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Oneof the classical,but yet unsolved queueingsystemsis the M/G/k queue
with Poissoninput, generalservicetime distribution and

�
servingfacilities. In

the presentpaper, this queueis analyzedas a piecewise–deterministicMarkov
process.First, an iterationformulafor thetransientdistributionsis derived. This
formulais a new resultfor piecewise–deterministicMarkov processes,too, since
it yields their transitionprobability kernel. In the main part, recentresultson
stability of piecewise–deterministicMarkov processesareusedin orderto show
that the computationof the stationarydistribution for the M/G/k queuecan be
reducedto the determinationof the stationarydistribution for a birth anddeath
processwith kernelentries.This resultsin operator–geometricsolutionsfor the
M/G/k queue.For theM/G/k retrial queue,a similar analysisis presented.Here,
closedformulaefor thetransientdistributionarederived.Theseexpressionshold
for the classof piecewise–deterministicprocesseswithout jumpsfrom a border
set, too. Additionally, it is sketchedhow theseresultscan be generalizedfor
BMAP/G/k queues.

1 Intr oduction

A very old methodof reducingnon–Markovianqueueingsystemsto Markov processesis the
methodof supplementaryvariablesintroducedby Cox[8]. At thetimeof its introduction,this
methodlackedmathematicalsupport,sinceit transformedthequeueingprocessto a Markov
processwith continuousstatespace,andsuchprocesseshave not beenanalyzedexhaustively
until the1970s.Now, aftergoodresultshavebeenobtainedfor generalMarkov processes,the
methodof supplementaryvariablescanbe taken up again. This hasbeendonefirst by Ko-
valenko in 1964undertheconceptof piecewise–linearMarkov processes(seeGnedenko, Ko-
valenko [12]). In 1984,Davis [9] introducedthemoregeneralclassof piecewise–deterministic�
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Markov processes,initiating subsequentresearchaslisted in thebibliographyof Davis [10].
CostaandDufour [7, 11] contributedimportantresultsconcerningstationarydistributionsof
piecewise–deterministicMarkov processes,whichwill beusedin this paperextensively.

In the next section,basicnotationsare introducedandthe M/G/k queueis describedas
a piecewise–deterministicMarkov process.Then a derivation of the transientdistributions
for the M/G/k queueis given. The iterationformula is a new resultvalid for all piecewise–
deterministicMarkov processes.In subsection2.2, thecomputationof stationarydistribution
for theM/G/k queueis reducedto thedeterminationof thestationarydistribution for a birth
anddeathprocesswith kernelentries.Thisyieldsoperator–geometricsolutionsfor theM/G/k
queuefor which existing resultson operator–analyticmethodscan be used(e.g. Tweedie
[16] or NielsenandRamaswami [15]). In section3, a similar analysisis presentedfor the
M/G/k retrial queue.For the transientdistribution, a closedformula will be derived,which
alsoholdsfor a large classof piecewise–deterministicMarkov processes.Thenit is shown
how to determinethestationarydistribution via a generalizationof themethodsin Hofmann
[13]. For bothkindsof queues,themodelscanbeenhancedby inclusionof BMAP arrivals,
for which thesamemethodof analysisapplies.

2 The M/G/k Queue

ConsideranM/G/k queuewith thefollowing characteristics.ThePoissoninputshallhaverate�
. Theservicetime distribution shallbedenotedby � , beingequalfor eachof the

�
servers.

It will beapparentthattheconventionof equalservicetime distributionsis not necessaryfor
themethodof analysis.However, it simplifiesnotationsandthusshallbeadopted.

Thisqueuecanbedescribedasapiecewise–deterministicMarkov processin thefollowing
way. Let � beapiecewise–deterministicMarkov processwith statespace���
	���
����������������� .
A flow � on � shallbedefinedby��� �"!$#&% � �'	(��!)#*�"%,+)-/. � � #1010102#*�"% � -/. � � � (1)

for all �"!$#&% � 	3�"!$#&%,+4#1050105#&% � �76 � and . 6 ��� �� , with �98:-;. � � �
	=<?>A@,��BC#D8E-;. � for all8F#&. 6 ��� . Obviously, for theabove �"!$#&% � 	G��!)#&%,+D#1010505#&% � � thefirst component! represent
the numberof userswaiting in the queueand the components%IH representthe remaining
servicetimeat the J th server. If the J th server is idle, then %IHK	LB . Accordingto Costa,Dufour
[11], wedefine .�MN�O% � �
	 P <RQTS�UN%IH)�CVEW;JXW � #&%IHZY;B\[ for %^]	_B` for %a	_B (2)

for all %b	c�O%,+4#1010102#&% � �R6 �"�d�e�� ��� . This denotesthe time until the first server will become
idle.

Dif fering from Davis [9] andCosta,Dufour [11], we will introducetwo transitionmea-
sures f�+ and fhg for the jumps that can occur. This reflectsthe queueingprocessmore
transparently. f�+ is the transitionmeasurefor arrivals, andthuswe definefor all �"!$#&% � 	
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��!)#&%,+4#1010505#&% � �i6 � and j_	�jh+i�/01010k�lj �fm+5�&�"!$#&% � #5U*nl[m�lj � �
	 oppq ppr
s4tXu v � +$wFV1x$�"% � for �yH{z|+ %IHZY;Bs4tXu v w �y} z|+ u }5~zCH V1xF���"% } � wN���"j�H � for J)	�<�QdS|UA�$�F%���	�B�[

Notethat the lattercasein thedefinitionof fm+ is possibleonly for !^	(n�	(B . Thesecond
transitionmeasuref�g refersto the caseof a server becomingidle. If thereareany waiting
usersin thequeue,it immediatelywill commenceto serveanew user. Thuswehavefhg*� ��!)#&% � #5U*nl[:�lj � �'	 oq r sDt�u vA� +�w �y} z|+ u }1~zCH V1x��A�"% } � w*����j�H � for !���VF#&%IHK	LBsDt�u v w�V1x)�O% � for !�	LB
Notethatfor thecase!���V , only oneservercanbeidle atatime. SincethequeuehasPoisson
singlearrival input, theprobabilitythat two serversfinish their work at thesametime instant
is zero. Furthermore,if oneserver hadbeenidle beforethe otherserver andtherehadbeen
any waitingusersin thequeue,it wouldhavecommencedservingoneof them.

