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Abstract: In the present paper, the periodic
�����������
	��
�

queue is analyzed. This queue has a periodic BMAP arrival
process, which is defined in this paper, and exponential service time distributions with service rates varying periodically
in time. The transient distribution and several formulae for its efficient computation are derived. Furthermore, a stability
condition in terms of arrival and service rates is proven, and for the case of stability the asymptotic distribution is given
explicitly. A special class of periodic

����������� 	 �
�
queues, which allows to reduce the complexity of computations to

the level of homogeneous queues, is separated. The obtained results are applied to the spatial � ��������� 	 �
����� variant of
the queue, too. This variant is very useful as a model for mobile communication networks.
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1 INTRODUCTION

In queueing theory, most models are based on time-
homogeneous arrival processes and service time distri-
butions. However, a typical property of communication
traffic is the dependence of its arrival rates on time. This
aspect incites the use of time–inhomogeneous processes
and queues for modelling communication networks. Typ-
ically, a periodic dependence of the arrival rates and/or
the service time distribution can be assumed with period
lengths of a day or a week. In order to reflect this prop-
erty accurately, one needs to examine periodic rather than
homogeneous queues.

While queues with periodic input naturally reflect the
time-dependent amount of traffic that arrives in commu-
nication networks, the analysis of queues with inhomo-
geneous arrival rates is far less developed than the one
for homogeneous queues. Some of the existing results
in the literature are given in (Asmussen and Thorisson,
1987), (Bambos and Walrand, 1989), (Falin, 1989), (Har-
rison and Lemoine, 1977), (Hasofer, 1964), (Heyman and
Whitt, 1984), (Lemoine, 1989; Lemoine, 1981), (Massey,
1981), (Rolski, 1987; Rolski, 1989), and (Willie, 1998).
Although many types of stability conditions could be es-
tablished, the first explicit formulae for asymptotic be-
haviour could be derived only recently and for Markovian

queues, see (Breuer, 1999; Breuer, 2001; Breuer, 2002c).

The main objective of the present paper is to single out
a class of periodic

������������	��
�
queues which does

not require more computational effort than homogeneous
queues. This holds for the calculation of the transient as
well as for the stationary distribution. Thus it is shown
that Markovian queues can be modelled in a more realis-
tic approach without any additional computational cost.

The paper is organized as follows. In the remainder of
this section, the periodic

����������� 	 �
�
queue as well

as the basic notations are defined. The next section con-
tains the transient distributions at arbitrary times and their
efficient computation in special cases. In section 3, a sta-
bility condition is given and the asymptotic distributions
at any ”day time” of one period length are derived ex-
plicitly in the case of stability. For the special class to be
examined, the asymptotic distributions will be constant
over the period length and the queue will show the same
asymptotic behaviour as a related homogeneous queue.
In section 4 it is shown that the obtained results can be ap-
plied to the spatial � ����������	��
����� variant of the queue,
too. Finally, conclusions and a view on future research
are given.

One of the most important features to be exploited in
the analysis of queueing systems is the Markov property
which often appears after the construction of embedded
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Markov chains. The search for Markovian but versatile
arrival processes has led to the concept of batch Marko-
vian arrival processes (BMAPs, see (Neuts, 1979) and
(Lucantoni, 1991)) which allow for a phase process con-
trolling the arrival rates. This arrival process is often used
for modelling communication networks.

Like all Markov arrival processes in queueing theory,
BMAPs are Markov jump processes. As main refer-
ence for the theory of Markov jump processes, the book
by (Gikhman and Skorokhod, 1969) shall be referred to.
Analogous to the definition of a BMAP (see (Lucantoni,
1991)), an inhomogeneous BMAP shall be defined by its
time-dependent transition rate matrices �������������� "!# $&%(' �)! # *,+% � , assuming that the continuity conditions
for the transition rates of inhomogeneous Markov jump
processes are satisfied (see (Gikhman and Skorokhod,
1969), p.362). Let the number of phases, which is the
dimension of the square matrices � � ����� , be denoted by- ! # $ . Then the time–dependent generator of an inho-
mogeneous BMAP can be represented in a block matrix.///////0

� % �����1��2
�����3�546�����1�578�����:9�9�9� % �����3��2
�����1�548�����:9�9�9� % �����1��2������ . . .� % ����� . . .
. . .

;�<<<<<<<=
with -">&- matrices � � ����� depending on time � . Here,� � ��������? 'A@ � is the infinitesimal transition rate of observ-
ing  arrivals at time � while changing from phase ? to
phase

@
. A periodic BMAP with period B is an inhomo-

geneous BMAP with the property �����DC�EFB,��GH�5���DCI�
for all  J! # $K% and CL!NM O ' BPM . For further generalizations
of the BMAP concept and more properties of inhomoge-
neous BMAPs see (Breuer, 2002b).

