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Abstract

For a Markov-additive risk model under a barrier strategy of dividesginents,
we derive the joint distribution of the total pay-out before ruin and thetias that
dividends are paid. The method of analysis is based on two recent iesetsursion
theory for Markov-additive processes.

1 Introduction

Next to the time of ruin and the surplus immediately befohes tjuestion of dividend
payments is one of the classical problems in the theory afrarece risk. Progress has
been made bay analysing more general risk models and dghigher moments or even
the distribution of the total dividends paid before ruirthex than mere expectations. The
former allows for more realistic statistical model fittinghile the latter provides more
detailed statements on the dividend payments before rugn tfeey will exceed a certain
amount with a 90% probability). The recent crisis in the ficeaand insurance sector
underlines the importance of realistic and mathematicalynd models as a guideline for
actuarial decision making.

Most models for dividend payment employ the so-called barstrategy. As long
as the risk reserve remains below a certain threshold, rdedids are paid out. Upon
reaching this threshold, any additional premium incomat(tould lead to exceeding the
threshold) is paid out as dividends immediately. This learsirategy will be employed
in the present paper, too. Since it implies that the admessibk reserve has an upper
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bound, ruin will always be certain. The usual optimisationkpem here is to set the
threshold such that the dividend payments before ruin asemised.

There has been a lot of recent work dedicated to the questidividend payments.
The barrier strategy has been shown to be optimal for a difusiodel in [7]. Newer
results and further references on optimality can be fourjd9h For the compound Pois-
son model the expected discounted dividend payment befiimehave been derived in
[13]. The moment generating function of the discounteddsivids is studied in [14, 1, 18]
for various generalisations of the compound Poisson motet. problem is approached
in terms of Lévy processes by [17, 22]. Markov-modulatiorth®f compound Poisson
model with phase-type claim sizes yields stochastic fluia fieodels, for which results
are available in [8, 9]. The expected discounted dividengnEnts for Markov-additive
risk models has been derived in [12] using vector-valuedingales. Dividend payments
under strategies different from the barrier strategy haenkanalysed in [2, 3].

The present paper deals with Markov-additive rsik modelsesé combine the two
generalising features of perturbation and Markov-modutatwith the single restriction
that the claim sizes have phase-type distributions. A &rddvance of this paper may
be seen in the result giving an explicit expression for tistritiution of the total dividend
payments before ruin, rather than expectations or highenemds only.

The paper is structured as follows. The following sectiofinds the Markov-additive
risk model, while section 3 contains preliminary resul@ttill be needed in the sequel.
The main result is presented in the last section.

2 The model

Consider a risk reserve process with initial capitab> 0 and claims occurring like a
Markovian point process (MPP)It is shown in [6] that the class of MPPs is dense within
the class of marked point processes. Thus we incur no semstisction in generality.
Denote the claim arrival process by, 7) = ((N,, ;) : t > 0) and the phase space for
J by E. Assume that the claim sizes have a phase—type distribatidrdenote theth
claim size byC,,, n € N. By [23] the class of phase—type distributions is dense witie
class of all distributions on the positive real numbers.

We assume further that the premium income between claim$eanodelled by a
Brownian motion, where the parametgrqdrift) andg; (variation) at timet may depend
on the current phasé = i of the claim arrival process. For insurance risk we typicall

Isee [21, 20]. This has traditionally been called Markoviarival process and abbreviated as MAP.
Since we use the shortcut MAP for the more general class okdwaadditive processes already, we prefer
to use the term Markovian point process and the abbreviMi®R instead.



havej; > 0 foralli € E. We shall allows; = 0 for some (or possibly all) phases,
under which condition the Brownian motion becomes a linedt. drhen the process of
premium income is a Markov—modulated Brownian motion whiehdenote by, 7) =
((By, J;) : t > 0). We assume thaB, = 0.

Note that7 here is the same as for the claim arrival proce$s.7). This is no
restriction in modelling power as we can choose identicahmpeters ji;, ;) = (fi;,0;)
for different phases # j € E and map two different environments for the premium
income and the claim arrivals by using Kronecker productsth&aon the contrary, a
common phase space enables us to model correlations betlagararrivals, claim sizes,
and the premium income.

With the definitions above, the risk reserve procRss (R; : t > 0) is given by

Ny
Rt:u+Bt_ZCn

n=1

fort > 0. The proces$R, .7 ) is a MAP with phase—type jumps.

