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Abstract

The development of geometric integrators, numerical models which contain ana-
logues of geometric properties, is of great current interest. Our aim is to provide a
means by which finite difference models can be seen to mirror global properties of phys-
ical systems. To this end, we introduce a cohomology theory for lattice varieties, on
which finite difference systems are defined. These varieties are defined independently of
any continuous space as a continuum limit, and indeed the equations and systems them-
selves need have no continuum limit to a differential system. This distinguishes these
models from theories of “discrete differential forms” built on simplicial approximations,
Whitney forms, and cohomology theories built on cubical complexes. We show that our
cohomology can be calculated in terms of the pattern of a good cover, just as de Rham
cohomology, and we postulate that the dimension of solution space of a globally defined
linear recurrence relation equals the analogue of the Euler characteristic for the lattice
variety. The fundamental property we use to prove our results is the natural ordering
on the integer lattice. Different finite difference models yield slightly different theories.



1 Introduction

The new discipline of geometric integration focuses on the problem of numerically ap-
proximating differential equations whilst preserving important geometrical structures
[8, 17] Integration schemes have been devised that preserve symplectic and multisym-
plectic structures [31, 14, 30], symmetries [7] first integrals [26], and conservation laws
[16, 27]. In some instances, it is possible to construct approximations on a Lie group
directly [22].

So far, most research in geometric integration has concentrated on the preservation
of local structures. However, in many applications, it is also essential to preserve global
structures. For smooth manifolds, the cohomology of the de Rham complex can be
calculated by well-known techniques. There is much interest in the question of whether
analogues of differential forms exist for spaces that are used in numerical methods, for
such an analogue could produce a test for ensuring that cohomology is preserved by a
numerical approximation.

Cohomology is important to numerical approximation because it encodes topological
information, such as topological invariants, obstructions, and monodromy. For instance,
the shallow water equations in computational meteorology have an invariant called
potential vorticity. The evolution of the distribution of potential vorticity over a domain
M largely determines the motion of large-scale weather systems. This is encoded in the
potential vorticity 2-form

Q=duAndz+dvAdy+ fdz Ady

where (u,v) is velocity at position (x,y) and f is the Coriolis parameter, which is
nonzero away from the equator. The topology of the domain M constrains the total
potential vorticity. For instance, if doubly-periodic boundary conditions are imposed,

then
= Q .
@:= [ a0

This is because M is topologically equivalent to a 2-torus; the area 2-form dz A dy is
closed but not exact. For the same reason, the total potential vorticity () on a sphere
is nonzero [5], whereas ) can be zero on an annulus or a starshaped domain. This
illustrates the necessity of preserving the cohomology of the original system in any
numerical approximation.

Considerable effort has focused on analogues of differential forms for computational
electromagnetism using the finite element method [1, 3, 4, 15, 18]; see [2] for a com-
prehensive discussion of recent results. These involve an analogue to the de Rham
complex that is based on Whitney forms [36] rather than differential forms. A related
approach to the general finite element method uses discrete differential forms, which
arise naturally from the coboundary operator for the simplicial complex [33, 25, 10].
The finite element method uses a simplicial approximation to a smooth manifold; the
space remains continuous even though differentiability is lost at boundaries of simplices.



It is important to realize that the term ‘discrete differential form’ does not imply
that the underlying space is discrete. By contrast, finite difference methods are defined
in terms of mesh points, without there being a need for an underlying continuous space.
The same is true for difference equations in general; where such equations are used
to model an inherently discrete process, the imposition of a continuous structure can
produce artefacts. Therefore, to deal with difference equations it is necessary to discard
the continuous base space. At first sight this might seem to be disastrous, for most of
the familiar and useful constructions are lost. These include the tangent bundle and the
exterior derivative; indeed, difference operators are not derivations, that is, they have
no Leibnitz or product rule. Moreover, results for constructions based on having an un-
derlying continuum, such as one sees in cohomology theories based on cubical simplices,
[23, 28], do not transfer. Despite the resemblance of the exterior difference operator to
the cubical coboundary operator, constructions from cubical simplex theories can give
some useful intuition but not theorems (see Remark 17 of §2.2). One major difference
is the relative lack of maps taking the place of diffeomorphisms and homotopies on the
base space.

Because there exist applications which are both inherently discrete and for which
there are either multiple or no continuum limits, we prove results for the cohomology
theory presented here using only those tools and constructions which pertain to differ-
ence systems themselves, such as the shift operator. We shall show that by exploiting a
single property of difference equations it is possible to derive analogues of several major
results concerning the de Rham complex. In finite difference methods, mesh points do
not need to be evenly spaced [7], but they are ordered in each direction by an integer
label, at least locally. Therefore, instead of dealing with mesh points directly, it is rea-
sonable to regard the independent variables as being p-tuples of integers, where p is the
dimension of the discretized problem. The usual ordering on Z provides sufficient struc-
ture, namely adjacency and orientation, to enable us to derive difference analogues of
chains (§1), exterior algebra, a coboundary operator, the de Rham complex and Stokes’
Theorem (§2); each analogue is adapted to a particular finite difference method. In §3,
we construct a homotopy operator to prove that the difference complex is locally exact.
The difference complex is combined with a Cech complex in §4, enabling the cohomol-
ogy to be calculated. Several examples are presented in §5, and the paper concludes
with some conjectures and open problems (§6). In particular, we give evidence for a
conjecture that the dimension of solution space of a globally defined linear recurrence
relation equals the analogue of the Euler characteristic for the lattice variety. Since this
same quantity is that appearing in the Morse Index Theorem, this might be thought to
be in some distant sense, an analogue of the Morse Index theorem for difference systems
on lattice varieties. We point out, however, that our difference index is not a result of
a discrete Morse theory, such as has been constructed by Forman [11].



2 Difference forms on lattice varieties

The simplest p-dimensional lattice is ZP, whose points are identified by the labels

n=(n',...,nP), nteZ, i=1,...,p.
These labels provide a coordinate system; points are ordered in the ' direction by the
coordinate n’.
The natural ordering in Z yields the notions of adjacency and orientation, as well as,
for example, the notions of both forward and backward difference. The most important
of these in the construction of a lattice variety is adjacency.

