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Abstract

Weconsiderinferencefor functionsof themarginal covariancematrixunderageneralclassof station-
ary multivariatetemporalGaussianmodels.Themainapplicationwhich motivatedthis work involvesthe
estimationof configurationalentropy from moleculardynamicssimulationsin computationalchemistry,
wherecurrentmethodsof entropy estimationinvolve calculationsbasedon thesamplecovariancematrix.
The classof Gaussianmodelswe consider, referredto asGaussianIndependentPrincipalComponents
models,is characterisedas follows: the temporalsequencecorrespondingto eachprincipal component
(PC)is permittedto havegeneral(temporal)dependencestructure,but sequencescorrespondingto distinct
PCsareassumedindependent.In many contexts, this model classhasthe potentialto achieve a good
balancebetweenflexibility andtractability: distinctPCsarepermittedto have different,andquitegeneral,
dependencestructures,but, aswe shallsee,estimationandlarge-sampleinferencearequitefeasible,even
in high-dimensionalsettings.Wederive thelimiting large-sampleGaussiandistribution for thesampleco-
variancematrix, andalsoresultsfor functionsof thesamplecovariancematrix, which provide a basisfor
approximateinferenceprocedures,includingconfidencecalculationsfor scalarquantitiesof interest.The
resultsareappliedto the moleculardynamicsapplication,andthe asymptoticpropertiesof a configura-
tional entropy estimatoraregiven. Rotationandtranslationareremovedby initial Procrustesregistration,
so thatentropy is calculatedfrom thesize-and-shapeof theconfiguration.An improved estimatorbased
on maximumlikelihoodis suggested,andsomefurtherapplicationsarealsodiscussed.

Keywords: Autoregressive, CentralLimit Theorem,ConfigurationalEntropy, Gaussian,Mo-
ments,Principalcomponents,Procrustes,Samplecovariance,Shape,Size,Temporal.

1 Intr oduction

The samplecovariancematrix is frequentlyusedfor statisticalinferenceevenwhentemporally
correlatedmultivariateobservationsare available. The main applicationwhich motivatedthis
work involves the estimationof configurationalentropy from moleculardynamicssimulations
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in computationalchemistry, wherecurrentmethodsof entropy estimationinvolve calculations
basedon the samplecovariancematrix; seee.g. Schlitter(1993)andHarris et al. (2001). For
example,entropy calculationswereusedby Harrisetal. (2001)to explainwhy aparticularDNA
moleculebindswith two ligands,ratherthanasingleligand.Otherapplicationsincludethestudy
of sampleprincipal componentsanalysisof multivariatetemporaldata(Section3.4), andsize-
and-shapeanalysisof temporallycorrelatedplanardata(Section5.1).

In this paperwe develop inferenceproceduresfor functionsof the covariancematrix undera
generalclassof stationarytemporallycorrelatedGaussianmodels.Modelsexhibiting long-range
dependenceareincludedin theclass,aswell asmorestandardshort-rangedependencemodels.
Thesemodels,which areappropriatefor temporallycorrelatedvectorobservations,arereferred
to asGaussianIndependentPrincipalComponentsmodelsandarecharacterisedasfollows: the
temporalsequencecorrespondingto eachprincipalcomponent(PC)is permittedto have general
(temporal)dependencestructure,if desireddifferent from that of the otherPCs,but sequences
correspondingto distinctPCsareassumedindependent.In many contexts, this modelclasshas
thepotentialto achieve a goodbalancebetweenflexibility andtractability: distinctPCsareper-
mittedto havedifferent,andquitegeneral,dependencestructures,but, asweshallsee,estimation
andlarge-sampleinferencearequitefeasible,evenin high-dimensionalsettings.

Theplanof thepaperis asfollows. In Section2 we definetheclassof stationaryGaussianIn-
dependentPrincipalComponentmodels. In Section3.1 we presenta centrallimit theoremfor
a generalfunction of the samplecovariancematrix. This providesa basisfor constructingap-
proximateconfidenceregionsfor functionsof thepopulationcovariancematrix. In Section3.2
we determinethe leadingbiasterm which allows us to derive approximatebias-correctedcon-
fidenceintervals,andin Section3.3 we briefly considerlong-rangedependence.In Section3.4
principal componentanalysisis discussedwhen temporalcorrelationsare present. In Section
4 we describethe moleculardynamicsapplicationthatmotivatedthis work, andwe investigate
Schlitter’s (1993)absoluteconfigurationalentropy estimator. We alsoshow how long-rangede-
pendenceleadsto a simpleasymptoticpower law for the expectationof the entropy estimator.
Rotationandtranslationareremovedby initial Procrustesregistration,so thatentropy is calcu-
latedfrom thesize-and-shapeof theconfiguration.We suggestan improvedestimatorbasedon
maximumlikelihood,andcomparetheestimatorsin anumericalexample.In Section5 webriefly
discussanotherapplication,in planarsize-and-shapeanalysis,andweconcludewith adiscussion.
All proofsaregivenin theAppendix.

2 The stationary GaussianIPC model

2.1 Preliminaries

We shallconsiderthesituationwherea sequenceof � -vectors�����
	�	
	�����
 is availableat � time
points.For example,thevectorscouldcontainobservationsat � sitesin spaceor � co-ordinatesof
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ageometricalobject.Wewrite �������������������
	
	
	���������������� , � �!���
	
	
	���� . It is assumedthroughout
thepaperthatthe ��� sequenceis jointly Gaussian.We alsoassumestationarity:for any integers"�#%$

, �'&(�)� *+	
	
	,*-�/. and 0 ,
1 ���324��	
	
	��4���65)7 hasthesamedistributionas

1 ���3238:9;�
	
	
	������<5�8:9;7;	
Considerthemarginalmeanvectorandmarginal covariancematrix,

=�> ���@?��-AB�DCFEHGI�J���3�K�MLBNO�K�P�����
	
	
	����K�
respectively. We call A thespatialmean, and LBN thespatialcovariancematrix, sincein many of
our applicationsthevectormeasurementsarecollectedin spaceor on geometricalobjects.From
thespectraldecompositionwe have LBNQ�SRUTVRW� , wherethecolumnsof R areeigenvectorsof
LBN and X,YZEH[\�@]^���
	
	
	��
]`_�� is thediagonalmatrix containingthecorrespondingeigenvalues.

2.2 The IPC model

We now specifythe IndependentPrincipalComponents(IPC) model. The temporalcovariance
structurebetweenthevectorsis specifiedusingthetransformedvectorsof populationPCscores

a �b��� a ���������
	
	
	�� a ���J�,��� � �cR � �J����dQAK�Becfg_h� $ ��T ���i�B������	
	
	��4�K� (1)

j�k CP� a ���Jlm��� aon �@pI���K� q`r �J�odQs`��] r lt�cp$ lvu�cp (2)

whereq`r �
$ � �w���Bl��w���
	
	
	���� . We write x r for the �zyv� temporal correlationmatrix of popu-

lation PCscorel , which has ���{��s`� th entry q`r ���id|s`� . Henceunderthis modelthepopulationPC
scoresaremutually independentbut therearepossiblydifferenttemporalcorrelationstructures
for eachPCscore.In termsof theoriginalmeasurementswehave

�}�������
�������
	
	
	�����
^�������
	
	
	������
�J�����
	
	
	�����
^�J����� � e~fg
�_;��Av����
h���'��� (3)

where�����@RUT �6��� ����
m��X,YZEH[\�3xP���
	�	
	���x�_��I�@RUT �6��� ����
`��� , ��
 is a � -vectorof ones,��
 is the ��y��
identitymatrixand � denotestheKronecker product.

Remark2.1. Our main reasonfor assumingstationarityin the IPC modelis to simplify the ex-
position.However, thestationarityassumptionis notessentialfor thedevelopmentsin this paper
andcanbeweakened.TheGaussianassumptionis moredifficult to relax. In particular, thelimit
theoryandtheresultingapproximateinferenceproceduresdescribedin Section3 becomemuch
morecomplex. See,for example,Arcones(1994) for relevant limit theoryunderone type of
departurefrom theGaussianassumption.