Let Q G �DQ 	 �R�S! # *,+% � denote a periodic�T���������U	��
�
queue with a periodic BMAP arrival pro-

cess, exponential service time distributions with periodic
service rates, and

�
servers. Arrival process and service

rates shall have the same period B . Define the arrival pro-
cess by its transition rate matrices �D�V�W�����X�6 U! # $&%6' �Y!# *Z+% � having dimension - and period B . Every server is
equal, and the service time distribution function

�L[
for a

user arriving at time C\! # * +% is defined by�Z[ �����X�]G�^`_Ua8b`cedgf8hdji
k�lnm
for all �o! # *Z+% . This means that the service process with-
out idle periods would be an inhomogeneous Poisson pro-
cess with rates ��p 	 �q�r! # *,+% � . Periodicity of the service
rates means p [ +Ws Gtp [ for all CL!NM O ' BPM . This queue has
already been defined, but not analyzed, in (Breuer, 2001).

2 TRANSITION MATRICES

As a Markovian queue, the system can be analyzed like
an (inhomogeneous) Markov jump process. The infinites-
imal generator uV����� of the queue process Q at time �T!# *Z+%

can be written as an
# $ % > # $ % block matrix with

entries being the -v>)- matrices

uLwx�y�����zG
{||||||} ||||||~

0 for ���� �Et^�qp 	�� # for �5G� �Et^\� �� p 	�� # for �5G� �Et^\� �� % ������_U�ep 	�� # for �5G� N� �� % ������_ � p 	�� # for �5G� N� ��5� b wq����� for ���� 
for � '  �! # $ % , with O and

#
denoting the zero and iden-

tity matrix, respectively. Denote the ��? 'A@ � th entry of the
matrix u wx� ����� by u w�� ��������? 'g@ � .
Remark 1 The form of the generator shows that the
model easily can be extended to the

�T���������
	����
queue

with heterogeneous servers. Here, we simply would have
different service rates p�� 2��	 ' 9�9�9 ' p���� �	 for different servers.
The state space would need to be extended such as to de-
scribe which of the servers are busy. Since this would
complicate notations, we will pursue the analysis for the
case of homogeneous servers only.

The multiplication of two
# $ % > # $ % block matrices

�
and

�
is defined by� ��� ��w��y��? 'A@ �Y�]G��� ��� %���� � 2 � w � ��? '�� � � � �W� �y'g@ �

for every � '  �! # $&% and ? 'A@ !J�8^ ' 9�9�9 ' -J� .
Define

� wx�W�gC ' ������? 'A@ � as the probability of having  �!# $&%
users in the queue and being in phase

@
at time�)�vC under the condition of having ��! # $K% users in

the queue and being in phase ? at time C . Further define� wx���DC ' ��� as the -�>�- matrix with entries
� w��W�DC ' ������? 'g@ �

and
� �gC ' ���zG � � wx� �gC ' ����� w¢¡ �q£6¤ ¥`¦ as the

# $ % > # $ % block
matrix with entries

� wx� �gC ' ��� .
Solving Kolmogorov’s forward equations via the iteration
method by Picard and Lindelöf (cf. (Gikhman and Sko-
rokhod, 1969), p.317), it can be shown that the transition
probability matrices of the queue can be written as� �DC ' ���zG ��w � % � � wx� �gC ' ���
with� � w�� �DC ' ���zG�§ 	[ § m
¨[ 9�9�9n§ mI©[ª «x¬ ­w�®�� 	�¯A°x±n² � [ uV��³�2��´9�9�9µuV��³�w��¶ ³�2�9�9�9 ¶ ³�w
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for all CN�·�V! # *Z+% . For computing the terms
� �DC ' ��� ,

one can use the following iteration as given in (Bell-
man, 1997), p.168: Starting with

# % ��³´���]G # ¶
for allCL��³��¸� , the iteration# � + 2 ��³��Y�¹G § m[ # � ��ºq��uV��ºe� ¶ º\E # ¶ (1)

leads to the limit � �DC ' ���zG3»½¼�¾�6¿ � # � �����
for all C\�¸�Y! # * +% .
For homogeneous arrival and service rates, the genera-
tor uV�����KGÀu is constant in � and the transition prob-
ability matrix reduces to the matrix exponential form� �gC ' ����GÀa¢ÁzÂ � 	 b [ � , which is well known for homoge-
neous Markov jump processes. If the equation¶¶ �VÃ § 	[ uV��³�� ¶ ³ÅÄ w GÆ� � Ã § 	[ uV��³�� ¶ ³ÇÄ w b 2 uV����� (2)

holds for all C¸�È�É! # *Z+% and ��! # $ , then the gen-
erator function uV����� shall be called quasi–commutable.
In this case, an effective reduction of the computational
complexity is given in

Theorem 1 If the generator function uV����� is quasi–
commutable, then the transition probability matrix of the
queue takes the form� �gC ' ���zG1��w � %5ÊIË

	[ uV��³�� ¶ ³´Ì w�´Í GÆa
c hd Á � m � lnm
for all CZ���Y! # *,+% .