Definition 1 Two points with coordinates m = (m',...,mP) and n = (nt,... nP) in

ZP are said to be adjacent if and only if

P
|m — n| :=Z|mi—ni| =1.
i=1
Remark 2 In the digital topology literature, adjacency is called ‘4-connectedness’ when
p = 2; the notion of ‘8-connectedness’ is not needed here, see for example [24].

The role of adjacency is similar to that of connectedness for manifolds. Consequently,
the only coordinate changes that we will allow are those that preserve adjacency, namely
translations and reflections.

Definition 3 A lattice L is any subset of ZP with the property the every point is adja-
cent to ot least one other point. A lattice L is projectable if there exists a point ng € L
that can be reached from every point n € L by projecting along each direction in a fixed
order.

In the diagram below, we show two examples of lattices in Z2. The one on the left
is projectable. By projecting horizontally and then vertically, every point projects to
the point marked by a diamond. The lattice on the right is not projectable since the
order in which the projection happens needs to differ for the different points.
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Definition 4 For each k € {1,...,p}, the k*" shift map is defined by:

nt = nt 468
Sk : k>
n—n-+1;.



where 1y, is the p-tuple whose only nonzero entry is the k', which is 1.

The shift maps have the following properties:
1. SjSk = Sij;
2. Spf(n) = f(n+1y), for all f € B;

3. Sp(f(n)g(n)) = Sk(f(n))Sk(g(n)) for all f, g € B.

The shift maps can only act in directions for which the shifted point belongs to L;
otherwise, they are undefined.

2.1 Difference Forms and the Difference Map

Let Ex(p) be the exterior algebra on p symbols, Ay,...A,, with real (complex) co-
efficients, so that
A;ANA; =0, A NA; = =0 NA;.

Let B denote the set of all real (complex) functions defined on ZP. Define the algebra
of difference forms to be

PEx = U Ex(p)

nezr

)
n

with coefficients in B. Difference r-forms on Z? are written as w € PEX". By analogy
with differential forms,

Z Pil"'ip(n)Ai1 /\Aiz /\"'AAira r>1
w= i< <dp (2)
Py(n), r=0.

The action of the k" shift map on difference forms is defined by

Sk(Ai) = Ay 3)
S(nAw) = Se(n) ASk(w),  mw € 7Ex.
Definition 5 The difference map A : PEx” — PEx™*! is defined by
P
AW) =" Ap A (S — id)w. (4)

k=1

Note that this map uses forward differences, whereas most finite difference methods
do not. For simplicity, attention is restricted to forward differences until §6, where we
describe minor changes that enable difference forms to be used far more widely, for
example to backward difference and collocation methods.

The difference map plays the role of the exterior derivative, and has the analogous
properties



i) A% =0;

However, unlike the exterior derivative, the difference map is not a derivation:
A Aw) #AM) AwEtnAAw).

The analogue of the de Rham complex, the difference complezx, will be defined in
§2.3.

2.2 Lattice varieties

We introduce the idea of p-dimensional “lattice varieties”, which are covered by pieces
of projectable lattice in much the same way that manifolds are covered by open subsets
of RP. There are two ways to build up lattice varieties. One is to use the cellular route,
in which fundamental cubes (defined in this section) are joined together. This notion
has a natural algebraic extension to that of difference chains which are formal sums of
cubes. The second way is akin to covering a manifold by coordinate charts. Here, we
glue together pieces of projectable lattice. These are equivalent since any projectable
piece of lattice is a sum of fundamental cubes. Both methods have certain advantages
and places in the overall theory.

2.2.1 Fundamental cubes as domains for difference forms

The fundamental p-cube is the unit cube in ZP, together with information concerning
what kinds of forms are defined where. The fundamental cubes in dimensions 0, 1 and
2 are as follows. The suffix ¢ is an index that identifies a copy of the fundamental cube
uniquely; indices m and n are merely provided as typical coordinates.



A single point; only 0-forms can be defined here.

p=1 C;:.—’.

m—+1
The forward difference of a function is defined only at m, so

1-forms are definable there. The arrow indicates the orientation.
B nt+1

p =2 Take an ordered product of H+1with n
m m

to get the 2-cube with anti-clockwise orientation,
(m,n+1) (m+1,n+1)

2

o “(myn) (m+1,1)

The diamond at (m,n) indicates that a 2-form may be defined there.

If a difference form can be defined at a point, it remains defined there when other
chains are added. For example,

(m+1,n+1)
(m+1,n+1) [ |
i o—H (m+1,n) - @—
(1) (m,n) (m+1,n) + (m,n) (m+1,n)
(m,n+1)
(m,n+1) T
i) @—Hl — (m,n) =
(11)(m,n) (m+1,n) (m,n) (m+1,n)

In example (ii) above, there is no diamond at (m, n) because the square is incomplete;
even though the forward difference can be taken in each direction, 2-forms cannot
properly be defined there and thus the set of 2-forms at such a point is taken to be {0}.
Thus, A acting on a 1-form at (m,n) is zero.

Definition 6 The corner of a fundamental p-cube where the p-form is defined will be
denoted the south west corner. The remaining points will be denoted collectively as the
TopRight points.

This definition will be generalised in Definition 16. The TopRight points become
significant in the proofs in §4. In §6.2 we discuss, “What is so significant about the
South West?”.



Lattices can be viewed as sums of fundamental cubes, as in Figure 1.

Figure 1: Lattice with two points removed
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Key: @ one form defined in direction indicated
B zero form @ two form defined
X point removed

2.2.2 Difference chains

Sums of fundamental cubes can be viewed algebraically as difference chains. These
are the natural way to prove the analogue of Stokes’ Theorem, which we state in this
section. The proof is straightforward.

Definition 7 A p-chain is a formal sum of fundamental p-cubes with integer coeffi-
cients.



