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One of the classical,but yet unsohed queueingsystemss the M/G/k queue
with Poissoninput, generalservicetime distribution and & servingfacilities. In
the presentpaper this queueis analyzedas a piecavise—deterministidViarkov
processFirst, aniterationformulafor thetransientdistributionsis derived. This
formulais anew resultfor piecavise—deterministidarkov processedpo, since
it yields their transition probability kernel. In the main part, recentresultson
stability of piecavise—deterministidviarkov processeareusedin orderto shov
that the computationof the stationarydistribution for the M/G/k queuecan be
reducedto the determinatiornof the stationarydistribution for a birth anddeath
processwith kernelentries. This resultsin operatorgeometricsolutionsfor the
M/G/k queue.For the M/G/k retrial queue a similar analysisis presentedHere,
closedformulaefor thetransientdistribution arederived. Theseexpressionsold
for the classof piecavise—deterministigprocessesvithout jumpsfrom a border
set, too. Additionally, it is sketchedhow theseresultscan be generalizedor
BMAP/G/k queues.

1 Introduction

A very old methodof reducingnon—Marlovian queueingsystemso Markov processess the
methodof supplementaryariablesntroducedoy Cox[8]. At thetime of its introduction,this
methodlacked mathematicasupport,sinceit transformedhe queueingprocesgo a Markov
processwith continuousstatespace andsuchprocesseblave not beenanalyzedexhaustvely
until the 1970s.Now, aftergoodresultshave beenobtainedor generaMarkov processeghe
methodof supplementaryariablescanbe taken up again. This hasbeendonefirst by Ko-
valenlo in 1964underthe concepbf piecavise—lineaMarkov processeéseeGnedenk, Ko-
valenlo[12]). In 1984 ,Davis [9] introducedhemoregeneraklassof piecavise—deterministic
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Markov processedpitiating subsequentesearchaslistedin the bibliographyof Davis [10].
CostaandDufour [7, 11] contributedimportantresultsconcerningstationarydistributionsof
piecavise—deterministidarkov processesyhichwill be usedin this paperextensiely.

In the next section,basicnotationsareintroducedandthe M/G/k queueis describedas
a piecavise—deterministidViarkov process. Then a derivation of the transientdistributions
for the M/G/k queueis given. Theiterationformulais a new resultvalid for all piecavise—
deterministicMarkov processesln subsectior®.2,the computatiorof stationarydistribution
for the M/G/k queueis reducedo the determinatiorof the stationarydistribution for a birth
anddeathprocesswith kernelentries.Thisyields operatorgeometricsolutionsfor the M/G/k
gueuefor which existing resultson operatoranalyticmethodscan be used(e.g. Tweedie
[16] or Nielsenand Ramaswami [15]). In section3, a similar analysisis presentedor the
M/G/k retrial queue. For the transientdistribution, a closedformulawill be derived, which
alsoholdsfor a large classof piecavise—deterministidMarkov processesThenit is shovn
how to determinethe stationarydistribution via a generalizatiorof the methodsn Hofmann
[13]. For bothkinds of queuesthe modelscanbe enhancedy inclusionof BMAP arrivals,
for which the samemethodof analysisapplies.

2 The M/G/k Queue

ConsideranM/G/k queuewith thefollowing characteristicsThe Poissoninputshallhaverate
A. Theservicetime distribution shallbe denotedoy B, beingequalfor eachof the k& seners.
It will be apparenthatthe corventionof equalservicetime distributionsis not necessaryor
the methodof analysis.However, it simplifiesnotationsandthusshallbe adopted.

Thisqueuecanbedescribedsa piecavise—deterministidlarkov processn thefollowing
way. Let X beapiecavise—deterministidlarkov processwith statespacef := INy x (IRg )*.
A flow @ on E shallbedefinedby

O (n,x) = (n,(x1 = )",..., (zx — t)) (1)

for all (n,z) = (n,21,...,2%) € E andt € IR{, with (s — t)* := max(0,s — t) for all
s,t € IR. Obviously, for theabove (n,z) = (n,z1,...,x;) thefirst component: represent
the numberof userswaiting in the queueand the componentse; representhe remaining
servicetime attheith sener. If theith senerisidle, thenz; = 0. Accordingto Costa,Dufour
[11], we define

 f min{z;:1<i<k,z; >0} for z#0
b(@) = { 00 for =0 2)
forall z = (z1,...,71) € (IR§)*. This denoteshe time until the first sener will become

idle.

