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Abstract

For a Markov-additive risk model under a barrier strategy of dividendpayments,
we derive the joint distribution of the total pay-out before ruin and the lasttime that
dividends are paid. The method of analysis is based on two recent resultsin excursion
theory for Markov-additive processes.

1 Introduction

Next to the time of ruin and the surplus immediately before, the question of dividend
payments is one of the classical problems in the theory of insurance risk. Progress has
been made bay analysing more general risk models and deriving higher moments or even
the distribution of the total dividends paid before ruin, rather than mere expectations. The
former allows for more realistic statistical model fitting,while the latter provides more
detailed statements on the dividend payments before ruin (e.g. they will exceed a certain
amount with a 90% probability). The recent crisis in the finance and insurance sector
underlines the importance of realistic and mathematicallysound models as a guideline for
actuarial decision making.

Most models for dividend payment employ the so-called barrier strategy. As long
as the risk reserve remains below a certain threshold, no dividends are paid out. Upon
reaching this threshold, any additional premium income (that would lead to exceeding the
threshold) is paid out as dividends immediately. This barrier strategy will be employed
in the present paper, too. Since it implies that the admissible risk reserve has an upper
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bound, ruin will always be certain. The usual optimisation problem here is to set the
threshold such that the dividend payments before ruin are maximised.

There has been a lot of recent work dedicated to the question of dividend payments.
The barrier strategy has been shown to be optimal for a diffusion model in [7]. Newer
results and further references on optimality can be found in[19]. For the compound Pois-
son model the expected discounted dividend payment before ruin have been derived in
[13]. The moment generating function of the discounted dividends is studied in [14, 1, 18]
for various generalisations of the compound Poisson model.The problem is approached
in terms of Lévy processes by [17, 22]. Markov-modulation ofthe compound Poisson
model with phase-type claim sizes yields stochastic fluid flow models, for which results
are available in [8, 9]. The expected discounted dividend payments for Markov-additive
risk models has been derived in [12] using vector-valued martingales. Dividend payments
under strategies different from the barrier strategy have been analysed in [2, 3].

The present paper deals with Markov-additive rsik models. These combine the two
generalising features of perturbation and Markov-modulation, with the single restriction
that the claim sizes have phase-type distributions. A further advance of this paper may
be seen in the result giving an explicit expression for the distribution of the total dividend
payments before ruin, rather than expectations or higher moments only.

The paper is structured as follows. The following section defines the Markov-additive
risk model, while section 3 contains preliminary results that will be needed in the sequel.
The main result is presented in the last section.

2 The model

Consider a risk reserve process with initial capitalu ≥ 0 and claims occurring like a
Markovian point process (MPP).1 It is shown in [6] that the class of MPPs is dense within
the class of marked point processes. Thus we incur no seriousrestriction in generality.
Denote the claim arrival process by(N , J̃ ) = ((Nt, J̃t) : t ≥ 0) and the phase space for
J̃ by Ẽ. Assume that the claim sizes have a phase–type distributionand denote thenth
claim size byCn, n ∈ N. By [23] the class of phase–type distributions is dense within the
class of all distributions on the positive real numbers.

We assume further that the premium income between claims canbe modelled by a
Brownian motion, where the parametersµ̃i (drift) and σ̃i (variation) at timet may depend
on the current phasẽJt = i of the claim arrival process. For insurance risk we typically

1see [21, 20]. This has traditionally been called Markovian arrival process and abbreviated as MAP.
Since we use the shortcut MAP for the more general class of Markov–additive processes already, we prefer
to use the term Markovian point process and the abbreviationMPP instead.
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haveµ̃i > 0 for all i ∈ Ẽ. We shall allowσ̃i = 0 for some (or possibly all) phases,
under which condition the Brownian motion becomes a linear drift. Then the process of
premium income is a Markov–modulated Brownian motion which we denote by(B, J̃ ) =
((Bt, J̃t) : t ≥ 0). We assume thatB0 = 0.