The boundary of a p-chain C? is denoted by 0CP. For the fundamental cubes given
above, the boundaries are listed below.

ace = 0
oc — WM_- MW

m+1 m

W (m+1,n+1)
oc? = —H + (m+1,n) (5)
7 (m,n) (m+1,n)
. (m,n+1)
(m,n+1) (m+1,n41)

where the minus sign denotes the reversal of orientation; note that
d(0C?)) = 0.

The definition for an arbitrary dimensional cube is defined recursively as follows. If
CP? is considered to be CP~1 x C! then

dC? = (8CP™1) x C + (—1)P~tCP~t x AC™.

A non-recursive formula given by Fulton ([13], p. 333) is easily adapted to the present
case.

Definition 8 Given a p-chain CP,
Cc*=> a,C?  a, €L,
o
and a p-form
w=Fn'...,n") AL A---AA,

the oriented sum of w over CP is defined to be

Zw: Z a,F(n',...,nP)
lar)

(nl,...,nP)eCy
provided that w is defined at (n',... nP).

For example,

Cp w ZC’P w
0 E F F(a)
1 —-6—-0-m FA, F(a) + F(b) + F(c)



Theorem: ‘Stokes’ Theorem for difference forms’ Let C? be a finite p-chain and

let w be a (p — 1)-form. Then
Z Aw = Z w.
cr acr

In particular, )" 5., w = 0 if w is closed.

2.2.3 Lattice varieties

The building blocks of lattice varieties are the fundamental cubes in Z, which are
glued together along boundaries (of dimension p — 1). It is necessary to ensure that
adjacency and ordering are respected. The boundary L is the sum of the boundaries of
the cubes in L. For example, the cube corner shown below consists of three two-cells
glued together; the diamonds show where two-forms are defined, the square where only
a zero-form is defined.

A corner of a cube’s surface

Rather than working solely with fundamental p-cubes, it is helpful to glue together
larger pieces of lattice. We join p-dimensional projectable lattices together pairwise,
allowing only intersections that respect adjacency and ordering. Each disjoint piece of
the intersection is either an overlap (of dimension p) or part of a boundary (of dimension
p—1).

If adjacency is respected but ordering is not, it is possible to construct non-orientable
lattice varieties such as a discrete version of the Mdbius strip. Except for a brief discus-
sion in §6, we shall deal only with orientable lattice varieties henceforth. It is possible
to respect orientation whilst violating adjacency (see §6.3.3); in the context of numer-
ical methods, this situation occurs if a mesh is refined locally but not globally. For
simplicity, we do not allow this.

The gluing process may be described formally as follows.

10



Definition 9 A subset L, C L and a map
b : supp(¢) = Lo — ZF

is said to be a co-ordinate chart on L if ¢ is injective, and ¢(L,,) is a projectable lattice
(Definition 4, §2).

Definition 10 Given two such “charts” on L, we say that the gluing map or coordinate
change map

$a 0 b5 : dp(supp(¢a) N supp(es)) = Z°
is admissible if for any two points 1 and T2, do(x1) is adjacent to ¢o(x2) if and only
if pa(x1) is adjacent to ¢g(x2).

In other words, admissible gluing maps maintain adjacency. However, we need more
than a cover of L with admissible interchange maps.

If a variety is constructed out of charts, then for a forward difference to be defined
at some point, it must be defined in some L, which contains it. It is not enough that
“the dots are all there”.

Figure 2: Cautionary example.

Key: ¢ two-form undefined

In Figure 2, the lattice variety looks like a corner of a cube. But the 2-form at < is
not defined in either L; or L,. Indeed, L; N Ly has two components. It will transpire
that the cohomology of this lattice variety is not that of a disc, but rather a ring. As
we will see in §4, the pattern of the cover and their intersections matter.

Definition 11 We say a cover L = {L,|a € A} of a lattice variety L is valid if for
every lattice point P € L there is an o = a(P) such that any form definable at P is
definable in L.

11



Example 12 An invalid cover of a 1-cell. The I1-form at the point P is defined in
neither L1 nor L.

Definition 13 A lattice variety L may be defined as a collection of charts {(La, ¢u)}
such that L = Uy Ly, the cover L = {Ly} is valid, and whenever ¢4 o ¢ﬂ_1 is defined,
then it is admissible.

Two models of the lattice sphere are depicted below.

“Pillow” model of a 2-sphere

12



“Cube” model of a 2-sphere

Back faces not indicated for simplicity

Those points in a lattice variety of dimension p where a p-form cannot be defined is
an important set. Since domains add when we glue lattices together, we may generalise
Definition 6 and define the TopRight of a lattice L as follows.

Definition 14 The TopRight points of a lattice variety of dimension p are those where
in no L, containing that point is a p-form defined.

Example 15 For the two-dimensional lattice ring shown below, the TopRight points
with respect to the standard chart (given by the obvious inclusion into Z? ) are marked
with o diamond. Changing the chart, for example by rotating the lattice ring before
inclusion, will result in a different set of TopRight points.

13



Definition 16 At any point n € L where forms of dimension higher than q (say) are
not defined, we set

PEX(L)n={0}, p2¢

Remark 17 There is a strong visual analogy between lattice varieties defined as a sum
of cells, and simplicial complexes. As the following example shows, the correspondence
can only be taken so far. On the left is the projection of [0,1]?, to S?, which is achieved
by identifying the boundary to a point. On the right, we have the same projection but
this time of a discrete 2-cell. When emulating constructions with smooth manifolds, this
example shows that problems occur when there are “not enough dots”.

Example 18 A cautionary example.

Projections of smooth (left) and discrete (right) 2-cells
2.3 The difference complex

Forms and the difference operator are defined on lattice varieties in the usual way, via
the co-ordinate system provided by the charts. The de Rham complex for differential
forms has a difference analogue, which arises from the property A? = 0. A difference

14



r-form w is closed if A(w) = 0, and is ezact if there exists a (r — 1)-form 7 such that
w = A(n). Clearly, every exact r-form is closed; we shall prove that the converse is true
(for r > 1) on projectable domains.

