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In queueing theory, most models are based on time-homogeragaval pro-
cesses and service time distributions. However, in comaation networks ar-
rival rates and/or the service capacity usually vary pecaty in time. In order
to reflect this property accurately, it is most natural tosidar inhomogeneous
arrival processes in queueing models. In the present ppemhomogeneous
BMAP/G /> queue with time—dependent service time distributions anex
ined. Exact transient distributions as well as approxioretformulae are derived.
For the special case of homogene@®/ AP/G /oo queues, stability conditions
and asymptotic distributions are given. Finally, it is simowow to derive bounds
for the (inhomogeneousy M AP/G/c/c loss system by means of analyzing the
BMAP/G /oo (inhomogeneous) queue.

1 Introduction

In queueing theory, most models are based on time-homogsraeaval processes and ser-
vice time distributions. One of the most important featuede exploited is the Markov

property which often appears after the construction of efdbd Markov chains. The search
for Markovian but versatile arrival processes has led toctrecept of batch Markovian ar-

rival processes (BMAPs, see Neuts [20] and Lucantoni [1 Hjictvallow for a phase process
controlling the arrival rates. This arrival process is pftesed for modelling communication
networks.



A typical property of communication traffic is the dependentits arrival rates on time. This
aspect incites the use of time-inhomogeneous processeguanes for modelling communi-
cation networks. Typically, a periodic dependence of thivarrates and/or the service time
distribution can be assumed with period lengths of a day oeakw

While queues with periodic input naturally reflect the tichependent amount of traffic that
arrives in communication networks, the analysis of queués whomogeneous arrival rates
is far less developed than the one for homogeneous queuere 8bthe existing results
in the literature are given in Asmussen and Thorisson [1nBaes and Walrand [2], Falin
[9], Harrison and Lemoine [11], Hasofer [12], Heyman and WHi3], Lemoine [16], [15],
Massey [18], Rolski [21], [22], and Willie [23]. Although m# types of stability conditions
could be established, explicit formulae for asymptoticaebur have not been derived yet,
except for Markovian queues (see Breuer [4]).

The present paper gives exact transient distributions dssapproximation formulae for the
inhomogeneou® M AP/G /oo queue. For the special case of homogend®MsAP /G /oo
gueues, stability conditions and asymptotic distribwgiane given. Finally, it is shown how
to derive bounds for the (inhomogeneols), AP/G/c/c loss system by means of analyzing
the BM AP/G /oo (inhomogeneous) queue.

The paper is organized as follows. In section 2, the condephomogeneous BMAPs is in-
troduced. For these processes, the transition probabits well as z—transforms and expecta-
tion formulae are derived. In the special case of periodicABd, a useful recursion formula
for the computation of the transition probabilities is giveSection 3 contains the analysis
of the (inhomogeneoudy M AP/G /oo queue. This is examined using the same method of
analysis as the classical one for the/G /oo queue (cf. Kalashnikov [14], p.80-82) or the
inhomogeneous/, /G /oo queue (cf. Eick et al. [7]). Thus many results by Eick et a].fpr

the M, /G /oo queue can be proven for the inhomogeneBug AP/G /oo queue, especially
the possibility of using time—dependent service time distions. First, the homogeneous
case will be considered in order to show the method of aralysir this case, asymptotic be-
haviour can be examined easily. For the general (i.e. plggsitomogeneous) case, the same
method of analysis applies. Furthermore, an approximat&nbe given. The last section
contains an application of the derived results for the plagmprocedure of a communica-
tion network. This application is of the same form as the apipnation of multi—server loss
systems by infinite server queues announced in Eick et a8][7,



2 Inhomogeneous BMAPs

Like all Markov arrival processes in queueing theory, BMAd?e Markov jump processes.
As main reference for the theory of Markov jump processes,kbibok by Gikhman, Sko-
rokhod [10] shall be referred to. Analogous to the definitaina BMAP (see Lucantoni
[17]), an inhomogeneous BMAP shall be defined by its timeetielent transition rate matri-
ces(D,(t) : n € INo,t € IR}), assuming that the continuity conditions for the transitio
rates of inhomogeneous Markov jump processes are satiséed3ikhman, Skorokhod [10],
p.362). Let the number of phases, which is the dimension®ftuare matriced,,(t), be
denoted bym € IN. ThenD,(t)(i, j) is the infinitesimal transition rate of observingar-
rivals at timet while changing from phaseto phasej. A periodic BMAP with periodl” is an
inhomogeneous BMAP with the propery, (s +T') = D,(s) foralln € INgands € [0, T7[.
Inhomogeneous BMAPs keep the most important structurgdgsties of BMAPS, such that
the computations necessary for analyzing them and theatdgpgueues are still tractable.