Note thatJ̃ here is the same as for the claim arrival process(N , J̃ ). This is no
restriction in modelling power as we can choose identical parameters(µ̃i, σ̃i) = (µ̃j, σ̃j)
for different phasesi 6= j ∈ Ẽ and map two different environments for the premium
income and the claim arrivals by using Kronecker products. Rather on the contrary, a
common phase space enables us to model correlations betweenclaim arrivals, claim sizes,
and the premium income.

With the definitions above, the risk reserve processR = (Rt : t ≥ 0) is given by

Rt = u+Bt −
Nt
∑

n=1

Cn

for t ≥ 0. The process(R, J̃ ) is a MAP with phase–type jumps.
Let b ≥ 0 denote the barrier level beyond which the risk reserve is paid out as dividends

immediately. We may assumeu ≤ b without loss of generality sinceb < u would entail
an immediate pay-out of a risk reserve ofu − b in dividends and the risk process would
continue with initial surplusb. Define the stopping times

τ(0, b) := inf{t ≥ 0 : Rt < 0 or Rt > b} (1)

and
τ(0) := inf{t ≥ 0 : Rt < 0}

the latter being the time of ruin. LetD denote the total dividends paid until ruin, i.e. (with
IA denoting the indicator function of a setA)

D =

∫ τ(0)

0

I{Rt=b} dt

is the local time ofR at b beforeτ(0), cf. section 2.1 in [12]. Hence we can also write
D = Lτ(0)(b), whereL(b) = (Lt(b) : t ≥ 0) is the local time process ofR at the levelb,
i.e.Lt(b) :=

∫ t

0
I{Rt=b} dt for all t ≥ 0. Denote the inverse local time by

L−1
x (b) := inf{t ≥ 0 : Lt(b) ≥ x}

for x ≥ 0.

3



In the present paper we shall determine the joint distribution ofD andL−1
D (b) in the

form of an expression for

F̄ (x, γ) := E

(

e−γL−1
x (b);D > x

)

wherex ≥ 0 andγ ≥ 0. Note thatL−1
D (b) signifies the time of the last dividend payment

and may be strictly smaller thanτ(0), the time of ruin. Inequality implies the existence of
phases with a diffusion component or a negative drift, i.e.Eσ ∪ En 6= ∅.

Looking at the problem from the angle described above, we first need to collect some
necessary preliminary results for MAPs from existing literature. This shall be the purpose
of the next section.

3 Preliminaries

3.1 Markov–additive processes with phase–type jumps

Let J̃ = (J̃t : t ≥ 0) be an irreducible Markov (jump) process with finite state space
Ẽ and infinitesimal generator matrix̃Q = (q̃ij)i,j∈Ẽ. We call J̃t the phase at timet ≥ 0

(another common name is regime). Define the real–valued processX̃ = (X̃t : t ≥ 0) as
evolving like a Lévy process̃X (i) with parametersµi (drift), σ2

i (variation), andνi (Lévy
measure) during intervals when the phase equalsi ∈ Ẽ. WheneverJ̃ jumps from a state
i ∈ Ẽ to another statej ∈ Ẽ, this may be accompanied by a jump of̃X with some
distribution functionFij. Then the two–dimensional process(X̃ , J̃ ) is called a Markov–
additive process (or shortly MAP). A MAP can also be defined bythe following property:
(X̃ , J̃ ) is a Markov process such that

E(f(X̃t+s − X̃t)g(J̃t+s)|Ft, J̃t = i) = E(f(X̃s)g(J̃s)|X̃0 = 0, J̃0 = i)

holds for alls, t > 0 andi ∈ E, wheref andg are measurable functions and(Ft : t ≥ 0)
is the canonical filtration of(X̃ , J̃ ). For a textbook introduction to MAPs see [4], chapter
XI.