Definition 19 The difference complex is

05 R—PEX° 3 7Ex' B ... BrExr B0 (6)

For any lattice variety L, the cohomology groups are

_ {closed r-forms on L} kerA|Exr(L)

H)(L) = = .
(L) {exact r-forms on L} imA|Exr—1(L)

For 7 = 0, the dimension of the group HS (L) (regarded as a vector space) is the number
of distinct connected pieces in L. In §3, we shall prove a generalization of the following
result, which was proved in Hydon & Mansfield (2004).

Theorem For any p > 1, there exists a homotopy operator H on Z* such that

H(Aw)+ AHWw) =w

for every r-form (r > 1) w defined on Z”. Consequently w is closed (Aw = 0) if and
only if it is exact. Therefore

2
N
N

R

R,
HWZP) = 0, r>1.

(constant functions on ZP) ;

Our generalization of the homotopy operator provides one means of constructing the
cohomology groups. In §5.1, we prove the following.

Example 20 The punctured planar lattice
For L = 7"\ {(0,0)}, consider the 1-forms

| cAs, ifn=0andm < —1
W, m,n) —
eltmn) 0 otherwise

where ¢ is constant. In the portion of the lattice L shown, the form equals cAs on the
diamonds and is zero on dots. The missing point is marked by X.

15



Clearly, w. is closed, but if ¢ # 0 then it is not exact. This can be seen by trying to
find a pre-image by “integrating” around the hole. In fact,

HA(ZP\{(0,0)}) = {w. : ceR}
~ R

so the punctured lattice has cohomology which is isomorphic to the de Rham cohomology

of R*\ {(0,0)}.

3 Local exactness

For a manifold, the Poincaré Lemma states that every closed r-form is exact on a
starshaped domain D if r > 1. The proof uses integration along the ray between a
fixed point x9 € D and an arbitrary point x € D. For lattice varieties, a different
approach is needed, because points on most rays are not adjacent. Instead, a homotopy
operator is formed by projecting out each direction in turn, reducing the dimension
of the problem by one at each stage. Consequently, the replacement for a starshaped
domain is a projectable domain. The difference analogue of the Poincaré Lemma is as
follows.

Lemma 21 The difference complex (6) is exact on projectable domains; hence
kerA|pExr = ImA|, Exr-15 r=1,...p—1,

and kerA| Eyo = R.

3.1 Homotopy operators

We prove Lemma 21 by constructing a homotopy operator H : PE" — PE"! that
satisfies
H(Aw) + AH(w) = w, w€ePE", r=1,...,p. (7

All 0-forms are mapped to zero by H. To begin with, consider the simplest case, in
which the domain D is one-dimensional and connected (so that it is projectable); set
p=r=1and w= f(n')A,. Clearly w is closed for arbitrary f(n'), so we must find a
homotopy operator H : 'E' — 'E° such that

A(Hw)) = w, (8)

for all functions f(n!). Let H(w) = g(n'); then (8) amounts to

16



whose solution is g(n') = g(n§) + h1 (w), where

> f(k) :nt>nd,
k:né

h (f(n)Ar) = 0 :nl=n,
nl—l

- OZ f(k) :nt<nd.
k=n!

and n} € D is an arbitrary fixed point. The arbitrary constant g(n}) is annihilated by
A, so we discard it. Hence a suitable homotopy operator for p = 1 is H = h;. Now
consider w € 1Ex?, so that w = f(n!) for some function f. Then

HA(w) + AH(w)

hi({f(n! +1) = F(n1)}A))
= f(n')— f(nd) )

= wW— w|n1:n(1) .

In particular, if w € kerA then the left-hand side of (9) vanishes, so

w= w|n1:né .
Consequently Lemma 21 holds for p = 1. We now develop homotopy operators for
higher-dimensional domains, by combining operators similar to h; with projection op-
erators and using induction on p. Let D be a p-dimensional projectable domain, with
every point projectable to ng = (ng,...,n5) € D. Let n = (n',...,nP) be an arbitrary
point in D. It is helpful to use a formal analogue of the interior product of a vector field
and a differential form, by defining operators 8,:1 : JEx” — JEx"~! by the relations
Opia Ay, = 6, where § is the Kronecker symbol. This is extended to all difference forms
by linearity and the product rule. Let h; : JEx” — JEx"~! be defined by

i1
nE (Oniaw) | iy int > nd,
k=ng
hi(w) = 0 :ni=nj, (10)
ng—1 ) )
= 2 (Oniaw) |, n'<ng.
k=nt

Roughly speaking, h;(w) sums the r-form w along the 1-chain obtained by varying the

ih coordinate from n} to nf, whilst leaving the other coordinates unchanged. Therefore

we call the operators h; summation operators. Define the projection maps
. j j—1 . — .
I, : Ex” — I1Ex", I (w) _w|’nj:’n'(7),Aj:0 (11)

and note that
Dol 4q0---0llw=0 (12)

17



for all w € PEX”, r > 1. For simplicity, we shall assume that there for every point n € D
one can first project in the nP-direction, then in n?~! and so on down to n'! last. In
other words, D must contain the points

(n*,n? ... ,nP" 1 k), for all k € Z between n} and n”,
(nt,n?,...,nP "2 k,nb), for all k € Z between nf~ " and nP !,
(k,n2,...,n0 " nb), for all k € Z between n§ and n'.

This allows us to construct the homotopy map by induction on the number of edges
needed to get to n (that is, on the dimension of the lattice). There is no essential loss
of generality in doing this, for the resulting homotopy operator can be adapted to other
projectable lattices merely by using the projection maps and summation operators in
the required order.

Theorem 22 Under the above assumptions on the domain of definition D of w €
PEX" /B, let

p—1
h(w) = hp(w) + > hi (i1 0TMigp 0+ 0 Tw) . (13)
i=1
Then
h(w) wePEX", r>0
Hp(w) = (14)
] w € PEX°

is a homotopy operator for the complex PEX over B.

