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ABSTRACT

The presentpapercontainsan analysisof the MAP/G/1 queuewith last come
first served(LCFS)preemptiverepeatservicedisciplineandLebesgue–dominated
servicetimedistribution. Thetransientdistributionis givenin termsof arecursive
formula.Thestationarydistributionaswell asthestabilityconditionareobtained
by meansof Markov renewal theoryvia a QBD representationof theembedded
Markov chainat departuresandarrivals.
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1 INTRODUCTION

This short note givessimple solutionsfor the transientandstationarydistribu-
tionsof theMAP/G/1queuewith lastcomefirst served(LCFS)preemptiverepeat
servicedisciplineandLebesgue–dominatedservicetimedistribution. Thecharac-
teristicfeaturewhich makesthequeueunderconsiderationespeciallytractableis
thatafteranarrival expelstheuserin servicefrom theservicefacility, thelatter’s
remainingservicetimedoesnothaveany effectonthefutureof thequeueingpro-
cessandhencemaybeforgotten.Thisallowsamodelwith acountablestatespace
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(namelythenumberof usersin thesystemandthephaseof thearrival process).
Thetransientdistribution is givenin termsof a recursive formula. Thestationary
distribution aswell as the stability conditionareobtainedby meansof Markov
renewal theory.

For a shortaccountof applicationswhich aremodelledby the typeof queue
consideredhere,seeHeandAlf a[1]. Formerresearchof queueswhicharesimilar
to thatunderconsiderationherecanfurtherbefoundin Gaur[2, 3], Kumaret al.
[4], Miyazawa[5], Pechinkin[6], Machihara[7, 8] aswell asHeandAlf a [9, 10].

Therestof this sectioncontainsbasicdefinitionsandnotations.In section2,
thetransientdistributionsof thequeuearegivenasrecursive formulae.Section3
containsananalysisof thestationaryregimeby meansof Markov renewal theory
andaQBD representationof thequeueingprocessatarrival anddeparturetimes.

Let
�

denotethe distribution function of the servicetime and
����������	
�

its complement.For Lebesgue–dominatedservicetime distributionsthereis an
integrablefunction � suchthat

� �
����� ������ � ��������� for all
��� �"!$#% . It is well

known (e.g. Davis [11], p.37) that in this casewe further have a representation� �&����� �('*),+.-/10325476"894 for all
�:�;�<!$#% with a so–calledhazardfunction = �>�?� defined

by = ����� � � ���?�A@ � � ����� for all
�B�C�"! #% .

MarkovianArrival Processes(MAPs)andBatchMarkovianArrival Processes
(BMAPs) have beenintroducedby Neuts [12] and Lucantoni [13] in order to
provideinputstreamsfor queueingsystemswhichareMarkovian(andhenceana-
lytically moretractable)ontheonehandbut veryversatile(evendensein theclass
of point processes,seeAsmussenandKoole [14]) on theotherhand.For gener-
alizationsof BMAPs seeBreuer[15]. A procedurefor statisticalmodelfitting of
BMAPs is introducedin Breuer[16].

Let
�ED %GF DIH�� denotethe representationof the MAP that modelsthe arrival

streamof thequeue.
D % and

DIH
aretwo matricesof dimension

��JK�
. An entryDML*N O<P Q

(with R �S� or TVU�XW ) denotesthe infinitesimalrateof a so–calledphase
changefrom T to

W
while observingR arrivals ( R �SY F � ). The entries

D % N OZP O �	\[ Q^]_ O D % N OZP Q 	`[ 8Q _ H DIH9N OZP Q aresimply thenegativesumof theotherrow entries
in orderto make

D � D %ba DIH a generatormatrix. Thenumberof phasesshall
bedenotedby

�dc �
.

Thelastcomefirst served(LCFS)preemptiverepeatservicedisciplinemeans
that whenever a new userentersthe queue,it is admittedto the servicefacility
immediately. If anotheruseris in serviceat thearrival time (i.e. if its servicehas
notbeencompletedyet), thenthisusermustleave theservicefacility andgoback
to thewaiting facility. Onceit reenterstheservicefacility, theserviceis repeated
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completely, i.e. anotherwhole servicetime is requiredfor the user. Denotethe
queueingprocess(i.e. thetwo–dimensionalprocessindicatingthenumberof users
in thesystemaswell asthephaseof thearrrival process)by e � � e � � �f�;�"! #% � .
Thusthestatespaceof e is