Denote the indicator function of a setA by IA. We assume that the Lévy measuresνi

have the form

νi(dx) = λ+
i I{x>0} α

(ii)+ exp(T (ii)+x)η(ii)+ + λ−i I{x<0} α
(ii)− exp(−T (ii)−x)η(ii)−

for all i ∈ Ẽ, whereλ±i ≥ 0 and(α(ii)±, T (ii)±) are representations of phase–type distri-
butions without an atom at 0. Theη(ii)± := −T (ii)±

1 are called the exit vectors, where
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1 denotes a column vector of appropriate dimension with all entries being 1. This means
that the jump process induced by the Lévy measureνi is compound Poisson with jump
sizes of a doubly phase–type distribution. Denote the orderof PH(α(ii)±, T (ii)±) bym±

ii .
Further writeλi := λ+

i + λ−i .
Likewise, letp+

ij (resp.p−ij) denote the probability that a positive (resp. negative) jump
is induced by a phase change fromi ∈ Ẽ to j ∈ Ẽ, and assume that these jumps have
a PH(α(ij)±, T (ij)±) distribution without an atom at 0. Note thatp+

ij + p−ij ≤ 1 for all
i, j ∈ Ẽ. Letm±

ij denote the order ofPH(α(ij)±, T (ij)±) and defineη(ij)± := −T (ij)±
1.

The class of Markov–additive processes with these assumptions of phase–type jumps
is dense within the class of all MAPs, see [5], proposition 1.The main advantage of the
restriction on the jump distributions is the possibility oftransforming the jumps into a
succession of linear pieces of exponential duration (each with slope 1 or -1) and retrieving
the original process via a simple time change.

This is done in the following way. Without the jumps, the LévyprocessX̃ (i) during a
phasei ∈ Ẽ is either a linear drift (of positive or negative slopeµi ∈ R) or a Brownian
motion (with parametersσi > 0 andµi ∈ R). Considering this MAP (without the jumps)
we can partition its phase spacẽE into the subspacesEp (for positive drifts),Eσ (for
Brownian motions), andEn (for negative drifts). Then we introduce two new phase spaces

E± := {(i, j, k,±) : i, j ∈ Ep ∪ Eσ ∪ En, 1 ≤ k ≤ m±
ij}

to model the jumps. This leads to the cumulant functions

ψi(α) =











±α, i ∈ E±

µiα, i ∈ Ep ∪ En

1
2
σ2

i α
2 + µiα, i ∈ Eσ

(2)

where we assume thatµi > 0 for i ∈ Ep andµi < 0 for i ∈ En. Note that this assumption
excludes the possibility of a phasei with parametersµi = σi = 0 which would govern
the zero process. Since jumps are modelled by additional phases, this excludes further any
phasei ∈ Ẽ under whichX̃ (i) would be a compound Poisson process.

We shall order the new phase spaceE = E+ ∪Ep ∪Eσ ∪En ∪E− such thati+ < ip <
iσ < in < i− for phasesi∗ ∈ E∗. LetEc := Ep ∪ Eσ ∪ En denote the subspace ofE that
contains all phases under which the real time movements are continuous. The modified
phase processJ is determined by its generatorQ = (qij)i,j∈E. For this the construction
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above yields

qih =



















q̃ii − λi, h = i ∈ Ec

q̃ij · (1 − p+
ij − p−ij), h ∈ Ec, h 6= i

λ±i α
(ii)±
k , h = (i, i, k,±)

q̃ij · p±ij · α(ij)±
k , h = (i, j, k,±)

(3)

for i ∈ Ec as well as

q(i,j,k,±),(i,j,l,±) = T
(ij)±
kl and q(i,j,k,±),j = η

(ij)±
k (4)

for i, j ∈ Ec and1 ≤ k, l ≤ m±
ij. For later use we defineqi := −qii for all i ∈ E.

Denote the MAP constructed in such a way by(X ,J ). The original level process̃X
is retrieved via the time change

c(t) :=

∫ t

0

1Js∈Ec
ds and X̃c(t) = Xt (5)

for all t ≥ 0 Denote the generalised inverse of the functionc by c−1.
The inverses of the cumulant functionsψi can be given explicitly as

φi(β) =















±β, i ∈ E±
β
µi
, i ∈ Ep ∪ En

1
σi

√

2β +
µ2

i

σ2
i

− µi

σ2
i

, i ∈ Eσ

(6)

We shall, however, use them only for the so–called ascendingphasesi ∈ Ea := E+∪Ep∪
Eσ, cf. [10], chapter VII.