Proof: For every �Î! # $ it is shown that� � wx� �gC ' ���ÏG Ê Ë 	[ uV��³´� ¶ ³´Ì w��Í
is implied by equation (2). For �tGÐ^ this is obvious.
The induction step for �LEt^ is seen by first applying the
induction hypothesis and then equation (2) in§ 	[ § m
¨ fqÑ[ 9�9�9x§ mI©[ uV��³�2��´9�9�9µuV��³´w + 2�� ¶ ³W2�9�9�9 ¶ ³´w + 2G § 	[ÈÒ Ë m ¨ fqÑ[ uV��³�� ¶ ³´Ó w�´Í uV��³ w + 2 � ¶ ³ w + 2G ^�´Í § 	[ ^�LE�^ ¶¶ ³�w + 2&Ã § m ¨ fqÑ[ uV��³�� ¶ ³ Ä w + 2 ¶ ³ w + 2G ^�D�\Et^¢��ÍoÃ § 	[ uV��³´� ¶ ³ Ä w + 2

which completes the induction step.Ô �Õ�Ö
Sufficient conditions for equation (2) are given if the
phase space × has only one element or if for every �V!# *Z+%

the kernel matrices uV����� and Ë 	[ uV��³´� ¶ ³ are com-
mutable. The latter holds in particular if there are some
constant parameter matrices �D�V�Î�� J! # $&% � for a BMAP
and a service rate p�! # * + , along with a bounded func-
tion Ø�� # * +%�Ù # * +%

, such that� � �����ÏGtØ������ � � � and p 	 GtØ������ � p (3)

for all  J! # $&% , �o! # * +% . Then we also can writeuV�����ÏG�Ø������ � u
for the generator function of the queue, as can be read-
ily verified from the definition of uV����� at the beginning
of the present section. This case yields especially simple
solutions.
The following theorem provides an expression which al-
lows a computation of the transient distribution at any
time �&! # * + without needing to integrate over ranges
larger than the period B .

Theorem 2 DefineÚ � � B`Û,�]Gt¾5Ü�Ý´�� �! # $ % �� �B��¸� �
as the number of period lengths that have passed until
time �X! # *Z+ . Then the transition probability matrices ofQ can be represented as� ��O ' ���zG � � ��O ' B��µ�IÞ 	�ß sÇà � ��O ' ��_ Ú � � B`Û � B��
for all �Y! # * + .

Proof: The periodicity of the generator function implies� �DO '  �B,��G � ��O ' �� )_F^¢�áB,� � ���� Î_F^¢��B '  �B,�G � ��O ' �� )_F^¢�áB,� � ��O ' B���G � ��O ' B�� �
for all  J! # $ . It further yields� � Ú � � B`Û � B ' ����G � ��O ' ��_ Ú � � B`Û � B,�
for all �o! # *Z+ .Ô �Õ�Ö
Combining periodicity and condition (3) leads to the fol-
lowing theorem which defines a class of periodic queues
for which the computation of the transient distribution
does not require any more effort than for homogeneous
queues.

Theorem 3 If the above condition (3) holds with a B –
periodic function Ø , then the transition probability matri-
ces of Q are determined by� ��O ' ���zG�a ÁzÂ c h¦yâ � m � lnm G Ê a Á�Â ã � s � Ì Þ 	�ß säà a Á�Â c(å¦oâ � m � lnm
with æV��B��Y�¹G Ë s% Ø���³´� ¶ ³ and ç��]Gt��_ Ú � � B`Û � B .
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The proof follows obviously from the relations collected
above.

Example 1 Assume that Ø������`�¹G Ò ^oE
èµ¼½é Ò 4�ês � Ó�Ó for all�\! # * +% . Then the terms
� �DO ' ç
�,Gëa ÁzÂ c å¦ â � m � lnm can be

expressed by� ��O ' ç��zG�ì�Ýqí Ã�Ã ç`EF§ ±% è�¼�é Ãoî�ïB ³ Ä ¶ ³ Ä � u ÄG�ì�Ýqí Ã�Ã ç`E Bî
ï Ã ^`_Uð�ñ(è Ã î�ïB ç¢Ä�Ä�Ä � uZÄ
for all ç���B . Furthermore, we obtain� ��O ' B���G�a ÁzÂ ã � s � Gta ÁzÂ s
which illustrates that computations in the above theorem
are not more complex than in the homogeneous case.