2.1 Transient Distrib utions

Denote V � 6 ��� � as the vector with all entriesbeing one and write �O%�-L� � � �
	 �&�O%,+�-�\+ � � #1050105#*�O% � -�� � � � � for all %�#�� 6 �d� � . Let �?�O.D�*��!)#&% � #5U*nl[���j � denotetheprobabilitythat
at time . 6 ��� �� , thequeueprocess� is in thestateset U*nl[X�ej undertheconditionthatit was
in state ��!$# % � at time B . Further, let ��� �'� �O.D�*��!)#&% � #5U*nl[m�lj � denotethesameprobability, but
restrictedto thesetof pathswith � 6 ��
�� jumpsuntil time . . Thenthetransitionprobability
kernelandhencethetransientdistributionof thequeueprocess� is giveniteratively by�?�O.D�*��!)#&% � #2U*nl[:�lj � 	 �� �'zk� � � � � �O.D�*��!)#&% � #2U*nl[m�lj �
with� � �¡� �".D�N��!$# % � #5U*nl[:�lj � 	 oq r

sDt�u v w*¢ �\£ � w�V1x$�"%�-/.$w�V � � for .¥¤¦.�M*�"% � #�!���VsDt�u ��w*¢ �\£ � w�V5x$� �"%?-�.�w�V � � � � for !�	_BB else

asstartvaluesanditeratingby� � � � +§� �".D�N��!$# % � #5U*nl[:�lj � 	L¨ �� ¢ �\£ª© � ¨C«h� � � � �O.$-^¬�����#5U*nl[h��j �®­ fm+2� ��!$# % � #�� ��­ ¬
if .i¤¯.�M*�"% � or� � � � +§� �".D�N��!$# % � #5U*nl[:�lj � 	L¨ �d° � ± �� ¢ �\£ª© � ¨C«h� � � � �O.$-^¬�����#5U*nl[h�lj �X­ fm+2�&�"!$#&% � #�� ��­ ¬² ¢ �\£ � ° � ± � ¨k«h� � � � �O.�-�.�M*�O% � ����#5U*nl[E��j �X­ f�g*�&�"!$#&% � #�� �
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if .iY¯.�M*�"% � .
A moreefficient way to computethe transientdistribution is the following: Define the

operator³ by ³��§�m� �'� � �
	_��� � � +§� . Thenthetransitionprobabilitykernel � canbecomputedas
thelimit ��	 ´dQT<v1µ � � v
with �Z�i	�� � �¡� and � v � +�	¶³��§� v � ² �)� (3)

Remark 1 Theaboveformulaefor thetransientdistributioncanbestatedfor generalpiecewise–
deterministicMarkov processesaswell. Usingthenotationsasin Costa,Dufour [11], which
aresimplerthantheonesin Davis [9], wehave� � �¡� �".D�&%�#�j � 	L¢ �¸· � ± u ��� V5x$�§���&�"% �&�
asstartvaluesandtheiteration� � � � +§� �".D�&%�#�j � 	 ¨ �� ¢ �¸· � ± u © � � �9� © �O% �&� ¨ «E� � �'� �O.$-^¬�����#�j � f?�§� © �"% � # ­ � ��­ ¬
if .i¤¯.�M*�"% � or� � � � +§� �".D�&%�#�j � 	 ¨ �d° �'± �� ¢ �¸· � ± u © � � �9� © �"% � � ¨ «h� � �'� �".)-/¬�����#�j � f?�§� © �O% � # ­ � �$­ ¬² ¢ �¸· �'± u � ° �'± ��� ¨ «h� � � � �".�-¹.�M*�"% �&� ����#�j � f��9� � ° �'± � �O% � # ­ � �
if .iY¯.�M*�"% � . Here,

� �O% � denotesthejump rateat % 6 � , f is thejumptransitionmeasureandº �O%�#�¬ � 	¶» ©� � �9��¼��O% �&�®­�½ .
Furthermore,theiterationasgivenin (3) isvalidaswell in thegeneralsettingof piecewise–

deterministicMarkov processes.