Example 1 We consider the classical compound Poisson model. Inter–claim times and
claim sizes are iid exponential with parameterλ > 0 andβ > 0, respectively. The rate of
premium income isc > 0. The net profit condition is thenλ/(cβ) < 1. Denote the initial
risk reserve byu ≥ 0. This model has been examined in [13]. The risk reserve at time
t ≥ 0 is given by

X̃t = u+ ct−
Nt
∑

n=0

Cn (7)

where(Nt : t ≥ 0) is a Poisson process with intensityλ and theCn, n ∈ N, are iid random
variables with exponential distribution of parameterβ.

The process of accumulated claims can be analysed as a MAP with exponential (and
hence phase–type) positive jumps with parameterβ. We further obtain the MAP(X ,J )
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as follows. Let the phase space be given byEp = {1}, E− = {2}, andEσ = ∅. The
parameters are given byσ1 = σ2 = 0, µ1 = c, µ2 = −1, ν1 = ν2 = 0, and

Q =

(

−λ λ
β −β

)

The initial state is(X0, J0) = (u, 1).

3.2 First passage times

Of central use in the present paper will be the recent derivation of the Laplace transforms
for the first passage times of MAPs with phase–type jumps as given in [11]. We call the
phasesi ∈ Ed := En ∪ E− descending. Definẽτ(x) := inf{t ≥ 0 : X̃t > x} for all
x ≥ 0 and assume thatX0 = 0. Note that this is the first passage time over the levelx for
the original MAPX̃ , meaning that we do not count the time spent in jump phasesi ∈ E±.
We writeτ(x) = c−1(τ̃(x)) for the corresponding first passage time of the modified level
processX . Forγ ≥ 0 denote

Eij(e
−γτ̃(x)) := E(e−γτ̃(x); Jτ(x) = j|J0 = i,X0 = 0)

for all i, j ∈ E. Let E(e−γτ̃(x)) denote the matrix with these entries and write

E(e−γτ̃(x)) =

(

E(a,a)(e
−γτ̃(x)) E(a,d)(e

−γτ̃(x))
E(d,a)(e

−γτ̃(x)) E(d,d)(e
−γτ̃(x))

)

in obvious block notation with respect to the subspacesEa = E+ ∪ Ep ∪ Eσ (ascending
phases) andEd = En ∪ E− (descending phases).

Since a first passage to a level above cannot occur in a descending phase, we obtain
first P(Jτ(x) = j) = 0 for all j ∈ Ed and thusE(d,d)(e

−γτ̃(x)) = E(a,d)(e
−γτ̃(x)) = 0 where

0 denotes a zero matrix of suitable dimension. Equation (6) in[11] states that

E(d,a)(e
−γτ̃(x)) = A(γ)eU(γ)x and E(a,a)(e

−γτ̃(x)) = eU(γ)x (8)

for some sub–generator matrixU(γ) of dimensionEa × Ea and a sub–transition matrix
A(γ) of dimensionEd × Ea. Altogether we can write

E(e−γτ̃(x)) =

(

Ia
A(γ)

)

(

eU(γ)x
0
)

(9)

whereIa denotes the identity matrix of dimensionEa × Ea.
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Write ∆q := diag(qi)i∈E and letP = ∆−1
q Q+ I denote the transition matrix of phase

changes. Note thatpii = 0 for all i ∈ E. According to theorem 3 in [11],A(γ) andU(γ)
satisfy the following equations:

e′hU(γ) =

m+

ij
∑

l=1

T
(ij)+
kl e′(i,j,l,+) + η

(ij)+
k e′j

(

Ia
A(γ)

)

for h = (i, j, k,+) ∈ E+,

e′iU(γ) = −φi(qi + γ)e′i + φi(qi)
∑

j∈E

pij e
′
j

(

Ia
A(γ)

)

Li(−U(γ)) for i ∈ Ep ∪ Eσ,

e′iA(γ) =
∑

j∈E,j 6=i

qije
′
j

(

Ia
A(γ)

)

((qi + γ)I − ψi(−U(γ)))−1 for i ∈ En,

e′iA(γ) =
∑

j∈E,j 6=i

qije
′
j

(

Ia
A(γ)

)

(qiI − ψi(−U(γ)))−1 for i ∈ E−.