Since inhomogeneous BMAPs generalize the classical honeogs BMAP concept, they
often will be referred to as general BMAPs or simply BMAPshistpaper. In the remainder
of this section, the most important properties of generaldd shall be derived. Formulae
for the transition probabilities, which uniquely determian arrival process in distribution,
are given. The concept of z—transforms leads to an expregsithe expectation kernel of an
SMAP.

2.1 Transition Probabilities

In order to determine the transition probabilities of anamtogeneous BMARN, J), the con-
volution calculus developed in Baum [3] proves very uselilie method introduced therein
yields explicit formulae to compute those transition ptauibaes via convolutions of matrices.

Define the (time—dependent) generating sequence of an md@meous BMAP by
A(t) := (D,(t) : n € INy)

for all t € IR{. Furthermore, definéVy(s,t)(i,j) as the probability of having € IV,
arrivals and being in phageat timet > s under the condition of having arrivals and being
in phasei at times. Further defineVy (s, t) as them x m matrix with entriesNy (s, t)(i, j)
andN(s,t) = (Ni(s,t) : k € INy) as the sequence with entridg (s, t).



Solving Kolmogorov’s forward equations via the iteratioetimod by Picard and Lindel6f (cf.
Gikhman, Skorokhod [10], p.317), the convolution formufaethe transition probabilities
(see Baum [3]) assume the following form:

Definition 1 Foralls < t € IR] set
0) N o _J 1 fork=0,i=j
Ny (5 8)(17) = 0r0 - 01 = { 0 otherwise
for k € INy andi,j € {1,...m}. Further, define the sequence
t
NW(s,t) = / A(u)du

and recursively fon € IN

k t

N,g")(s,t) = Z/ Nl("_l)(s,u)Dk_l(u)du

=0 %

forall k € IN,,.

Theorem 1 For everys < t € IR, the transition probability kerneN (s, t) is given by

meaning that fok € IN

forall &k € IN,,.

Proof:  Since inhomogeneous BMAPSs are special Markov jump proseske transition
probabilities are given as the solution of the Kolmogorommard equations (cf. Gikhman,
Skorokhod [10], p.314-319). It is easy to verify that thesuame the given convolution form.

For two sequenced = (A, : n € INg) andB = (B, : n € IN,) of matrices, define the
convolution sequend€ = (C,, : n € INy) = A x B by

Cn = Zn: Aan—z
=0

for all n € IN,. Then the sequenceé’® (s, t) can be expressed in the closed form

N® (s, :/:/suk.../fA(ul)*...*A(uk)dul...duk (1)

k integrals




for everyk € INy ands < t € IRS. The sequencé/(s, ) of transition probabilities can be
computed iteratively by starting with(s, t) := N (s, t) and iterating

Lyar(s,t) = / Lo(s,u) * A(w) du + To(s, 1)

forn € INy. ThenN (s, t) = lim,, ., I,(s,t) forall s < t € IR].

2.2 Periodic BMAPs

A BMAP shall be called periodic with perigfl > 0 if its generating sequence has the property
At+T) = A(t)
forall t € IR . In the periodic case, formula 1 can be simplified as follosfine

nT Uk U
Ni(n) := N®(0,nT) = /0 /0 . ./0 Aluy) * ..ok Alug)duy . .. dug,

Vo
k integrals

for all k,n € IN,. Now we can prove

Theorem 2 The following recursion formula holds for all n € IN:

k T  pru; u2

~
j integrals

Proof: By definition, the partition

(n+1)T
Ne(n+1) = / / / (uq) x A(uy) duy ... dug

(n+1)T
= Ni(n) / Ni_1(n) * A(ug)duy,

/ o / / () % -k Alug) dus .. duy

k (n+1)T
- Z/ / / Ni—j(n up) k. .ox A(uj) duy .. . du,
nT nT

Jj=0

j zntegrals



holds for allk, n € IN, defining the case of zero integralsiagn). Exploiting the periodicity

of the generatof(¢) leads to formula 2.
©)

The initial values for this recursion afg(n) = Id for all n € INg and P, (0) = o - Id for
all k € IN,. This results in first iterates

Ni(n) = /O nTA(u)du

and

Nk(l):/OT/OUk.../OWA(ul)*...*A(uk)dul...duk

forall k,n € IN.