Thesamplecovariancematrixof theoriginal vectorsis

�LBN�� �
�



�<��� ������d ��z�I�J����d ��z� � � �

�


�<��� ���J� �� d ����� � � (4)
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where �� � �
 
�<��� ��� . Oneof theprincipalgoalsof this paperis to establishin theasymptotic
propertiesof theestimator(4) of LBN undermodel(1)–(3).

We shall sometimesfind it more convenient to work with the populationPC scores
a �@�����

���
	
	
	���� , andtransformingfrom
a � to �����MR a �,��A (andviceversa)is straightforward.

UnderthestationaryGaussianIPCmodel(1)-(3),thepopulationPCscoreshavejoint distribution

a �!� a �
��������	
	
	�� a 
\�������
	
	�	�� a �
�J�,���
	
	�	�� a 
^�J����� � ecf�
�_h� $ ��X,Y�E:[\�3]���xP���
	
	
	��
]m_�x�_
����	 (5)

andthedistributionof thesamplemeanof thePCscoresis

a �Jlm�B� �
�



�<���

a ���Jlm�Pecfz� $ ���m
;� r �B��l��!���
	
	
	����O� (6)

independently, where

�m
;� r �
�
� � ] r



n ���



� ��� q`r �Js�d�����	 (7)

Thesamplecovariancematrixof the
a

sequenceis givenby

�T-��R � �LBN\RM� �
�



�6��� �

a ��d �a �I� a ��d �a � � � �
�



�<���

a � a �� d �a �a � 	 (8)

An importantspecialcaseis theseparablemodelwhereq`r �J��d�s`�P� q �J��d�s`� doesnotdependon
l . We write L � ��xP����	Z	�	 �wx�_ for thecommontemporalcorrelationmatrix in theseparable
caseandso

��ecf�
�_h��A¡����
`��LBN��(L � ��	 (9)

2.3 Parameter estimation for the IPC model

Supposethat,for l¢�S���
	
	�	���� , thecorrelationsequenceq`r �@	J� dependson a parametervector £ r ,
assumedto be¤ r y�� . Write £U�¥�@£�� � �
	
	
	��
£��_ ��� . ThentheIPCmodelhasthefollowing parameters:
A , R , T and £ . Thesehave,respectively, � , ���J�od¦����§H¨ , � and¤ª©W� _

r ��� ¤ r componentparameters.
Thusthemodelhas �� ���J�«��¬:�,�¢¤ª© parameters,providedtherearenonofunctionaldependencies,
asweshallassumefor theremainderof thissection.

It turnsout that, underthe GaussianIPC model, the parameterssplit into �­��¨ blockswhich
are mutually orthogonalwith respectto expectedFisherinformation:

1 AB7 , 1 R®7 and
1 ] r �
£ r 7 ,lQ�����
	
	�	���� . This fact greatlysimplifiesthe asymptoticcovariancestructureof the maximum

likelihood estimatorsof the model parameters.Note that, for given “current” estimatesof A
and R , updatingthe maximumlikelihoodestimatesof the ] r and £ r reducesto � independent
optimizationprocedures,eachinvolving a scalartime series. Moreover, under the stationary
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Gaussianassumption,it is reasonableto estimateA by thesamplemean,which is asymptotically
efficient. Thenanalternatingproceduremaybeusedin which we updatetheestimatesof the ] r
and £ r for fixed R , andupdatetheestimateof R for fixed ] r and £ r . Themoredifficult partof this
procedureis theupdatingof R ; analgorithmfor doingthis is proposedin Section4.2. A simpler
alternative is to estimateR usingthematrixwhosecolumnsareeigenvectorsof

�LBN but, although
this estimatorof R is consistent,it is not fully efficient. In Section4.2 we discussparameter
estimationwhen ] r and £ r aretheparametersof anAR(2) modelfor the l th PC, l��¥���
	
	�	���� .

3 Asymptotic resultsand inferencefor the samplecovariance
matrix

We begin by introducingsomenotation.Let ¯°�w�@±²� n � _��� n ��� denotea �­y¡� matrix andwrite ³M�
�o�J�«�(����§´¨ . Wedenoteby C�µ j{¶ �3¯g� the ³�y�� vector �3±m�/����±m�·�²��±²�/�
�
±`�·¸²�
	Z	�	��
±²_�¹��ª� _��
±²_4_�� � consisting
of theelementsin theuppertriangleof ¯ . Notethat it is not essentialto usethis orderingof the
elements;any orderingcouldbeused,providedit is usedconsistently. For a vectoror matrix ¯ ,
we definetheEuclideannorm, º·º»¯tº·º�� 1�¼ GI�3¯�¯½�b��7 �6��� , where

¼ GI�@	J� denotesthe traceof a square
matrix. For any randomvectors¾ and ¿ , we define j�k CB�@¾B�
¿®� � = �3¾À¿Á�b�od = �@¾Á� = �@¿��b� , and
weusej�k CP�3¾Á� asanabbreviation for j�k CB�@¾B�
¾Á� .

3.1 Central Limit Theorem

Ourfirst resultis acentrallimit theoremfor thesamplecovariancematrixunderthesummability
condition(10)on thecorrelationsequences.

Theorem 3.1. Supposethat

Â
9Ã��¹ Â º q`r �30��²º

� *MÄ�� lt�����
	�	�	»�O	 (10)

Then,underthestationaryGaussianIPC model(1)–(3),

� �6��� C�µ j{¶ � �LBN�dÅLBN��ÇÆÈ fgÉ'� $ �4ÊKËÌÊ � � (11)

where Ë��@³MyQ³À� is a diagonalmatrixwith diagonalelements

Ë 1 �Jl´�
pI��Í;�Jl´�
pI��7 �
¨ Â9Ã��¹ Â ] � r q`r �@0��

� if l���p
Â9Ã��¹ ÂÎ] r ]mÏ q`r �30O� q ÏH�30�� if lÇ*+p

5



and Ê��3³�yQ³À� is a matrixwith elements

Ê 1 ��lH��p²��Íh�J����s`��7 �
Ð r � Ð Ï�� if �«&(�P��s�&(�

Ð r � Ð Ï
n � Ð r

n Ð Ï�� if �«&(� *-s�&(�
where the Ð � n are theelementsof R .

Remark3.1. It is interestingto notethatTheorem3.1 holdsevenif the q`r �30�� sequencesexhibit
long-rangedependence,i.e. if someor all of thesums

Â9Ã��¹ Â-º q`r �30��²º areinfinite. Thisis because�LBN is a quadraticfunctionof thedataandthereforehasHermiterank2. SeeArcones(1994)and
thereferencesthereinfor furtherdetailsof Hermiterank.

By applyingthedeltamethod(e.g.Mardiaet al., 1979,p. 51) we have thefollowing resultfor a
multivariatefunctionof thesamplecovariancematrix.

Corollary 3.2 Let Ñ~� ��Ñ�����	
	
	���Ñ:Ò@��� be a multivariate ¤ -dimensionalfunction definedon É
which is continuouslydifferentiableat C�µ j{¶ ��LBN\� . Undertheconditionsof Theorem3.1,

� �6��� Ñ 1 C,µ j{¶ � �LBNO��7gdQÑ 1 C,µ j{¶ �3LBN���7 ÆÈ fgÓ:� $ �
Ô­ËoÕFÔ � ��	
where ËÌÕt�(ÊiËÌÊ � and �3Ô���� n �MÖ:Ñ:��§:Öo��C�µ j{¶ ��LBN���� n , �P������	
	
	���¤���st�¥���
	
	
	��
³ .