Letb > 0 denote the barrier level beyond which the risk reserve @ pai as dividends
immediately. We may assume< b without loss of generality sincke < « would entall
an immediate pay-out of a risk reservewf- b in dividends and the risk process would
continue with initial surplug. Define the stopping times

7(0,b) :==inf{t >0: R, <0 or R;>b} (1)

and
7(0) :=1inf{t > 0: R, < 0}

the latter being the time of ruin. Lé? denote the total dividends paid until ruin, i.e. (with
I, denoting the indicator function of a sd)

(0)
D= / T sy i
0

is the local time ofR at b beforer(0), cf. section 2.1 in [12]. Hence we can also write
D = L. (b), whereL(b) = (L(b) : t > 0) is the local time process & at the leveb,
i.e. L,(b) := [} I{g,—s dt forall t > 0. Denote the inverse local time by

LY (b) == inf{t > 0: L(b) > z}

T

forz > 0.



In the present paper we shall determine the joint distrisutf D and L' (b) in the
form of an expression for

F(z,v)=E <e’7L;1(b); D > x)

wherexz > 0 andy > 0. Note thatL;,' (b) signifies the time of the last dividend payment
and may be strictly smaller thar{0), the time of ruin. Inequality implies the existence of
phases with a diffusion component or a negative drift,igU E,, # ().

Looking at the problem from the angle described above, werfesd to collect some
necessary preliminary results for MAPs from existing hteire. This shall be the purpose
of the next section.

3 Preliminaries

3.1 Markov—additive processes with phase—type jumps

Let J = (J:t>0)bean irreducible Markov (jump) process with finite statecgpa
E and infinitesimal generator matr@@ = (gi;), ;.z- We call J; the phase at time > 0

(another common name is regime). Define the real-valuedepsdé = (X, : t > 0) as
evolving like a Lévy procesg’() with parameters; (drift), o? (variation), andy; (Lévy
measure) during intervals when the phase equals”. Whenever7 jumps from a state
i € E to another statg € E, this may be accompanied by a jump &fwith some
distribution functionF;;. Then the two—dimensional procesk, 7) is called a Markov—
additive process (or shortly MAP). A MAP can also be definedhgyfollowing property:
(X, ) is a Markov process such that

E(f(Xevs — XO)g(Jers)|Fe, Jr = i) = E(f(X,)g(Jo)| Xo = 0, Jo = 9)

holds for alls, ¢ > 0 andi € F, wheref andg are measurable functions a(#; : ¢ > 0)
is the canonical filtration of X', 7). For a textbook introduction to MAPs see [4], chapter
XI.

Denote the indicator function of a sdtby I,. We assume that the Lévy measures
have the form

vi(dx) = )\ﬁ[{wo} Qi+ eXp(T(“Hx)7](”)Jr + A Lzcoy ai)— exp(—T(ii)*x)n(”')*

for alli € E, whereA* > 0 and(a* T@)*) are representations of phase—type distri-
butions without an atom at 0. Thg)* .= —T()*1 are called the exit vectors, where



1 denotes a column vector of appropriate dimension with dlienbeing 1. This means
that the jump process induced by the Lévy measuyiie compound Poisson with jump
sizes of a doubly phase-type distribution. Denote the avtiét (o ")+, T(+) by m,
Further write); := A + A7 .

Likewise, Ietp;; (resp.p;;) denote the probability that a positive (resp. negative)gu
is induced by a phase change frane E to j € E, and assume that these jumps have
a PH(a\W* T0)*) distribution without an atom at 0. Note that + p;; < 1 for all
i,j € E. Letm; denote the order aPH (a)* 7(9%) and defing; )+ := — ()1,

The class of Markov—additive processes with these assangptf phase—type jumps
is dense within the class of all MAPs, see [5], propositiorThe main advantage of the
restriction on the jump distributions is the possibility tohnsforming the jumps into a
succession of linear pieces of exponential duration (eatthshope 1 or -1) and retrieving
the original process via a simple time change.

This is done in the following way. Without the jumps, the LgupcessY® during a
phasei € F is either a linear drift (of positive or negative slope e R) or a Brownian
motion (with parameters; > 0 andu; € R). Considering this MAP (without the jumps)
we can partition its phase spaéginto the subspaceg), (for positive drifts), £, (for
Brownian motions), and’,, (for negative drifts). Then we introduce two new phase space

By :={(i,j,k,£):i,j € E,UE, UE, 1<k <m
to model the jumps. This leads to the cumulant functions

:|:Oé7 1€ Ei
¢z(a> =\ Hi&, (&S Ep U En (2)
t02a? + o, i€ E,

where we assume that > 0 fori € £, andy,; < 0 for i € E,,. Note that this assumption
excludes the possibility of a phasavith parameterg;; = o; = 0 which would govern
the zero process. Since jumps are modelled by additionalgshéhis excludes further any
phase € E under which¥® would be a compound Poisson process.