Differing from Davis [9] and Costa,Dufour [11], we will introducetwo transitionmea-
sures@; and ), for the jumps that can occur This reflectsthe queueingprocessmore
transparently @, is the transitionmeasuredor arrivals, andthuswe definefor all (n,z) =



(n,z1,...,2,) € EandA = A; x ... X Ay

k
5m,n+1 : 1,4(:16) for H z; >0
Ql((n,x), {m} X A) = & i=1
Omn - [1 1a,(z;)-B(A;) for i=min{l:z =0}
J=1,j#i

Notethatthe latter casein the definition of ), is possibleonly for n = m = 0. The second
transitionmeasure)), refersto the caseof a sener becomingidle. If therearearny waiting
usersn thequeuejt immediatelywill commencdo sene anew user Thuswe have

k
Omn—1* 1a.(x;)-B(4;) for n>1,2;, =0
Qal(m,2), {m} x 4) 2= { Omots AL Taon) - B o m 2 1o
Omm - 1a(x) for n=0
Notethatfor thecasen > 1, only onesenercanbeidle atatime. SincethequeuehasPoisson
singlearrival input, the probability thattwo senersfinish their work at the sametime instant

is zero. Furthermorejf onesener hadbeenidle beforethe othersener andtherehadbeen
any waiting usersin the queuejt would have commencedervingoneof them.

2.1 Transient Distrib utions

Denotel, € IR* asthe vectorwith all entriesbeingoneandwrite (z — y)* = ((z; —
y )t (me—yk) ) forallz,y € IRF. Let P(t; (n, z), {m} x A) denotethe probabilitythat
attimet € IR{, thequeueprocessX isin thestateset{m} x A undertheconditionthatit was
in state(n, z) attime 0. Further let PO(t; (n, z), {m} x A) denotethe sameprobability, but
restrictedto the setof pathswith [ € IN, jumpsuntil time . Thenthetransitionprobability
kernelandhencethetransientistribution of the queueprocessX is giveniteratively by

P(t; (n,z), {m} x 4) =Y PO(t; (n,z), {m} x A)

with
Omm €M 1a(z —t- 1) for ¢t <t.(z),n>1
POt (n,z),{m} x A) = ¢ Spo-eM-14((x —1t-1;)%) for n=0
0 else

asstartvaluesanditeratingby

PUD(4: (n, 2), {m} x A) = /Ot eAu/\/Ep(l)(t —u;y, {m} x A) dQ:((n,z),y) du
if t <t.(x)or

«(x)
Pt ), ) x A) = [ en [ P0G = s, (m) < 4) d@s(n,2),0) do
0

E

4+ e M=) [ pl) (t — tu(x);y,{m} x A) dQ2((n,x),y)
E



if ¢t > t.(z).

A more efficient way to computethe transientdistribution is the following: Definethe
operatorf by f(P®) := P+, Thenthetransitionprobabilitykernel P canbe computedas
thelimit

P = lim P,
n—,oo
with
P,=P9 and P,.=f(P)+PF (3)

Remark 1 Theaboveformulaefor thetransiendistributioncanbestatedor generapiecevise—
deterministicMarkov processeaswell. Usingthe notationsasin Costa,Dufour[11], which
aresimplerthantheonesin Davis [9], we have

PO(t; 2, A) = e 2@ ,(8,(x))

asstartvaluesandtheiteration
t
PO (t50,4) = [ NewN@u() [ PO uig,4) Q@u(e). dy) du
0 E

if t <t.(x)or
ty ()
PO (¢ 1, A) = / e~ M) \ (D, (1)) / POt — usy, A) Q(Py(2), dy) du
0 E

L e At @) / POt — t,(2)); v, A) Q(® (), dy)
E

if t > t.(z). Here,\(z) denoteshejumprateatz € E, ) is thejumptransitionmeasurend
Az, u) = [ M@y (2)) do.