2.2 Stability and Stationar y Distrib ution

Resultsconcerningstability andthe stationarydistribution canbe obtainedby applyingthe
methodof Costa,Dufour [11] to thepresentprocess.In this paper, a crucialresultby Azema
et al. [1] is used,which statesthat thestationarydistribution of a Markov processequalsthe
invariantmeasureof its resolvent. In termsof the notationin Costa,Dufour [11], we haveº �O%�#&. � 	 � w1. anddefinethekernels¾ �&�"!$#&% � #5U*nl[:�lj � 	 sDt�u v w ¨ �d° � ± �� ¢ � �
¿ � £ ¿ � V1x$�"%?-À8�w�V � ��­ 8
aswell asÁ �&�"!$#&% � #5U*nl[:�lj � 	 ¨ � ° � ± �� ¢ � �{¿ � £ ¿ � � fm+5�&�"!$#&%�-¯8�w�V � � #5U*nl[m�lj ��­ 8² ¢ � � �d° �'± � � £ �d° � ± �d� f�gA�&��!)#&%�-/.�MN�"% � wFV � � #5U*nl[:��j �
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Thismeansthatfor jL	�jh+i�/01010C�lj � ,Á � �§BC#&% � #5UAB�[E�lj � 	�¢ � � � ° �'± � � £ � ° � ± ��� V1x)�"%?-�.�M*�"% � wFV � �Á � �§BC#&% � #5U¸V�[E�lj � 	 � ¨ � ° �'± �� ¢ � �{¿ � £ ¿ � V5x$�O%7-¯8ÂwFV � �®­ 8
for �yHÃz|+ %IH)YÄB ,Á � �§BC#&% � #5UAB�[E�lj � 	 � w*����j�H � w*¨ � ° � ± �� ¢ � �{¿ � £ ¿ � w �Å} z|+ u }1~zCH V5xF���"% } -À8 �®­ 8² ¢ � � �d° � ± � � £ �d° �'± ��� V5x��O%?-/.�M*�O% � w�V � �
for J)	_<�QdS�UA�)�F%���	_B�[:YLV andÁ �&��BC#ªB � #5UAB�[h�lj � 	 � w*����j�H � w ¨ �� ¢ � �
¿ � £ ¿ � w �Å} z|+ u }1~zCH V5xF�A�"% } -¯8 ��­ 8
while for ! 6 �d
 and J)	_>�Æ Ç�<RQTS�UN%,+4#1010102#&% � [ ,Á �&�"!$#&% � #5U*! ² V�[m�lj � 	 � ¨ � ° �'± �� ¢ � �{¿ � £ ¿ � V1x$�"%7-^8�w�V � ��­ 8Á � ��!$# % � #5U*!�-ÄV�[m�lj � 	L¢ � � �d° � ± � � £ �d° �'± ��� �Å} z|+ u }5~zCH V1x����O% } -/.�M*�"% � � w*����j�H �
Thekernels

¾
and

Á
canberegardedastheresolventsbeforethefirst jump of � andimme-

diatelyafterthefirst jump of � , respectively.
Themainresultin Costa,Dufour [11] is that theexistenceof a stationarydistribution for

the queueprocess� is equivalentto the existenceof an invariantpositive È –finite measure
for thekernel ÉÊ�'	 Á ² ¾

(seetheorem3.5andcorollary3.6 in [11]). This kernel É canbe
arrangedby its first componentin an ��
����l�d
�� –matrixwith kernelentriesas

É��"%�#�j � 	 ËÌÌÌÌÌÍ É��Î�A�"%�#�j � Éh�&+5�O%�#�j � B B B 05010Ém+��A�"%�#�j � É�+Î+5�O%�#�j � É��&+2�"%�#�j � B B 05010B É�+��A�O%�#�j � Ém+Î+2�"%�#�j � É��&+2�O%�#�j � B 05010B B Ém+��*�"%�#�j � Ém+Î+2�O%�#�j � É��&+5�"%�#�j � . . .
...

...
. . . . . . . . . . . .

Ï5ÐÐÐÐÐÑ
andthekernelsÉh�Î�A�O%�#�j � 	_¨ � ° � ± �� ¢ � �
¿ � £ ¿ � V1x$�"%?-À8�w�V � ��­ 8 ² ¢ � � � ° �'± � � £ � ° � ± ��� V1x$�"%?-�.�M*�"% � w�V � �
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for �yHÃz|+ %IH)YÄB ,

Éh�Î�A�O%�#�j � 	_¨ � ° � ± �� ¢ � �
¿ � £ ¿ � V1x$�&�O%7-À8Âw�V � � � ��­ 8² � w*���"j�H � wA¨ �d° � ± �� ¢ � �
¿ � £ ¿ � w �Å} z|+ u }1~zCH V1xF�A�&�O% } -¯8 � � ��­ 8² ¢ � � � ° � ± � � £ � ° �'± ��� V5x�� �"%7-¹.�M*�"% � w�V � � � �
for J)	_<�QdS�UA�)�F%���	_B�[:YLV andÉ��Î�A�§B�#�j � 	_¨ �� ¢ � �
¿ � £ ¿ � V1x$�&�O%?-¯8Âw�V � � � �®­ 8 ² � w*���"j�H � wA¨ �� ¢ � �
¿ � £ ¿ � w �Å} z|+ u }1~zCH V1xF�A�§B �X­ 8
aswell asÉ�+��A�O%�#�j � 	�¢ � � �d° �'± � � £ �d° � ± �d� �Å} z|+ u }5~zCH V1xF���"% } -�.�M*�"% � � w*����j�H �É�+Î+5�O%�#�j � 	 ¨ �d° � ± �� ¢ � �
¿ � £ ¿ � V1x$�"%?-À8�w�V � ��­ 8Éh�&+5�O%�#�j � 	 � w*É�+Î+5�O%�#�j �
for

y �HÃz|+ %IH)Y;B , J$	L>�Æ Ç�<RQTS�UN%,+D#1010505#&% � [ and j_	_jh+¥�/01010k�lj � . Thus É hastheform of a
birth anddeathtransitionmatrixwith kernelentries.