Define
|t/T] := max{n € INy: nT <t}

as the number of period lengths that have passed until tilme/R". Now the transition
probability matrix from times € IR™ until timet > s is given by

N(s,t) = N(s, |s/T] +1) D Nu([t/T] = |s/T]) N(0,¢ = [/T])
k=0

using recursion formula 2 for computing the matricég |¢/7'| — |s/T|). This expression
allows a computation of the transition probability matrixivout needing to integrate over
ranges larger than the peri@d

2.3 Z-Transforms and Expectations

In this section, a z-transform for inhomogeneous BMAPs is/dd. This is used to determine

the expectation of the proceg¥, .J). Since the proofs for the results of this section are rather

lengthy and technical, it is referred to Breuer [5], whereythre taken from.

Definition 2 Let (N, J) be an inhomogeneous BMAP. The z-transform(df, /) over the
time intervalls, t] is defined as the function — N(s,t; z) with values being the matrices
determined by

N(s,t;2)(i,§) =Y P(N, = Ny =n, J, = j|J, = i) 2"
n=0

foralli,j € ® andz € Cwith |z| < 1.



Theorem 3 The z-transform ofV, J) over the time intervalls, t] has the form

0o t Un ug 00 0o
N(s,t; 2) :Z/ / / ZDk(ul)szDk(un)zk duy . ..du,
n=0L5_"S3 S _ k=0 k=0

n integrals

for all z € C'with |z| < 1.

Proof: see Breuer [5]

Definition 3 Let (N, J) be an inhomogeneous Batch Markovian Arrival Process.eXpec-
tation E(N, — Ny) of the marginal procesd during the time intervals, t] is defined as the
matrix with entries

E(Ny = Ny)(i, j) := E((Ny = N) - 05,51 Js = i)

Further denote the transition probability matrix of the gdharocess from timeto timet > s
by P®(s,t). Then the expectation of an inhomogeneous BMAP is detemhasdollows:

Theorem 4 The expectation matrix of the marginal procégsover the time intervals, t] is
given by

t e
E(N, — N,) :/ P2(s,u) 3k Di(u) PP (u,t) du
s k=1
forall s <t e IR].

Proof: see Breuer [5]

3 The BMAP/G /o> Queue

The BM AP/G /> queue shall be examined in two stages of generality. Esdlgnthe same
method of determining the queue process applies to botreai.thn a first step (section 3.1),
this method will be shown for the simplest model of time—hgereous arrival rates. Section
3.3 treats non-homogeneous arrival rates and time—depeselwice time distributions.



3.1 The Homogeneous Case

In this section, theBM AP/G /oo queue with homogeneous arrival rates is examined()et
denote a queue with an homogeneous BMAP arrival prog€sg) and infinitely many inde-
pendent servers. LeX denote the generating sequence determifivig/). Every incoming
user is served immediately, i.e. there is no waiting time thiedqueue length is always zero.
Further, letG denote the service time distribution function.

Define Q. (s,t)(i,j) as the probability of observing users being served at tinteand the
system being in phasec ® under the condition that at time< ¢ there were no users being
served inS and the system was in phase ¢. Let Qx(s,t) denote the matrix with entries

Qx(s,t)(i,7). Further defing)(s,t) := (Qr(s,t) : k € INy) andQ(t) := Q(0,1).

Fix any timet € IR the queue shall be observed at. In any infinitesimal timenmatelu =
lim,_o Ju,u + h] with w € [0,¢], batch arrivals occur with rate& = (Dy : k € INy)
according to the BMAP arrival process. Given that an arrofdbatch sizek € IN occured
during Ju, v + h|, the probability ofn € {0,...,k} arrivals still being served at timeis
distributed binomially by

(Mot - w-reie- -y,

denotingG((t — u)—) = lim,_o G(t — (u + h)) andG*(t) := 1 — G(¢).