Furthermoretheiterationasgivenin (3) is valid aswell in thegenerakettingof piecevise—
deterministioViarkov processes.

2.2 Stability and Stationar y Distrib ution

Resultsconcerningstability and the stationarydistribution canbe obtainedby applyingthe
methodof Costa,Dufour [11] to the preseniprocess.in this paper a crucialresultby Azema
etal. [1] is used,which stateghatthe stationarydistribution of a Markov processqualsthe
invariantmeasureof its resohent. In termsof the notationin Costa,Dufour [11], we have
A(z,t) = X - t anddefinethekernels

t«(z)
L((n, &), {m} x A) = 6,0 - / (1 (5 — 5. 1,) ds
0
aswell as

tw ()
K((n,z), {m} x A) = /0 e N (m, 7 — 5+ 14), {m]} x A) ds

i e—(t*(z)+At*(w))Q2((n, z — ti(z) - 1), {m} x A)



Thismeanghatfor A = A; x ... x A,
K((0,2),{0} x A) = e (-ITAD1, ( — 1, (x) - 1)

tu ()
K((0,z),{1} x A) = )\/ e TN (x — s- 1) ds
0

k
for [] =; > 0,

=1

()
K(0.0),0) x ) =A- BA) - [ e T e
0 J=1,j#1
+ 6_(t*(m)+)‘t*(m))1A($ _ t*(ﬂf) . lk)

for i = min{/: 2, =0} > 1 and

K((0,0),{0} x A) = X- B(4,) - /°° R GON ﬁ 1Aj($j _

=1,

while for n € IN andi = arg min{xz1, ..., zx},
ty ()
K((na) {n+ 1 x )= [ e 14— s-1) ds
0

K((n,z),{n—1} x A) = ¢~ =@+ () f[ 14, (z; — t.(2)) - B(4;)

J=1,5#1

Thekernels. and K canberegardedasthe resolhentsbeforethefirst jump of X andimme-
diatelyafterthefirst jump of X, respectiely.

Themainresultin Costa,Dufour [11] is thatthe existenceof a stationarydistribution for
the queueprocessX is equivalentto the existenceof an invariantpositive o—finite measure
for thekernelG := K + L (seetheorem3.5andcorollary3.6in [11]). This kernelG canbe
arrangedy its first componentn an IN, x IN,—matrixwith kernelentriesas

Goo(x, A) G()l (.T, ) 0 0 0
Glo(x, A) 1($, ) G01 (.’L’, A) 0 0
G(.T, A) — 0 0($, ) GH(.’L', A) G()l(l', A) 0

0 0 Glo(l‘,A) Gn(l',A) GOl(.T,A)

andthekernels

ty ()
Goo(z, A) = / ey (x — 5 - 1) ds + e~ G@OF@D Y (1 — ¢ () - 1)
0



k
for [] = > 0,

=1
ty(z)
Goo(z, A) = / e (1, (3 — 5 1,)F) ds
0

ts ()
+A-B(AZ-)-/ —(s+2s) H 1, ( )t ds
0

J=L,j#i
+ ef(t*(x)+)\t*(w))1A((x . t*(af:) . 1k)+)

fori = min{l: 2, =0} > 1 and

GOO(O,A):/ e, ((x—s- 1)) ds—i-)\-B(Ai)-/ e T 14,(0) ds
0 0

j=1,ji

aswell as

Glo(%" A) _e—(t (z)+ At (7)) H 1A )) B(AZ-)

J=1,j#1
ty ()
Gii(z, A) = / ef(sH‘s)lA(x —s-1g) ds
0
G(n(.??, A) = )\ . G11($, A)

for Hle x; > 0,7 =argmin{zy,..., 2} andA = A; x ... x A;. ThusG hastheform of a
birth anddeathtransitionmatrix with kernelentries.