Example 23 If p = 2 then for 1-forms w = a(n',n?)A; + B(n',n?)A, the homotopy
map 1S
h(w) = ha(w) + hi (T2 (w)) = ha(w) + ha(a(n®, ng)Ar)
1

whereas for 2-forms w = f(n',n%)A1 A As the homotopy map is
h(w) = hQ(w) + h1 (Hz (w)) = hz(w).

Notes:
1. If r > 1 then, from (12), the sum in (13) need only be taken from i = r toi = p—1.

2. If & = II,w then
h(w) = hy(w) + h(@) (15)

Proof: It is sufficient to prove that

h(Aw) + Ah(w) =w —TIj o --- oIl w. (16)

18



To see this, note that if w € PEx" and r > 1 then, by (12), IT; o - - - o IT,w = 0 and thus
Hp = h is a homotopy map. To show exactness at PEx®, we need to show that

h(Aw) + w|n:n0 =w
for w € PEx°. But this is precisely (16), since
w € PEX® = h(w) = 0, H1°---0pr=w|n:n0.

The proof of (16) is by induction on p. First note that if w € 'Ex® then w = f(n') for
some function f, and therefore

h(Aw) + Ah(w) h({f(n' +1) = f(n")}A)

= f(n') = f(ng) (17)
= w- w|n1=n(1)
= w-—Iw.

Also if w € PExP then w is a multiple of the p-form A; AAs A---AAp, and so IIw =0
and Aw = 0. Hence

h(Aw) + Ah(w)

Ahp(w)
_ (18)

= w—HIO--'Opr-

Now fix » < p and suppose that Hg is a homotopy operator for all p' < p. We set
@ = II,(w) and observe that @ € P~1Ex"; the induction hypothesis implies that

h(AD) + Ah@) =& — Tl 0--- oIl 1@ (19)

The last term is nonzero only if = 0. Note that

M,(Aw) = Hp(zz'):l Aj A (S; —id)w)
= 55 A5 A(S; — id) (TMpw)
= A®

and so, from (15),
hMAw) = hy(Aw) + h(II,(Aw))

Also from (15),



and therefore, using (19),
h(Aw) + Ah(w) = hp(Aw) + Ahp(w)+ @ —Il;oIlyo0-- 0, 1@
= hp(Aw) + Ahp(w) + Ip(w) — i oIy 0--- oIl w.
So to prove the correctness of the homotopy formula, we need only show that
hp(Aw) + Ahp(w) = w — Ipw.

This can be verified by direct calculation, as follows.

hp(Aw)  + Ahy(w)

= Onra(Ap Aw) — (Opw a(Ap A w))|n1,:ng + Ap A (Oppsw)

sw- w|nP=ng,Ap=0

=w—IIw
as required, where we have used the identity
On a(Aj AM) + Aj A (Opw ) = 5.

Equations (17) and (18) show that (16) holds for p=r if r > 1 and forp=1if r = 0.
By induction, (16) holds for all p, r, as required. O

4 From local to global

As for de Rham cohomology of a manifold, the difference cohomology of a lattice variety
may be calculated in terms of the pattern of intersections of a “good cover”. We follow
the line of argument in Weil’s celebrated proof [35], as expounded in [6], pointing out
the relevant technical differences.

As a corollary, we show that if the cover of a space and its lattice approximation has
the same pattern, then the A-cohomology will match the smooth de Rham cohomology
in a well-defined way. There are, however, limits to the analogy with the smooth
case, which the examples show. In the next section, we calculate examples using the
techniques developed in this section.

4.1 The Cech difference operator

The purpose of the Cech difference operator is to measure when forms defined locally
can be “glued” or pieced together to make forms with extended domains.

Let L,, a € A, be a finite collection of lattices composed of sums of cells. In our
application, these will be the pieces that comprise a lattice variety. Denote

Loy, N Ly, by Loyas
Lao N La, N La, by LO‘Oalo‘2
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and so forth, and let || denote disjoint union.
The inclusions 0; : Lag...a;--a; = Lag..ai-.a; 8ive rise to the sequence

18

Tz 5 I]Zaas & ] Lacaras

(_

1 19
TTTT

These in turn give rise to a sequence of restrictions of difference forms

PEx* (L) ;. PEX* (Lagasr)

ENE
IENENE

where, for example,
do : EX*(Laum) - EX*(Laoauxz)

Definition 24 The Cech difference operator
d: @ Ex*(Lag-a,) = EB EX*(Lag--api1)
is defined for each integer p > 0. If w € @ Ex*(Lqay...a,) has components
Wag-ap € EXY(Lag---a,)

then dw has components

p+1

(0w)ag--appr = Z(_l)iwao---a?---awl |La0...a

. p+1
i=0

Important Remark 25 The key difference to the smooth case is that here, the re-
striction sets to zero any inappropriate forms at points which are TopRight points in
the range space.

Theorem 26 The Cech difference operator § satisfies 62 =0

Example 27 For the lattice covers shown, we give the Cech difference operator.
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(1) [ o o [} [} [} [} [
o LO o o o o o o o
o o o o o o o o
(-] o o o o o o (-] 1
(-] o o LOl o o o o (-]
[
w = (wo,w1) (6w)or = (w1 — wo)|Lox
.. |
(11) . L L] L[] ] )
LO Ll
L] L ] L] L] L] L ]
. ° L012 . . . .
L] |
L ] L] L] L] L ]
[ ] ° L2 ° [} °
w = (wol,w12,w02), (5w)012 = (w12 —wo2 + </~)01)|L012

Theorem 28 The sequence

P Exi(La) = @ EX (Lag) = @D EX (Lagy) - (20)
is exact for each i.

Proof of exactness of the Cech sequence requires a partition of unity, {pa},
> pa=1, supportps C La
For w € @ Ex!(Lag.a,), define

(Kw Q- Qp—1 E pawaao Qp—1°

Then
K+ Ké=id (21)

except perhaps at TopRight points in the range spaces where the restriction maps send
some forms to zero. To ensure (21) is valid for all points, so that K is a homotopy
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operator for the sequence (20), the functions p, must take the value 1 at any point P
such that

W|1o(P) # w|L.,(P).