For the MAP(X ,J ) with continuous level process, the matrix function

Li(−U(γ)) =
qi

φi(qi)
· (φi(qi + γ)I + U(γ)) · ((qi + γ)I − ψi(−U(γ)))−1

can be simplified considerably. Fori ∈ Eσ, the same arguments as in [11], example 2,
lead to

Li(−U(γ)) = φ∗
i (qi) · (φ∗

i (qi + γ)I − U(γ))−1 (10)

with

φ∗
i (β) =

1

σi

√

2β +
µ2

i

σ2
i

+
µi

σ2
i

(11)

Furthermore,Li(−U(γ)) = I for i ∈ Ep (see example 3 in [11]), while according to (2)
ψi(−U(γ)) = −µiU(γ) for i ∈ En, andψi(−U(γ)) = U(γ) for i ∈ E−. Hence the
equations above involve rather simple expressions only.

Considering (6), the matricesA(γ) andU(γ) can be determined by successive approx-
imation as the limit of the sequence((An, Un) : n ≥ 0) with initial valuesA0 := 0,
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U0 := −diag(φi(qi + γ))i∈E and the following iteration:

e′hUn+1 =

m+

ij
∑

l=1

T
(ij)+
kl e′(i,j,l,+) + η

(ij)+
k e′j

(

Ia
An

)

for h = (i, j, k,+) ∈ E+,

e′iUn+1 = −qi + γ

µi

e′i +
1

µi

∑

j∈E,j 6=i

qij e
′
j

(

Ia
An

)

for i ∈ Ep,

e′iAn+1 =
∑

j∈E,j 6=i

qije
′
j

(

Ia
An

)

((qi + γ)I + µiUn)−1 for i ∈ En,

e′iAn+1 =
∑

j∈E,j 6=i

qije
′
j

(

Ia
An

)

(qiI − Un)−1 for i ∈ E−, and

e′iUn+1 = −φi(qi + γ)e′i +
2

σ2
i

∑

j∈E,j 6=i

qij e
′
j

(

Ia
An

)

(φ∗
i (qi + γ)I − Un)−1

for i ∈ Eσ. For the last equality the relationφi(qi)φ
∗
i (qi) = 2qi/σ

2
i has been used. Note

that the only difference between the iterations forEn andE− is the missingγ in the last
factor forE−, reflecting that we do not discount the time for phasesi ∈ E− as they are
jump phases in real time.

Example 2 Continuing example 1, first note that phase 2 represents the downward jumps
and we will not discount the time during sojourns in it. According to the formulas above,
the Laplace transform of the first passage timeτ̃(x) := inf{t ≥ 0 : X̃t > x} to a level
x > u is given by

E(e−γτ̃(x)) = eU(γ)·(x−u) where U(γ) = −λ+ γ

c
+
λ

c
A(γ), A(γ) =

β

β − U(γ)

Noting thatU(γ) must be negative, this resolves as

U(γ) =
1

2c

(

cβ − γ − λ−
√

(cβ − γ − λ)2 + 4cβγ
)

cf. equation (3.12) in [13], noting thatγ is denoted asδ there.