3 STABILITY AND ASYMPTO-
TIC DISTRIBUTIONS

The asymptotic analysis of the
����������� 	 ���

queue first
requires the derivation of an ergodicity condition, before
an asymptotic distribution can be given. After that, the
concept of an asymptotic distribution (which is valid for
homogeneous queues) is adapted to periodic queues by
the definition of a periodic family of asymptotic distribu-
tions. This is given explicitly for the case of ergodicity at
the end of this section.
Define ò�G ��òÅ�)�� J! # $&% � as the homogeneous Markov
chain with transition probability matrix

� �DO ' B,� and letò i Gó��ò i� �, ô! # $ � denote the version of ò with
initial distribution p . Furthermore, denote the phase pro-
cess of Q , which coincides with that of the BMAP, by õ .
Assume in the following that the homogeneous Markov
chain õ l �]Gö�áõ8� s ��  ! # $ � is irreducible. Since the
phase space is finite, the chain õ l has a stationary dis-
tribution, which shall be denoted by ï Gv� ï 2 ' 9�9�9 ' ï � � .Finally, let ^ � denote the - –dimensional column vector
with all entries being 1 and denote the ? th canonical row
base vector of

# * � by aI® .
Theorem 4 The Markov chain ò is ergodic if and only if
the stability condition§ s% ï ��� � 2  W�T�������x^ � ¶ �Y�t§ s% � � p 	�¶ � (4)

holds.

The proof is completely analogous to the proof of theo-
rem 2 in (Breuer, 2001).

Remark 2 For the case of heterogeneous servers as de-
scribed in remark 1, the stability condition would assume
the form§ s% ï ��� � 2  W� � ������^ � ¶ �o� �� ® � 2 § s% p�� ®½�	 ¶ �
with p � ®½�	 denoting the rate of the ? the server at time � .
Now the concept of an asymptotic distribution shall be
adapted to periodic queues. After that, the main theorem
of this paper gives an explicit formula for the asymptotic
distribution of a stable periodic

������������	����
queue.

A family ��÷ [ ��C�!ÈM O ' B�M � of probability distributions
shall be called a periodic family of asymptotic distribu-
tions for Q if ÷ [ G1»�¼½¾�6¿ � Q � sÅ+ [
does exist for every CJ!øM O ' BPM . Here, the limit shall be
defined in terms of weak convergence and the distribu-
tion of the random variable QL� sÇ+ [ is denoted by QL� sÇ+ [
itself. It is trivial to verify that in case a periodic family
of asymptotic distributions exists, it will be unique.

t
(n+1)T

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

 nT

P0, P1, P2, P3(t) 

Example for a periodic familyù �����zG � ù % ����� ' ù 2
����� ' ù 48����� ' ù 76������� of asymptotic
distributions (for sufficiently large  )

Theorem 5 Let Q denote a periodic
����������� 	 ���

queue with period B . Q has a periodic family of asymp-
totic distributions if and only if the stability condition (4)
holds. In this case, the periodic family of asymptotic dis-
tributions is uniquely determined by÷ [ G�§ ¶ ÷ � ��O ' CI�
for all C\!�M O ' B�M , with ÷ being the stationary distribution
of the homogeneous Markov chain òúG·�Dò � �û ¸! # $ % �
with transition probability matrix

� �DO ' B,� .
Proof: Let ï denote the initial distribution of Q at time� % �]GüO and assume that ��÷ [ ��CJ!�M O ' B�M � is a periodic
family of asymptotic distributions. A necessary property
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of ÷ % is÷ % G�»�¼½¾�6¿ � § ¶ ï � ��O '  �B��G Ã »�¼�¾�6¿ � § ¶ ï � ��O ' �� Î_F^¢��B�� Ä � ��O ' B��GÆ§ ¶ ÷ %¢� �DO ' B,�
which means that ÷ZGÆ÷ % is a stationary distribution of ò .
Now let ÷ be the asymptotic distribution of ò . Then÷ % G�»�¼½¾�8¿ � § ¶ ï � ��O '  �B��G�»�¼½¾�8¿ � § ¶ ï � ��O ' B�� �G�»�¼½¾�8¿ � ò ê� Gt÷
does exist.
Using this distribution ÷ , the periodic family of asymp-
totic distributions �D÷ [ �8C\!UM O ' B`ý�� is given by÷ [ G�»½¼�¾�6¿ � § ¶ ï � �DO '  �B�� � �� �B '  �B�E¸CI�G Ã »�¼½¾�6¿ � § ¶ ï � ��O '  �B���Ä � �DO ' C¢�GÆ§ ¶ ÷ � ��O ' CI�
for all C\!UM O ' B`ý .Ô �Õ�Ö
As intuitively plausible, this theorem shows that periodic
Markovian arrival rates and service capacity yield a pe-
riodic asymptotic behaviour of the queue. The stability
condition coincides with intuition, too, as it compares the
accrued workload and service capacity over one period
length. For the special case of - GÈ^ and constant ser-
vice capacity, the results yield an analysis of the periodic� 	 ���t�
�

queue. This extends the results of (Heyman and
Whitt, 1984).
In the special case that condition (3) holds, we obtain a
simpler stability condition and a particularly simple sta-
tionary distribution:

Theorem 6 Let Q denote a periodic
�T����������	��
�

queue with parameters satisfying condition (3). Then the
stability condition (4) reduces to

ï ��� � 2  W�5�´^ � � � � p
In case of stability, the periodic family ��÷ [ �eO��ÆCT��B��
of stationary distributions is constant and equals the sta-
tionary distribution ÷ of the homogeneous queue with
generator matrix u .