Sincethesystem{[0, y1[x ... X [0, yx[: v1, - - -, yx € IR} } generates ((IRy)*), theabove
kernelsaredeterminedy thevaluesfor A = [0, y;[Xx ... x [0, yx[ for y1,...,yx > 0. Firstwe

haveforz =0
1+ AB([0, yi)

1+ A

Define M (z — y)* := max{0, (x1 — 1), ..., (vx — yx)} forall z,y € (IRS)*. Furthernote
thattheconditiont, (z) > M(x —y)* isequvalenttoy, > =, —t.(z) foralln € {1,...,k}.
Hencefor t,(z) < M(xz — y)* we getGoy(z, A) = Gio(z, A) = G11(x, A) = Go1(z, A) for
therestof thecasesThuswe assumé, (z) > M (z — y)* andobtain

Goo(0,A4) =

1

G()()(l', A) = 1—{——)\

(e—M(z—y)+(1+)\) + )\e—t*(x)(l-l—)\))

k
for [[ z; > 0, and

=1

1
Gonle, A) = 5 (14 AB(0, wDe™ "0 4 x(1 = B([0, y)e™0+Y)



for i = min{l/ : ; = 0} > 1, aswell as

Gro(z, A) = e @0 - B([0, 1))

1 +
A _( —M(z—y)*t(14+A) _ —t*(a:)(m))
Gu(z,A) = T \e e
A +
A) = _( ~M(z-y)T(1+A) _ 4*(;6)(1“))
Go(z, A) T \€ e
for [T, z; > 0, denotingi = argmin{xy,...,zx}. For [[*, z; = 0, we know that

Go1(z, A) = 0 andthat(n, ) is aninaccessibletatefor n € IN.

Now in orderto determineghe stationarydistribution of X, it sufficesto obtainthe station-
ary distribution for a quasibirth anddeath(QBD) processwith a continuousphasevariable.
Denotethis Markov processwith transitionkernelG by Y = (Y,, : n € IN). Thiskind of pro-
cesshasbeenexaminedby Tweedig[16]. In thisterminology we have By = G, Ag = Go1,
By, = Ay = Gho, A1 = G171 andA4; = B; = 0 for all otherindicesi, j € IN,. Further define
A= A0+A1+A2and

Bw) = Ai(w, (IRg)") + 2+ As(w, (IRg)")

In Tweedie[16] it is shavn that,undersometechnicalassumptionsa sufficient conditionfor
theQBD procesdo have astationarydistributionis that A hasaninvariantprobabilitymeasure
v andthatthedrift condition

B(w)v(dw) > 1 4)

is satisfied.Thenthe stationarydistribution IT of the QBD is givenby
Wk A)=c [ ollidy)SH(y. 4
(R )*

forall k € INy and A € o((IR{)*), with ¢ = TI(0, (IR{)*) > 0 and S* denotingthe kth
iterationof thekernelS. Here,(I1 denoteghe stationarydistribution of theimbeddedViarkov
chainyY atlevel zerowith transitionkernel

B(S)(z, A) = By(z, 4) + /( o SE B A

forallz € (IR])* andA € o((IR])*). ThekernelS on (IR )* is the minimal solutionto the
equation

S(z, A) = Ag(z, A) +/

(IRy )

S(z. dy) Ay (y, 4) + / Sz, dy) Aa(y, A)

(7))

forallz € (IR{)* andA € o((IR§)¥). Furthermore¢ canbe determinedasthe normalizing

constantj.e. X
= (Z/ T(dy)S*(y, (IR$) ))
R+)k



Henceundercondition (4), the QBD processY hasan operatorgeometricsolutionII.
Questionsof numericalcomputationof suchsolutionshave beenaddressedby Nielsenand
Ramaswami[15]. The probablymostfeasibleapproacho developinga numericallytractable
calculusof suchkernelswould beawaveletrepresentationAlso applicableto thepresentase
arethe algorithmspresentedy Baum|[3, 2] sincethey useonly algebraicand probabilistic
arguments.

Assumenow that condition (4) is satisfiedand denotethe stationarydistribution of the
QBD process” by I1. Thenremarks3.8and3.1alongwith theorenm3.5in Costa,Dufour[11]
imply thaty = IIL is a stationarydistribution for X . With the above notationsthe structure
of pis

ulk, A) = c/ / I(dy)S*(y, dz)L(z, A) (5)
IR+)k R+

forall k € INy andA € o((IR{)*). Thusthe queueprocessX hasan operatorgeometric
solution.