Remark3.2. In thecontext of Corollary3.2,supposethat ¤V��� , sothat Ñ is areal-valuedfunction.
Let £|�×Ñ 1 vech�3LBN���7 and

�£z�×Ñ 1 vech� �LBN\��7 , andwrite
�Ô for the gradientof Ñ evaluatedat

vech� �LBN\� ; bothof theseestimatorsareconsistentundertheassumptionsof Proposition3.5.Write�Ë for a consistentestimatorof Ë basedon consistentestimators
�] r of ] r and

�
q`r �@	J� of q`r �@	J� ; and,

finally, let
�Ê denotea consistentestimatorof Ê basedon a consistentestimator

�R of R . Thenan
approximate95%confidenceinterval for £ is givenby

� �£'d���	JØ:Ù�� ¹��6��� �ÚÌÛÜ � �£V�c��	�Ø:Ù�� ¹��6��� �ÚoÛÜ ��� where
�Ú � ÛÜ � �Ô �Ê �Ë �Ê � �Ô � (12)

is a consistentestimatorof Ú �Ü � ÔÀÊKËÌÊ � Ô � . More will be said on the calculationof
�Ú � ÛÜ in

Section4.

3.2 Asymptotic Bias

Wenow considertheleadingtermin theasymptoticbiasof both
�LBN andageneralsmoothfunction

Ñ 1 C,µ j{¶ � �LBNO��7 of
�LBN . A strongersummabilityconditionis neededin this caseif thebiasis to be

of order Ý­��� ¹�� � .
Proposition 3.3Supposethat Â

9Ã��¹ Â º q`r �30O�IºH*MÄ (13)
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ThenunderthestationaryGaussianIPC model(1)–(3),

= 1 C,µ j{¶ � �LBN®dÅLBNO��7®��d«� ¹�� Ê^C�µ j{¶ ��ÞU�b��ßV
`� (14)

where Ê is the ³Îy�³ matrixdefinedin Theorem3.1, ßV
 is a vectorremaindertermwhich satisfies
º·ºàß½
�ºZº´�cám�J� ¹�� � , and Þ���X,YZEH[\�Jâ����
	
	
	���â�_�� hasdiagonalelements

â r �c] r
Â

9Ã��¹ Â q`r �@0���	 (15)

For sufficiently smoothfunctionsof
�LBN , wehave thefollowing result.

Corollary 3.4 Supposethat Ñ�ã É È is a function whosesecondpartial derivativesat
C�µ j{¶ ��LBNO� are all continuous.Let �@±²
h��
:ä�� be any sequenceof positivenumbers converging to
zero in such a waythat

³ º·º �LBN�dÅLBNÌº·º # ±²
 È $
as � È Ä�	 (16)

Then,undertheassumptionsof Proposition3.3,

= Ñ 1 C�µ j{¶ � �LBN���7WdQÑ 1 C�µ j{¶ ��LBN���7 � º·º �LBN®dÅLBNÌºZºH&c±Ã
 ��� ¹���å © �(áF��� ¹�� � (17)

where �^�3	�� denotestheindicator function,

å ©���d æ � Ñ 1 C�µ j{¶ �3LBNO��7 Ê�C,µ j{¶ �3ÞU��� �
¨
¼ G > ËoÕ®æ!æ � Ñ 1 C,µ j{¶ ��LBNO��7:?·� (18)

ËÌÕ is asdefinedin Corollary 3.2, Þ is the diagonalmatrix definedin Proposition3.3 with ele-
mentsgivenby (15),and æÇÑ 1 C,µ j{¶ ��LBN���7 and æ�æ­�UÑ 1 C,µ j{¶ �3LBN���7 are, respectively, thegradient
andHessianof Ñ evaluatedat C,µ j{¶ �3LBN�� .
Remark3.3. An analogousresultholdsfor multivariatefunctionsÑ�ã É È Ò , ¤ # � .
Remark3.4. Assumption(16)ensuresthat

�LBN lies in a sequenceof shrinkingneighbourhoodsof
LBN with probability is converging to 1. It is usedso thatwe canavoid having to make moment
assumptionsaboutderivativesof Ñ . However, (16) canbeavoidedif we imposesuitablemoment
assumptionson thesederivatives.

A bias-correctedversionof theapproximate95%confidenceinterval (12) is givenby

� �£'dQ� ¹�� �å © d���	JØ:Ù�� ¹��6��� �ÚÌÛÜ � �£'dQ� ¹�� �å ©P�c��	�Ø:Ù�� ¹��6��� �ÚoÛÜ � (19)

where
�å © is aconsistentestimatorof

å © definedin (18)and
�Ú � ÛÜ is definedin (12).
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3.3 Long-rangedependence

We now considerlong-rangedependence.We focuson correlationfunctionswhich asymptoti-
cally follow apower law. Specifically, weassumein this subsectionthat

q`r �@0��Be(ç r 0
¹:è

as 0 È Ä�� (20)

where é # $
doesnot dependon l . Note that when é # ��§´¨ and é # � , the conditions

for Theorem3.1 andProposition3.3, respectively, aresatisfied.In this subsectionwe focuson
valuesof é which give longe-rangedependence,i.e.

$ *MéÎ&�� . Write ê��MX,Y�E:[\�JçÌ����	
	
	��4ç\_
� .
Proposition 3.5For a covariancefunctionwhich satisfies(20),

= C�µ j{¶ � �LBN�dÅLBN�� � Ê�C�µ j{¶ �3ê�T½�
� ¹��,ë k [o�¢�(áF��� ¹��,ë k [o� � if é¦���

1 ���Kd�éÌ�
�3¨«d�éÌ��7 ¹�� � ¹:è �(áF��� ¹:è � if é�ì�� $ �:���
and

j�k C C�µ j{¶ � �LBNíd(LBN�� �
Ý��J� ¹�� � if é # ��§´¨

Ý­��� ¹��Fë k [��i� if é¦����§´¨
Ý­��� ¹H�ªè � if éÎì�� $ �:��§H¨:��	

UsingaTaylorexpansionagain,weobtainasimilar resultfor smoothfunctionsof
�LBN .

Corollary 3.6 SupposeÑ!ã É È is a function whosesecondpartial derivativesare all
continuousat C�µ j{¶ �3L'� , andassumethat �@±²
`��
:ä�� is any sequencewhich convergesto zero and
satisfies(16). Then,undertheconditionsof Proposition3.5,

= Ñ 1 C�µ j{¶ � �LBN���7Wd�Ñ 1 C�µ j{¶ ��LBN\��7 � º·º �LBN�dÅLBNÌº·ºH&c±²


�M¨ å �
� ¹�� ë k [o�¢�(áF��� ¹�� ë k [o� � if é¦���

1 ���Kd�éÌ�
�3¨«d�éÌ��7 ¹�� � ¹:è �(áF��� ¹:è � if
$ *�éÎ*¥��	

where å �K�cd æ � Ñ 1 vech�3LBN�� Ê vech�3ê�T½��	 (21)

Remark3.5. Webriefly indicatewithoutproofwhathappensto thelimit theoryfor
�LBNBd¡LBN when$ *�é�&î��§H¨ . When é-�×��§´¨ , a centrallimit theoremholds,with normingfactor �J�K§ ë k [��i� �6���

ratherthan � �6��� . When
$ *�é(*ï��§H¨ , a so-callednon-central-limittheoremholds;seeArcones

(1994,Theorem6) andthereferencesthereinfor resultsconcerningthelimiting distribution the-
ory which arises. Convergenceratesunder(20) may be determinedfrom Proposition3.5. An
additionalcomplicationis that �a �a � is no longernegligible when

$ *�éÎ*!��§H¨ .
8



3.4 Example: Principal componentsanalysisof temporal data

Principalcomponentsanalysisis oftencarriedout in applicationswheretheobservationvectors
aretemporallycorrelated.Wenow discussrelevantasymptoticresultsunderthestationaryGaus-
sianIPC model.

Let
�Ð n , st�¥���
	
	�	���� , denotetheeigenvectorsof

�LBN andwrite

ð 
���� �6��� � �LBN®dÅLBN���	
Assumethattheeigenvectorsof LBN are Ð ���
	
	�	�� Ð _ correspondingto eigenvalues]^� # ]`� # 	
	�	 #
]m_¡ñ $

, i.e. the populationeigenvaluesareassumeddistinct. Then,underthe assumptionsof

Theorem3.1, C�µ j{¶ � ð 
h� ÆÈ C�µ j{¶ � ð � as � È Ä , where C�µ j{¶ � ð � hasthe Gaussiandistribution
givenby theright-handsideof (11). Moreover, it follows from Corollary3.2that,as� È Ä ,

� �6��� � �Ð n d Ð n �ÇÆÈ .Iò� �
Ð �. ð Ð n
] n d�]`.