We shall order the new phase spd¢e- £, UE,U E,UE, UE_ suchthat, < i, <
ir < i, <i_forphases, € E,. LetE, := E,U E, U E, denote the subspace bfthat
contains all phases under which the real time movementsamtnaous. The modified
phase procesd is determined by its generatQf = (¢;;); cr. For this the construction



above yields

Gii — Nis h=ickE,
g = LB (L =pl—py), b€ Eeh i .
i A;ta,gll)i, h=(iik, %)
~ ij)*x .o
%pioz,(ﬂj) ) h:(27]7k7:l:)
fori € E. as well as
X E= i+
Qi) i) = T and g g =100 (4)
fori,j € E.andl < k,I < mj;. For later use we defing := —¢;; for all i € E.

Denote the MAP constructed in such a way(By, 7). The original level proces&
is retrieved via the time change

t
C(t) = / 1J5€EC ds and Xc(t) = Xt (5)
0

for all t > 0 Denote the generalised inverse of the functidry ¢ .
The inverses of the cumulant functiopscan be given explicitly as

+3, 1€ By
$:i(3) = o i€ E,UE, (6)

U—i\/2ﬁ+é_a—§, ZGEO—

We shall, however, use them only for the so—called ascerghages € £, := E, UE,U
E,, cf. [10], chapter VII.

Example 1 We consider the classical compound Poisson model. Inwmdimes and
claim sizes are iid exponential with parameler 0 andj > 0, respectively. The rate of
premium income ig > 0. The net profit condition is thek/(c3) < 1. Denote the initial
risk reserve by, > 0. This model has been examined in [13]. The risk reserve & tim

t > 0is given by
Ny

Xt:u+ct—ZCn (7)
n=0

where(V; : t > 0) is a Poisson process with intenskyand theC',, n € N, are iid random
variables with exponential distribution of parameter

The process of accumulated claims can be analysed as a MARypbnential (and
hence phase-type) positive jumps with paramgteWe further obtain the MARX, )
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as follows. Let the phase space be givenBy= {1}, E_ = {2}, andE, = 0. The
parameters are givenlayf = o, =0, 11 = ¢, o = —1, 1, = 1, = 0, and

(=2 A
o= (5 %)
The initial state i Xy, Jy) = (u, 1).

3.2 First passage times

Of central use in the present paper will be the recent devivaif the Laplace transforms
for the first passage times of MAPs with phase—type jumps\angn [11]. We call the
phases € FE, := FE, U E_ descending. Definé(z) := inf{t > 0 : X, > x} for all

x > 0 and assume that, = 0. Note that this is the first passage time over the levielr

the original MAP.X’, meaning that we do not count the time spent in jump phaseg. .

We write 7(x) = ¢! (7(x)) for the corresponding first passage time of the modified level
processY. For~ > 0 denote

Eij(e 7)) = E(e™W; Jowy = jlJo = i, Xo = 0)
foralli,j € E. LetE(e 7"(®) denote the matrix with these entries and write

E(@i’yf(lﬂ)) — E(a,a) (ef'yf(x)) IE’(a,d) (6777:-(:1:))
]E(dﬂ)(e*’ﬂ(l“)) E(d,d)(ef"ﬂ(x))

in obvious block notation with respect to the subspags= £, U E, U E, (ascending
phases) and; = E, U E_ (descending phases).

Since a first passage to a level above cannot occur in a desgepithse, we obtain
first P(J,) = j) = 0 forall j € E; and thusE 4 (e ") = E(, 4)(e777®)) = 0 where
0 denotes a zero matrix of suitable dimension. Equation (g)1hstates that

E(d,a) (6_’}’7:(I)) — A(,Y)GU(’Y)x and ]E(a,a) (6—77:(:@) _ GU(V)LE (8)

for some sub—generator matfiX(~y) of dimensionE, x E, and a sub—transition matrix
A(v) of dimensionE,; x E,. Altogether we can write

]E(e‘ﬁ(f)) — (A%v)) (eU(w)z 0) 9)

wherel, denotes the identity matrix of dimensidf, x FE,.