Remark 2 Analogouslyto the methodof Tweedie[16], onecangeneralizeknown resultsfor
M /G /1-type matricestowardssuchmatriceswith kernelentries. This yields the possibility
of including BM AP arrivals (with m phases)nto the model. With sucharrivals, the abore
kernelG would assumel//G/1-typeform (of dimension(IN, x {1,...,m})%) with kernel
entriesif orderdedaccordingto the numberof usersan the systemandthe phaseof thearrival
process.

3 The M/G/k Retrial Queue

The sameapproachasabove appliesto the M/G/k retrial queue.In termsof arepresentation
asa piecavise—deterministidMarkov processthis queueis simplerasit doesnotinvolve ary
jumpsfrom a setof borderstates.In termsof the resultingmatricesto be solved, it is more
complicatedsincethesematricesnow arelevel-dependent.

In this section,the respectre formulaefor the transientandstationarydistributionsshall
be givenfor the following system:Considerthe M/G/k retrial queuewith Poissoniannput of
rate A andservicetime distribution B, equalfor eachof the k£ seners. Again, theassumption
of equalservicetime distributionsis not necessaryor the presentmethodof analysis but it
simplifiesnotations. A userwho finds the systembusy shall persistently(i.e. until success-
fully enteringthe system)retry at time instantsgiven by a Poissonprocesswith rate u. All
usersin the orbit, i.e. all userswhich have found the systembusy, are assumedo behae
independently

This queuecanbe modelledasa piecavise—deterministidlarkov processwith statespace
E := INy x (IR§)*. Definethe sameflow ® on E asgiven by (1). A state(n,z) =
(n,z1,...,x;) wWill be giventhe sameinterpretationasfor the ordinary M/G/k queuewith-
outretrials,the only differencebeingthatn shalldenotethe numberof usersin the orbit. As
in definition(2), denoteby ¢, (x) thetime until thefirst serner becomeempty

Unlike for the ordinary M/G/k queue,we have only jumpsinducedby external Poisson
events. Thisis dueto the factthata sener becomingidle doesnot leadimmediatelyto the



admissionof a waiting userinto the system but suchanadmissioncanoccuronly dueto the
Poissoniararrival or retrial streams.In termsof the corventionsin Costa,Dufour [11], this
meanghatattheboundary

OE° = {(n,z1,...,24)| 31 <i<k:z; =0}

no jJumpsoccur Thusthe M/G/k retrial queuecanbe modeledasa cornvenientspecialcaseof
piecavise—deterministidarkov processes.

3.1 Transient Distrib ution

In this section,we wantto derive an expressionof the transientdistribution in a form thatis
similarto the expressiorfor thetransitionkernelof aMarkov jump processsgivenin Breuer
[5], p.70,0r moreexplicitly in Breuer[4], p.92f.

Definethekernel

Q((TL, :E), {m} X A) =A (Ql((na .Z‘), {m} X A) - 5m,n1A(x))
+n- M (QQ((na l‘), {m} X A) - 5m,n1A($))

alongwith thetransitionmeasures

k
Qv((n,2), {m} x A) = { 5m’nj:11_£_#1,4j (z;)B(4;) fori=min{l <j<k:z; =0}

Omm+11a(z) if z; > 0forall j

for arrival events,and

k
Qo((n, ), {m} x A) = { 5m,n_1j:1_,£#114j (z;)B(4;) fori=min{l <j<k:z; =0}

1
Omnla(zx) if z; > 0 forall j

for retrial events.
Similarto thekernelG in theprevioussectionwe canwrite thekernel@ asablock matrix

Qoo(z,4) Qoi(z, A) 0 0 0
Qio(z, A) Qui(z,A) Qr2(z,A) 0 0
Qz,A) = 0 Q21 (2, 4) Qaa(z, A) Qos(z,A) 0

0 0 Q32($,A) Q33(33,A) Q34(I,A)

with kernelentries

Qnn(z, A) = AQ1((n, ), {n} x A) +n - puQ2((n,z),{n} x A) — (A +n-pu)la(x)

=X [ 14,(®)) (B(A) = 1a,(2:)) —n - pla(z)

=1,



fori =min{l < j <k:z; =0},
Qnn(z, A) = =Ala(x)
if z; > 0 for all j, aswell as
Qua+1(w, 4) = AQ:((n, 2), {n + 1} x A) = A4 (2)

if z; > 0 forall j, and

Qua—1(,4) = n- pQa((n2), {n =1} x A)=n-p ] 1a,(2;)B(A)

j=1j#i

fori = min{l < j < k : z; = 0}. Notethatthis kernel( is level-dependent,nlike the
kernelG in the previoussection.