Ð . and � �6��� � �] n d�] n ��ÆÈ ¼ G
� ð Ð n Ð �n ��	

The above expressionsmay be obtainedby standardperturbationarguments;see,for example,
Watson(1983,AppendixB).

It follows from Corollary3.4andCorollary3.6 that,if thecorrelationssatisfy(20), then

=­> �] n d�] n ?��
Ý��J� ¹�� � é # �

Ý��J� ¹�� ë k [��i� éÎ�!�
Ý��J� ¹:è � $ *MéÎ*!���

and the sameorderstatementshold for º·º = � �Ð n d Ð n �²º·º . Correspondingresultscanbe obtained
whentherearerepeated(population)eigenvalues.

We shallseelater thatthePCsbasedon maximumlikelihoodestimationof LBN , after identifying
the form of the temporalcorrelationstructure,provide analternative (andimproved)methodof
principalcomponentsanalysiswhenthetemporalmodelis correctlyspecified.

4 Entr opy and molecular dynamicssimulations

4.1 Asymptotic propertiesof Schlitter’ s configurational entropy estimator

Moleculardynamicssimulationsarea widely-usedandpowerful methodof gainingan under-
standingof the propertiesof molecules,particularly biological moleculessuchas DNA. The
simulationsareundertakenwith a computerpackage(e.g. AMBER) andinvolvea deterministic
modelbeingspecifiedfor themolecule.Themodelconsistsof point masses(atoms)connected
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by springs(bonds)moving in an environmentof watermolecules,alsotreatedaspoint masses
andsprings.At eachtime steptheequationsof motionaresolvedto provide thenext positionof
theconfigurationin space.Thesimulationsarevery time-consumingto run- for exampleseveral
weeksof computertimemaybeneededto generatea few nanosecondsof data.

A majorobjectiveof thesimulationis theestimationof theconfigurationalentropy of themolecule.
Theconfigurationalentropy is invariantunderlocationandrotationof themolecule,andthere-
maininggeometricalinformationis calledthe‘size-and-shape’of themolecule.Schlitter’s(1993)
definitionof theabsoluteconfigurationalentropy, basedonthecovariancematrixof theCartesian
coordinatesof atomscalculatedby moleculardynamicssimulations,is givenby

ó Â �
"�ô
¨
ë k [­º;�W�Åõ ô�ö LBN�º

where
ö

is a diagonalmatrix mass,
" ô

Boltzmannconstant,õ ô � " ô3÷®ø � §��3¨;0:ùK� � , ÷ is the tem-
peraturein Kelvin and 0 is Planck’s constant.This formula wasderived asan approximation
to theconfigurationalentropy whereeachatomfollows a onedimensionalquantum-mechanical
harmonicoscillator.

Supposeall theatomshavethesameatomicmassú anddefineõV�-ú " ô ÷®ø � §��3¨;0:ùK� � . In thiscaseó Â � .�û� ë k [¢ºH�W�Åõ)LBN�º . An estimateof theentropy is (c.f. Schlitter, 1993)

ó 
í�
" ô
¨
ë k [�ºH�g�Åõ �LBN�º»�

where
�LBN is thesamplecovariancematrix givenby (4). We have threeaimsin this subsection:

to studythe asymptoticbehaviour of
= � ó 
h� underthe Gaussianmodel(1)-(3) with correlation

function(20), to provide a confidenceinterval for
ó Â , andto suggesta bettermethodof entropy

estimationunderthis modelbasedon maximumlikelihood.

In Harris et al. (2001)an empiricalobservation of the rateat which
ó 
 convergesto

ó Â as �
tendsto infinity is givenby theapproximation:

ó Â%ü ó 
�d ±
� è 	 (22)

with ± #¥$
. For many simulationsof proteinsandnucleicacidsa valueof é betweenabout

$ 	�Ù
and

$ 	Jý seemsreasonable.The following resultprovidesa theoreticalbasisfor (22) underthe
assumptionthatlong-rangedependenceis presentwhen

$ *+é�*¥� .
Theorem 4.1For thestationaryGaussianIPC model(1)–(3)with correlationfunction(20),

=�> ó 
h?,� ó Â d
õ��3� ¹�� �Åám�J� ¹�� � é # �

õª��� ¹�� ë k [²þm�¢�Åám�J� ¹�� ë k [²þh�i� éÎ�!�
õª¸�� ¹:è �Åám�J� ¹:è � $ *MéÎ*!��	

�

where

õ��ÿ� õ "�ô
¨

_

r ���
â r�i�Åõ�] r

� �
_

r � Ï����
õ�Ë 1 ��l´�
pI��Íh��lH��p²��7

¨O���K�(õ�] r �
���i�Åõ�]`Ï)�
(23)
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õ4� � õ " ô
_

r ���
] r ç r�K�(õ�] r

(24)

õ4¸ � õ " ô
���Bd�éo�I��¨«d�éÌ�

_

r ���
] r ç r� �Åõ�] r

� (25)

Ë is thediagonalmatrix definedin thestatementof Theorem3.1, the ] r are the eigenvaluesof
LBN , andthe â r aredefinedin (15).

An approximateconfidenceinterval for
ó Â canbeobtainedusing(12) or its bias-correctedver-

sion(19). Therelevantpartialderivativesaregivenby Ôw��Ö ó Â ��LBN���§:Ö vech�3LBN�� where

Ö ó Â �3LBNO�
Öo�3LBNO��� � � õ " ô

¨ �@��_P�(õ�LBN�� � � and
Ö ó Â �3LBN��
Öo�3LBNO��� n �cõ " ô �3��_B�Åõ)LBN�� �

n
�J� *-s`��	

In theabove,wehaveused̄ � n to denotetheelementsof ¯ ¹�� .

4.2 Maximum lik elihood estimationof entropy

WeconsidertheGaussianmodel(1)-(3)andusemaximumlikelihoodto estimatetheparameters.
Themaximumlikelihoodestimator(m.l.e.)of LBN is denotedby

�LBN andthem.l.e.of entropy is

�ó Â � " ô
¨
ë k [Áº»�g�(õ �LBNÌºà	

In particular, if £U�w� ó Â � � �b��� , where
�

is a vectorof nuisanceparameters,is usedto denotethe
parametersof thedistributionandthelikelihoodfunctionis writtenas �g� ó Â � � � , then,as� È Ä ,

dÀ¨ ë k [ �����	 �W� ó Â � � ��§
�����N
�'� 	 �W� ó Â � � � ÆÈ � � � �
usingWilks’ Theorem. The result canbe usedto obtainconfidenceintervals basedon profile
likelihood. However, in practicethe constrainedmaximizationover

�
with

ó Â fixed can be
very time-consumingfor high-dimensionalproblems,andwe thereforeconsideran alternative
approach.

AR(2) maximum lik elihoodestimation - separablecase

We first considermaximumlikelihoodestimationin theseparablemodel(9) wherethetemporal
covariancestructureis givenby a second-orderautoregressive [AR(2)] model.For theseparable

11



AR(2) model,theinverseof thetemporalcorrelationmatrix is

L ¹��� � Ú ¹H��

� d��«� d�� � $ 	�	
	 $ $ $
d��'� �K��� � � d��«�I���Kd��i�I� d��i� 	�	
	 $ $ $
d�� � d��«�I���Kd�� �I� �i��� � � ��� �� d��«�I���Kd�� �I� 	�	
	 $ $ $
$ d��«� d��«�I���Kd��i�I� �i��� � � ��� �� 	�	
	 $ $ $
...

...
...

...
...

...
...