SincethesystemU�ÒÓB�#��\+DÒ���05010F��ÒÓBC#&� � ÒÃ���¸+D#1010102#�� � 6 ��� �� [ generatesÈX� ����� ����¡�1� , theabove
kernelsaredeterminedby thevaluesfor j_	ÔÒÕBC#��¸+2Ò���01010F�lÒÓBC#&� � Ò for �\+D#1050105#�� � YÄB . Firstwe
have for %a	�B Éh�Î�*��BC#�j � 	 V ² � ���&ÒÕBC#��AHÎÒ �V ² �
Define Ö(�O%a-¦� � � �'	×<�>A@�UABC#*�"%,+�-¦�¸+ � #5010105#N�"% � -¦� � � [ for all %�#�� 6 �"�d� �� � � . Furthernote
thatthecondition .�M*�O% � Y�Ö(�"%:-Ø� � � is equivalentto � v Yb% v -l.�M*�"% � for all ! 6 U¸VF#1050102# � [ .
Hencefor .�MN�O% � WÙÖ(�"%a-À� � � we get Éh�Î�A�O%�#�j � 	ÙÉm+��A�"%�#�j � 	×Ém+Î+2�"%�#&j � 	×É��&+2�O%�#�j � for
therestof thecases.Thusweassume.�M*�O% � Y;Ö(�"%?-^� � � andobtainÉh�Î�A�O%�#�j � 	 VV ² �¦ÚN¢ ��Û � ± �¸Ü ��Ý � + � £ � ² � ¢ � � ° �'± � � + � £ �§Þ
for �yHÃz|+ %IH)YÄB , andÉh�Î�A�O%�#�j � 	 VV ² �¦Ú ��V ² � ��� ÒÓB�#���HßÒ � ¢ ��Û �'± �¸Ü � Ý � + � £ � ² � ��VÂ-À��� ÒÓBC#&��HßÒ � ¢ � �d° � ± � � + � £ � Þ
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for J)	_<�QdS�UA�)�F%���	_B�[:YLV , aswell asÉ�+��A�O%�#�j � 	_¢ � � ° � ± � � + � £ � w*���&ÒÕBC#��AHÎÒ �É�+Î+5�O%�#�j � 	 VV ² � Ú ¢ ��Û � ± �¸Ü � Ý � + � £ � -À¢ � �d° �'± � � + � £ � ÞÉh�&+5�O%�#�j � 	 �V ² �¦Ú ¢ ��Û � ± �¸Ü � Ý � + � £ � -À¢ � �d° �'± � � + � £ � Þ
for

y �H{z|+ %IH�Y B , denoting J/	 >�Æ&ÇX<�QdS|UN%,+4#1050102# % � [ . For
y �HÃz|+ %IHà	 B , we know thatÉ��&+5�"%�#�j � 	�B andthat �"!$#&% � is aninaccessiblestatefor ! 6 ��
 .

Now in orderto determinethestationarydistributionof � , it sufficesto obtainthestation-
ary distribution for a quasibirth anddeath(QBD) processwith a continuousphasevariable.
DenotethisMarkov processwith transitionkernel É by áâ	×�§á v ��! 6 ��
 � . Thiskind of pro-
cesshasbeenexaminedby Tweedie[16]. In this terminology, we have ���Â	¶É��Î� , j��Â	¶É��&+ ,�h+¥	�j�g�	�Ém+�� , j�+¥	ÙÉm+Î+ and j�H�	Ù� } 	�B for all otherindices J&#Îã 6 �d
�� . Further, definejÙ�
	�j�� ² j�+ ² j�g andä �"å � �'	�jh+5�"å:#*�"���æ���� � � ²bç w1j�gA��å:#N�����æ���� � �
In Tweedie[16] it is shown that,undersometechnicalassumptions,a sufficient conditionfor
theQBD processto haveastationarydistributionis that j hasaninvariantprobabilitymeasureè andthatthedrift condition ¨ �
é ê Ýë ��ì ä ��å � è � ­ å � Y¶V (4)

is satisfied.Thenthestationarydistribution í of theQBD is givenbyím� � #�j � 	_î ¨ �
é ê Ýë ��ì �ªí�� ­ � �&ï � ����#�j �
for all

� 6 ��
�� and j 6 ÈX� ����� ������5� , with îa	ðí:�§BC#N����� ������1� YñB and ï�� denotingthe
�
th

iterationof thekernel ï . Here, �ªí denotesthestationarydistributionof theimbeddedMarkov
chain �ªá at level zerowith transitionkernel��� ïX� �O%�#�j � 	����A�"%�#�j � ² ¨ �'é ê Ýë � ì ï �O%�# ­ � � �h+2����#�j �
for all % 6 �"�d�e�� � � and j 6 ÈX�&�"�d�e�� � � � . Thekernel ï on �����e�� � � is theminimal solutionto the
equationï �"%�#&j � 	�j��A�"%�#�j � ² ¨ �
é ê Ýë ��ì ï �"%�# ­ � � j�+2����#�j � ² ¨ �'é ê Ýë �dì ï g �O%�# ­ � � j�g*�"�|#&j �
for all % 6 ����� ������ and j 6 ÈX� ����� ��Z�¡�1� . Furthermore,î canbedeterminedasthenormalizing
constant,i.e. îÂ	còÀ�� � zk� ¨ �'é ê Ýë �dì �Dí:� ­ � �&ï � ����#*����� ���� � �¡ó � +
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Henceundercondition (4), the QBD processá hasan operator–geometricsolution í .
Questionsof numericalcomputationof suchsolutionshave beenaddressedby Nielsenand
Ramaswami [15]. Theprobablymostfeasibleapproachto developinga numericallytractable
calculusof suchkernelswouldbeawaveletrepresentation.Also applicableto thepresentcase
arethe algorithmspresentedby Baum[3, 2] sincethey useonly algebraicandprobabilistic
arguments.

Assumenow that condition (4) is satisfiedanddenotethe stationarydistribution of the
QBD processá by í . Thenremarks3.8and3.1alongwith theorem3.5in Costa,Dufour [11]
imply that ô�	âí ¾

is a stationarydistribution for � . With theabove notations,thestructure
of ô is ôX� � #�j � 	Lîõ¨ �'é ê Ýë �dì ¨ �'é ê Ýë �dì ��ím� ­ � �&ï � ����# ­¸ö�� ¾ � ö #�j � (5)

for all
� 6 ��
�� and j 6 ÈX� �����e�� � � � . Thusthe queueprocess� hasan operator–geometric

solution.

Remark 2 Analogouslyto themethodof Tweedie[16], onecangeneralizeknown resultsforÖÄ÷�ÉE÷�V –typematricestowardssuchmatriceswith kernelentries.This yields thepossibility
of including ��Ö�jæ� arrivals (with n phases)into themodel. With sucharrivals, theabove
kernel É would assumeÖÄ÷�ÉE÷�V –typeform (of dimension����
�����U¸VF#1010502#�nl[ � g ) with kernel
entriesif orderdedaccordingto thenumberof usersin thesystemandthephaseof thearrival
process.

