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ABSTRACT

The presentpapercontainsan analysisof the MAP/G/1 queuewith last come
firstsened(LCFS)preemptverepeatervicedisciplineandLebesgue—dominated
servicetime distribution. Thetransiendistributionis givenin termsof arecursve
formula. Thestationarydistribution aswell asthe stability conditionareobtained
by meansof Markov renaval theoryvia a QBD representationf the embedded
Markov chainat departuregndarrivals.
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1 INTRODUCTION

This short note gives simple solutionsfor the transientand stationarydistribu-
tionsof theMAP/G/1 queuewith lastcomefirst sened (LCFS)preemptve repeat
servicedisciplineandLebesgue—dominatesrvicetime distribution. Thecharac-
teristicfeaturewhich makesthe queueunderconsideratiorespeciallytractableis
thatafteranarrival expelstheuserin servicefrom the servicefacility, thelatter’s
remainingservicetime doesnothave ary effectonthefuture of thequeueingoro-
cessandhencemaybeforgotten.Thisallowsamodelwith acountablestatespace
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(namelythe numberof usersin the systemandthe phaseof the arrival process).
Thetransientdistributionis givenin termsof arecursve formula. The stationary
distribution aswell asthe stability condition are obtainedby meansof Markov
renaval theory

For a shortaccountof applicationswhich aremodelledby the type of queue
consideredhere,seeHeandAlfa[l]. Formerresearctof queuesvhicharesimilar
to thatunderconsideratiorherecanfurtherbefoundin Gaur[2, 3], Kumaretal.
[4], Miyazawa[5], Pechinkin[6], Machihard7, 8] aswell asHe andAlfa[9, 10].

Therestof this sectioncontainsbasicdefinitionsandnotations.In section2,
thetransientdistributionsof the queuearegivenasrecursve formulae.Section3
containsananalysisof the stationaryregime by meansof Markov renaval theory
anda QBD representationf the queueingorocessat arrival anddeparturdimes.

Let G denotethe distribution function of the servicetime andG¢ := 1 - @
its complement.For Lebesgue—dominateskrvicetime distributionsthereis an
integrablefunction g suchthatGe(t) = [* g(u)du for all t € IR§. It is well
known (e.g. Davis [11], p.37)thatin this casewe further have a representation
Ge(t) = e Johau for all ¢ € IR with a so—callechazardfunction i (u) defined
by h(u) = g(u)/G(u) for allu € IR{.

Markovian Arrival Processe@MAPSs) andBatchMarkovian Arrival Processes
(BMAPS) have beenintroducedby Neuts[12] and Lucantoni[13] in orderto
provide input streamdor queueingystemsvhich areMarkovian (andhenceana-
lytically moretractableontheonehandbut veryversatile(evendensan theclass
of point processesseeAsmusserandKoole[14]) on the otherhand. For gener
alizationsof BMAPs seeBreuer[15]. A procedurdor statisticalmodelfitting of
BMAPs s introducedn Breuer[16].

Let (Do, D;) denotethe representatiorof the MAP that modelsthe arrival
streamof the queue.D, and D, aretwo matricesof dimensiond x d. An entry
D, ; (withn = 1 ori # j) denoteghe infinitesimalrate of a so—calledphase
changefrom ¢ to j while observingn arrivals (n = 0,1). TheentriesDy,;; =
— >z Dosij — ijl D, ; aresimply the negative sumof the otherrow entries
in orderto make D = Dy + D, ageneratomatrix. The numberof phaseshall
bedenotedby d > 1.

Thelastcomefirst sened (LCFS) preemptve repeatservicedisciplinemeans
thatwheneer a new userentersthe queue,it is admittedto the servicefacility
immediately If anotheruseris in serviceatthearrival time (i.e. if its servicehas
notbeencompletedyet), thenthis usermustleave the servicefacility andgo back
to thewaiting facility. Onceit reenterghe servicefacility, the serviceis repeated



completelyi.e. anotherwhole servicetime is requiredfor the user Denotethe
gueueingprocesgi.e. thetwo—dimensiongbrocessndicatingthenumberof users
in the systemaswell asthe phaseof thearrrival processpy Q = (Q; : t € IRy).

Thusthe statespaceof @ is IN x {1,...,d}, andQ; = (k,i) meanghatattime
t thereare k usersin the system(including the servicefacility) andthe arrival

processs in phase.

2 TRANSIENT DISTRIBUTION

Let P,((k,1), (m, j)) denotethe conditionalprobability of observingthe arrival
phaseprocessheingin statej € {1,...,d} andm € IN, usersin the system
attimet € IR; giventhatattime 0 the arrival phaseprocesswasin statei €
{1,...,d}, therewerek € IN, usersin thesystemand,if £ > 0, theservicepro-
cesshadjust begun. Definethe matricesP;(k, m) = (P,((k, 1), (m, j)))1<ij<d
for all ¢ € IR andk, m € IN,.

Let (7,, : n € IN,) denotethe sequencef jump (i.e. arrival or departure)
timesof thequeudengthprocessThesearestoppingtimesandcanbedefinedby
Ty == 0andT, := inf{t > T,,_1 : pri(Q:) # pr1(Q:)} for all n € IN, with pry
denotingthe projectionmappingonto the first dimension(i.e. on the numberof
usersin the system).Summingup over the numberof jumpsof the queuelength
processuntil timet, we have

n=0
with
eDot k =m = 0
POk, m) = { efs@oh(s)Dds > 1 1)
0 else
andrecursvely
t
P (0,m) = [ D2, (1,m) du @
0



and
t
Pt("H)(k,m):/ e (Do—h(s)1)ds
0

(DlPt(fL(k +1,m) + h(u) - Pk — 1, m)) du (3)

for k > 1. Sincethe queueingorocesss skip—freewith respecto the numberof
usersin thesystemxheprobabilityPt(")(k;, m) will vanishfor n < |k — m)|.
Assumethatthe queueingprocessstartsidle, i.e. thatattime 0 thereareno
usersin the system. Thenthe transientdistribution (P,(k) : k£ € IN,) of the
numberof usersin thesystemattimet € IR" undertheinitial phasedistribution
po IS givenby
Pi(k) = poP;(0,k)1,4

with py beinga row vectorand1, denotinga d—dimensionatolumnvectorwith
all entriesbeingl.