Conditioning upon the size of the batch arrivals, the tosé rof n arrivals during a time
intervaldu which are still in service at timeis

Rufu.t) = 3 D1 )60 = )6t - ) ©

for everyu € [0,¢[ andn € IN,.

The sequencé(u,t) := (R,(u,t) : n € INy) can be interpreted as the time-dependent
generating sequence of an inhomogeneous BMAP- (H,(u) : u < t) which at timeu = ¢
coincides in distribution with the infinite server queuettisato be examined. Note that for
every timet € IR the queue is observed at, the sequeR¢e, t) and hence the BMARY,

is different. The transient distribution of the queue psscat timet € IR: is determined by
Q(t) = H(t). Theorem 1 yields the following representation:

Theorem 5 The transient distribution of the marginal queue proces® @t timet € IR is



determined by

S t Ug ug
:Z// / R(uy,t) ... % R(uy, t) duy . .. dug (4)
k:O\O 0 0 ,

k intggrals

defining the case of zero integrals as the sequétice, 0, ...) with  denoting the identity
matrix and0 the zero matrix.

Proof: This merely is formula 1 for the BMARY,.

A great disadvantage in the above formula (4) lies in thetfzat the sequencd?(u, t) need
to be determined separately for every time IR the queue shall be observed at. In the next
theorem, a closed form for all times of observance is obthine

Theorem 6 The transient distribution of the marginal queue proces® @t timet € IR is

determined by
0 t pur Ug—1 _
:Z// / R(uy) ... % R(uy,) duy, . .. duy (5)
k:0¥0 0 0 .,

k intggrals

with

being independent of> .

Proof: By equation (3), the rates

Ro(u) := Ry(t —u,t) ZDk() G (u—)"G (u—)k~

are independent af> . Starting from equation (4), we have

Q) — ;/O /Ouk.../Oqu(ul,t)*...*R(uk,t)dul...duk

k intggrals

_ Z// / R(us, #) % .. Rlug, ) dug ... duy
_ // / R(t— g, #) % R(t — ) dug .. duy

which proves the statement.
©




Remark 1 The representation (5) is from the point of view that one kbkckward in time
from time¢ until time 0. Thus, equation (5) gives the transition kernel of a processing
backward in time with the phase process still running fodvar

The next two theorems yield expressions for the expectd@nel of the marginal queue
processV at any time of observance.

Theorem 7 Assume that the arrival rate is finite for any phase 0, i.e.
>N nDy(ij) < oo (6)
n=1 j=1

for all i € . Then the expectation kernel of the queue pro¢gss (N, J) in the subset at
timet € IR{ is given by

E(N,) = / PY0.u) S 0D PP () Gt — w)-) du )

0 n=1

with P? denoting the transition kernel of the phase process.

Proof: Fix atimet € IR}. SinceQ(t) equals the distribution of the BMAR, at timet, the
expectation kernel at timeis given by theorem 4 as

Ry (u,t)P®(u,t) du

Mg

E(N;) = /Pq’Ou

_ / P0.u inil) ( ) ((t = u)=)"G((t — ) =) " PP (u, t) du

Abbreviatingp(u) := G°((t — u)—) andq(u) := G((t — u)—), we have

E(Ny) :/ PQ(O,u)ZnZDk (z)p"(u)qk_"(u)Pq)(u,t) du
_ /0 ZZDk 0 ) P 1)
k
:/0 P*(0,u Z/{;ka Z = 1 — 1 o p”_l(u)qk_”(u)th(u,t) du

tp‘b(o, ) Z kDpG((t — u)—)P®(u,t) du

Il
>~

10



since

i k—1)! . . kol E—1)! . e
z::(n—(l)!-(k?—n)!pn ()" (“>:Zn!.((k_1)_n)up ()" (u)

n=1 n= :

sums upto 1.
©

Theorem 8 If condition (6) holds and the phase process has station@tyibution =, then
the expectation of the additive procesgpét timet € IR starting in phase equilibrium is

o0 t
Er(NpyJy € @) = nE(N) Ly = 7Y 0Dyl / Ge(u—) du @)
0

n=1

Proof: This follows from the above theorem 7. Sine®&®(0,u) = = for all v € IR and
P?(u,t)1,, = 1, forallu < t € IR$, we have

t 0
E.(N,J € ®) — WE(Nt)lm:/ 7S nDL L GE((t - u)-) du
0 n=1

0 t
= ﬂZnDnlm / G(v—) dv
n=1 0

after substituting := ¢ — u.
©)