3 The M/G/k Retrial Queue

Thesameapproachasabove appliesto theM/G/k retrial queue.In termsof a representation
asa piecewise–deterministicMarkov process,this queueis simplerasit doesnot involveany
jumpsfrom a setof borderstates.In termsof the resultingmatricesto besolved, it is more
complicatedsincethesematricesnow arelevel–dependent.

In this section,the respective formulaefor the transientandstationarydistributionsshall
begivenfor thefollowing system:ConsidertheM/G/k retrial queuewith Poissonianinput of
rate

�
andservicetime distribution � , equalfor eachof the

�
servers.Again, theassumption

of equalservicetime distributionsis not necessaryfor thepresentmethodof analysis,but it
simplifiesnotations.A userwho finds the systembusy shall persistently(i.e. until success-
fully enteringthe system)retry at time instantsgivenby a Poissonprocesswith rate ô . All
usersin the orbit, i.e. all userswhich have found the systembusy, areassumedto behave
independently.

Thisqueuecanbemodelledasapiecewise–deterministicMarkov processwith statespace� �'	 ��
��7�â�"�d�e��õ��� . Define the sameflow � on � as given by (1). A state �"!$#&% � 	��!)#&%,+4#1010505#&% � � will be given the sameinterpretationasfor the ordinaryM/G/k queuewith-
out retrials,theonly differencebeingthat ! shalldenotethenumberof usersin theorbit. As
in definition(2), denoteby .�M*�"% � thetimeuntil thefirst serverbecomesempty.

Unlike for the ordinaryM/G/k queue,we have only jumpsinducedby externalPoisson
events. This is dueto the fact that a server becomingidle doesnot leadimmediatelyto the

8



admissionof a waiting userinto thesystem,but suchanadmissioncanoccuronly dueto the
Poissonianarrival or retrial streams.In termsof theconventionsin Costa,Dufour [11], this
meansthatat theboundaryø � � 	âU\��!)#&%,+4#1010505#&% � �*ù�ú V�W�JXW � ��%IHõ	�B�[
no jumpsoccur. ThustheM/G/k retrial queuecanbemodeledasaconvenientspecialcaseof
piecewise–deterministicMarkov processes.

3.1 Transient Distrib ution

In this section,we want to derive anexpressionof the transientdistribution in a form that is
similar to theexpressionfor thetransitionkernelof aMarkov jumpprocessasgivenin Breuer
[5], p.70,or moreexplicitly in Breuer[4], p.92f.

Definethekernelf��&��!)#&% � #2U*nl[m��j � 	 � �"f�+5� ��!$# % � #5U*nl[:��j � - sDt�u v V1x$�"% � �² !aw1ô��§f�g*� ��!$# % � #5U*nl[:�lj � - sDt�u v V1x$�"% �&�
alongwith thetransitionmeasuresf�+5� ��!$# % � #5U*nl[:�lj � 	 oq r sDt�u v �y} z|+ u }1~zCH V1xF�A�"% } � �7��j�H � for J)	_<�QdS�U¸V�W¯ã�W � �F% } 	_B\[sDt�u v � +DV1x$�"% � if % } Y;B for all ã
for arrival events,andfhgA� ��!$# % � #5U*nl[:�lj � 	 oq r sDt�u vA� + �y} z|+ u }1~zCH V1xF�A�"% } � �7��j�H � for J)	_<�QdS�U¸VhWÀã�W � �F% } 	_B\[sDt�u v V1x$�"% � if % } YÄB for all ã
for retrial events.

Similar to thekernel É in theprevioussection,wecanwrite thekernel f asablockmatrix

f��"%�#&j � 	 ËÌÌÌÌÌÍ f��Î�A�"%�#�j � fh�&+5�O%�#�j � B B B 01050fm+��A�"%�#�j � f�+Î+5�O%�#�j � fm+�gA�"%�#�j � B B 01050B fhg&+5�O%�#�j � f�gÎgA�"%�#�j � f�gÎûA�"%�#&j � B 01050B B f�ûÎgA�"%�#�j � f�ûÎûA�"%�#&j � fhûßü��O%�#�j � . . .
...

...
. . . . . . . . . . . .

Ï ÐÐÐÐÐÑ
with kernelentriesf vAu v �O%�#�j � 	 � fm+2�&�"!$#&% � #5U*!)[:�lj � ² !�w5ôõfhgA� ��!)#&% � #5U*!Z[m��j � -�� � ² !�wNô � V1x��O% �	 � �Å} z|+ u }1~zCH V1xF���"% } � �"����j�H � -ÄV1x�ý��"%IH � � -/!awNô�V1x)�"% �
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for J)	_<�QdS�U¸V�W¯ã�W � �F% } 	_B\[ ,f vAu v �O%�#�j � 	×- � V1x��O% �
if % } Y;B for all ã , aswell asf vAu v � +2�O%�#�j � 	 � fm+2�&�"!$#&% � #5U*! ² V�[E�lj � 	 � V1x$�"% �
if % } Y;B for all ã , andf vAu v�� +2�O%�#�j � 	_!�wNô,fhg*� ��!)#&% � #5U*!�-;V�[m��j � 	_!�wNô �Å} z|+ u }1~zCH V1xF���"% } � ����j�H �
for Jæ	þ<�QdS|U¸V�WÔã^W � ��% } 	ñB�[ . Note that this kernel f is level–dependent,unlike the
kernel É in theprevioussection.

Remark 3 Theretrialqueueis perhapsthemostclassicalexamplefor level–dependentqueue-
ing systems.Thus,in thissectionit is analyzedin orderto exemplify themethodof analysisfor
level–dependentsystems.Thesamemethodcanbeappliedto othertypesof level–dependent
systems,e.g.finite capacityqueues(seeHofmann[13], p.84ff).

