelwith the
restrictionthatit hascomplex Gaussiarstructure(cf. Goodman1963).We constructthe sample

complex Hermitiancovariancematrix
S = 1 iYY*
C — n £ AR
whereY ™ denoteghetransposef the complex conjugateof Y. Letg;, j = 1,...,p, denotethe
sampleeigervectorsof X andlet
Fn = nl/Q(f]C — Ec)

By analogywith Theorem3.1 and Corollary 3.2 in the real case,underthe complex Gaussian
model with correlationswhich satisfy a condition similar to (10), we obtain the following, as

n— oo F, > F, wherevech(£) hasacomplex multivariateGaussiaristribution analogouso
(11), but with Hermitiancovariancematrix,

. D aF'q S D .
n'2(4; — q;) = ﬁ% and n'2(\; —\) = tr(F'q;q;)-
k£l Y

Undertheseassumptionswe canconstructconfidencantervals for shapeg; andsize A; under
the temporallycorrelatedmodel. Also notethat the estimatorsof shapeand size basedon the
m.l.e. of X5 undera particularfamily of temporalcorrelationmodelswill give a moreefficient
estimatorunderthatfamily whenthe modelis correctthanif notemporalcorrelationis assumed.

5.2 Further points

Inspectiorof theperiodogramsor thePCscoresn theDNA exampleindicategshatsomeform of
periodicity may be present.Periodictype behaiour canbe exhibited by AR(2) models,lending
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someextra weightto our choiceof temporalmodel. Alternatively we could work with explicit
periodicmodels.However, giventhatthe periodsthemselesappearandomwe believe thatthe
AR(2) modelwill provide reasonablestimatordor entroy, whichis themainaim.

The DNA strandin our exampleis symmetricin labelling - strandl andstrand2 couldbeinter
changedandnucleotidedetters(A,C,G,T) labelledin reverseorder So, we canconsidersym-
metricPCA, wherethedatasesizeis doubledby includingboththe original strandlabellingand
thedatawith thealternatve strandlabelling. Whenexaminingtheeffect of the PCsit is clearthat
thereis little differencebetweerthe symmetricandstandard®CA.

All our modellinghasassumedsaussiardata. It would be goodto develop the work for non-
Gaussiammodels,even thoughin our applicationsthereis no reasonto doubtthe Gaussiaras-
sumption.However, inferenceis likely to berathermoredifficult in the non-Gaussiasase.

An alternatve methodto using moleculardynamicsimulationsis to use Markov chain Monte
Carlo methodsfor simulatingfrom the Gibbsdistributionsat the molecularlevel. Entropy can
then be directly calculatedfrom suchmodels. This approachis very complicatedalthoughit
would beof interestto link suchananalysiswith the moleculardynamicssimulations.
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Appendix: Proofsof the results

The following standardesultis usedrepeatedly:if X,Y, Z, W arezero-mearjointly Gaussian
randomvariableshen

COV(XY, ZW) = 0xz0yw + OxwOyz, (28)

whereo 5 = cov(A, B). Thefollowing elementarjlemma,whoseproof is omitted, is usedin
the proof of Theorem3.1.

LemmaAl

Supposehat the sequencey,, —oco < h < oo, satisfiesy - _ |as| < co. Thenthere existsa
sequencé, > 1, —oo < h < oo, sudthatb, — co as|h| — coandd ;~ _ |ax|by < cc.

Proof of Theorem 3.1
Using(6), o

E(ZZ") = diag(ny: 7 =1,...,p) (29)
where(7) is equalto

RS ( |h|) (h) (30)

h=—n+1
UsingtheCauchy-Schwarzinequalitywe have, for ary sequencef positiverealnumbergb;, )

o B ()

h—fn+1

_1/\ Z 1/2|pr bh)—1/2

h=—n+1

n—1 1/2 n—1 1/2
< n_l)\r< > bh,or(h)2> ( > b,;l) .
h=—n+1 h=—n+1

Using LemmaAl, we may choosethe sequence,, suchthat1 < b, — oo as|h| — oo, and
S bupr(h)? < co. Moreover, sinceb, ' — 0 as|h| — oo, it follows that, for sucha choice
of theb-sequence,

S it =otn

h=—n+1

h=—o00"

|'7n,7“| =

IN
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Thereforely, .| = o(n~%/2) undercondition(10). It follows that,under(10),
1B(ZZ7)]| = o(n'/?).
Also, undermodel(1)-(3),
cov{vech(ZZ")} = diag[var{Z(r)Z(s)} : 1 <r < s < p),

where,using(6) and(28),

o 2v,, ifr=s
var{Z(r)Z(s)} = {

YrgYns T <08,

from which it follows that
l[cov{vech(ZZ")}|| = o(n™").

Consequently||n'/2ZZ"|| = 0,(1), andtherefore
n'2(A — A) = n'?(U, — A) + R, (31)
wherelU,, = n~!' 3" | Z,Z! and||R,|| = o0,(1). Using(28) again,
cov{n/?vech(U, — A)} =V as n— . (32)

Moreover, using(32), the Cramer-Wold device and Theoremé4 of Arcones(1994),in which the
relevantHermiterankis 2, we obtain

n'/2{vechU, — A)} 2 Np(0,V). (33)
Finally, (11) follows from (31), (33) andthefactthat

vech(3g — Xg) = C vech(A — A). (34)

Proof of Corollary 3.2
Thisis a standardapplicationof the deltamethod.
Proof of Proposition 3.3

Thisis aconsequencef thefollowing:
E(A = A) = —diag(yn, : 7 =1,...,p), (35)

thefactthat,underassumptior(13),

[e.o]

Yo ~n™ > pr(h) =n"'v, as n— oo,

h=—00
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andtheidentity (34).
Proof of Corollary 3.4

This resultfollows directly from a second-ordefaylor expansionandProposition3.3.