Proof: The transformation of the stability condition is
obvious. Because of condition (4), there is a stationary
distribution ÷ for the imbedded chain ò with transition
probability matrix

� �DO ' B��ÎGöa
Á�Â ã � s � . This is unique
and hence determined by ÷
u�G�O . Now theorem 3 shows
that ÷ is stationary for the process Q .Ô �Õ�Ö
Example 2 Resuming example 1 and further assuming
that u is recurrent and there is a measure ÷ with ÷
uHG�O
(which implies ÷
a s Â Á Gþ÷ ), we get a periodic family of
asymptotic distributions �D÷ [ �8CL!NM O ' B`ý�� given by÷ [ Gt÷�ì�Ýeí ÃrÃ CYE Bî�ï Ã ^`_Nð�ñ8è Ãoî
ïB C Ä�ÄrÄ � u ÄGt÷
for all C\!UM O ' BPM .
Thus in case of condition (3), the asymptotic behaviour of
the periodic queue is the same as for the respective homo-
geneous queue. As in the statements on the computation
of the transient distribution, this shows that the class of
periodic queues satisfying condition (3) does not involve
higher computational complexity than its homogeneous
counterpart.

4 THE SPATIAL VARIANT

The technical availability of wireless data transmission
opened up the way for mobile communication systems,
which today are used by increasingly many subscribers.
At the same time, this development exhibited the need for
queueing models that can reflect the spatial distribution
of the users in the system. These are indispensable in or-
der to model phenomena like spatially dependent service
time distributions, user movements or the spatial distribu-
tion of users in the system. The analysis of spatial queues
yields such essential values as the necessary cell capaci-
ties needed to guarantee a low outage probability or the
outage probability of an existing network. Such know-
ledge greatly improves the competence of planning and
operating mobile communication networks.
In (Breuer, 2000), a groundwork has been lain for de-
signing queueing models for the application field of mo-
bile communication networks. Its main pillar consists
of a spatial generalization of the BMAP concept, called
Spatial Markovian Arrival Process (SMAP, see (Breuer,
2000), chapter 3, or (Breuer, 2003), chapter 7). Although
this class of arrival processes is much more general than
the class of BMAPs, it retains the same crucial proper-
ties that make their analysis tractable (see (Breuer, 2000),
chapters 4 and 5).
In this section it shall be shown how to apply the simpli-
fications obtained in sections 2 and 3 to a spatial queue of
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high utility for the modeling of communication networks.
Furthermore, as a new result for this queue, an expres-
sion for the loss probability of incoming users will be
derived. For a thorough understanding of this section, it
might be unavoidable to read the presentation of SMAPs
in (Breuer, 2000) or (Breuer, 2003).
The � ���������U	��
����� queue is a natural model for a cell
of an FDMA or a TDMA mobile communication net-
work. For such a cell, which remains of constant size
over time (unlike a CDMA cell), the arrival space

*
of

the queue would be the landscape covered by the cell.
The number

�
of servers would be the number of avail-

able channels, i.e. the ratio of the total band width to a
single frequency lot assigned to every user (in the FDMA
case). The assumption that no user is waiting appears
natural, as in mobile communication such a user would
prefer to dial into another network rather than wait. Fur-
thermore, usually the arrival process will be periodic with
the period length being a day or a week.

Model for a cell of a wireless communication network
(with four users and base station in the center)

The � ��������� 	 �
�¢�
� queue is a loss system. This means
that arriving users who find all servers busy are rejected
and since they do not retry to enter the queue, they can be
regarded as lost. One of the most important performance
measures of loss systems is the loss probability, which
is defined as the long time fraction of lost, i.e. rejected
users to all users having arrived. For the application field
of mobile communcation networks, the meaning of this
probability as a criterion of quality is immediate.
In order to derive the simplest possible form of a loss for-
mula (see theorem 9 below), the rejection policy of the
communication network to be modelled shall be defined
as follows. A rejection shall be conceived to occur only
in the event that the system capacity is totally filled, i.e.
that there are

�
users in the system. Thus, if there are�Æ� � users in the system and a batch arrival of size

�
with ��E � � � occurs, then this will not be rejected al-
though it cannot be totally served by the system. In this
case, the queue will be filled to its full capacity

�
. This

can be interpreted as reflecting the interest of the network
provider to partially serve an incoming user instead of re-
jecting him, even if the total amount of service that the

user requires would exceed the system capacity. It is pos-
sible to derive transient and asymptotic distributions as
well as a loss formula for any other rejection policy using
the same methods, but this would result in more compli-
cated formulae.
Let � $K' õy� denote the SMAP of the queue with arrival
space � *T'�ÿ � and���)�����n�y2 ' 9�9�9 ' ���û�`���o! # *,+% '  J! # $�' �y2 ' 9�9�9 ' ���Î! ÿ �
denoting the generating sequences of � $&' õy� (see defini-
tion 3.4 in (Breuer, 2000)). Further, let ��p 	 �y�5! # * +% �
denote the time-dependent service rate, which shall be
equal for all servers.
For ease of notation, the queue distribution shall be de-
rived only for one-dimensional marginal processes, i.e.
only one subset � ! ÿ will be described. For higher-
dimensional marginal distributions on �g��2 ' 9�9�9 ' ���û� with J��^ , the method of analysis is completely analogous.
Denote the joint queueing process in the subsets