...$ $ $ $ 	�	
	 d��'�I���Kd��i�I� � ��� � � d��«�$ $ $ $ 	�	
	 d�� � d��'� �

�

where Ú �� �ÿ��� ���i�I�I�����½d��i�I� � d�� � � ��§����½d�� �I� . This matrix is persymmetric(i.e. symmetric
aboutbothdiagonals)andthedeterminantis (cf. Siddiqui,1958)is givenby

º L ¹��� ���'�����i�
�IºH� Ú ¹H�ª
� 1 ���Kd�� �� � � dc���i���i�I� � � � � 7;	
If �i�W� $

thenthisreducesto theAR(1) case.In general,thestationarityconditionsfor theAR(2)
modelare �«�����i�g*!��i� d��«�P*¥�

º � �mºH*!�
	

Let uswrite � for the �®yí� matrixwith the � th columnof � givenby ��� , �P�!����	
	
	��4� . For given
AB���«� and�i� , thedensityfunctionof � is

� ���®�B� �
��¨�ùK� _4
���� �@]^��]h�o	
	
	�]`_
� 
���� º»L � º _4���

µ���� 1 d �¨ ¼ GI��L ¹��N dc���°d�AW� �
 ��L ¹��� � ��dQAW� �
 � � ��7;�
where]^���
]h�I	�	Z	�]`_ aretheeigenvaluesof LBN . If AB���'����� � areknown, thenthemaximumlikelihood
estimator(m.l.e.)of LBN is

�LBNo��AB���«�����i�I�B� �
� � �°d�AW� �
 ��L ¹��� � ��dQA«� �
 � � � (26)

andif theeigenvectorsÐ r arealsoknown thenthem.l.e.of ] r is
�] r �

�
�
Ð �r �®L ¹��� � � Ð r �Dl��¥���
	
	
	����O	 (27)

From(26)weseethat
¼ G
�3L ¹��N � ��dQA«� �
 ��L ¹��� ����dQAW� �
 � � �B������	 So,moduloaconstant,

��� d � ¨
ë k [ X,µ ¼²1 � ¹�� ���%d�AW� �
 ��L ¹��� � �°d�AW� �
 � � 7 � �

¨
ë k [ Ú ¹H�ª
� �����Kd�� �� � � dc���i���i�I� � � � � � �

� d � ¨
_

r ���
ë k [ �] r �

�
¨
ë k [ Ú ¹H�ª
� �����Bd�� �� � � dc���i���i�I� � � � � � �

whereX,µ ¼ denotesdeterminant.

Them.l.e.of A wouldbeequalto �� if all rowsof L ¹��� hadthesamesum.Since� is largeandall
but four of therow sumsof L ¹��� areequal,thesamplemeanwill beaverygoodapproximationto�A . Hencewe take

�A ü �� .
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AR(2) maximum lik elihoodestimation - nonseparablecase

Let uswrite L � r for thetemporalcorrelationmatrix for the l th scorebasedon anAR(2) model
with parameters�«� r �!�i� r , lí�����
	
	�	���� .

Givena randomsample��� , �P�!���
	�	
	���� , thejoint densityfunctionof ��� > �����
	�	
	�����
h? is
� � �À�K� �

�3¨�ùi� _ª
���� �3]���]`�o	
	
	�]m_�� 
���� � _
r ��� º»L � r º

�6��� � µ��"� 1 d �¨
_

r ���
] ¹��r

Ð �r ����dQAW� �
 ��L ¹��� r � �°d�AW� �
 � � Ð r 7;�
where ]����
	Z	�	�]m_ aremarginal variancesof the PCsdefinedby eigenvectors Ð ����	
	
	�� Ð _ . Again we
take

�A ü �� .

In orderto carryoutapproximatemaximizationof thelikelihoodweconsiderthefollowing algo-
rithm. Notethat thealgorithmmaynot work well in all situations,but it doeswork well for our
situationwherethereis astrongdecayin theeigenvalues.

Approximate MLE computation algorithm

1. Obtaininitial estimatesof thePCeigenvectors( Ð r ) from thesamplecovariancematrix
�LBN

andcalculatethePCscorevectors
a ���
	
	�	�� a 
 .

2. Estimate�«� r ���i� r ��] r basedon theAR(2) modelfor thePCscorel , assumingtheeigenvec-
tors Ð r arefixed.

3. Evaluate
�Ð � astheeigenvectorof

� ��d ��z� �L ¹��� � ���%d ��|� �
correspondingto thesmallestpositiveeigenvalue,where

�L � � is basedon �«�/���!�i��� .
4. For l��+¨;��¬;��	
	
	���� take

�Ð r to betheeigenvectorof

³ r ���%d ��|� �L ¹��� r ����d ��|� � ³ �r
with smallestpositiveeigenvalue,where

�L � r is basedon �'� r ���i� r , and ³ r ���@��_
d r ¹��� ��� �Ð � �Ð �� �
is aprojectionmatrix.

5. Estimate�'� r ���i� r �
] r basedontheAR(2)modelfor thePCscores,assuming
�RM� > �Ð ���
	�	
	�� �Ð _
?

is fixed.Notethatwedo notordertheeigenvalueshere.

6. Repeatsteps3-5 until convergenceor a fixednumberof iterations.

7. An approximationfor the m.l.e. is the valueof the parametersat the highestvalueof the
log-likelihoodobserved.
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Thelog-likelihooddoesnot necessarilyincreaseat eachiteration,but in practicethereis usually
an increasefrom the initial startingvaluesin the first few iterations. The algorithmalternates
betweena) estimating Ð r ’s given the other parameters,andb) estimatingthe otherparameters
giventhe Ð r ’s. Theabove algorithmeffectively explorespartof theparameterspacenearto the
samplecovarianceeigenvectors,which areconsistentestimatesof the Ð r ’s.

An alternative algorithmthatwe have experimentedwith is a Markov chainMonteCarlo algo-
rithm for simulatingfrom aBayesianmodelwith vaguepriors,andwith simulatedannealing.The
above approximateMLE algorithmprovidesbetterpoint estimatesof the entropy (with higher
likelihood)in our implementation.

Finally, we have alsoexploredan algorithmwhich follows the steepestchangein the spaceof
orthogonalmatricesRM� > Ð ���
	
	
	�� Ð _
? giventheotherparameters.Onedimensionalmaximisations
arecarriedout at eachiteration.However, in high-dimensionalsettings,thelikelihoodincreases
extremelyslowly with this algorithm,andsofor practicalpurposeswe considertheapproximate
MLE algorithm.

4.3 Example: Synthetic dodecamerduplex DNA

We considerthe statisticalmodelling of a specificDNA moleculeconfigurationin water. In
particular, weconcentrateon thesimplecaseof 22phosphorusatomsin thesyntheticdodecamer
duplex DNA whichhassequence

1ststrand:CTTTTGCAAAAG
2ndstrand:GAAAACGTTTTC

The
" �M¨:¨ phosphorousatomlocationsarerecordedin Angstroms(in threedimensions)andare

observedover 4 nanoseconds( #ty%� $ ¹%$ s) with �-�&# $:$H$ observations.Our dataare(multivari-
ate)timeseriesin thesize-and-shapespace

ó L .¸ where
" �M¨H¨ . For discussionof size-and-shape

space,seeDrydenandMardia,1998,Chapter8). Theobservations�¦���
	
	
	�����
 have beenPro-
crustesrotatedto remove rotationandtranslation(cf. DrydenandMardia,1998,Section5.4.1),
andareconsideredasvectorsin '(' . Due to the Procrustesregistrationthereare6 constraints
on thedata(3 translationand3 rotation),andso thereare �z�S¬ " d�Ù non-zeroeigenvaluesof
both

�LBN and LBN . Notethatthemethodologydescribedin subsection4.2maybeapplieddirectly,
eventhoughtherearelinearconstraintsin thedata:in effect,wesimply projectthedataontothe
subspaceof dimension� generatedby theeigenvectorscorrespondingto positiveeigenvalues.