3.3 The two-sided exit problem

Now we consider the exit timeτ(0, b) from the interval[0, b] as defined in (1). We aim to
find an expression for

Ψ+
ij(b|x) := E

(

e−γτ(0,b);Xτ(0,b) = b, Jτ(0,b) = j|J0 = i,X0 = x
)
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for x ∈ [0, b] and i, j ∈ E. Clearly Ψ+
ij(b|x) = 0 for j ∈ Ed since an exit over the

upper boundary can occur only in an ascending phase. Define the matrixΨ+(b|x) :=
(Ψ+

ij(b|x))i∈E,j∈Ea
. A formula forΨ+(b|x) has been derived in [15]. In order to state it we

need some additional notation.
Let (X+,J ) denote the MAP as constructed in section 3.1 and define the process

X− = (X−
t : t ≥ 0) by X−

t := −X+
t for all t > 0 given thatX+

0 = X−
0 = 0. Thus

(X−,J ) is the negative of(X+,J ). The two processes have the same generator matrix
Q for J , but the cumulant functions of the Lévy process governed by phasei ∈ E are
different and relate asψ−

i (α) = ψ+
i (−α). Denoting variation and drift parameters forX±

by σ±
i andµ±

i , respectively, this meansσ+
i = σ−

i andµ−
i = −µ+

i for all i ∈ E. This
of course implies that phasesi ∈ E+ ∪ Ep (resp.i ∈ E− ∪ En) are descending (resp.
ascending) phases forX−.

LetA±(γ) andU±(γ) denote the matrices that determine the first passage times in(9).
In order to simplify notation, we shall from now on writeA± = A±(γ) andU± = U±(γ)
except in cases when we wish to underline the dependence onγ.

Example 3 If (X+,J ) is the MAP as constructed in example 1, then(X−,J ) would be
the net claim process for the compound Poisson model. As shown in [11], example 5, the
Laplace transform of the first passage timeτ̃−(x) := inf{t ≥ 0 : X̃−

t > x} to a level
x > 0 is given by

E(e−γτ̃−(x)) = A−eU−x where A− =
β −R

β
, U− = −R

and

−R =
1

2c

(

λ+ γ − cβ −
√

(cβ − γ − λ)2 + 4cβγ
)

which coincides with equation (4.24) in [13], noting thatγ is denoted asδ there.

Define the matrices

C+ :=

(

0 IEσ

A+

)

and C− :=

(

A−

IEσ
0

)

of dimensions(Eσ ∪ Ed) × Ea andEa × (Eσ ∪ Ed), respectively. Further define

W+ :=

(

IEa

A+

)

and W− :=

(

A−

IEσ∪Ed

)

which are matrices of dimensionsE×Ea andE× (Eσ ∪Ed). Finally, letZ± := C±eU±·b.
Then equation (23) in [15] states that

Ψ+(b|x) =
(

W+eU+·(b−x) −W−eU−·xZ+
)

·
(

I − Z−Z+
)−1

(12)
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for 0 ≤ x ≤ b.

Remark 1 Noting that(I − Z−Z+)
−1

=
∑∞

n=0 (Z−Z+)
n andZ−Z+ represents a cross-

ing of the interval[0, b] from b to 0 and back, this formula has a clear probabilistic inter-
pretation. The termW+eU+·(b−x) simply yields the event thatX exits fromb. The cor-
rection termW−eU−·xZ+ refers to the event thatX descends below0 before exiting from
b. Multiplication by (I − Z−Z+)

−1 yields all possible combinations with any number of
subsequent (down and up) crossings over the complete interval [0, b].

Remark 2 SinceZ+ = C+eU+·b we can writeΨ+(b|x) in the form

Ψ+(b|x) =
(

W+e−U+·x −W−eU−·xC+
)

·
(

e−U+·b − C−eU−·bC+
)−1

This comes closer to the usual expression of the exit time distribution in terms of scale
functions. For instance, ifX is a standard Wiener process, specified by|E| = 1, σ = 1,
µ = 0, thenU+ = U− = −√

2γ and

Ψ+(b|x) =
e
√

2γx − e−
√

2γx

e
√

2γb − e−
√

2γb
=

sinh
(√

2γx
)

sinh
(√

2γb
)

cf. [16], exercise 8.2(iv), which states that theγ-scale function for the standard Wiener
process isW (x) =

√

2/γ · sinh
(√

2γx
)

.