�"g % Jih � F3j3j^j^F �lk , and e � � �nm F T � meansthatat time�
thereare

m
usersin the system(including the servicefacility) and the arrival

processis in phaseT .
2 TRANSIENT DISTRIBUTION

Let o � ���nm F T � F �>p F W �A� denotethe conditionalprobability of observingthe arrival
phaseprocessbeing in state

W �qh � F3j3j^j7F �lk and
p �r�<g % usersin the system

at time
��� �<! #% given that at time

Y
the arrival phaseprocesswas in state T �h � F^j3j3j
F �lk , therewere

ms�;�"g % usersin thesystemand,if
mut Y

, theservicepro-
cesshadjust begun. Definethe matriceso � �Em F ps� �v� � o � �A�Em F T � F ��p F W �A�A�wH9xyOZP Q&x 8
for all

�z�C�"!$#% and
m F p{�C�"g % .

Let
��|}L � R �~�"g % � denotethe sequenceof jump (i.e. arrival or departure)

timesof thequeuelengthprocess.Thesearestoppingtimesandcanbedefinedby| % �v� Y and
|?L ���(�<�1� hG�ft�|?L ) H �.�l� H7� e � � U�`�l� H7� e � ) �&k for all R ���"g , with

��� H
denotingtheprojectionmappingonto thefirst dimension(i.e. on thenumberof
usersin thesystem).Summingup over thenumberof jumpsof thequeuelength
processuntil time

�
, wehaveo � �nm F ps� � �� L _ % o 2 L 6� �Em F ps�

with o 2 % 6� �Em F ps� � ��� ��
'G� / � m � p ��Y' +.-/G2 � / ) 0G2��n6���6"8�� m � p�c �Y

else

(1)

andrecursively o 2 L # H 6� � Y F ps� ��� �% ' � / 4 DIH o 2 L 6� ) 4 � � F ps����� (2)
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ando 2 L # H 6� �nm F ps� ��� �% ' +*�/ 2 � / ) 032��n6���6�8��� DIH o 2 L 6� ) 4 �nm a � F ps� a = �>�?����� o 2 L 6� ) 4 �Em 	�� F ps������� (3)

for
m;c �

. Sincethequeueingprocessis skip–freewith respectto thenumberof
usersin thesystem,theprobability o 2 L 6� �nm F ps� will vanishfor R;��� m 	 p � .

Assumethat the queueingprocessstartsidle, i.e. that at time
Y

thereareno
usersin the system. Then the transientdistribution

� o � �Eml� � m��X�"g % � of the
numberof usersin thesystemat time

���;�<! #
undertheinitial phasedistribution� % is givenby o � �nml� ��� % o � � Y F ml� � 8

with
� % beinga row vectorand

� 8 denotinga
�
–dimensionalcolumnvectorwith

all entriesbeing1.
Thecomputationof thetransitionprobabilitymatriceso � �Em F ps� is of thesame

complexity as the computationof a Markov renewal function (cf. Çinlar [17],
pp.317ff.). The following iteration is similar to the onegiven in Bellman[18],
p.168: Write o ���&�&m F ps� ��� o � �nm F ps� , including

�
asa variable. Definethe op-

erator � by � � o 2 L 6 � �v� o 2 L # H 6 . Thenthe transitionprobability kernel o canbe
computedasthelimit o �  Z�<¡LG¢ � o L
with o % � o 2 % 6 and o L # H � � � o L£� a o %
for all R �`�<g % . Here, o L canbe interpretedasthe transitionprobability matrix
with pathsrestrictedto atmost R jumpsof thequeuelengthprocessuntil time

�
. In

comparison,o 2 L 6 would bethetransitionprobabilitymatrix with pathsrestricted
to exactly R jumpsof thequeuelengthprocessuntil time

�
.

Moreexplicitly, in orderto derivetheblockmatrix o � � � o � �nm F ps�A��¤
P ¥§¦ � ¨ / we
first identify o % �>�©�&m F ps� �v� o 2 % 64 �nm F ps� for all

�ª�¬« Y F �9­ and
m F p{�C�"g % according

to equation(1). Thenwe determineo H7�>�©�&m F ps� � o 2 H 64 �nm F ps� a o % ���©�&m F ps� for
all
�C�¬« Y F �9­ and

m F p®�;�"g % accordingto equations(2) and(3). Having obtained
thevaluesof thematrix function o L in sucha way, we caniteratively determine
thevaluesof o L # H byo L # H7���¯� Y F ps� ��� �% ' � / 4 DVH o Ll��� 	 �¯� � F ps�,��� a o % ���©�&m F ps�
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for all
�°�±« Y F �9­ and

p²�°�"g % accordingto equation(2) andsimilarly thevalueso L # H7���¯�³m F ps� for all
�´��« Y F �9­ , m��¬�<g and

pµ�¬�"g % accordingto equation(3).
Theiterationcanbestoppedassoonas�Z�¶�¤7¦ � ¨ / P·H9xyO<x 8 �¥b¦ � ¨ / P·H9x*Q³x 8 o L����&�¸�nm F T � F �>p F W ���zt ��	°¹
i.e. whenthe lower boundof theprobabilitymassreachessomethresholdvalue��	K¹

with small
¹ t Y

.