3.2 Stability and Asymptotic Distribution

The asymptotic behaviour of the homogeneous BMABéGjueue already is apparent in for-
mulae (5) and (7) of the transient distributions and expEstanatrices, respectively. The
marginal expectatio’(N;) remains finite for — oo if and only if the mean service time
E(G) as well as the mean arrival rate are finite. As will be showrhia $ection, these con-
ditions are, as intuition would suggest, the main ingredier a stability condition for the
homogeneous SMAP/G4 queue.

After first defining stability for homogeneous infinite sargeieues, the asymptotic distribu-
tion and marginal expectation of users in the queue are dorestable BMAP/Géo queues.
Finally, a necessary and sufficient stability condition isyen for the case of a countable
phase space at the end of this section.

11



Definition 4 An homogeneous queug = (Q; : t € IR") shall be calledstable if the
asymptotic distribution := lim,_. ., QQ; does exist and the marginal asymptotic distribution of
users in the queue has finite expectation.

Theorem 9 If () = (N, J) has an asymptotic distribution, it is determined by the kérn

0 o pul Up_1 3
Q:Z/ / / R(uq) % ...x R(ug) duy . ..duy
k=00 0 o

k intggrals

Denote the asymptotic distribution of the phase procebg 7. Then the asymptotic expecta-
tion of the marginal procesd’ is given by

E(N,J € ®) := lim E(N,, J, € ®) = B(G) > 1Dyl
n=1
independent of the initial distribution.

Proof: The first statement follows immediately from formula (5) ahé existence of the
limit @ = lim,;_., Q(t). The second formula follows from equation (7) if one recagsithat
with ¢ growing to infinity, the termG¢((t — u)—) tends to zero for the timesduring which

the phase process is not in equilibrium yet.
©)

In the rest of this section, a stability condition is derived

Theorem 10 Let @ = (N, J) denote an homogeneous BMAR#Gueue. Assume that the
phase process is irreducible, has no absorbing states and an asymptosiziution=. Then
Q is stable if and only if the stability condition

Y nDyly - B(G) < o0 (9)
n=1
holds.

Proof: First we show necessity. Assume that the queue is stablen ffleeasymptotic
expectation of the marginal proce&sis given by

E(N,J€®) =E(G)-7) nDyl, <o

n=1

according to the above theorem 9. This yields the necesfsttyralition (9).

12



Sufficiency will be shown by comparison to thé/G /oo queue. Denote the work load process
of Qby W = (W, : t € IR]). DefineQ as the following) /G/oo queue. The arrival process
of ) shall be a Poisson process with rate

Y = —min Do(R) (i, 7) = max | Do(R) (7, )| < o0

Leti,.. € P denote a phase with the highest expectation of the arrivahlsaze, i.e.

— 3> D, i) = = 3 3" D, (1.h)

Vimax 11 hey J n=1 h=1

for all j € ®. Since there are no absorbing states, the exityate is a positive number.
Define the service time distribution 6f by

G o= i Xm: D (i, B)G*"

f}/ilnax n=1 h=1

denoting the service time distribution &f by G and then—fold convolution ofG by G*".
The M /G /oo queue constructed in this way has an arrival rate which isppemubound of
the phase specific arrival rates@f Furthermore, the batch arrivals Qf R) are interpreted
as single arrivals i) with only one server working off the accrued service requizat of all
the users in the batch arrival. Thus the work l6&d= (W, : t € IR}) of Q is certainly at
least as high as the work lo&d of (). Since by Wald’s equation

B(G) = 3" Dulinae 1) - nE(G) = —— - B(G) - 33 0Dy )

m
ryimax n=1 h=1 f}/imax n=1 h=1

we haveFE(G) < oo by assumption of the stability condition. This implies thitis positive
recurrent. i.e. the expected duration between the timauitsiofil’ reaching the state 0 is
finite. Since