Example 4 Another example is Brownian motion with variationσ > 0 and driftµ. We
then obtain

U+ =
µ−

√

µ2 + 2γσ2

σ2
=: −r and U− =

−µ−
√

µ2 + 2γσ2

σ2
=: s

and

Ψ+(b|x) =
erx − esx

erb − esb

cf. [14], (2.12 - 2.15), where a proportional equivalent of theγ-scale function is given as
g(x) = erx − esx.

Example 5 Yet another example is the classical compound Poisson modelwith exponen-
tial jumps. Denote the intensity for claim arrivals byλ > 0 and the parameter for claim
sizes byβ > 0. Let c > 0 denote the rate of premium income. This continues examples 1,
2, and 3. We then obtain

U+ =
1

2c

(

cβ − γ − λ−
√

(cβ − γ − λ)2 + 4cβγ
)

=: −ρ

U− =
1

2c

(

λ+ γ − cβ −
√

(cβ − γ − λ)2 + 4cβγ
)

=: −R
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cf. [13], equations (3.12) and (4.24) withδ = γ. Section 3.2 further yieldsA+ = β/(β+ρ)
andA− = (β −R)/β. Thus

Ψ+(b|x) =
(

e−U+·x − A−eU−·xA+
)

·
(

e−U+·b − A−eU−·bA+
)−1

=
eρx − β−R

β
e−Rx β

β+ρ

eρa − β−R
β
e−Ra β

β+ρ

=
eρx − ψ(x)

eρb − ψ(b)

if we write ψ(x) := e−Rx · (β − R)/(β + ρ), cf. equation (6.37) in [13]. This coincides
with formula (6.25) in [13], whereΨ+(b|x) is denoted byB(0, b|x).

4 Main result

Starting with an initial reserveu < b or with u = b but in a descending phase, there is a
positive probability of obtaining no dividends at all before ruin. Letα denote the initial
phase distribution of(X ,J ), i.e.αi = P(J0 = i) for all i ∈ E. Then equation (12) yields

P(D = 0) =











1 − αΨ+(b|u)1, u < b

1 − α

(

0 0

0 IEd

)

Ψ+(b|b)1, u = b

whereIEd
denotes the identity matrix of dimension|Ed|. Clearly the eventD = 0 means

thatX exits the interval[0, b] at the lower boundary first. We further observe that dividends
can be collected only in ascending phases, i.e. on the time set {t ≥ 0 : Jt ∈ Ea}. We wish
to derive an expression for the function

F̄ (x, γ) := E

(

e−γL−1
x (b);D > x

)

wherex, γ ≥ 0. The strong Markov property and the fact that an exit from[0, b] at the
upper boundary can occur only in an ascending phase yield together

F̄ (x, γ) = Ψ+(b|u) E

(

e−γL−1
x (b);D > x|X0 = b

)

where the last factor (written as an expectation) is anEa × Ea matrix with entries

Eij

(

e−γL−1
x (b);D > x|X0 = b

)

= E

(

e−γL−1
x (b);D > x, JL−1

x (b) = j|X0 = b, J0 = i
)

12



for i, j ∈ Ea. This observation may be compared with equation (2.16) in [14]. Thus it
suffices to determine the matrix-valued function

M(x, γ) := E

(

e−γL−1
x (b);D > x|X0 = b

)

This is the content of our main result.

Theorem 1 The distribution of the total dividends paid out under a barrier strategy at the
levelb, given thatX0 = b andJ0 ∈ Ea, is matrix-exponential. Specifically,

M(x, γ) = eG(b)·x

for γ, x ≥ 0, whereG(b) =
(

U+e−U+b + C−eU−bU−C+
)

·
(

e−U+b − C−eU−bC+
)−1

.