Furthermore,thismethodof analysisalsoholdsfor BMAP arrivals(with n phases).Then
the kernel f canbe written asa ����
�����U¸VF#1050102#&nl[ � g –block matrix with kernelentriesif it
is orderedaccordingto thenumberof usersin thesystemandthecurrentphaseof thearrival
stream.Thefollowing argumentshold for this kind of kernel,too.

The kernel f is the infinitesimalgeneratorwhich characterizesthe jump part of of the
queueingprocess.f canbedecomposedinto a ratepart � anda conditionaljump part ÿ as
follows: Define � to bethenegativediagonalof f and ÿà�
	�� � + f ² � . Thesedefinitionsare
completelyanalogousto theconstructionof adiscrete–timeMarkov chainfrom acontinuous–
time Markov chain(with discretestatespaces),asdescribede.g. in Breuer, Dudin,Klimenok
[6]. Thenwehave therelation fÙ	â-�� ² �:ÿ
with a ratekerneldefinedby� v2v �O%�#�j � 	 P -:� � ² !�wNô � V1x)�"% � for J)	_<RQTS�U¸VhWÀã�W � �F% } 	_B�[- � V1x$�"% � if % } YbB for all ã
for all ! 6 ��
�� , % 6 �����e����¡� and j 6 ÈX�&�"�d�e��õ���N� . Fromthis definition it is obvious that the
diagonalkernel � hasaninverse� � + .

Define for a kernel

Á �æ� �bÈX�§� � � �d� and a function ³ �e� � � the operation
Á � ³��O%�#�j � �
	 Á �9³��O% � #�j � . Furtherdenotetheidentity kernelon � by � ­ . By remark1, we
thenhave thefirst statement
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Theorem 1 The transientdistribution kernel of the queueingprocessof the M/G/k retrial
queueis givenby�?�O. � 	 �� v zk� ¨ �� ¨ ���� 01010�¨ ���� ¢ ���
	��ë ê�
������ © �§� � ��� � � ÿõ¢ ����	 �	�� ê�
�� � � © �§� � ����� � � � � ÿ�0105001010&¢ � � 	 ��� �	 � ê�
������ © ��� � ��� � � � ��� � � ÿõ¢ ��� 		 � ê�
�� � � © �"� ­ � ��� � � � �®­ � � 01010 ­ � �
thesumentryfor !�	�B beingthekernel ¢ ��� 	ë ê�
�� � � © ��� ­ � ��� � .
Proof: For thespecialcaseof piecewise–deterministicMarkov processesthatis appliedhere,
theiterationin remark1alwaysusesthefirst typeof iterationstep(for .¥¤b.�M*�"% � ). By induction
on ! it is shown thatthe ! -th sumentryin theabove theorem1 equals��� v � in remark1.� w'w�
Theorem 2 Thetransientdistributionkernelof thequeueingprocesscanalsobewrittenas���". � 	 �� v zk� ¨ �� ¨ ���� 01010ª¨ ���� �§f � ��� � � ��f � ����� � � � � 050101��f � ����� � � ��� � � ��� ­ � ��� � ��� �®­ � � 05010 ­ ���
thesumentryfor !�	�B beingthekernel � ­ � ��� .
Proof: Theproof of this theoremrequirestwo lemmata,which aregivenafterthis proof. For
akernel

Á
anda timeduration. , abbreviatein this proof

Á ���'	 Á � ��� . We now have�� v zk� ¨ �� ¨ ���� 01050 ¨ ���� ��f � ��� � � �§f � ����� � � � � 010101�§f � ����� � � ��� � � ��� ­ � ��� � ��� �®­ � � 01010 ­ ���	 �� v zk� ¨ �� ¨ ���� 01050ª¨ ���� �¡-���� � ² ���:ÿ � � � � 010101��-������ ² ���:ÿ � ��� � � ­ � � ��� ­ � � 01050 ­ ���
Theintegrandof everyentryof this sumcanbewrittenas��-���� � ² �§�:ÿ � � � � 05010N�¡-���� � ² �§�:ÿ � � � � � ­ � � � � 	 ����! 9� u +#" � Á � � 01010 Á � � � ­ � � � �
with

Á � �Â	 P -����Ó� for � } 	_B���:ÿ � �Ó� for � } 	âV
for all ã¹	 VF#1010102#�! . Summingup over the number nà�§� � �'	 ù U4ã^�$� } 	 V�[ ù of jump events�§�:ÿ � andrewriting theintegrationlimits, weobtain�� v zk� ¨ �� ¨ ���� 01010 ¨ ���� �§f � ��� � � ��f � ����� � � � � 01010N��f � ����� � � ��� � � �"� ­ � ��� � ��� ��­ � � 05010 ­ ���	 ��t zk� ¨ �� ¨ ��$� 01010 ¨ ���� % �§BC# .�+ � ���:ÿ � % �".�+D#&.¡g � �§�:ÿ � 01010201010N���:ÿ � % �". t #&. �®­ .�+|01010 ­ . t

11



abbreviating % �". } #&. } � + � �\	 �� v zk� ¨ �Ó� Ý ��Ó� ¨ © ��Ó� 01010 ¨ © ��Ó� & -�� © � � �Ó��'¥�¡-�� © � �¸© � � 0501001010 & -�� © � �¸© ��� � ' � ­ �Ó� Ý � �¸© � ­ ¬,+�01050 ­ ¬ v
for all ã 6 UAB�#1010102#�nl[ , defining .¡���'	LB , andusing���:ÿ � �Ó�Â	Ô�§� � ���Ó� � ÿ�	×��� ­ � ���Ó� � �:ÿ�	_� ­ �Ó�4�:ÿ (6)