3 STATIONARY DISTRIBUTION

ThequeuecanbemodelledasaMarkov renewalprocess(seeÇinlar[17], pp.313ff)
in the following way. Let

��|}L � R �º�"g % � denotethesequenceof jump timesof��� H7� e � asdefinedin section2. Furtherdefine» � � » L � R �C�"g % � by » L ��� e$¼7½
for all R �´�"g % . Then

� » F |¾� is a Markov renewal process.Thetransitionprob-
abilitiesfor theMarkov chain » shallbedenotedby ¿o ���nm F T � F ��p F W �A� , indicating
theconditionalprobability that » H � �>p F W � giventhat » % � �Em F T � . Definefur-
ther thematrices ¿o �Em F ps� � � ¿o �A�nm F T � F �>p F W ���A�³H9xyO<P Q&x 8 for all

m F p �`�<g % . Then
wecanwrite

¿o �Em F ps� � ��� ��
À �r	 D ) H% DIH �nm F ps� � � Y F � �Á % ���b�% 'G� / � DVH ' ) +¸-/¶032Â�E6"8�� ��� m � p 	�� c �ÁÄÃ ���b�% ' ) + -/ 032��n6�8�� = ����� 'G� / � �£� m � p a � c �

for all
m F pÅ�K�"g % . Thedistributionsof theMarkov renewal intervals

|}L 	 |?L ) H
aregivenas Æ ¤A¥¾����� � Æ ¤������ � o ��|?L 	 |?L ) H:tº� � » L ) H � ml��ÈÇ 'G� / � m ��Y'G+*-/32 � / ) 0G2��n6���6"8�� m�c �
independentlyof

p �r�<g % . Sincethereareonly finitely many phasesand the
servicetime is strictly positive with probability1, this implies

 Z�Z¡ L3¢ � |?L �ÈÉ
almostcertainly.
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Thetransitionprobabilitymatrix

¿o � ÊËËËËÌ
Y À Y Y j3j3jÁÄÃ Y Á % Y . . .Y ÁÄÃ Y Á % . . .
...

. . . . . . . . . . . .

Í^ÎÎÎÎÏ
representsadiscretetimeQBD process,whichcanbesolvedby standardmethods
(seeLatouche,Ramaswami [19, 20]). Define

Á �v� Á %,a ÁÐÃ . By assumption,the
phaseprocessis irreducibleandindependentof theservice.Hence,thetransition
matrix

Á
is irreducibleandhasa uniqueinvariantmeasureÑ . The chain » is

ergodic if f ÒÓÑ Á % � 8 � � . Assumethat this is satisfied. Denotethe stationary
distributionof » by Ô : Ô is a row vector, indexedas Ô � � Ô �nm F W � � mª�\�<g %GF W �h � F^j3j3j
F �lk*� , andsatisfyingÔ � Ô ¿o .

Thequeueingprocesse is theminimalsemi–Markov processassociatedwith� » F |Ð� , i.e. e � � » L for
|}LÖÕ×� � |?L # H (seeÇinlar [17], pp.337ff). Let oÙØ� �nm F W �

denotetheprobabilityof e beingin state
�nm F W � at time

�
, i.e. of observing

m
users

in thesystemandthearrival phasebeing
W
. Thenthestationarydistribution Ú ofe is independentof theinitial distributionandgivenbyÚ �nm F W � �v�{ Z�<¡� ¢ � o Ø� �Em F W � � Ô �Em F W �Û�GÜb�Em F W �Ô Ü

with
Ü � �>Üb�Em F W � � m ���<g %3F W �Ýh � F3j3j3j
F �lk*� denotingthe columnvectorof

meansojourntimes,i.e.
Üb�Em F W � ��Þ 2 ¤7P Q 6 ��|¯HA� with

Þ 2 ¤7P Q 6 denotingtheconditional
expectationunderinitial state

�Em F W �z�;�"g % Jih � F3j^j3j^F �lk .
Thevector

Ü
canbedeterminedin astraightforwardmannerasÜb� Y F W � � � �% ' ¼Q ' � / � � 8 �£� � 	Ð' ¼Q D ) H% � 8

and Üb�Em F W � � � �% ' ¼Q ' +¸-/32 � / ) 032Â�E6"��6�8�� � 8 �£�
for
muc �

and
W �Kh � F3j3j3j
F �lk , with

' ¼Q denotingthe
W
th canonicalrow basevector.