Such a point is shown in the next Figure, where P is a TopRight point in L, but not
Ly U Lg.

"

For example, if w(P) = aA; + bA, in Lg, then w|Laﬁ = alq, since As is not defined at
P in L,g. This constraint on the p poses no difficulties as unlike the smooth case, the
partition functions need not be continuous.

Example 29 Example 11(ii) cont. Suppose
d(wi2,wo2,wo1) = (w12 — wWo2 + wo1)|Le, = 0,
then there exist wy € Ex?(Lg), w1 € Ex*(L;) and wy € Ex'(Ls) such that
W12 = W1 — W2

W1 = W1 — Wy

Wo2 = Wo — W2

Theorem 30 The Cech difference operator § and the difference operator A commute,
that is,
A = FA.

This follows as the smooth case, except at TopRight points, where the restrictions ensure
commutativity.

4.2 Cech cochains

For a lattice variety L with cover {L,|a € A}, where A is the index set for the cover,
let £ denote the set {Laga;--a, |7 € N,a; € A}. Further, let £ = {Lygay.; }-
For a set S, let (S) denote the set

(S)F:{Zass|365,as e F}

of formal sums of the elements of S with coefficients in F.
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Definition 31 Cech cochains are defined as
CHL) = {f: (L) = R}, 1eN

The Cech p-cochains can be viewed as constant valued degree zero A-forms on the p+ 1
intersections. Let s denote the injection map,

5:C(L) = DEX®(Lagay-a;)-

The maps & : C* — Cit! are then restrictions of the Cech difference operator given in
Definition 24 above to the A forms with which they are identified via the map s, so
that sé = ds. Note also that A o s = 0, since the image of s are locally constant.

Definition 32 The Cech cohomology groups of L are defined to be

. Z(E _ ker6 C”(C)

im(sl(}i—l(ﬁ)

Once the pattern of the L, and their intersections is known, the Cech cohomology
of L is easily worked out. This first example is a simple expository one for the sake of
completeness.

Example 33 Consider the following diagram of lattices and their intersections,

In this ezample, C° = R® and C! 2 R". The Cech sequence is

0— C° 2501 — 0,
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where
Ly Ly L3 Ly Ly Ls

Li; /1 -1 0 0 0 O
Ly 0 1 -1 0 0 O
L3y | 0O O 1 -1 0 O
0=Lss | O 0 O 1 -1 0
Ly | 0 1 0O 0 -1 o0
Lsg{ 0O 0 0 O 1 -1
Lg\1 0 O O 0 -1

Let xo, be the characteristic function for L, that is, takes the value 1 on L, and is zero
elsewhere. Then

6
H°(L) = kerd = ij
j=1

and
H'(L)=C"/im §

= (X12 + X25 + X56 + X16, X12 + X23 + X34 + X45 + X56 + X16)R

These may be calculated in a symbolic computing environment using commands for the
kernel, transpose and column space on the matrix form of §.

In §2, we stressed the need for a valid cover of the lattice variety. Consider the variety
shown in Figure 2 in §2.3.3. Since L; N Ly has two components, the Cech cohomology is
the same as a two-dimensional ring, which is not isomorphic to that of a corner. Thus
the Cech cohomology captures the fact that there is a central point at which 2-forms
are not defined.

4.3 The Cech-A double complex

The double complex we describe in this section is the “Divide and Conquer” method
for calculating cohomology groups, pioneered by Weil [35].
Let L be a lattice variety with cover {L,}.

Definition 34 Good cover If the cover L of L is not only valid but has the property
that each Lyy...q, has trivial A-cohomology, we say that L is a good cover of L.

Example 35 The cover of the pillow model of the cube consisting of the front and
back faces, is not a good cover. The intersection is a one dimensional ring which has
nontrivial A cohomology.

Good covers of the punctured plane, the lattice ring and the cube model of the
sphere will be given in §5.
Define r : Ex{(L) — € Ex?(L,), by

r(w) = (W|Lg,W|Lyy---)-
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Then rA = Ar. Combining results from the previous discussions, we have that the fol-
lowing diagram is commutative, where A on a direct sum is assumed to act component-

wise.
+A +A +A +A
0 - Ex(L) 5 @EX}(Ly) > PEX(Las) - GDEX(Las,) —>
+A +A +A +A
0 - Ex'(I) - @PEX'(L) -5 PEX (Las) - GPEX(Las,) -
+A +A +A +A
0 - Ex(L) 5 @EX°(L.) -5 @PEX°(Las) - @DEX(Las,) -5
1 ts ts ts
0 - o N ! N 2 -2,
t T T
0 0 0

The first important point is that those parts of the columns above the long horizontal
line are exact by definition of a good cover. Those parts of the rows above the line are
exact as they are the Cech sequences. The second important point is that the kernels
of the A in the leftmost column are, by definition, the global A-forms.

The complex is used to construct a global A-form from a Cech form, and vice versa.
As an example, consider now the descent diagram for p = 2 beginning on the left with
w € Ex?(L):

0=Aw) 0
+A +A
weEX2(L) 5 (Wlig,...) — 0
tA 1
(Mo, M1, ---) 2 (€o1,---) 2 0
tA 1
(Xot,--.) > (do12,-..) > 0
Ts

pel® % o

Assume that Aw = 0, that is, w is a closed A-form. Since each w|r, is closed on L,
which has trivial A-cohomology, we use the relevant homotopy operator to obtain 7,
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on L, such that A(n,) = w|L,. Applying 0 to (10,m1,...) yields & = (o1, -..), say.
By commutativity of the diagram, each component of ¢ is closed on its domain. Thus,
there exists for each &y, a xa8, such that on Lag, A(xap) = ap- Taking d(xo1,--.)
yields

¢ = (¢0127 .- ) S @ EXO(Laoa1a2)

such that A(¢) = 0 and §(¢) = 0.
Since zero-forms in ker A are just constants, we have that ¢ can be identified with
a Cech cocycle,

¢ <{La,37}>]R - R, ¢(Laﬂ'y) = Gapny-

Standard algebraic arguments are used to prove the following theorem.