*
and �

by QøGø�gQ 	 �8�o! # *,+% � . For this the generating sequence
at time � is given by

�Î����� *T' �Ï�zGø���Vw¢¡ � ����� *T' �z�Y�8� '�� ! # $É% �
with � w¢¡ � ����� *T' �z� signifying the rate matrix that in ý�� ' �
E¶ �Aý there will be a batch arrival of � users in the whole
arrival space

*
, leaving

�
of these in the subset � . Of

course, we have ��w¢¡ � ����� *T' �z�zGÆO for �Î� � . Likewise is
the meaning of the sequence �)����� * �YGë���V������� * �X�( U!# $&% � .
The infinitesimal generator uV����� of Q can be written in
a block matrix with entries u � � ¡ wx�A¡ � � ¡ ��� ������Gú�qp 	 � # for� G � Eø^J� �
' ��G  &E�^N� � Eø^ , u � � ¡ wx�A¡ � � ¡ �6� �����VG� � _·�û��p 	�� # for

� G � Eô^"� �
' �ÐG  � �
,u � � ¡ wx�A¡ � � ¡ �6� �����)GR� % ¡ % ����� *T' �z�r_ � p 	X� # for

� G � ��
' ��G  ú� �
, u � � ¡ wx�A¡ � � ¡ ��� �����ÉG"� % ¡ % ����� *�' �z�`_ � p 	`�# E�� �® � 2 �5®������ * � for

� G � G �
' � G  3� �
,u � � ¡ wx�A¡ � � ¡ �6� �����,G � � b � ¡ � b wq����� *T' �z� for

� � � � �
' ��� "� �
, u � � ¡ wx�á¡ � � ¡ ��� �����¸G � �® � � b � �T®�¡ � b we����� *�' �z� for� � � G �
' �t�� �� �

, and u � � ¡ wx�A¡ � � ¡ ��� ������GÈO other-
wise, with O and

#
denoting the zero and identity kernel,

respectively.
Here, the first two cases represent service completions
within � or outside of � , respectively. The next two
cases contain the rates for arrivals into the queue, in case
3 leaving some servers idle and in case 4 filling all sys-
tem capacity. Finally, cases 5 and 6 represent the diago-
nal elements of the generator, representing phase changes
without arrivals and service completions.
Exactly as in the non–spatial case, the solution of Kol-
mogorov’s forward equations via the iteration method
leads to

Theorem 7 The transition probability matrix
�	� ¡ 
[ 	

of
the queue process Q � ¡ 
 from time C to time � can be writ-
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ten as��� ¡ 
[ 	 G1��w � % § 	[ § mI¨[ 9�9�9n§ mI©[ª «x¬ ­w�®½� 	�¯A°x±�² � [ u � ¡ 
m Ñ 9�9�9�u � ¡ 
mI¨¶ ³�2�9�9�9 ¶ ³�w
defining the summand for �VGÆO as the identity matrix on
the state space

# $K% > # $É% >
� of Q � ¡ 
 .

Furthermore, in order to compute the transition probabil-
ity matrices the same kind of iteration as given in formula
(1) for the non–spatial case can be used here, too.
Knowing the generator u , we can verify that it is quasi–
commutable if

�Î�����ÏG�Ø������ � � and p 	 GÆØ������ � p
which is completely analogous to condition (3) for the
non–spatial queue. If furthermore the function Ø is pe-
riodic with some period length Bú�øO , then all simplifi-
cations from sections 2 and 3 hold for the spatial queue,
too.

Example 3 Assume that the parameters are given as fol-
lows: Let � denote the characteristic sequence of a ho-
mogeneous SMAP and choose service rates p�2 ' pW4·!# * +

. Further, let B���O denote a period length and set

�Î�����ÏG Ã ^oE
èµ¼�é Ãoî
ïB � ÄrÄ � �
as well as p 	 G � p�2 for �Y�¸B � îp 4 for ���¸B � î
for all ��!�M O ' BPM . Then the generators are periodic with
period B and piecewise quasi–commutable (on M O ' B � î Mand on M B � î ' BPM ). Denote u 2 �¹G u � ¡ 
% as well asu 4 �¹GÆu � ¡ 
s ß 4 . Acccording to example 1, we then obtain��%x[ G�ì�Ýeí ÃrÃ CYE Bî�ï Ã ^`_Nð�ñ8è Ãoî
ïB C�ÄrÄrÄ � uP2�Ä
for C\�FB � î and� %x[ G�ì�Ýeí ÃrÃ B î E B ï Ä u 2xÄ> ì�Ýeí ÃrÃ C`_ B î _ Bî
ï Ã ^oE¸ð�ñ(è ÃÏî
ïB C ÄrÄ�Ä � u\4 Ä
for C��FB � î .This example is typical for the structure of parameters
in real communication systems: The rates of the input
stream of arriving system requirements usually change

periodically in a continuous way. On the other hand, tech-
nical adaptations of the system to the changes in input in-
tensity are abrupt (i.e. purely discontinuous) because they
usually involve switching on (resp. off) additional service
capacity. This reserve capacity is used for the system in
times of high traffic, but can be used otherwise in times
of lower traffic intensity.