Write A, := diag(q;)ice and letP = A *Q + I denote the transition matrix of phase
changes. Note that; = 0 for all i € E. According to theorem 3 in [11JA(v) andU (7)
satisfy the following equations:

7 (2 [a . .
enU(y ZTk ])+6/(ul+ +771(€J)+ ; (A( )) forh=(i,j,k,+) € By,

y
4mw:—@@+wm+¢mm§;mé(J%)@@U@» foric B,U L,
A7) = jE;# Gis€; (A](‘;)) (g +)I — i(=U ()™ fori € E,,
A = jEEZ,#i %5€; ( Al(‘ﬁy )) (g —i(=U(y)™ fori e E_.

For the MAP(X', 7) with continuous level process, the matrix function

9% _
Li(=U(y)) = o) (Gilai + NI +TUM)) - (@ + NI = di(=U()) ™
can be simplified considerably. Forc E,, the same arguments as in [11], example 2,
lead to

Li(=U()) = ¢j (@) - (¢} (a: + ) = U(y))™" (10)
with
G = 2294 1 (1)
¢ N o; J? 012
FurthermoreL;(—U(v)) = I for i € E, (see example 3 in [11]), while according to (2)
Ui(=U(y)) = —wU(y) fori € E,, andy;(—U(y)) = U(y) fori € E_. Hence the
equations above involve rather simple expressions only.

Considering (6), the matrice$(~y) andU (~) can be determined by successive approx-
imation as the limit of the sequeng¢éA,,,U,,) : n > 0) with initial values A, := 0,



Up := —diag(¢i(q: + 7))icr and the following iteration:

m+
ij
ij ii 1, ..
€;LU7L+1 - Z Tél])+€/(i,j7l,+) + TIIE; ])+e.l7' <An) for h = (7’7.]7 k? +> € E+’
=1
; 1 .
e;UnH:—q +76§—|—— Z i e;. <i“) fori e E,,
2% Wi = n
JEE,j#i
1, _ )
e A = Z qije; (A ) ((gi + ) + wUy) ! fori e E,,
JEE, j#i "
A= Y e < i) (] —U,) ™" fori € E_, and
JEB j#i "

€iUns1 = —di(q; + 7)e; + % > e (i) (¢ (i + )T = Un)™
v jeE,j#i
for i € E,. For the last equality the relatiof(¢;)¢; (¢;) = 2¢;/0? has been used. Note
that the only difference between the iterations frand £_ is the missingy in the last
factor for £_, reflecting that we do not discount the time for phases E_ as they are
jump phases in real time.

Example 2 Continuing example 1, first note that phase 2 represents thievdard jumps
and we will not discount the time during sojourns in it. Aatiolg to the formulas above,
the Laplace transform of the first passage tinge) := inf{t > 0 : X; > =} to a level
x > u is given by

~ A A
E(e7@) = VOG0 where U(y) = —22 2 + 2A(y),  A(y) = ’

c c B—=U()
Noting thatU (+) must be negative, this resolves as

1
g — — — _ _ 2
U = 5 (e8 =7 = A= V(B =7 =+ e
cf. equation (3.12) in [13], noting thatis denoted as there.

3.3 The two-sided exit problem

Now we consider the exit time(0, b) from the intervall0, b] as defined in (1). We aim to
find an expression for

Uhblz) :=E (77O X opy = b, Jriop) = j]Jo = i, Xo = 2)
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for z € [0,0] andi,j € E. Clearly W} (blz) = 0 for j € E, since an exit over the
upper boundary can occur only in an ascending phase. Definen#itrix V" (b|z) :=
(U35(b]2))ic,jer, - Aformula forw+(blz) has been derived in [15]. In order to state it we
need some additional notation.

Let (X", J) denote the MAP as constructed in section 3.1 and define theegso
X~ = (X; :t>0)by X, := —X; forall ¢t > 0 given thatX; = X; = 0. Thus
(X, J) is the negative of ¥, 7). The two processes have the same generator matrix
Q for 7, but the cumulant functions of the Lévy process governedhasei € E are
different and relate as; (o) = ;" (—«a). Denoting variation and drift parameters &
by o and i, respectively, this means™ = o, andy; = —u; foralli € E. This
of course implies that phasésc E, U E, (resp.: € E_ U E,) are descending (resp.
ascending) phases far—.