W, > W, >0

certainly for allt € IR], the work load procesl’ of Q is positive recurrent, too. Hencg
has an asymptotic distribution. The finiteness of the asgtigpéxpectation of the marginal

processV is immediate from theorem 9 and the stability condition.
©)

3.3 The General Case

In communication networks, the characteristics of thevarstream typically change in time
(e.g. over the course of the day or the week). Stochastic Imoeftect this best by inhomoge-
neous arrival processes. The concept of inhomogeneous BMA®duced in section 2 does

13



provide for arrival rates varying in time and hence can belusemodel this phenomenon.
An examination analogous to the homogeneous case yieldsittosdor the corresponding
infinite server queue. In this section, the same method df/sisaas in section 3.1 shall be
applied to infinite server queues with general arrival rates

The infinite server queue fed by an inhomogeneous BMAP camaklyzed analogously to

the homogeneous case in section 3.1. Qet= (Q(t) : t € IR]) denote a spatial queue
with general BMAP input(N, J), general service time distributiod and infinitely many
servers. The arrival proce&d, J) shall be defined by its time-dependent generating sequence
(A(t) : t € IRY).

Bet € IR" the time instant the queue is observed at. Now the arrivesrat times: € [0, ¢]
are not constant anymore, but depend on the time instaftie total rate of: arrivals during
atime intervaldu = limy, .o Ju, u + h] is

Ru(u,t) =) Dy(u) (ﬁ) G((t —u)=)"G((t —u)—)*™

for everyu € [0,t[ andn € IN,. As in the case of homogeneous arrival rates, the sequence
R(u,t) = (R,(u,t) : n € INy) can be interpreted as the time-dependent sequence oftransi
tion rates of an inhomogeneous SMAR = (H,(u) : v < t) which at timeu = ¢ coincides

in distribution with the infinite server queue that is to baexned.

The same arguments as in section 3.1 lead to the result

Theorem 11 The transient distribution of the marginal queue proces§ at timet € IR is
determined by

Q(t):ki;o\/ot/o%.../OuiR(ul,t)*...*R(uk,t) duy ... du (10)

k intggrals

defining the case of zero integrals as the sequétice, 0, ...) with  denoting the identity
matrix and0 the zero matrix.

Remark 2 Unfortunately, a unification of the above formula analogmu®rmula (5) cannot
be achieved in general. This is due to the fact that

Ro(t = u,t) = > Di(t —u) (ﬁ) GE(u—)"G (u—)*

14



still depends on if the arrival rates are inhomogeneous.

On the other hand, it is possible to extend the theory towands—dependent service time
distribution functions. This would lead to rates of the form

Rufu,0) = 3 D) () G2l = )= Gul(t = )
k=n

for everyu € [0,t] andn € IN,, with G, denoting the service time distribution function
which holds for users arriving during the infinitesimal timé&erval du.

3.4 An Approximation

This section shows an approximation method which can be usedder to determine the
distribution of the queue process at an arbitrary time IR; without needing to integrate
over the whole rangé),¢[. The approximation regards only arrivals up to a certairetim
distance into the past. All arrivals which have occured ieéwe neglected. Thus, this method
approximates the service time distribution by a distribativith cut tail.

Conditions for this approximation are the standard assiom@twof finite mean service time
and finite arrival rates. First, it is shown that the matricethe generating sequenceldf are
uniformly bounded. Then, this result is used to estimateafigroximation error.

Assume in this chapter that the mean service time
B(G) = / Ge(u) du < o (11)
0

is finite. Further assume that the arrival rate

>N aD,(t)(i,5) < M < oo

n=1 j=1
is bounded by a finite valug/ € IR" for all t € IR" andi € ®. The next result gives the
decisive bound for the approximation following.

Theorem 12 For everys > 0, there is a time distanc&(s) € IR" such that the inequality

‘/ R, (u,t) du
0

holds for alln € INg ands <t —T'(e), with || K[| := sup,cq »;-, K (4, j) denoting the row
norm for matrices.