Remark 3 Theretrialqueuds perhapshemostclassicakxamplefor level-dependerqueue-
ing systemsThus,in thissectionit is analyzedn orderto exemplify themethodof analysidor
level-dependendystems.The samemethodcanbe appliedto othertypesof level-dependent
systemse.q.finite capacityqueuegseeHofmann[13], p.84f).

Furthermorethis methodof analysisalsoholdsfor BMAP arrivals(with m phases)Then
the kernel @ canbe written asa (IN x {1, ..., m})’~block matrix with kernelentriesif it
is orderedaccordingto the numberof usersin the systemandthe currentphaseof the arrival
stream.Thefollowing agumentshold for this kind of kernel,too.

The kernel @ is the infinitesimal generatomwhich characterizeshe jump part of of the
gueueingprocess.() canbe decomposedhto aratepart R anda conditionaljump part.J as
follows: Define R to bethe negative diagonalof Q andJ := R~'Q + I. Thesedefinitionsare
completelyanalogouso the constructiorof adiscrete—timaMarkov chainfrom a continuous—
time Markov chain(with discretestatespaces)asdescribece.g.in Breuer Dudin, Klimenok
[6]. Thenwe have therelation

Q=—-R+RJ
with aratekerneldefinedby
=AM +n-p)la(z) fori=min{l <j<k:z; =0}
Ry (@, A) = { —Ala(x) if z; > 0 forall j

foralln € INy, z € (IR§)* andA € o((IR{)*). Fromthis definitionit is obviousthatthe
diagonalkernel R hasaninverseR~!.

Definefor akernel K : E x ¢(F) — IR andafunction f : E — FE the operation
Ko f(z,A) := K(f(z), A). Furtherdenotetheidentity kernelon E by Id. By remarkl, we
thenhave thefirst statement

10



Theorem 1 The transientdistribution kernel of the queueingprocessof the M/G/k retrial
gueusds givenby

0 t tn to 2
:Z/ / / e—fothocbu du(RO(Dtl)Jeifttl Ro®y du(ROQtZ,tl)J...
n—=0 0 0 0

tp—
e T R “(Ro®, 4, ,) e Jin B W(Ido®yy,) dy ... dy

n

thesumentryfor n = 0 beingthe kernele= /o 2%« & (1 d o &),

Proof: For thespecialcaseof piecavise—deterministidarkov processethatis appliedhere,
theiterationin remarkl alwaysuseghefirst typeof iterationstep(for ¢t < ¢,(x)). By induction

onn it is shovn thatthe n-th sumentryin theabove theoreml equalsP™ in remarkl.
©

Theorem 2 Thetransientdistribution kernelof the queueingorocesscanalsobewritten as

o t ptn ts
:Z/O/O /0 (Qo®,)(Qo®y_y,)...(Qody . _VIdo®_y ) dy ...dy,
n=0

thesumentryfor n = 0 beingthekernelId o ®,.

Proof: The proof of this theorenrequirestwo lemmatawhich aregivenafterthis proof. For
akernel K andatime durationt, abbreiatein this proof K; := K o ®;,. We now have

0 t  ptn to
nz::o/o /0 /0 (Qo®,)(QoPy_t,)...(QoDy, 4, )Ido @y ) dy ...dys,
o0 t ot t
:nz_%/o /0 /0 (—Ry, + (R))y) ... (— Ry, + (RJ)y,) Idy 4, dyy ... dy,