Since the � ��������� 	 �
�¢�
� queue as described above has
only finitely many states, it will always find an equilib-
rium, and we do not even need a stability condition. Letò � ¡ 
 G �Dò � ¡ 
� �8 U! # $ % � be the homogeneous discrete
time Markov chain with transition kernel

�	� ¡ 
% s . Then the
complete analogue of the proof for the non–spatial case
leads to

Theorem 8 The chain ò � ¡ 
 has an asymptotic distribu-
tion Q � ¡ 
 , and the marginal queue process Q � ¡ 
 has a
periodic family ��÷ � ¡ 
[ �WCÉ!�M O ' BPM � of asymptotic distri-
butions assuming the form÷ � ¡ 
[ G�÷ � ¡ 
 ��� ¡ 
%n[
for all C�!
M O ' BPM . The distribution ÷ � ¡ 
 is determined by
the equilibrium equation÷ � ¡ 
 G�÷ � ¡ 
 ��� ¡ 
% s
The remainder of the section thus will be dedicated to a
derivation of the loss probability of Q . Denote the num-
ber of users that have arrived at Q in subset � until time�\! # *Z+% by

$P	
and the number of rejected users in sub-

set � until time �V! # *,+% by � 	 . Assume that Q has an
asymptotic distribution. Then the loss probability ù � of Q
is defined as the fractionù � �]G »�¼½¾	 ¿ � � 	$P	
of the number of rejected users over the number of all
users having arrived in the long run.
Now let Q denote the periodic � ����������	��
����� queue
with arrival space � *T'�ÿ � , finite phase space � G�8^ ' 9�9�9 ' -J� and period length Bø�tO . Denote the SMAP
arrival process on the subset � by � $ �D�z� ' õy� and define
it by its generating sequence �D�V���D�z�Y� ��'  �! # $&% � . Then� �]G�� �� � % �5���D�Ï� is the generator of the phase pro-
cess õ . This has a periodic family � ï [ ��CJ!�M O ' B�M � of
asymptotic distributions, since the phase space � is fi-
nite. Define the column vector ^ � ! # * � as the one with
all entries being 1. Finally, assume that the asymptotic
mean arrival rate during one period length

� �D�z�Y�]G ^B § s% ï 	 ��� � 2  W�5���������Ï�x^ � ¶ �o���
is finite. Then the main result is
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Theorem 9 Let Q denote a periodic � ���������
	á�����
�
loss system with finite phase space � G·�8^ ' 9�9�9 ' -J� , ar-
rival space � *T'�ÿ � and period length BÐ�öO . Let the
SMAP of Q have a generating sequence �������D�Ï�V�y ø!# $&% � on the subset �t! ÿ . Assume that QV� * � has a pe-
riodic family ��÷ [ �(CP!�M O ' BPM � of asymptotic distributions
and define ÷ 	 � � �L! # * � as the row vector with ? th entry÷ 	 � �
' ?�� . Then the loss probability of Q on the subset � isù � G Ë s% ÷ 	 � � ��� ��

� 2  W�T���������z��^ � ¶ �Ë s% ï 	 � ��
� 2  W� � �������z��^ � ¶ �for all �
! ÿ .

Proof: For ease of notation, we shall write
$T	 �]G $L	 �g�z� ,

� 	 �¹G�� 	 �g�z� and � � �����ø�]G � � �������z� in this proof.
By definition, the arrival process

$ �D�z� in � is a one-
dimensional Markovian arrival process. Thus, the strong
law of large numbers (theorem 3.13 in (Breuer, 2000))
applies and yields»�¼½¾	 ¿ �

$L	� G ^B § s% ï 	 ��� � 2  W�5�������x^ � ¶ �
almost surely.
The process ���D�Ï�TG"��� 	 ����! # *Z+% � which counts the
number of rejected users can be described by a thinned
Markovian arrival process. The infinitesimal transition
rates of ���D�Ï� are given by* �������µ? 'g@ �zG��5�������µ? 'g@ � � � �gQ 	 � * �zG�� �
' ?����¹õ 	 G�?��
for every  ü! # $ , since the arrival process � $ �D�Ï� ' õy�
only depends on the phase but not on the number of users
in
*