Let A*(y) andU*(v) denote the matrices that determine the first passage ting@% in
In order to simplify notation, we shall from now on write* = A%(y) andU=* = U*(~)
except in cases when we wish to underline the dependenge on

Example 3 If (X, ) is the MAP as constructed in example 1, therr, 7) would be
the net claim process for the compound Poisson model. Asrsiojt 1], example 5, the
Laplace transform of the first passage tiffgz) := inf{t > 0 : X; > z} to a level
x > 01is given by

g—R

E(e ™ @)= A"eV"® where A~ = 5 U =-R

and

%(A+v—cﬂ—¢(cﬁ—v—A)2+4Cﬁf’Y)

which coincides with equation (4.24) in [13], noting thais denoted as there.

_R=

Define the matrices

+ . 0 ‘[EU - . Ai
Cr = (A+ and (7 := Ir. ©

of dimension§ £, U E,) x E, andE, x (E, U E,), respectively. Further define

I A~
HH— o E, W™ =
o (A+> and o (]E(,UEd>

which are matrices of dimensiofisx E, andE x (E, U E,). Finally, letZ= := C%eV ™,
Then equation (23) in [15] states that

U (bz) = (W+6U+'(b_””) . W—eU*'wZ+> 1=z z%)" (12)
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for0 <z <.

Remark 1 Noting that(l — Z=2+)"' = Y% (2~ Z*)" andZ~Z* represents a cross-
ing of the interval0, b] from b to 0 and back, this formula has a clear probabilistic inter-
pretation. The terniV teV"(=2) simply yields the event that exits fromb. The cor-
rection termiV —eV” = Z+ refers to the event that descends below before exiting from

b. Multiplication by (I — Z~Z*)~" yields all possible combinations with any number of
subsequent (down and up) crossings over the complete &htery.

Remark 2 SinceZ+ = C*eV"** we can write¥* (b|z) in the form
-1
U (b]z) = (W+€*U+'x - W*eU_*”C’*) : <e*U+'b _ C*eU_-bCJr)

This comes closer to the usual expression of the exit timgilolision in terms of scale
functions. For instance, it is a standard Wiener process, specifiedBy= 1,0 = 1,
p=0,thenUt =U" =—,/2yand
V2 _ o=V ginh (/2vx
U (bla) = = Vo _ sinh (v2ye)
eVt — e~V sinh (/27b)
cf. [16], exercise 8.2(iv), which states that thescale function for the standard Wiener

process iV (z) = \/2/7 - sinh (y/27z).

Example 4 Another example is Brownian motion with variatien> 0 and drift . We

then obtain
g B V4290 and - - M- VI A+ 2y0?
= > =: = = =:s
and T ST
e — €
W (blw) = orb _ b

cf. [14], (2.12 - 2.15), where a proportional equivalentiué 4-scale function is given as
g(z) =€ — e,

Example 5 Yet another example is the classical compound Poisson mathkeéxponen-

tial jumps. Denote the intensity for claim arrivals by> 0 and the parameter for claim
sizes bys > 0. Letc > 0 denote the rate of premium income. This continues examples 1
2, and 3. We then obtain

U*z%(@ﬁ—v—k—\/(06—v—k)2+4667) = —p

U:2%<)\+”y—cﬁ—\/(cﬂ—fy—)\)2+4cﬁ”y) = —R
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cf. [13], equations (3.12) and (4.24) with= ~. Section 3.2 further yieldd™ = 3/(3+p)
andA~ = (6 — R)/f. Thus

B=R _—Rx B _
et —Tgmem e e — ()
T

if we write ¢)(x) := e . (3 — R) /(8 + p), cf. equation (6.37) in [13]. This coincides
with formula (6.25) in [13], wherd ™ (b|z) is denoted byB(0, b|z).
4 Main result

Starting with an initial reserve < b or with « = b but in a descending phase, there is a
positive probability of obtaining no dividends at all bedawin. Leta denote the initial
phase distribution of X', ), i.e.«; = P(Jy = i) for all i € E. Then equation (12) yields

1 — a¥t(bu)l, u<b

P(D = 0) = 0 0
( A B TH(BD)1, u="b
0 Ig,

where!, denotes the identity matrix of dimensi¢h,|. Clearly the evenD = 0 means
thatX” exits the interval0, b] at the lower boundary first. We further observe that dividend
can be collected only in ascending phases, i.e. on the titfe €0 : J; € E,}. We wish
to derive an expression for the function

F(z,7):=E <e’7L;1(b); D > x)

wherez,vy > 0. The strong Markov property and the fact that an exit friond| at the
upper boundary can occur only in an ascending phase yieddheg

F(z,7) = U (bju) E (5’7%’1("); D > z|X, = b)
where the last factor (written as an expectation) igzarx £, matrix with entries

EZ] (e_VLgl(b); D > I|X() = b) = E (6_7L;1(b); D > x, JL;I(b) = j|X0 = b7 JO = ’L)
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fori,7 € E,. This observation may be compared with equation (2.16) 4}.[Thus it
suffices to determine the matrix-valued function

M(z,7) = E (eﬂ@l(b); D > x| Xy = b)
This is the content of our main result.