Theintegrandof every entry of this sumcanbewritten as

(—=Ri, + (R)w) .- (=Ry, + (RI)y,) Idiey, = > Ky .. K, Idy,

le{0,1}n
with f
Rt or lj =
Ky = { (RJ) for 1; =
forall j = 1,...,n. Summingup over the numberm(l) := [{j : [; = 1}| of jump events

(RJ) andrewriting theintegrationlimits, we obtain

0 t tn to
Z/O/O /0 (Qo®,)(Qo®yy_y,)...(Qo®y, . )Ido®_y)dy ...dy,
n=0

- i/t/tm""/t2 H(Oatl)(RJ)H(tl,tQ)(RJ) ...... (RJ)H(tm’t) dty ... dt,

11



abbreviating

ti+1
J+1 = Z/t / / u1 t] Ruz—ul) s

Run Up— 1) Idt].H —Un dul dun
forall j € {0,...,m}, definingt, := 0, andusing
(RT)i; = (Ro®y,)J = (Ido &;,)RJ = IdyRJ (6)

Now lemmaz yields

0 t tn to
] Qo®)(Qo®y, )...(Qod,, o )Ido®, . )dy...dy,
nz_%// / t to—t1 tn—t t—t (3 t

/ / / "Rudu 1g (RJ)e~Jo? T Rudu pg  (RJ)...

tm—t;,— —tm
P "Rudurg o (RJ)e Jo T Bedu Ig gy duy,

whichtogethemwith relation(6) andtheoreml provesthetheorem.
©

Lemmal Choosen € IN andlet f : IR" — IR denotea symmetricfunction, which is
integrable over everyfinite interval. Thenthe equation

/ /ftl,..., ) dt, .. dt—n'// /ftl,..., ) dty ... dt,

holdsforall s <t € IR™.

Proof: Sincefor every permutations € S,,,

t tn to
s S S s<t1<...<tp <t
= / f(tg(l),...,ta(n)) dty ...dt,
s<t1 <. <tn <t
:/ Ftr, ... ) dty ... dt,
5<to_—1(1)<---<ta.—1(n)<t

we conclude

t t
// fte, .. tp) dty ... dt, = Z/ F(ty, ... tn) dty ... dt,
s s §<ty (1)< <tg(n)<t

0c€Sn

tn 1o
=n!- // ftl,,tn)dtldtn

which wasto be proven.
©

12



Lemma?2 Foreverys <t € IR", wehave

S t tn t2
Z/ / / (—RO(DtI,S)(—RO (th,tl)...(—RO (ﬁtn*tn—l) (IdO@t,tn) dtldtn
n=0vs Js s

= o R du (145, )
Proof: Foreveryn € IN, z € E andA € o(FE), thefunction
flt,..yty):=(—Ro®y )(—Ro®yy, 4,)...(—Ro Py, ¢,_,) (Ido®; 4 )(z,A)
= (= R(®Ps—s(2), {1, —s(2)})) - - - (= B(®Pp,,—(2), { D1, 5 () })) 1a(®1—s(2))
is symmetricin ¢, ..., t,, ascanbe shavn by inductiononn € IN. Furthermorefor every
x = (m,y) € E theabove functionis boundedby (A + mu)™, henceintegrableover every

finite interval.
Thenlemmal yieldsfor then-th sumentry of theleft side

t tn to
/ / (—RO(I)tl_s)(—RO (th—tl) ...(—Ro@tn_tn_l) (Ido@t_tn) dtldtn
s 51 ts_s .

- </0 _Rod, du> (Ido®,_,)

which provesthe statement.
©

Remark 4 A mererestatemenof the above theorem2 in differenttermsof writing is the
formula

P(t: 7, A) :g/ot/otn.../otz /(Rar)kQ((x—tllk)ﬂdyl)...

. Q((yn - (tn - tn—l)lk)+a dz)(ld © qjt—tn)(za A) dtl .- -dtn
(RJ)E
Remark 5 Expressionssin theoremsl and2 alsohold for generalpiecavise-deterministic
processesvithout jumpsfrom a borderset,i.e. with ¢,(z) = oo for all z € E. This canbe
seenfrom thefactthatin the above derivationsthe specialform of Q hasnot beenexploited.
Notethattheletter in this sectiondenotesaninfinitesimalgeneratodefinedin termsof the
transitionmeasuresandnot, asin remarkl, thetransitionmeasuratself.