. Furthermore, we have* % ������? 'g@ �zG�� % ������? 'A@ ��EE ��� � 2 � � �����µ? 'A@ � � ��^`_ � �DQ 	 � * �zG�� �
' ?����]õ 	 G�?����
Writing �rGë�qB�E�C and letting � Ù � , the asymptotic
rates are»½¼�¾w�¿ � * � �D�qB
E¸C��µ? 'A@ �zGt� � �DC��µ? 'A@ � � ÷

[ � �
' ?��ï [ ��?��
for all C\!UM O ' BPM ,  J! # $ and ? 'g@ ! � and»�¼½¾w�¿ � *�% �g�qB¸E¸C��µ? 'A@ �zG�� % �gC��µ? 'g@ �µEE ��� � 2 � � �gC��µ? 'g@ � � Ã ^`_ ÷ [ � �
' ?��ï [ ��?�� Ä
for all C�!�M O ' BPM and ? 'A@ ! � . Obviously, the generator
of the phase process of

* �g�z� equals��� � % * � �����µ? 'A@ �zGt�K������? 'g@ �

which is the generator of õ . Hence, by theorem 3.13 in
(Breuer, 2000), the strong law of large numbers assures
the convergence»�¼½¾	 ¿ � �

	� G ^B § s% ï 	 ��� � 2  * �������x^ � ¶ �G ^B § s% ÷ 	 � � � ��� � 2  W�5��������^ � ¶ �
almost surely.
Combining the above results, the loss probability is de-
termined byù � GÀ»�¼�¾	 ¿ � �

	� � �$ 	 G Ë s% ÷ 	 � � � � ��
� 2  W�5�������x^ � ¶ �Ë s% ï 	 � ��
� 2  W�5�������x^ � ¶ �which proves the statement.Ô �Õ�Ö

As usual, the case of a homogeneous queue can be re-
garded as the special periodic queue with arbitrary period
length B·��O and a generator which is constant in time.
Thus, the result for homogeneous queues follows imme-
diately from the above theorem:

Theorem 10 Let Q denote a homogeneous SMAP/M/c/c
loss system with arrival space � *T'�ÿ � . Let the SMAP ofQ have a characteristic sequence ��� 
� �6 J! # $ % � on the
subset �¸! ÿ . Assume that Q � has an asymptotic distri-
bution ÷ and define ÷e� � �Y! # * � as the row vector with ? th
entry ÷e� �
' ?á� . Then the loss probability of Q on the subset� is ù � G ÷e� � � � �� � 2  W� 
� ^ �ï � ��

� 2  W� 
� ^ �for all �¸! ÿ .

Remark 3 The classical Erlang loss formula can be de-
rived from the above formula via the following specifi-
cations: Since Erlang’s queueing models were homoge-
neous and non–spatial, we obtain the formulaù � G ÷e� � � � �� � 2  W� � ^ �ï � ��

� 2  W� � ^ �which is an Erlang loss formula for homogeneous queues
with BMAP input. Reducing the number of phases to
one (i.e. - �¹G·^ ), we obtain ï Gþ^ , and the expressions
� �� � 2  W� � and ÷e� � � are positive numbers. Thus we ob-
tain ù � G ÷e� � ��� �� � 2  W� �� �� � 2  W� � Gt÷e� � �
which is the classical Erlang loss formula, valid also for
batch arrivals.
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5 CONCLUSIONS AND FUTURE
RESEARCH

In this paper, formulae for the transient as well as for
asymptotic distributions for the periodic

�����������
	��
�
queue with a common period length B for arrival and
service rates are given, extending the results in (Heyman
and Whitt, 1984) which were obtained for the periodic� 	 ���t�
�

queue. The stability condition that has been
derived is easy to check, since it is written in terms of
arrival and service rates and asymptotic distributions of
the phase process. A structural result is that the family of
asymptotic distributions of the examined periodic queue
is again periodic.
For an important subclass of these queues, the expres-
sions for the distributions can be simplified considerably.
These simplifications lead to a complexity of the numer-
ical evaluation which is at the same level as computa-
tions of the distributions of homogeneous queues. Thus
the paper demonstrates that for a large class of queueing
models, the additional modeling power which is due to
periodicity of the arrival and service rates does not need
to be paid off by higher computation costs.
The method applied in this paper seems to work only for
Markovian queues. In order to model phase–type ser-
vice time distributions, one can apply the same method
to the periodic

���������
���Î���
queue, which has been

described in (Breuer, 2001). Furthermore, the same
method has been applied towards the spatial Markovian� ����������	������
� queue with a periodic spatial Marko-
vian arrival process (SMAP) and a limited number of
users in the queue. Spatial queues are used for modelling
mobile communication networks and take the spatial lo-
cation of their users in account.
Further research and applications to real communication
networks need to start from statistical estimates of the pa-
rameters for periodic BMAP streams. A first step in this
direction has been taken in (Breuer, 2002a) with an es-
timation procedure for homogeneous BMAPs. However,
an extension of this to the class of BMAPs used in the
present paper still needs to be developed.
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