Now lemma2 yields�� v zk� ¨ �� ¨ � �� 01050D¨ ���� ��f � ��� � � �§f � ����� � � � � 010101�§f � ��� � � � ��� � � ��� ­ � ��� � � � �®­ � � 01010 ­ � �	 ��t zk� ¨ �� ¨ ��$� 01010�¨ ���� ¢ � � 	 � �ë ê��(� © � ­ � � ���:ÿ � ¢ � �
	 � � 	��ë ê��(� © � ­ ��� � � � �§�:ÿ � 0101001010&¢ ��� 	 $ � 	 $)� �ë ê*��� © � ­ ��$ � � $)� � ���:ÿ � ¢ ��� 	 � 	 $ë ê���� © � ­ � � ��$ ­ ¬õ+|01050 ­ ¬ t
which togetherwith relation(6) andtheorem1 provesthetheorem.� w'w�
Lemma 1 Choose! 6 ��
 and let ³ ����� v � ��� denotea symmetricfunction, which is
integrableovereveryfinite interval. Thentheequation¨ �¿ 01050 ¨ �¿ ³��".�+ª#1010102#&. v �®­ .�+|01010 ­ . v 	_!,+Fw ¨ �¿ ¨ ���¿ 01010 ¨ ���¿ ³��O.�+D#1010505#&. v �®­ .�+�05010 ­ . v
holdsfor all 8E¤¦. 6 ���e� .

Proof: Sincefor everypermutationÈ 6Øï v
,¨ �¿ ¨ ���¿ 01010�¨ ���¿ ³��".�+4#1050102# . v �®­ .�+|01010 ­ . v 	_¨ ¿�- � � -/.0.0. - ��� - � ³$�".�+D#1050105#&. v ��­ .�+|01010 ­ . v	_¨ ¿�- � � -/.0.0. - � � - � ³$�".21 � +§� #1010102#&.21 � v � �®­ .�+K05010 ­ . v	_¨ ¿�- ��3 � �54 ��6 -/.0.0. - ��3 � �#4 � 6 - � ³��O.�+D#1010505#&. v ��­ .�+K05010 ­ . v

weconclude¨ �¿ 01010ª¨ �¿ ³��".�+4#1050102# . v �®­ .�+|01010 ­ . v 	 �1 �879� ¨ ¿�- � 3 4 ��6 -/.0.0. - � 3 4 � 6 - � ³��O.�+4#1010102#&. v �X­ .�+|01010 ­ . v	�!,+�w*¨ �¿ ¨ � �¿ 01050ª¨ ���¿ ³��O.�+4#1010104#&. v �X­ .�+|01010 ­ . v
whichwasto beproven.� w'w�
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Lemma 2 For every 8h¤¦. 6 �d� � , wehave�� v zk� ¨ �¿ ¨ � �¿ 01010 ¨ � �¿ ��-�� � ��� � � ¿ � ��-�� � ����� � � � � 01050N��-�� � ����� � � ��� � � �"� ­ � ��� � ��� �®­ .�+K05010 ­ . v	L¢ ��� 	 �8:ë ê�
�� � � © ��� ­ � ��� � ¿ �
Proof: For every ! 6 ��
 , % 6 � and j 6 ÈX�§� � , thefunction³��".�+D#5010105# . v � �\	(�¡-�� � ��� � � ¿ � �¡-�� � ����� � � � � 010105��-�� � ����� � � ��� � � ��� ­ � ��� � ��� � �"%�#�j �	(�¡-����§��� � � ¿ �O% � #5U���� � � ¿ �"% � [ �&� 01050N��-����9����� � ¿ �O% � #5U������ � ¿ �O% � [ �&� V5x��§��� � ¿ �"% � �
is symmetricin .�+D#1010505#&. v , ascanbeshown by inductionon ! 6 ��
 . Furthermore,for every%¯	 �"nØ#�� ��6 � the above function is boundedby � � ² n�ô � v , henceintegrableover every
finite interval.

Thenlemma1 yieldsfor the ! -th sumentryof theleft side¨ �¿ ¨ ���¿ 01010 ¨ ���¿ ��-�� � ��� � � ¿ � ��-�� � ����� � � � � 010501�¡-�� � ��� � � � ��� � � �"� ­ � ��� � � � �®­ .�+K05010 ­ . v	 V!,+ ; ¨ � � ¿� -�� � � © ­ ¬=< v �"� ­ � ��� � ¿ �
whichprovesthestatement.� w'w�
Remark 4 A mererestatementof the above theorem2 in different termsof writing is the
formula���".D� %�#�j � 	 �� v zk� ¨ �� ¨ � �� 05010 ¨ � �� ¨ �'é ê Ýë �dì f��&�O%7-/.�+DV � � �)# ­ �\+ � 0501001050D¨ �
é ê Ýë ��ì f��&��� v -��O. v -�. v�� + � V � � � # ­¸ö�� ��� ­ � ��� � ��� � � ö #�j �®­ .�+|01050 ­ . v
Remark 5 Expressionsasin theorems1 and2 alsohold for generalpiecewise-deterministic
processeswithout jumpsfrom a borderset,i.e. with .�M*�"% � 	 ` for all % 6 � . This canbe
seenfrom thefact that in theabove derivationsthespecialform of f hasnot beenexploited.
Notethattheletter f in thissectiondenotesaninfinitesimalgeneratordefinedin termsof the
transitionmeasuresandnot,asin remark1, thetransitionmeasureitself.

Remark 6 Theformulaederivedin theorem2 andin remark4 canbecomputedby thesame
kind of iterationasgivenin (3). Namely, for theresultof theorem2 wedefinethestartvalues�)�N�". � �
	�� ­ � ��� for all . 6 ��� �� andtheiteration� v � +2�". � �'	¶¨ �� ��f � � ¿ � � v �O.�-À8 �®­ 8 ² �)�*�O. �
for all . 6 ���e�� . Thenwehave thelimit ���". � 	�´TQT< v1µ � � v �". � .