ACKNOWLEDGEMENT

The authorwishesto thankthe refereesfor many helpful commentswhich con-
tributedto animprovementof thefirst versionof thepaper.

6



References

[1] Qi-Ming He andAttahiru SuleAlf a. The ß(ß Á o «áàB­�@ oÙâ «áàB­ã@ � queues
with a last-come-first-servedpreemptiveservicediscipline. Queueing Syst.,
29(2-4):269–291,1998.

[2] K.N. Gaur. Preemptive repeat-differentpriority queue. Pure Appl. Math.
Sci., 3:73–80,1976.

[3] K.N. Gaur. Time-independentsolution of the preemptive-repeatpriority
queuewith bulk arrivals. Pure Appl. Math. Sci., 9:43–51,1979.

[4] Vijay Kumar, T.P. Singh,andMohdIqbal. k-phaseservicemechanismunder
pre-emptivepriority servicerule. Pure Appl. Math. Sci., 17:41–48,1983.

[5] MasakiyoMiyazawa. On thesystemqueuelengthdistributionsof LCFS-P
queueswith arbitraryacceptanceandrestartingpolicies. J. Appl. Probab.,
29(2):430–440,1992.

[6] A.V. Pechinkin. Servicecharacteristicin the system
� �¶@ � �¶@ � @ É

with a
lastcome,first serve preemptive repeatpriority discipline. Autom. Remote
Control, 54:978–988,1993.

[7] Fumiaki Machihara. A preemptive priority queueasa modelwith server
vacations.J. Oper. Res. Soc. Japan, 39(1):118–131,1996.

[8] Fumiaki Machihara. A preemptive priority queuewith nonrenewal inputs.
In SrinivasR. Chakravarthy andAttahiru S. Alf a, editors,Matrix-analytic
methods in stochastic models, pages21–42.MarcelDekker, New York, NY,
1997.

[9] Qi-Ming He and Attahiru Sule Alf a. Computational analysis ofß(ß Á o «äàB­ã@ oåâ «äàB­ã@ � queueswith a mixedFCFSandLCFS servicedis-
cipline. Nav. Res. Logist., 47(5):399–421,2000.

[10] Qi-Ming He and Attahiru Sule Alf a. The Discrete Timeß(ß Á o «äàB­ã@ oåâ «äàB­ã@ � @*æ§ç ÆÙè 	é� o ! Queue and Its Variants. In
Guy LatoucheandPeterTaylor, editors,Advances in Algorithmic Methods
for Stochastic Models, pages167–190,New Jersey, USA, 2000.Notable
Publications.

7



[11] M.H.A. Davis. Markov models and optimization. London:Chapman& Hall,
1993.

[12] Marcel F. Neuts. A versatileMarkovian point process. J. Appl. Probab.,
16:764–774,1979.

[13] David M. Lucantoni. New resultson the singleserver queuewith a batch
Markovian arrival process.Commun. Stat., Stochastic Models, 7(1):1–46,
1991.

[14] SoerenAsmussenand Ger Koole. Marked point processesas limits of
Markovianarrival streams.J. Appl. Probab., 30(2):365–372,1993.

[15] Lothar Breuer. On Markov–Additive JumpProcesses.Queueing Systems,
40(1):75–91,2002.

[16] Lothar Breuer. An EM Algorithm for BatchMarkovian Arrival Processes
anditsComparisonto aSimplerEstimationProcedure.Annals of Operations
Research, 112,2002. to appear.

[17] ErhanÇinlar. Introduction to stochastic processes. EnglewoodClif fs, N. J.:
Prentice-Hall,1975.

[18] RichardBellman. Introduction to matrix analysis. Philadelphia,PA: SIAM,
1997.

[19] Guy LatoucheandV. Ramaswami. A logarithmicreductionalgorithmfor
quasi-birth-deathprocesses.J. Appl. Probab., 30(3):650–674,1993.

[20] G. LatoucheandV. Ramaswami. Introduction to matrix analytic methods in
stochastic modeling. Philadelphia,PA: SIAM, 1999.

8