Proof of Proposition 3.5

Consider(30) and (35). By assumptionp,.(h) ~ B.|h|~® as|h| — oo, where0 < a < 1.

Thereforewhen0 < a < 1,

n—1
Tng = n_a)\rn_l Z < _@) napr(h)
n

h=—n+1
n—1 —Q
o) gl _rl (1A
n=*\.Gn Z (1 n)(n
h=—n+1
1
~ A8, [ (1= fal)la] s
-1
1
= 2 _a>\r r )
M T e a)

asn — oo. In thecasen = 1, aslightly moredelicateapproximatiorargumentgives

T ™~ 2\, B.n tlogn as n— oco.

Thefirst partof Proposition3.5now follows directly from theidentity (34).

To establisithe secondpartof Proposition3.5, considertheidentity
AAN=U,—AN-22",

1 n

whereU,, = n v, 2z} asbefore.lt follows that
cov{vech(A)} = cov{vech(U,)} 4 cov{vech(ZZ7)} — A — A7,
whereA = cov{vech(U,,), vech(ZZ")}. FromthelPC assumption,
cov{vech(U,)} = diag[var{U,,(r,s)} : 1 <r < s <p]

and o L
cov{vech(ZZ")} = diag[var{Z(r)Z(s)} : 1 <r < s <p).

Using (28), we obtain

cov{U,(r,r)} = 2n~" nz—f ( — %) pr(h)%;

h=—n+1
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whenr # s,

n—1 h
ottt = X (1= 81 g (38)
h=—n+1
using(6) and(28), we obtain o
var{Z(r)Z(r)} = 27, (39)
and,whenr # s, -
var{Z(r)Z(s)} = Vs Vs (40)

Moreover, A is also a diagonalmatrix with elementscov{U,(r, s), Z(r)Z(s)} which, by the
Cauchy-Schwartzinequality satisfy

1/2

lcov{U,(r,s), Z(r)Z(s)}| < |var{U,(r,s)}var{Z(r)Z(s)}| . (41)

Finally, usingtheresultsobtainedor v, .. in thefirst partof the proof of Proposition3.5,andob-
taining similar asymptoticexpressiongor (37) and(38) by approximatinghe sumsby integrals,
we find that(37)-(41)areall of the appropriateorder so by (36) the proof of the secondpart of
Proposition3.5is now complete.

Proof of Corollary 3.6

This resultfollows from a first-orderTaylor expansion,which is all thatis neededpecausdahe
second-ordetermis of strictly smallerorderthantheleadingterm,by Proposition3.5.

Proof of Theorem4.1

For asymmetricmatrix M,
1
log | I, + M |= tr(M) — 5tr(M?) +O(|| M%),
andtherefore

log | I, + cXg | = log| I, +cSg+ c(Xg — Xg), |
= log| I, +cXs|+log. | I, +A|

where R
A= CF(ES — Es)F

andF = (I, + cX5)~'/2 arebothsymmetric.We have

Sy = Se-t %tr(A) - %tr(Az) +0,(||AIP)
— S+ gtr(A) - %tr[{A — B(A)}? + AE(A) + E(A)A — {E(A)}] + O,(||A|]).
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Therefore

E(S,) = Ss + %E{tr(A)} + gE (tr[{A — E(A)}*]) + o[E{tr(A)}].

E{tr(A)} = tr{FA)}
= —tr{cFdiag(y,,: r=1,...,p)F}

Yn,r
— 1+ e,

= —c

which givesthe first termin (23), correspondingo a > 1, andalsogives(24) and(25) when
a = landa € (0, 1), respectiely, since

v,n ! a>1
YV ~ 2\, 6,n"tlogn a=1
e a € (0,1).

Moreover, whena > 1,

E(u[{A-EA)Y]) = w(E{A-EA)}])

s b Var{]\(r,s)}
- Z (T eA)(T+cAy)

P
_ V{(r,s); (r,s)}
1.2
noe Z 1+ ch) 1+c)\)

This givesthe secondtermin (23), correspondingo o > 1. Note that, by the secondpart of
Proposition3.5, this second-ordetermis asymptoticallynggligible when(0 < o < 1. Theproof
is now complete.

Covariance sumsfor AR(2) models.

Simpleexpressiondor the diagonalelementf V in Theorem3.1 may be derivedin the AR(2)
case.lIf ¢, andi,, arethe parameter®f an AR(2) procesdor the rth PC scorethenthe auto-
correlationfunctionhastheform

pr(0) =1
pr(h) = au €l + az€h)
where

- ¢1r/<1 - ¢2r) - 527’ _ glr - 1/}17‘/(1 - ¢2r)
fr = 517“ - 527‘ and far = glr - §2r 7

andé¢,,., &, arethesolutionsof

52 - 1/]11"5 - ¢2r = 07
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517‘7 527" - % (wlr + \/ w%r + 4w2r) .

Thenfor1 <r < s <p,

& 1 + glrgls 1 + 517"525 1 + 527‘515 1 + €2r§25
rh sh:ara57+ara57+ara57+ara57
h:Z_OOM o) = sy e e g, T T g, T T g,
(42)

SeeCox andMiller (1965,Chapter7.2) for similar calculations Hence the estimate)’ required
for the confidencanterval calculationin equation(12) canbe computedeasilyin this particular
case.
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