First of all we calculatetheprincipalcomponentsof shape.ThePCscores1-4 aredisplayedin
Figure1. Note that from Section3.4 thebiasin theeigenvectorsis of order Ý��J� ¹�� � for é # � ,
underassumption(20).

Our aim is to estimatetheconfigurationalentropy for theDNA usinga suitabletemporalcovari-
ancestructure.From theACF/PACF plotsof thePCscoresin Figure2 thereareclearlystrong
correlationspresent.Note that the autocorrelationstructureis somewhatdifferent in eachplot.
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Figure1: PCs1-4 for theDNA data.

0 200 400

0.
0

0.
4

0.
8

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          1

0 200 400

0.
0

0.
4

0.
8

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          2

0 200 400

0.
0

0.
6

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          3

0 200 400

0.
0

0.
4

0.
8

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          4

0 200 400

−
0.

2
0.

4
1.

0

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          5

0 200 400

0.
0

0.
4

0.
8

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          6

0 200 400

0.
0

0.
4

0.
8

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          7

0 200 400

0.
0

0.
4

0.
8

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          8

0 200 400

0.
0

0.
6

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          9

0 200 400

0.
0

0.
4

0.
8

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          10

0 200 400

0.
0

0.
6

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          11

0 200 400

0.
0

0.
4

0.
8

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          12

0 200 400

0.
0

0.
4

0.
8

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          13

0 200 400

0.
0

0.
4

0.
8

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

Lag

P
ar

tia
l A

C
F

                          14

0 200 400

0.
0

0.
4

0.
8

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

0.
8

Lag

P
ar

tia
l A

C
F

                          15

0 200 400

0.
0

0.
4

0.
8

Lag

A
C

F

                          

0 200 400

0.
0

0.
4

Lag

P
ar

tia
l A

C
F

                          16

Figure2: Theautocorrelationandpartialautocorrelationfunctionsfor thefirst 16 PCscoresfor
theWith Waterdata.
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Thefirst few PCsshow strongerautocorrelation,but in generalanexponentialcorrelationseems
reasonable.The partial autocorrelationstructurehasjust a few lagspresent,perhapsindicating
a low orderautoregressive model, suchasAR(2), might be suitable. We shall considerthree
models:

I Non-separablestationaryGaussianIPC modelwith eachpopulationPCscorefollowing an
AR(2) modelwith parameters�'� r ���i� r �
] r , l��¥���
	
	
	���� .

II SeparableGaussianmodelwith all componentshaving a commonAR(2) modelwith pa-
rameters�'�����i�²�
] r , l��!���
	�	
	���� .

III TemporalindepedenceGaussianmodel�'�B� $ ���i�W� $ ��] r , l��!����	
	
	��4� .

EachmodelhastheadditionalparametersA andthe � eigenvectorsof LBN , namely Ð ���
	
	
	�� Ð _ , that
areusedto calculatethePCscores.

We fit the modelsby maximumlikelihood. For modelsI and II the m.l.e.sare written as
�A

andspatialcovariancem.l.e. is denotedby
�L*),+.-"/N . Theestimatedentropy is thengivenby

ó +0- �.{û� ë k [ þ ºà��_h��õ
�L*)1+0-2/N º . Wewrite

ó +.- � 3I� ó +.- � 3!3 for theestimatorsundermodelsI andII respectively.

For modelI weapproximatethem.l.e.sof theeigenvectorsof L*),+.-"/N usingthealgorithmstatedat
theendof theprevioussection.For modelIII them.l.e. of LBN is thesamplecovariancematrix�LBN .

In Figure 3 we seethe
ó +.- � 3 , ó +0- � 3�3 and

ó 
 estimatorsobtainedfrom the seriesof length �
(startingfrom theendof theseries)for thedatasets.We seethat

ó +0- � 3 , ó +.- � 3�3 and
ó 
 increase

with � over this time scale. It shouldbe expectedthat the
ó +0- estimatorsare larger than

ó 
 ,
especiallyfor smaller � , astherearestrongpositive autocorrelationspresent.A biascorrected
estimator

ó54
(Harriset al.,2001)is alsoobtained,wherethebiasis estimatedusingleastsquares

fits throughplots of
ó 
 versus� by fitting the equation(22). The biascorrectedestimatoris a

little largerthan
ó +.- � 3 here.

Note that if theeigenvectorsarenot estimatedby maximumlikelihoodbut ratherthey arefixed
at thesamplecovarianceeigenvectorsthentheestimationover theremainingparametersleadsto
estimatesof entropy undermodelI almostidenticalto

ó 
 (alsodisplayedin Figure3), andthe
estimateundermodelII is almostidenticalto

ó +0- � 3�3 .
Underall threemodels,the m.l.e. of entropy hasthe sameasymptoticpropertiesasthe é # �
case.For ���6# $:$:$ the approximatestandarderror for ��¨;§ " ô � ó +.- � 3 obtainedundermodelI is�Ú Ü ��� $ 	�ýHÙ87 using(12)andthecalculationsin theAppendix;see(42).

Variousstandardprocedureswereusedto testfor thepresenceof long-rangedependencein the
DNA data.Althoughthefindingswerenot conclusive, it did appearthat long-rangedependence
is notpresentin thesedata.

Of coursethe questionremainsasto which estimatoris to be preferred. Given a long enough
simulationthem.l.e.underthecorrectmodelandtheSchlitterestimatorshouldbeapproximately
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Figure3: Theestimatorsof entropy versus� . Theplotsshow �3¨:§ " ô � ó +.- � 3 (circles;blacklines),
�3¨;§ " ô � ó +0- � 3�3 (+; greenlines), �3¨;§ " ô � ó 
 (triangles;redlines)and ��¨;§ " ô � ó54

(x; bluelines).Also,
themaximumlikelihoodestimatorunderModelI usingsamplecovarianceeigenvectorsis marked
with diamonds,andis verysimilar to �3¨;§ "�ô � ó 
 .
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unbiased. We carriedout a simulationstudy wheredataare simulatedfrom a non-separable
AR(2) model.ThetrueAR parametersaretakento bethesameasthosefitted to thescoreswhen
usingthesampleeigenvectorsfrom theDNA dataset.In particular ��¨;§ " ô � ó Â �!¬O�H��	 $ Ù . In this
simulationstudyProcrustesregistrationwasnotcarriedout. Theestimatorsfor samplesof size�
aregivenin Figure4.
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Figure4: The estimatorsof entropy versus� for simulateddata. The plots show ��¨;§ " ô � ó +.- � 3(circles;blacklines), ��¨;§ " ô � ó +.- � 3!3 (+; greenlines), �3¨;§ " ô � ó 
 (triangles;redlines)and �3¨:§ " ô � ó54
(x; bluelines). Also, themaximumlikelihoodestimatorunderModel I usingsamplecovariance
eigenvectorsis markedwith diamonds,andis verysimilar to ��¨;§ " ô � ó 
 .
It is clear that

ó +.- � 3!3 is biasedbut the other threeestimatorsare reasonablefor large � . The
estimator

ó +.- � 3 is lessbiasedthan
ó +0- � 3�3 particularlyfor smaller� . Thebiascorrectedestimatoró54

alsoperformswell.
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5 Discussion

5.1 Planar sizeand shapeanalysis

Thereareotherapplicationareasfor whichthedevelopmentsin thispaperarerelevant.A possible
candidatemodelfor planarsize-and-shapeanalysisis thezeromeancomplex Gaussiandistribu-
tion (DrydenandMardia,1998,p. 189).Let 9
: denotea

"
-vectorof complex co-ordinatesandlet� �<;=�>: betheHelmertizedversion,where ; is theHelmertsub-matrix(DrydenandMardia,

p. 34). Thezeromeancomplex Gaussianmodelis

��e ?Wf�.
¹��
� $ ��LA@ ���
where LA@ is complex Hermitian. Sincethis distribution is invariantunderrotationsof 9 , it is
suitableasasize-and-shapedistribution. LetusassumeLA@ hascomplex eigenvectorsÐ ����	
	
	�� Ð .I¹��
correspondingto realeigenvalues]�� # 	
	
	 # ]m.
¹�� # $

. Themodalshapeis Ð � andthemodal
sizeis ]�� . Considerobservations �����
	
	
	��
�m
 availablefrom thegeneralGaussianmodelwith the
restrictionthatit hascomplex Gaussianstructure(cf. Goodman,1963).Weconstructthesample
complex Hermitiancovariancematrix

�LA@�� �
�



�<��� �`�B� ô� �

where � ô denotesthetransposeof thecomplex conjugateof � . Let
�Ð n , s��S����	
	
	��4� , denotethe

sampleeigenvectorsof
�LA@ andlet C


í��� �6��� � �LA@¡d(LA@i��	
By analogywith Theorem3.1 andCorollary 3.2 in the real case,underthe complex Gaussian
modelwith correlationswhich satisfya conditionsimilar to (10), we obtain the following, as

� È Ä :

C

 ÆÈ

C
, whereC,µ j{¶ �

C
� hasacomplex multivariateGaussiandistributionanalogousto

(11),but with Hermitiancovariancematrix,

� �6��� � �Ð n d Ð n � ÆÈ .Iò� �
Ð ô.