<M-¢

15



Proof: Choose any > 0. By assumption (11), there isi&e) € IR such that
/ G(u—)du<e
T(e)

Fix anyy € ® ands <t — T'(¢). Since all elements aR,,(u, t) are positive for alk. € [0, ¢]
andn € IN, we have

/ZRn(u,t) du /Zan(u,t) du
0 n=1 0 n=1

Analogously to the proof of theorem 7, one can show that

/Osi;an(u,t)du:/ an °((t — u)—) du

For allk € IN, the estimation

‘/Ost(u,t)du < /ZR (u,t) dul| < SinDn(u)Gc((t—u)—)du
< ZnD G((t —u)—) du < M - /Gc (t —u)—) du

holds. Substituting := ¢ — u leads to

s s t
/ Ri(u,t) du|| < / ZRn(u,t) dul| < M / G(v—) dv
0 0 =1 t—s
< M- G(v=)dv< M-

T(e)

Since -
/ZZRutlj /ZRoutlj
n=1 j=1

for all s € IR, the proof is complete.
@)

Using this bound, we can prove the following approximation:

Theorem 13 At any timet € IR" and for everyi € ®, the distribution of the queue process
can be approximated by

m m m

D QW) =Y Q0,0 j) =Y Qt = T(e),t)(i, )
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The approximation error is at most

D Qult)isd) = D0 @ult = T(0). )i )| < M -

forall n € INgandi € ®.

Proof: For everyk € IN, the difference between the respectiv®ld integrals appearing in
formula (10) is

/ / R(uy, t) % ... % R(uy, t) duy ... du;
—/ / R(ug,t) % ... % R(uq,t) duy, .. .duy
T(¢e) T(¢e)
t—T(e
/ / / R(ug, t) % ... x R(uy, t) duy ... du
:/ uk, duk*/ / uk 1, ...*R(ul,t) duk_l...dul
0

Summing up over alk € IN, yields

Q) —Q(t =T(e),t) =

t—T(e)
:/ R(u,t) du *Z/ / R(ug,t) % ...% R(uq,t) duy, .. .du;
0

t—T(e)
= /0 R(u,t) du * Q(t)

Hence, for any € ® andn € IN, we have

> Qnt)i ZQn t—T(e),t) (3, 5)
n t—T(e) ™
> / Z Rys(w)(i, h)du Qn_i(t)(h, §)

t—T(e) M
/0 > Ri(u)(i, h) du

h=1

since for every: € ® the probability ", _ ’ZTZI Qn_k(t)(h,j)’ does not exceed 1. Because

t—T() m
/0 > Ri(u)(i, h)du

h=1

<M-¢

according to theorem 12, the proof is complete.
©
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4 Bounds for the BMAP/G/c/c Loss System

Now the results which have been obtained shall be appliedgpat the planning procedure
of a communication network. Assume that a network with a maxn loss (or outage) prob-
ability of ¢ is to be designed, which means that a user who wants to usetivenk shall find

it busy with a probability of at most. Since a network with finite capacity can be modelled
by a (possibly inhomogeneouB\W AP/G /c/c queue, the search is for the minimal sufficient
capacity such that the loss probability can be guarantesshtain smaller thaan.

Then the analysis of infinite server queues can help to desiveapacity function
C. : IRt — IN, which yields for every time¢ € IR" a numbelC.(¢) such that if the network
has the capacity of serving.(¢) users at time, then the quality of service with respect to
the given maximum outage probabilityis guaranteed. Hence, in order to build a network
that can guarantee the maximum outage probahility suffices to provide service capacity
according to the function’..

In order to determin€’,, one can proceed as follows. DefineBa/AP/G /oo queue with
appropriate time—dependent arrival rates. An estimatrocguure for the parameters of an
homogeneous BMAP can be found in Breuer [5, 6]. Then eithestationary distribution (in
the homogeneous case) or the distributions at a given tirdayofin the case of periodic arrival
rates with period length being a day) can be represented &yod functions?P, : INg — [0, 1]
which yields the probability’;(n) of n users being served at day tiheé~or the homogeneous
case, we have a functidn instead of a setP, : ¢ € [0, 24]) of functions which depend on the
day time.

These are the distributions for an infinite server queueclvineans that the probabilities
were derived under the assumption that every user can bedserence the work load for
any real network with some positive outage probability wiolé lower. It thus suffices to
determine the capacity functiafi. for the infinite server queue in order to find a sufficient
capacity function for any real network. Since the outagdahbility ¢ usually will be chosen
very small, the approximation by an infinite server queu@seeasonably sharp.