Thecomputatiorof thetransitionprobabilitymatricesP; (k, m) is of thesame
compleity asthe computationof a Markov renaval function (cf. Cinlar [17],
pp.317f.). The following iterationis similar to the onegivenin Bellman[18],
p.168: Write P(t; k,m) := P,(k,m), includingt asa variable. Define the op-
erator f by f(P™) .= P+ Thenthe transitionprobability kernel P canbe
computedasthelimit

P = lim P,

n—,oo
with
P,=P9 and P,,=f(P)+ P

for all n € IN,. Here, P, canbe interpretedasthe transitionprobability matrix
with pathsrestrictedo atmostn jumpsof thequeudengthprocesauntil timet. In

comparisonP™ would be the transitionprobability matrix with pathsrestricted
to exactly n jumpsof the queudengthprocessuntil time ¢.

More explicitly, in orderto derive theblock matrix P, = (P;(k, m))k,memw, We
firstidentify Py(u; k, m) := P&O)(k, m) forallu € [0,t] andk, m € IN, according
to equation(1). Thenwe determineP; (u; k, m) = P,El)(lc, m) + Py(u; k,m) for
allu € [0,¢] andk, m € IN, accordingio equationg2) and(3). Having obtained
the valuesof the matrix function P, in sucha way, we caniteratively determine
thevaluesof P, by

¢
Poi1(u;0,m) = / ePuDy P, (t — u; 1,m) du + Py(u; k, m)
0
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for all u € [0,¢] andm € IN, accordingto equation(2) andsimilarly the values
P, 1(u;k,m) forallu € [0,t], k € IN andm € IN, accordingto equation(3).
Theiterationcanbe stoppedassoonas

inf Y Pty (ki) (m, ) >1—¢

kEN,1<i<d _
mEWO,IS]Sd

i.e. whenthe lower boundof the probability massreachesomethresholdvalue
1 — e with smalle > 0.

3 STATIONARY DISTRIBUTION

ThequeuecanbemodelledasaMarkov renaval procesgseeCinlar[17], pp.313f)
in thefollowing way. Let (7,, : n € IN,) denotethe sequenc®f jump timesof
pr1(Q) asdefinedn section2. FurtherdefineX = (X,, : n € INy) by X,, := Qr,
for all n € INy. Then(X,T) is a Markov renaval process.The transitionprob-
abilitiesfor the Markov chain X shallbe denotedby P((k, i), (m, j)), indicating
the conditionalprobabilitythat X; = (m, j) giventhat X, = (k,7). Definefur-
therthe matricesP(k, m) = (P((k, i), (m,7)))i<ij<q for all k,m € IN,. Then
we canwrite

B=-D;'D, (k,m) = (0,1)
P(k,m) = S Ay = [P D Johdsdt  k=m—1>1
Ay = [C e fohOisp(p)elotdt k=m+1>1

for all k&, m € IN,. Thedistributionsof the Markov renaval intenvalsT,, — T,,_,
aregivenas

ka(t) = Fk(t) = P(Tn - Tn—l > t|Xn_1 = k)
elot k=0
) eJiDo-h(s)Dds . >1
independentlyof m € IN,. Sincethereareonly finitely mary phasesandthe

servicetime is strictly positive with probability 1, this implieslim,, ,, 7,, = oo
almostcertainly



Thetransitionprobability matrix

0 B 0 O
p:AQOAOO

0 Ay 0 A

representadiscreteime QBD processyhich canbesolvedby standardnethods
(seeLatouche Ramasvami[19, 20]). DefineA := A, + A,. By assumptionthe
phaseprocesss irreducibleandindependentf the service.Hence thetransition
matrix A is irreducibleand hasa uniqueinvariantmeasuren. The chain X is

ergodic iff 2adyl; < 1. Assumethat this is satisfied. Denotethe stationary
distributionof X by 7: 7 is arow vector indexedasnt = (w(k,j) : k € INy,j €

{1,...,d}), andsatisfyingr = 7 P.

Thequeueingorocess) is theminimal semi—Marlov processassociatedvith
(X,T),i.e.Q, = X, forT,, <t < T, (seeCinlar[17], pp.337f). Let P2(k, j)
denotethe probabilityof @) beingin state(k, j) attimet, i.e. of observingk users
in the systemandthe arrival phasebeingj. Thenthe stationarydistribution v of
Q is independenof theinitial distribution andgivenby
ka .7) i} U(ka .7)

To
with o = (o(k,j5) : k € INy,j € {1,...,d}) denotingthe column vector of
meansojourntimes,i.e. o (k, j) = Ew ; (11) with Ey ;) denotingthe conditional
expectatiorunderinitial state(k, j) € INg x {1,...,d}.

Thevectoro canbedeterminedn a straightforvardmanneras

. . 3 v
v(k,j) = grgloPtQ(k,J) _

o(0,9) = /0 e;e?y dt = —e] Dy 'y
and
okg) = [ el g
0

for k > 1andj € {1,...,d}, with el denotingthe jth canonicarow basevector
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