C
Ð n

] n d�]m.
Ð . and � �6��� � �] n dÅ] n � ÆÈ ¼ GI�

C
Ð n Ð ôn ��	

Undertheseassumptions,we canconstructconfidenceintervals for shapeÐ � andsize ]^� under
the temporallycorrelatedmodel. Also notethat the estimatorsof shapeandsizebasedon the
m.l.e. of LBN undera particularfamily of temporalcorrelationmodelswill give a moreefficient
estimatorunderthatfamily whenthemodelis correctthanif no temporalcorrelationis assumed.

5.2 Further points

Inspectionof theperiodogramsfor thePCscoresin theDNA exampleindicatesthatsomeform of
periodicitymaybepresent.Periodictypebehaviour canbeexhibitedby AR(2) models,lending
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someextra weight to our choiceof temporalmodel. Alternatively we couldwork with explicit
periodicmodels.However, giventhat theperiodsthemselvesappearrandomwe believe that the
AR(2) modelwill provide reasonableestimatorsfor entropy, which is themainaim.

TheDNA strandin our exampleis symmetricin labelling- strand1 andstrand2 couldbeinter-
changedandnucleotidesletters(A,C,G,T) labelledin reverseorder. So, we canconsidersym-
metricPCA,wherethedatasetsizeis doubledby includingboththeoriginal strandlabellingand
thedatawith thealternativestrandlabelling.Whenexaminingtheeffectof thePCsit is clearthat
thereis little differencebetweenthesymmetricandstandardPCA.

All our modellinghasassumedGaussiandata. It would be goodto develop the work for non-
Gaussianmodels,even thoughin our applicationsthereis no reasonto doubtthe Gaussianas-
sumption.However, inferenceis likely to berathermoredifficult in thenon-Gaussiancase.

An alternative methodto usingmoleculardynamicsimulationsis to useMarkov chainMonte
Carlo methodsfor simulatingfrom the Gibbsdistributionsat the molecularlevel. Entropy can
then be directly calculatedfrom suchmodels. This approachis very complicatedalthoughit
wouldbeof interestto link suchananalysiswith themoleculardynamicssimulations.
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Appendix: Proofsof the results

The following standardresult is usedrepeatedly:if �Î�
�o� a �ED arezero-meanjointly Gaussian
randomvariablesthen

j�k CP�����o� a Dc�K� ÚGFIH ÚGJLK � ÚGFMK¡ÚGJ�H � (28)

where Ú + 4 � j�k CB�@¯g�
ê�� . The following elementarylemma,whoseproof is omitted,is usedin
theproofof Theorem3.1.

Lemma A1

Supposethat thesequence±²9 , d®Ä *w0Q*wÄ , satisfies
Â9´��¹ Â-º»±Ã9\º\* Ä . Thenthere existsa

sequence
å 9®ñ�� , dÀÄ *M0�*�Ä , such that

å 9 È Ä as ºà0Ìº È Ä and
Â9Ã��¹ Â ºà±²9\º å 9�*+Ä .

Proof of Theorem 3.1

Using(6), = � �a �a � �K��X,YZEH[\�J�m
;� r ã�l��¥���
	
	�	������ (29)

where(7) is equalto

�m
;� r ���
¹�� ] r


H¹��
9´��¹:
H8�� �Kd ºà0Ìº

� q`r �@0�� (30)

UsingtheCauchy-Schwarzinequalitywehave,for any sequenceof positiverealnumbers� å 9:� Â9Ã��¹ Â ,

º �m
;� r º�� � ¹�� ] r

H¹��

9Ã��¹:
H8�� �Bd ºà0Ìº
� q`r �@0��

& � ¹�� ] r

:¹��

9Ã��¹:
:8�� �
å �6���9 º q`r �30O�Iº»�
�

å 9:� ¹��6���

& � ¹�� ] r

H¹��

9Ã��¹:
:8��
å 9 q`r �30O�

�
�6��� 
:¹��

9Ã��¹:
:8��
å�¹��


�6���
	

Using LemmaA1, we may choosethe sequence
å 9 suchthat ��& å 9 È Ä as º»0Ìº È Ä , andÂ9´��¹ Â å 9 q`r �30��

� *~Ä . Moreover, since
å ¹��9 È $

as ºà0Ìº È Ä , it follows that,for sucha choice
of the

å
-sequence, 
:¹��

9Ã��¹:
:8��
å�¹��9 �MáF���i��	
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Thereforeº �m
:� r ºH��áF��� ¹��6��� � undercondition(10). It follows that,under(10),

º·º = � �a �a � �²ºZº´�cám�J� ¹��6��� ��	
Also, undermodel(1)-(3),

j�k C 1 C,µ j{¶ � �a �a � ��7À��X,Y�E:[ > CmE:G 1 �a ��lF� �a �@pI��7Uã¡�'&(lÇ&cp�&Å��?Z�
where,using(6) and(28),

CmE:G 1 �a �Jlm� �a �3pI��7 �
¨�� �
;� r if lt�cp
�F
:� r �m
:� Ï if l�*�p²�

from which it follows that
º·º j�k C 1 C,µ j{¶ � �a �a � ��7\ºZº´�cáF��� ¹�� ��	

Consequently, ºZº � �6��� �a �a � º·º´��á�_h����� , andtherefore

� �6��� � �T�d�T½�B��� �6��� �@¾�
Ád(T½���(ßV
 (31)

where¾�
í�(� ¹�� 
�<��� a � a �� and º·º»ßV
bºZº´�cá�_;����� . Using(28)again,

j�k C 1 � �6��� C�µ j{¶ �3¾�
�dÅT½��7 È Ë as � È Ä�	 (32)

Moreover, using(32), theCraḿer-Wold device andTheorem4 of Arcones(1994),in which the
relevantHermiterankis 2, weobtain

� �6��� 1 vech�@¾�
�dÅT½��7 ÆÈ f�ÉV� $ �
Ë ��	 (33)

Finally, (11) follows from (31), (33)andthefactthat

C,µ j{¶ � �LBN®dÅLBN��P�-Ê�C,µ j{¶ � �T�dÅT ��	 (34)

Proof of Corollary 3.2

This is astandardapplicationof thedeltamethod.

Proof of Proposition 3.3

This is aconsequenceof thefollowing:

= � �T�dÅT½�K�MdÀX,Y�E:[\���F
:� r ã�lt������	
	
	�������� (35)

thefactthat,underassumption(13),

�m
:� r e(�
¹�� Â
9Ã��¹ Â q`r �@0��B���

¹�� â r as � È Ä��
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andtheidentity (34).

Proof of Corollary 3.4

This resultfollowsdirectly from asecond-orderTaylor expansionandProposition3.3.