Theorem 36 A A p-cocycle produces a Cech p-cocycle via the descent diagram. More-
over, exact A cocycles are mapped to exact Cech cocycles.

Since the Cech cohomology is easy to compute, we would like to use it to compute
the A-cohomology of the lattice-like surface. To this end, we reverse the descent pro-
cedure to obtain an ascent procedure. Instead of using the homotopy maps for exact
A sequences (the columns), we now use those for the exact Cech sequences (the rows).
Then a standard argument yields the following theorem.

Theorem 37 If L is a good cover for the lattice surface L, then

H (L) = H7(L).

5 Examples

We now look at three examples to demonstrate the process of finding the A-cohomology
from the Cech cohomology.

5.1 Punctured Plane

Consider the cover of the punctured plane given below.
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Ls 23 L,

The diagram shows a good cover £ for the “punctured plane”; L = Z* \ {(0,0)} with
the origin, marked by a cross, removed. The double intersections are along the lines,
as marked, and there are no triple intersections. It should be noted that no 2-form
at (0,—1) can be defined. As in §2, points where 2-forms are definable are marked by
diamonds, points where only 1-forms are definable are marked by discs.

The Cech cohomology of £ is

H(L) = 0, i>2
g0 = mr (22)
H°(L) = R (constant 0-forms)

where TI|L13 =1, and 77|L23 = T’lle =0.
The ascent diagram is

0
T 1
Ex'!sw — A(x) — 0
AT t (23)
X LN s(p) — 0
st
neC' - 0

The first step is to find a pre-image , under 4, of s(n), which is the constant 0-form
(0, 1,0) c EXO(LIQ) D EXO(L13) D EXO(L23). We may take

x = (x1,x2: x3) € Ex’(L1) @ Ex°(L,) ® Ex®(L3),

28



to be

and

0 (nl,ng) € L3 \L13
x3(ni,n2) = )

(n1,n2) € L13
The next step is to calculate Ay, which is done component-wise. We have Ayx; =
AX2 =0, while
0 (nl,nQ) el \L13

Axsz(ni,ng) =
—Ay  (n1,n2) € Ly

We now observe that Ay is the component wise restriction of a global closed 2-form w,
given by
0 (m,nz) € L\L13

w(ni,n2) =
—Ay (ni,n2) € L3

To see this, first note that w|p, = 0, since 1-forms on the top boundary of L; may
involve A; only, the restriction sets any A, terms to zero. Secondly, Aw = 0 since
2-forms are not defined at (0,—1).

We remark that taking x3, which is defined on L3, to be

0 ni,no >0
1 ng :0,—1

x3(n1,n2) =

yields a representative for HY which is more obviously both closed and the restriction
of a global form, such as that shown in Example 19 in §2.4. Qur choice of a good cover
and pre-image highlights some of the subtleties of calculations with difference forms
which are not present in the smooth case.

Different covers, different representatives ) of H' and different pre-images of 5 all
yield different representatives of H'(L). However, the difference of any two representa-
tives of H(L) is an exact form.

5.2 Lattice Ring

A good cover of a lattice ring L consists of three lattice pieces, L;, i = 1,2,3, as in the
diagram, with no triple intersections. The Cech cohomology of L is the same as that
for the punctured plane, given in equation (22).
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The ascent diagram is the same as given in (23) in §4.1. For variety, we take a
different representative of H 1. which takes the value 1 on Los and is zero elsewhere.

The first step is to find a pre-image x, under 4, of s(n), which is the constant 0-form
(0,0,1) € Ex°(L12) ® Ex°(L13) ® Ex%(La3). We may take

x = (X1, X2, X3) € Ex®(L12) @ Ex°(L13) @ Ex°(La3),

to be
X2 =1, x3 =0

and x1, which is defined on Ly, is given diagrammatically by

0 0 0

The next step is to calculate Ay component wise. This yields,
AX2 = 07 AX3 =0

and
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We can now see that Ay is the restriction onto components of a global form w, since
on the intersections L;;, the values of the Ax; are identical. This form is closed but
not exact 1-form, since we began with a closed but not exact Cech 1-form.

The global 2-form w; the value at unmarked points is zero.

5.3 The lattice sphere

The cube model of the two-dimensional lattice sphere was pictured in §2.3. Suppose
the cover is given as: L is the top face, Ly is the bottom face, while Lo, L3 and L,
wrap around the “belly”. The intersections L;; are given below, followed by a diagram
of the triple intersections. This example shows another significant difference from the
smooth case, which is that the intersections do not need to have the same dimension as
the original variety.
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'. L Lis
L24 | :

| L

e 34

23 ‘Z/:::"L45

Ly !
Las

Lygy --

<.\g L134,/\:
"
J .

<‘ \T\\\
1 i -7
\ X3d

L35
Ly .

The triple intersections, labelled on the double intersection skeleton

From the pattern of the intersections of the cover, it is simple to calculate the Cech
cohomology of L,

gi_ o i#02
R i=0,2

We now construct a closed but not exact difference 2-form via the ascent procedure
The ascent diagram for p = 2 is given in §3.3

Step 1 A representative of H? is given by ¢134 = 1 on Ly34 and zero else

Step 2 Construct a preimage x € ®Ex®(L,s) under § of 7. This may be taken to be zero
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on all L,g except L34, where it takes the form,

.

Li34
1 <
\
X34 = )
0 { ®
l L34s
\
Indeed,
(5X)134 = (X34 — X14 — X13)|134
=1
(0x)235 = (X35 — X25 — X23)]235
=0
and so forth.
Step 3 Calculate the components of £ = Ax:
o(L134)
0 .
Axszs = Ay °
0
o(Lays)

and zero elsewhere.