Now the capacity function for the infinite server queue casilg®e determined as

C.(t) := min {n € INy : i P,(k) < 8}

k=n-+1

for all t € IR*. This means that the valug (¢) of the capacity function at a timeis given
by the lowest number: of users such that the probability of more thanisers being served

18



would be smaller than for the respective infinite server queue. Since the work afaahy
real network is lower than the work load for the infinite sergaeue, the outage probability
of a network satisfying this capacity function can be gutead to stay smaller than the given
thresholck.

References

[1] S. Asmussen, H. Thorisson (1987): "A Markov Chain Appoao Periodic
Queues”, J. Appl. Prob. 24, pp.215-225

[2] BAMBOS, N. AND WALRAND J. (1989) On Queues with periodic inpuis Appl.
Prob.26,381-389

[3] D. Baum (1996): "Ein Faltungskalkul fur Matrizenfolgamd verallgemeinerte
Poisson-Gruppenprozesse”, Research Report No.96-3érDent of Mathemat-
ics and Computer Science, University of Trier

[4] L. Breuer (1999): "Markovian Spatial Queues with Perodrrival and Service
Rates”, Proceedings of the 10th MMB conference in TriergResh Report No.99-
17, Department of Mathematics and Computer Science, Usityeaf Trier

[5] L. Breuer (2000): "Spatial Queues”, Ph.D. thesis, Unsity of Trier, to appear

[6] L. Breuer (2000): "Parameter Estimation for a Class of 8R®4$”, in: G. Latouche,
P. Taylor (ed.): "Advances in Algorithmic Methods for Stastic Models - Pro-
ceedings of the 3rd International Conference on Matrix jti@Methods”, Notable
Publications Inc. (New Jersey), to appear

[7] S. Eick, W. Massey, W. Whitt (1993): "The Physics of thg /G /oo Queue”, Op-
erations Research 41(4), pp.731-742

[8] S. Eick, W. Massey, W. Whitt (1993):/1;/G /oo Queues with Sinusoidal Arrival
Rates”, Management Science 39(2), pp.241-252

[9] G.I. Falin (1989): "Periodic Queues in Heavy Traffic”, ddAppl. Prob. 21, pp.485-
487

[10] I. Gikhman, A. Skorokhod (1969): "Introduction to thén@ory of Random Pro-
cesses”, W.B. Saunders

[11] HARRISON, J.M. AND LEMOINE, A.J. (1977) Limit Theorems for Periodic
QueuesJd. Appl. Prob.14,566-576

[12] A.M. Hasofer (1964): "On the Single-Server Queue witbrhNHomogeneous Poi-
son Input and General Service Time”, J. Appl. Prob. 1, pp-389

[13] HEYMAN, D.P.AND WHITT, W. (1984) The Asymptotic Behavior of Queues with
Time-Varying Arrival RatesJ. Appl. Prob.21,143-156

[14] V. Kalashnikov (1994): "Mathematical Methods in Quéewe Theory”, Kluwer
Academic Publishers

19



[15] LEMOINE, A.J. (1981) On Queues with Periodic Poisson Inguppl. Prob.18,
889-900

[16] LEMOINE, A.J. (1989) Waiting Time and Workload in Queues with Peiddbis-
son InputJ. Appl. Prob26,390-397

[17] D. Lucantoni (1991): "New Results on the Single ServareQe with a Batch
Markovian Arrival Process”, Comm. Statist. - Stochasticddls, Bd. 7(1), pp.1-
46

[18] W. Massey (1981): "Non-Stationary Queues”, Ph.D. iheStanford University

[19] W.A. Massey, W. Whitt (1993): "Networks of infinite seaw queues with non-
stationary Poisson input”, Queueing Systems 13, pp.183-25

[20] M. Neuts (1979): "A versatile Markovian point proces3” Appl. Prob. 16, pp.764—
79

[21] RoLski, T. (1987) Approximation of Periodic Queudslv. Appl. Prob19, 691—
707

[22] T. Rolski (1989): "Relationships between Characterss in Periodic Poisson

Queues”, Queueing Systems 4, pp.17-26

[23] WILLIE, H. (1998) Periodic Steady State of Loss Systems with Pierimgbuts.
Adv. Appl. Prob30,152-166

20