Theorem 1 The distribution of the total dividends paid out under a barstrategy at the
leveld, given thatX, = b and J, € E,, is matrix-exponential. Specifically,

M (x,7) = 0%

~1
for v,z > 0, whereG(b) = (U*e*U“’ + C*eUﬁbU*(J*) - (e*Uﬂ’ - (J*eU*bC”) :

Proof: We employ the following approximation. Assume that dividerare paid out in
small batches of sizes> 0 rather than continuously. More exactly, we define a process
(X<, J¢) as follows. The phase procegs shall equal7 almost surely. The level process
X¢ behaves likeY in the intervall0, b] but may go above the level WheneverY reaches
the levelb + ¢, we pay a dividend of amouatwhereuponY= jumps back to the levél.
The phase proces® remains unchanged by this jump. The original prodeg8s7) is
obtained if we let tend to0.

Let D¢ denote the dividends obtained fox<, 7¢). ThenD< has a matrix-geometric
distribution, i.e.

M‘S(n,’y) = (6—"/Tn(€); DF Z n- E|X§ = b) = (\I/EZ a)(b+ €‘b)>n

forn € Nandy > 0, where

\I/+

(a,a

)(b +elb) = <6U+s o C—GU*bO+€U+-(b+€)> ) (I _ C—eU-(b+5)O+6U+.(b+E))—1

according to (12), and’,(¢) denotes the time of theth payment of arz-batch of divi-
dends.
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Now lettinge tend to0 we obtain thatV/(x, ) has a matrix-exponential distribution
with parameter

1
G(b) = lim - (\If(tw)(b +elb) — I)

:11?31<€U+5 C—U b Ut (b+e) _ <[ O U™ (b+2) ot U (b+8))>
el0 €
<] O U (b+2) o U b+a> !
1 _
:liﬂ)lg<€U+a—I+C_€U b( _I>C+€U+ b+5>
€
: (I — C_@U_'(b+5)c+eU+-(b+s)> -

= (U+ + C‘eUﬁbU_C’LeUﬂ’) : (I — C’_eUbCJreUﬂ’)_l
= (U+€_U+b - C_eU_bU_C'+) : (e‘Uﬂ’ — C'_eU_bC'+>_1
which is the statement.
U
Remark 3 Defining an analogue of the-scale function by
W(x):=e Vs —CeV oCt

for z > 0, we see first tha (b)) = —W'(b)[W (b)]~* whereWW’(b) denotes the derivative
of the functioniV (x) atb. Further can the mean present value of the dividends beiiove r
be computed as

V(blu) :=E (e‘”LBl(b)|X0 = u)
— Ut (blu) E (e‘”LBl(b)|X0 — b)
= UH(blu) [-G(b)]
_ (W*e’[ﬁ“ . W’eU_“CJr) : (—U%*U*b + el (—U) 0+) -
The mean total dividend paymeR{ D) before ruin is obtained by setting the discount

factor~ to zero.

Example 6 We continue example 4 of a Brownian motion fluid flow. Since ¢heronly
one phase, we gét'™ = W~ = C* = (C~ = 1and hence

T — pSu

V(blu) =

rerb _ Sesb
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which is equation (2.11) in [14]. Note that for= 0 we obtain

(s5.1) = (=24,0), u>0
’ (0,-2%), u<o0

This implies

2
;7_ (62,ub/a'2 _ 62u(b7u)/02) 7 o> 0
E(D) = Mgz

2_ (62p(b7u)/02 _ 62,ub/02) . < 0
7]
cf. equation (2.22) in [14] for the cage> 0.

Example 7 Another example is the compound Poisson model. Startingarascending
phase (collecting premiums), we obtain

V(blu) = (e-U+u_A_€U—uA+> , (—U+e—U+b+A—eU-b (_U_)A+>_1

U ﬁ—Re—Ru
Btp

B perd + R%G*Rb

_ (BAp)er —(B— R)e ™
p-(B+ple+R-(3—R)e ™

which is formula (7.8) in [13].

ep
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