Of course,thiswayof computingthetransientdistributionsis valid for thegeneralizations
of remark5, too.
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3.2 Stability and Stationar y Distrib ution

For theM/G/k retrialqueue,ananalysisregardingstabilityandthecomputationof astationary
distributioncanbeperformedalongthelinesof section2.2.AgainoneobtainsaQBD–matrix
with kernelentrieswhich is to besolved,althoughthis time thematrix is level–dependent.

Analogousto section2.2,wedefinetheresolvents¾ �&�"!$#&% � #5U*nl[:�lj � 	 sDt�u v w ¨ �� ¢ � �
¿ � £ ¿ � v�> ? � V1x$�&�O%7-À8Âw�V � � � ��­ 8
aswell asÁ � ��!)#&% � #5U*nl[:�lj � 	 ¨ �� ¢ � �
¿ � £ ¿ � v@> ? � � fm+5�&��!)#*�"%�-¯8�w�V � � � � #5U*nl[:�lj �² !�wNôõf�gA�&�"!$#*�O%?-^8�wFV � � � � #5U*nl[m��j �®­ 8
for !$#�n 6 ��
 , % 6 & �d� �� ' � and j 6 È Ú & ��� �� ' � Þ , aswell as É(�'	 Á ² ¾

.

Thenthekernel É canbewrittenasablockmatrix

É��"%�#�j � 	 ËÌÌÌÌÌÍ É��Î�A�"%�#�j � Éh�&+5�O%�#�j � B B B 05010Ém+��A�"%�#�j � É�+Î+5�O%�#�j � Ém+�g*�"%�#�j � B B 05010B Éhg&+5�O%�#�j � É�gÎg*�"%�#�j � É�gÎû*�O%�#�j � B 05010B B É�ûÎg*�"%�#�j � É�ûÎû*�O%�#�j � É�ûßü��"%�#�j � . . .
...

...
. . . . . . . . . . . .

Ï ÐÐÐÐÐÑ
with kernelentriesÉ v5t

, i.e. É hastheform of a level–dependentblock tridiagonalmatrix.
Set jâ	 ÒÕBC#��¸+2Ò���01010��¯ÒÓBC#&� � Ò with �\+D#5010105#&� � 6 �d�e� . As in section2.2, thekernelentries

of É aredeterminedby thevaluesÉ vAu v �O%�#�j � 	L¨ �� ¢ � �
¿ � £ ¿ � v�> ? ¿ � V1x�� �"%�-¯8�w�V � � � �X­ 8² ¨ �� ¢ � �
¿ � £ ¿ � v@> ? ¿ � � �Å} z|+ u }5~zCH VBA � u Ü �CAÃ�O% } -¯8 � ��� ÒÓB�#���HßÒ �®­ 8	 VV ² � ² !�wNô Ú ¢ � � + � £ � v@> ? � Û � ± �¸Ü � Ý ² � ��� ÒÓB�#���HßÒ � ¢ � � + � £ � v�> ? � Û �'± �¸Ü � Ý|Þ
for J)	_<�QdS�U¸V�W¯ã�W � �F% } 	_B\[ andÉ vAu v �O%�#�j � 	 ¨ �� ¢ � �
¿ � £ ¿ � v�> ? ¿ � V1x�� �"%�-¯8�w�V � � � �X­ 8² ¨ �� ¢ � �
¿ � £ ¿ � v@> ? ¿ � !�wNô�V1x)�&�O%7-À8Âw�V � � � ��­ 8	 V ² !�wNôV ² � ² !�wNô ¢ � � + � £ � v@> ? � Û � ± �¸Ü �dÝ
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if % } Y;B for all ã , aswell asÉ vAu v�� +4�O%�#�j � 	¶¨ �� ¢ � �
¿ � £ ¿ � v�> ? ¿ � !�wNô �Å} z|+ u }1~zCH VBA � u Ü ��A{�"% } -À8 � ���&ÒÕBC#��AHÎÒ �®­ 8	_!�wNô,���&ÒÕBC#��AHÎÒ � ¢ � � + � £ � v@> ? � Û � ± �¸Ü � Ý
for J)	_<�QdS�U¸V�W¯ã�W � �F% } 	_B\[ andÉ vAu v � +4�O%�#�j � 	 ¨ �� ¢ � �
¿ � £ ¿ � v�> ? ¿ � � V1x)� �"%7-^8�w�V � � � ��­ 8	 � ¢ � � + � £ � v�> ? � Û � ± �¸Ü � Ý
if % } Y B for all ã . As in section2.2, we have defined Ö(�O%À-×� � � �'	 <?>A@�UAB�#*�"%,+�-�\+ � #1010505#*�O% � -/� � � [ for all %�#�� 6 ����� ������ .

In thesamewayasTweedie[16] generalizedtheanalysisof É:÷1Öb÷�V –typeblock matrices
towards É:÷5ÖÄ÷�V –typeblock matriceswith kernelentries,onecangeneralizethe methodin
Hofmann[13, 14] for theanalysisof level–dependentÖÄ÷�ÉE÷�V –typematrices,andhencefor
theabovelevel–dependentQBD–typekernel É . Thisleadsto stabilityconditionsfor É aswell
asto analgorithmfor its solution. Thenthesolutionof É leadsto thestationarydistribution
via formula(5), asdescribedat theendof section2.2.

Remark 7 Thegeneralizationof resultsin Hofmann[13] towardsÖb÷�É:÷\V –typematriceswith
kernelentriesallowstheinclusionof BMAP arrivalsinto themodel.Thenthekernel É would
becomea ����
�����U¸VF#1050102#&nl[ � g –blockmatrix with kernelentriesif it is orderedaccordingto
thenumberof usersin thesystemandthecurrentphaseof thearrival stream.
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