Remark 6 Theformulaederivedin theorem?2 andin remark4 canbe computedoy thesame
kind of iterationasgivenin (3). Namely for theresultof theorem?2 we definethe startvalues
Py(t) :== Id o ®, for all t € IR} andtheiteration

t
Py (t) = / (Q o B)Py(t — 5) ds + Po(t)
0
forallt € IR]. Thenwe havethelimit P(t) = lim,_, o, Py (%).

Of coursethis way of computingthetransientistributionsis valid for thegeneralizations
of remark5, too.
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3.2 Stability and Stationar y Distrib ution

FortheM/G/k retrial gueue ananalysigegardingstability andthe computatiorof a stationary

distribution canbeperformedalongthelinesof section2.2. Again oneobtainsa QBD—matrix

with kernelentrieswhichis to be solved,althoughthis time the matrix is level-dependent.
Analogousto section2.2,we definetheresolents

L((n,z),{m} x A) =y / e_(5+’\s+"'“)1A((x —5-1,)%) ds
0

aswell as
K((n,z),{m} x A) = /Ooo e~ AN ((n, (w — 5 - 1)), {m} x A)
+n-uQa((n, (x —s-1;)"),{m} x A) ds

forn,m e IN,z € (IR;)" andA € o ((le)k>, aswell asG := K + L.
ThenthekernelG canbewritten asa block matrix

Goo(z,4) Goi(z, A) 0 0 0
GlO (.’13, A) Gll (37; A) G12 (.’L’, A) 0 0
G(.T, A) = 0 G21 (37, A) G22(-'L', A) G23 (.’L‘, A) 0

0 0 G32(£L’,A) Ggg(l',A) G34(£E,A)

with kernelentriesG,,.,, i.e. G hastheform of alevel-dependertlock tridiagonalmatrix.
SetA = [0,y;[x ... x [0,yx[ With yy, ...,y € IRT. Asin section2.2,the kernelentries
of G aredeterminedy thevalues

Gn,n(x:A) — / e*(s+)\s+n.u5)1A((m —3- 1k)+) ds
0

o k
+/ e~ (sFAstn-ps) \ | | 1[0,yj[(33j = s)B([0, i[) ds
1
- _(1+)\+H.N)M(z—y)+ )\B O . _(1+)\+n.“)M(m_y)+)
1+)\—|—n-ﬂ<e AR e

fori =min{l < j <k:z; =0} and
Gnyn(x’A) — / 6_(5+)‘3+”'“5)1A(($ —s- 1k)+) ds
0

o
0

— I+n- H e—(1+)\+n-u)M(m—Z/)+
1+A4+n-p
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if z; > 0 for all j, aswell as

o k
Grns(aA) = [ T Loyi(a; = s)B(0.ui) ds
0 j=1,j#i
= n- pB([0, y)e XN

fori =min{l < j <k:z; =0} and

G (2, A) = / (AR N ] (5 — 5 1,)F) ds
0

— )\e—(1+)\+n-u)M(w—y)+

if z; > 0 for all j. As in section2.2, we have defined M (z — y)* := max{0, (z; —
yl)a R (xk - yk)} for all x,y € (le—)k

In the sameway asTweedie[16] generalizedhe analysisof G /M /1-typeblock matrices
towardsG /M /1-type block matriceswith kernelentries,one cangeneralizehe methodin
Hofmann[13, 14] for the analysisof level-dependend//G /1-type matrices,and hencefor
theabovelevel-depender®BD-typekernelG. Thisleadsto stability conditionsfor G aswell
asto analgorithmfor its solution. Thenthe solutionof G leadsto the stationarydistribution
via formula(5), asdescribedatthe endof section2.2.

Remark 7 Thegeneralizatiomf resultsn Hofmann[13] towardsM /G /1-typematriceswith
kernelentriesallowstheinclusionof BMAP arrivalsinto themodel. ThenthekernelG would
becomea (IN, x {1,...,m})*~blockmatrix with kernelentriesif it is orderedaccordingto
thenumberof usersin the systemandthe currentphaseof thearrival stream.
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