Proof: We employ the following approximation. Assume that dividends are paid out in
small batches of sizesε > 0 rather than continuously. More exactly, we define a process
(X ε,J ε) as follows. The phase processJ ε shall equalJ almost surely. The level process
X ε behaves likeX in the interval[0, b] but may go above the levelb. WheneverX ε reaches
the levelb + ε, we pay a dividend of amountε whereuponX ε jumps back to the levelb.
The phase processJ ε remains unchanged by this jump. The original process(X ,J ) is
obtained if we letε tend to0.

Let Dε denote the dividends obtained for(X ε,J ε). ThenDε has a matrix-geometric
distribution, i.e.

M ε(n, γ) := E
(

e−γTn(ε);Dε ≥ n · ε|Xε
0 = b

)

=
(

Ψ+
(a,a)(b+ ε|b)

)n

for n ∈ N andγ ≥ 0, where

Ψ+
(a,a)(b+ ε|b) =

(

eU+ε − C−eU−bC+eU+·(b+ε)
)

·
(

I − C−eU−·(b+ε)C+eU+·(b+ε)
)−1

according to (12), andTn(ε) denotes the time of thenth payment of anε-batch of divi-
dends.

13



Now lettingε tend to0 we obtain thatM(x, γ) has a matrix-exponential distribution
with parameter

G(b) = lim
ε↓0

1

ε

(

Ψ+
(a,a)(b+ ε|b) − I

)

= lim
ε↓0

1

ε

(

eU+ε − C−eU−bC+eU+·(b+ε) −
(

I − C−eU−·(b+ε)C+eU+·(b+ε)
))

·
(

I − C−eU−·(b+ε)C+eU+·(b+ε)
)−1

= lim
ε↓0

1

ε

(

eU+ε − I + C−eU−b
(

eU−ε − I
)

C+eU+·(b+ε)
)

·
(

I − C−eU−·(b+ε)C+eU+·(b+ε)
)−1

=
(

U+ + C−eU−bU−C+eU+b
)

·
(

I − C−eU−bC+eU+b
)−1

=
(

U+e−U+b + C−eU−bU−C+
)

·
(

e−U+b − C−eU−bC+
)−1

which is the statement.
�

Remark 3 Defining an analogue of theγ-scale function by

W (x) := e−U+x − C−eU−xC+

for x > 0, we see first thatG(b) = −W ′(b)[W (b)]−1 whereW ′(b) denotes the derivative
of the functionW (x) atb. Further can the mean present value of the dividends before ruin
be computed as

V (b|u) := E

(

e−γL−1

D
(b)|X0 = u

)

= Ψ+(b|u) E

(

e−γL−1

D
(b)|X0 = b

)

= Ψ+(b|u) [−G(b)]−1

=
(

W+e−U+u −W−eU−uC+
)

·
(

−U+e−U+b + C−eU−b
(

−U−)C+
)−1

The mean total dividend paymentE(D) before ruin is obtained by setting the discount
factorγ to zero.

Example 6 We continue example 4 of a Brownian motion fluid flow. Since there is only
one phase, we getW+ = W− = C+ = C− = 1 and hence

V (b|u) =
eru − esu

rerb − sesb

14



which is equation (2.11) in [14]. Note that forγ = 0 we obtain

(s, r) =

{

(

−2 µ
σ2 , 0

)

, µ > 0
(

0,−2 µ
σ2

)

, µ < 0

This implies

E(D) =















σ2

2µ

(

e2µb/σ2 − e2µ(b−u)/σ2

)

, µ > 0

−σ2

2µ

(

e2µ(b−u)/σ2 − e2µb/σ2

)

, µ < 0

cf. equation (2.22) in [14] for the caseµ > 0.

Example 7 Another example is the compound Poisson model. Starting in the ascending
phase (collecting premiums), we obtain

V (b|u) =
(

e−U+u − A−eU−uA+
)

·
(

−U+e−U+b + A−eU−b
(

−U−)A+
)−1

=
eρu − β−R

β+ρ
e−Ru

ρeρb +Rβ−R
β+ρ

e−Rb

=
(β + ρ)eρu − (β −R)e−Ru

ρ · (β + ρ)eρb +R · (β −R)e−Rb

which is formula (7.8) in [13].
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