Step 4 Calculate the components of a preimage, , under & of Ax in ®@Ex!(L;). This can
be taken to be zero on all L; for ¢ # 4, and on Ly is given in the figure following;
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e P Ly

n(P) = —Aj, and is zero elsewhere

Step 5 Calculate Any € ®Ex?(L;). This is zero on all L; for i # 4, and equals A; A Az at
the point P in L4 (see figure above).

e We can now see that An is a restriction of a global 2-form,

Al A Az at P
0 elsewhere
(Recall that restrictions on TopRight points of components are zero if forms of the

appropriate dimension are not otherwise definable).
The overall result is,

HY(LSY) = ()R
HY(LS?) = 0
HY (LS*) =

where the zero-forms are the constant forms.

6 Open problems, Discussion and Conjectures

6.1 Conjectures concerning Discrete Index Theorems

The Morse Index theorem relates the Euler characteristic of a manifold to features of
the solution of a generic vector field on it, specifically to the indices of the vector field
about its critical points (see for example [12], §14.3e). In this section we conjecture a
result, for generic linear equations on lattice varieties, relating the Euler characteristic
of a lattice variety to an index, which we define, of the generic solution of the equation.
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Suppose you want to solve, globally, a 4-point scheme 2 defined locally as
Q: 0 = aun,m + Dunt1,m + CUn,mt1 + dUpt1,m+1 (24)

with abed # 0, on a 2-dimensional lattice variety. For simplicity, we consider only linear
equations.

We demonstrate the kinds of calculations involved by considering solutions of (24)
on the cube model of a sphere. In the diagram below, we have omitted the lattice points
on the faces of the model, for simplicity.

Begin with generic initial data defined on the points in the 1-dimensional sublattice
variety shown as darkened lines in the left most sphere in the diagram. Then the
equation can be solved at points in the bottom, left and front faces by sequentially
solving for u in the direction of the arrows on the left most sphere. This yields values
for wm,, on the 1-dimensional sublattice (shown as darkened lines) of the middle sphere
model in the figure. Continuing solving for u (in the direction of the arrows drawn on
the middle sphere) on the top, right and back faces, we obtain compatibility conditions
on the initial data coming from the need to have u well-defined on that sublattice of
the third lattice model shown as darkened lines in the diagram.

A careful count reveals that regardless of the number of 2-cells that make up the
lattice sphere, and regardless of the position of the initial data, we have that

fiinitial conditions — fcompatibility conditions = 2.

Conjecture 38 Let L be a lattice model for a boundary-free manifold, and Q =0 be a
generic linear equation defined on L. Define the index S(Q) to be

S(Q) = finitial conditions — fcompatibility conditions
for the generic solution, that is, arbitrary initial conditions. Then

S(Q) =D (—1)' dim Hiy (L). (25)
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We may take the right hand side of equation (25) to define the Euler Characteristic
of L by direct analogy of the result for smooth manifolds,

X(M) =Y (-1)" dim Hj, gy am (M)-

We remark that the conjecture is not true for lattice models with a boundary, such as
a lattice ring.

One can look at the Cech cohomology with local coefficients in the same way as
for smooth manifolds, since the same constructions will hold (see [6], §10). If we take
local coefficients on Loy = Lg,...a, t0 be the vector space Sq of solutions of the linear
equation Q = 0 on Lg, then we have that the Sq form a pre-sheaf ¥ = ¥(Q) on L.
Moreover,

X(L,T) = Y(-1)'H(L,X)
= Y(-1)C(L,3)
= 21 (Tapesdim Sa)
follows from standard arguments.

Conjecture 39 Let Q be a generic linear equation on a lattice model L of a manifold
perhaps with boundary. Then

x(L, 5(Q)) = S(Q).

6.2 What is special about the South-West?

So far, the south west point of the fundamental p-cube is distinguished as the only point
where a p-form is definable.

If instead of forward difference we want to use a backward difference or a consistent
collocation, the entire theory above can be developed for different models of the basic
fundamental cube. Simply, one fixes points at which the various forms are defined. In
the diagram below, on the left is shown a fundamental 2-cube for a backward difference,
while on the right an example is shown of a fundamental 2-cell for a collocation scheme.

E & & 1

IR,

E & & 1

The right hand cell has no TopRight points, so the proofs for such a model are simpler
than those we have presented. Gauss-Legendre, Marker and Cell, and Preissmann
schemes all have a fundamental model for what is defined where in a fundamental cube,
and thus these schemes can be studied using the methods described.
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6.3 Open problems

6.3.1 Independence from the good cover

In the smooth theory, one proves that the Cech forms are independent of the particular
cover of the manifold used to calculate them by proving stability under refinement of
the cover. Then since any two covers have a common refinement, independence follows.
We do not have any such theory yet for lattice-like surfaces. One conjecture would be
that any two lattice models of the same manifold have the same cohomology, provided
there are sufficient numbers of points.

6.3.2 Non-orientable lattice varieties

We leave open the problem of generalising the methods used here to allow for lattice
approximations of non-orientable manifolds. It is not hard to imagain a lattice approx-
imation of a M6bius band, for example. They are excluded from the theory described
here, as their construction necessarily violates the condition to respect the ordering
inherited from ZP when pieces of lattice are glued together to form a lattice variety.
One interesting possibility is to find the analogue of a “twisted differential form” or
pseudoform, see for example ([12], §2.8).

6.3.3 Localised refinements

A common numerical technique is that of the localised refinement of a mesh. This
is used to obtain more accurate information where the functions being calculated are
rapidly changing. An open problem is how to adapt the constructions given in this
article to cover meshes such as in the diagram. They are not covered by the theory
described here as they voliate the adjacency condition stipulated in the lattice variety
construction.

Using different scale meshes violates the adjacency condition.

6.3.4 Functorial properties

An open problem is to complete the difference form constructions described in this
article to a fully functorial theory. This requires a discussion of mappings between
lattice varieties, and the associated maps they generate between cohomologies of the
underlying spaces.
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7

Conclusions

A strong analogy between global difference (A) forms of a lattice model of a mani-
fold M, and smooth de Rham forms for M, exists by virtue of their relationship to a
cover or decoposition of the underlying spaces. Moreover, we show how to compute A
forms effectively. However, our definitions do not rely on any underlying smooth model
existing, and therefore our definitions make sense in the absence of any such model.
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