Proof of Proposition 3.5

Consider(30) and (35). By assumption,q`r �@0��veDç r ºà0Ìº
¹:è as ºà0Ìº È Ä , where

$ * é�& � .
Therefore,when

$ *�éÎ*!� ,

�m
:� r � � ¹:è ] r �
¹�� 
H¹��
9Ã��¹:
:8�� �Bd º»0Ìº

� � è q`r �@0��

e � ¹:è ] r ç r �
¹�� 
:¹��
9´��¹:
H8�� �Kd ºà0Ìº

�
ºà0Ìº
�

¹:è

e � ¹:è ] r ç r
�
¹�� ���Bd~º N½º»�Iº N½º ¹:è0O N

� ¨�� ¹:è ] r ç r
�

���id�éÌ�
�3¨WdÅéo� �

as� È Ä . In thecaseéÎ�!� , aslightly moredelicateapproximationargumentgives

�m
;� r eM¨;] r ç r �
¹�� ë k [o� as � È Ä�	

Thefirst partof Proposition3.5now followsdirectly from theidentity (34).

To establishthesecondpartof Proposition3.5,considertheidentity
�T�d(T��M¾�
�dÅT�d �a �a � �

where¾�
í�(� ¹�� 
�<��� a � a �� asbefore.It follows that

j�k C 1 C,µ j{¶ � �T ��7À� j�k C 1 C�µ j{¶ �3¾o
h��7«� j�k C 1 C�µ j{¶ � �a �a � ��7gd�¯|d(¯ � � (36)

wherē�� j�k C 1 C�µ j{¶ �3¾o
h���ªC�µ j{¶ � �a �a � ��7 . FromtheIPC assumption,

j�k C 1 C,µ j{¶ �@¾�
h��7À��X,Y�E:[ > CFEHG 1 ¾�
���l´�
pI��7®ã��W&(l�&cp�&(��?
and j�k C 1 C,µ j{¶ � �a �a � ��7À��X,Y�E:[ > CmE:G 1 �a ��lF� �a �@pI��7Uã¡�'&(lÇ&cp�&Å��?Z	
Using(28),weobtain

j�k C 1 ¾o
^�Jl´��lm��7U�M¨�� ¹��

:¹��

9´��¹:
H8�� �Kd ºà0Ìº
� q`r �@0��

� Í (37)
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whenl¡u�Mp ,
j�k C 1 ¾o
^�Jl´�
pI��7®��� ¹��


H¹��
9´��¹:
H8�� �Kd ºà0Ìº

� q`r �@0�� q Ï´�@0���Í (38)

using(6) and(28),weobtain
CmE:G 1 �a �Jlm� �a ��lF��7À��¨�� �
;� r Í (39)

and,whenl�u�Mp ,
CmE:G 1 �a �Jlm� �a �3pI��7®�-�m
;� r �F
:� Ï)	 (40)

Moreover, ¯ is also a diagonalmatrix with elementsj�k C 1 ¾o
^�Jl´�
pI��� �a ��lF� �a �@pI��7 which, by the
Cauchy-Schwartzinequality, satisfy

º j�k C 1 ¾�
���lH��p²��� �a ��lF� �a �@pI��7\ºH& CmE:G 1 ¾o
��Jl´�
pI��7bCmE:G 1 �a �Jlm� �a �@pI��7
�6���
	 (41)

Finally, usingtheresultsobtainedfor �F
:� r in thefirst partof theproofof Proposition3.5,andob-
tainingsimilar asymptoticexpressionsfor (37) and(38) by approximatingthesumsby integrals,
we find that (37)-(41)areall of theappropriateorder, soby (36) theproof of thesecondpartof
Proposition3.5 is now complete.

Proof of Corollary 3.6

This resultfollows from a first-orderTaylor expansion,which is all that is needed,becausethe
second-ordertermis of strictly smallerorderthantheleadingterm,by Proposition3.5.

Proof of Theorem 4.1

For asymmetricmatrix
ö

,

ë k [�º:��_B� ö º»� ¼ G
� ö �od �
¨
¼ GI� ö � ���ÅÝ��QP ö P ¸ ���

andtherefore

ë k [�ºH��_B�Åõ �LBN�º+� ë k [¢ºH��_P�(õ�LBN®�Åõ´� �LBN�dÅLBN����hº
� ë k [¢ºH��_P�(õ�LBNÎº´� ë k [ þ ºH��_B�Å¯ º

where
¯°�Mõ

C
� �LBN®d(LBN��

C
and

C
���3��_K�Åõ)LBN\� ¹��6��� arebothsymmetric.We have

ó 
 � ó Â �
"�ô
¨
¼ G��@¯W�Ìd

"�ô
# ¼ G��@¯ � ���ÅÝ'_;��º·ºà¯íº·º ¸ �

� ó Â �
" ô
¨
¼ G��@¯W�Ìd

" ô
# ¼ G > 1 ¯�d = �@¯W��7 � �Å¯ = �@¯W��� = �3¯g��¯|d 1 = �@¯W��7 � ?H�ÅÝ'_h��ºZºà¯íº·º ¸ ��	
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Therefore

= � ó 
h�B� ó Â �
" ô
¨
= 1�¼ G��@¯g��7W�

" ô
# = ¼ G > 1 ¯|d = �@¯W��7 � ? �(á >à= 1�¼ G��@¯W��7:?I	

Now
= 1�¼ GI�@¯W��7 � ¼ G 1 = �@¯W��7

� d ¼ G 1 õ
C
XFYZE:[\���m
;� r ã�l��¥���
	
	
	������

C
7

� d®õ
_

r ���
�m
;� r�K�(õ�] r

�

which givesthe first term in (23), correspondingto é # � , andalsogives(24) and(25) when
é¦��� and é�ì�� $ �;��� , respectively, since

�m
;� r e
â r �

¹�� é # �
¨;] r ç r �

¹�� ë k [o� é¦�����RTS�U
S
) �/¹:è /V) ��¹:è / � ¹:è éÎì�� $ �;����	

Moreover, when é # � ,
= ¼ G > 1 ¯|d = �3¯g��7 � ? � ¼ G =­> 1 ¯|d = �3¯g��7 � ?

� õ �
_

r � Ï����
CmE:G 1 �TÁ��l´�
pI��7

���i�(õ�] r �
��� �Åõ�]`Ï��

e � ¹�� õ �
_

r � Ï����
Ë 1 �Jl´�
pI��Íh�Jl´�
pI��7
��� �Åõ�] r �I���K�(õ�]`Ï)�

	

This givesthe secondterm in (23), correspondingto é # � . Note that, by the secondpart of
Proposition3.5, this second-ordertermis asymptoticallynegligible when

$ *�éQ& � . Theproof
is now complete.

Covariancesumsfor AR(2) models.

Simpleexpressionsfor thediagonalelementsof Ë in Theorem3.1maybederivedin theAR(2)
case.If �«� r and �i� r aretheparametersof anAR(2) processfor the l th PCscorethentheauto-
correlationfunctionhastheform

q`r �
$ �K���

q`r �30O�K�M±m� r
WYX 9 X� r �Å±I� r WYX 9 X� r

where

±`� r �
�«� r §,���id��i� r �od W � rW � r d W � r and ±I� r �

W � r d��'� r §����Bd��i� r �W � r d W � r �
and

W � r � W � r arethesolutionsof W � d��«� r W d��i� r � $ �
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i.e. W � r � W � r � �
¨ �«� r Z � � � r ��#E�i� r 	

Thenfor �'&(lÇ&cpg&(� ,
Â

9Ã��¹ Â q`r �@0�� q Ï´�@0��B�c±`� r ±`�6Ï
�K� W � r W �6Ï�Kd W � r W �6Ï �(±m� r ±²�ªÏ

�i� W � r W �ªÏ�Kd W � r W �ªÏ �(±I� r ±`�6Ï
�i� W � r W �6Ï�Kd W � r W �6Ï �Å±I� r ±I�ªÏ

�i� W � r W �ªÏ�Kd W � r W �ªÏ
(42)

SeeCox andMiller (1965,Chapter7.2) for similar calculations.Hence,theestimate
�Ë required

for theconfidenceinterval calculationin equation(12) canbecomputedeasilyin this particular
case.
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